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Abstract

We introduce and analyze two Banach spaces-based new mixed finite element
methods for a flow and transport model commonly encountered in sedimentation-
consolidation processes, whose governing equations are given by the Brinkman
flow with variable viscosity, coupled with a nonlinear advection—diffusion equation.
The first variational formulation is based on a mixed approach for the Brinkman
problem (written in terms of Cauchy stress and bulk velocity of the mixture) and
the usual primal weak form for the transport equation. In turn, the second varia-
tional formulation arises from the introduction of the gradient of the solids volume
fraction and the total (diffusive plus advective) flux for the concentration as new
unknowns, which yields a momentum-conserving fully-mixed approach as the re-
sulting system of equations. The respective continuous and discrete formulations
are equivalently reformulated as fixed-point operator equations, whose solvability
is established by combining the Schauder, Banach, and Brouwer theorems, with,
among others, the Babuska—Brezzi theory and a recently introduced theory for per-
turbed saddle-point problems, both in Banach spaces, along with suitable regular-
ity assumptions, Sobolev embeddings, and Rellich—Kondrachov compactness theo-
rems. The mixed—primal and fully-mixed Galerkin schemes employ the classical
Raviart-Thomas, piecewise continuous, and piecewise discontinuous polynomial
approximations, for their corresponding unknowns. Next, Strang-type inequalities
are utilized to rigorously derive optimal error estimates in the natural norms, which,
combined with the approximation properties of the chosen finite element spaces
yield optimal rates of convergence with respect to the mesh size. Finally, several
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numerical results illustrating the performance of both schemes and confirming the
theoretical convergence rates are presented.

Keywords Brinkman equations - Nonlinear transport problem - Momentum
conservation - Fixed-point theory - Sedimentation-consolidation process - Finite
element methods - A priori error analysis
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1 Introduction

Our interest in this paper is the development of new numerical methods for the steady
state of a class of sedimentation-consolidation processes. More precisely, in order
to introduce the model problem, we let Q@ C R™, n = {2, 3}, be a bounded domain
with polyhedral boundary I' and respective outward unit normal vector v, which con-
tains a solid phase suspended and subject to transport into an immiscible incompress-
ible fluid. The flow of the fluid is influenced by gravity and by the local fluctuations
of the volume fraction solids. The overall process is determined by the coupling of
the Brinkman flow with variable viscosity and a nonlinear advection—diffusion equa-
tion, whose system of partial differential equations reads as

o =pu(¢p)Vu — pl, K 'u-div(e) = ¢f, div(u) =0, in
06 — div(d(p) Vo — ou — fix(9) k) = g, n 0

subject to the Dirichlet boundary conditions
u=up on I, ¢=0 on T.

The quantities of interest are the Cauchy fluid pseudo-stress o, the average velocity of
the mixture u, the fluid pressure p, and the volumetric fraction of the solids ¢ (which,
for simplicity, will be simply called “concentration”). Here f € L2(2), g € L%(Q)
andup € H'/?(I") are given functions, with the latter, due to the incompressibility of
the flow, satisfying the compatibility condition [, up - v = 0. Notice that the driving
force per unit volume of the mixture is assumed to depend linearly on the local fluc-
tuations of the concentration ¢. The parameter g is a positive constant representing
the porosity of the medium, the permeability tensor K € () := [L*°(Q)]™*"
and its inverse K ~! € L°°(Q) are symmetric and assumed to be uniformly positive
definite, and k is a constant vector pointing in the direction of gravity. We assume
that the kinematic effective viscosity p, the one-directional Kynch batch flux density
function f, describing hindered settling, and the diffusion or sediment compressibil-
ity 19, are nonlinear scalar functions of the concentration ¢. Furthermore, we restrict
ourselves to suitably bounded Lipschitz functions p, 19, and f,. More precisely, we
suppose that there exist positive constants p1, 2, U1, ¥2, and vy, such that
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p1 < p(s) < po, P < Y9(s) < 92, and 0 < fik(s) < vy VseR; (1.2)

and positive constants L, Ly, and Ly, such that for each s, ¢ € R there hold

—9()| € Lyg|s—t|, and

—u(t)| <
) — ()] Lo 3

L,|s—t|, |9(s
| fox(8) — fox(2)]

The study of system (1.1) is of paramount importance as it models a great variety
of natural processes arising in engineering applications, including fluidized beds,
solid-liquid separation, purification in wastewater treatment, clot formation within
the blood, macroscopic biofilm characterization, etcetera. Understanding and predict-
ing the behavior of this problem is not an easy task due to the strong interaction of
velocity and solids volume fraction via the Cauchy stress tensor and forcing term, the
nonlinear structure of the overall coupled Brinkman flow and transport problem, and
the saddle-point structure of the flow problem (to be seen later on), among others.
These challenges are not only reflected within the solvability analysis of the govern-
ing equations but also during the development of appropriate schemes for numerical
approximation and the derivation of corresponding stability results and error bounds.

Our problem of interest and related ones have received considerable attention
during the past years. The solvability of the (time-dependent) sedimentation-con-
solidation problem was addressed in [12] for the case of large fluid viscosity. Since
then, different mixed variational formulations and their associated Galerkin schemes
have been introduced and studied, including [3-5, 7, 8, 21, 22]. The majority (if not
all) of them rely on a fixed-point strategy to establish the well-posedness of both
the continuous and discrete formulation. In each of these cases the corresponding
fixed-point operator is comprised by a suitable composition of operators, each one
of them defined by a subset of equations of the overall full system, thus allowing for
the analysis of decoupled problems based upon Babuska—Brezzi or Lax—Milgram-
type theorems. The solvability of the continuous and discrete fixed-point equations is
addressed by a combination of further regularity assumptions, Sobolev embeddings,
Rellich—Kondrachov compactness theorems, and the Schauder and Brouwer fixed-
point theorems.

In particular, a modified formulation of (1.1) based on Stokes flow, in which the
Brinkman term K ! u is not considered and the kinematic effective viscosity is
assumed to depend explicitly on the gradient of the concentration, was studied in
[3, 7, 8, 29]. An augmented dual-mixed formulation for the flow (in which the pres-
sure is eliminated) and the usual primal formulation for the transport equation were
studied in [3], whose unknowns given by the Cauchy stress tensor, the velocity of
the fluid and the concentration were looked for in suitable Hilbert spaces. The need
for augmentation was later circumvented in [7], resulting in the Cauchy stress tensor
and velocity being now sought in the (non-Hilbert) Banach spaces H(div,/3; Q2) (the
space of tensors in [L2()]"*™ whose row-wise distributional divergence lies in
[L4/3(9)]") and L4(Q), respectively; whereas the concentration is kept in the usual
space H! (). The fully-mixed approach has been studied in both its augmented [29]
and non-augmented forms [7], in which the gradient of the concentration and the total
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(diffusive plus advective) flux for the concentration are introduced, thus leading to an
overall six-field formulation.

The approach presented in [3] was expanded in [4] to address our model of inter-
est, again by considering an augmented dual-mixed formulation for the flow and
the usual primal formulation for the transport equation, which, due to the nonlinear
diffusivity depending on the concentration and not on its gradient, made the analy-
sis require one more further regularity assumption than its predecessor. In [22], a
non-augmented four-field formulation was introduced upon enriching the dual-mixed
formulation for the flow by introducing the gradient of the velocity as an unknown,
which, due to the incompressibility condition, needs to be sought in LZ.(Q) (the
space of trace-free tensors in [L.2(€2)]™*™) in order to yield an overall stable system.

It is worth noting that models of sedimentation-consolidation share structural sim-
ilarities with the Boussinesq, Navier—Stokes Brinkman, and related models. Several
mixed formulations have been proposed for them, such as those found in [14-17,
20, 30]. For instance, the mixed finite element method for the Boussinesq problem
developed in [20] introduces the gradient of velocity as an auxiliary unknown in
L2.(€). In this reference, novel (and certainly non-trivial) continuous discrete and
inf-sup conditions were proved, which were instrumental in [7, 8] to prove the sta-
bility of the stress-velocity pair coming from the flow equations, and in [8] for the
concentration-gradient of concentration-total flux triple stability coming from the
transport equation.

According to the bibliographic discussion above, and as the main motivation of
this work, we aim to develop Banach spaces-based non-augmented mixed finite ele-
ment methods for (1.1). Up to our knowledge, only augmented approaches have been
introduced so far for dealing with it, whereas Banach-spaces based non-augmented
ones have been indeed derived, but either for the case of a diffusion coefficient
depending on the concentration gradient, instead of just the concentration as in (1.1),
or for the perturbed problem originated by the dropping of its zero order terms. In
doing so, we introduce both a mixed-primal formulation, and a fully-mixed one. In
particular, among the advantages of the resulting fully-mixed finite element method,
we highlight the derivation of direct numerical approximations for the fluid pressure
and for the fluid velocity and concentration gradients. Needless to say, the pressure
is actually eliminated from the formulation, but computed afterwards via a post pro-
cessing formula depending only on the Cauchy fluid pseudostress. In addition, the
introduction of the total concentration flux, as an auxiliary unknown of the fully-
mixed formulation, allows to express the respective momentum equation in a simpler
way, thus facilitating later on the verification of the associated conservation property.

The analysis of each one of the aforementioned new methods hinges on an only-
recently-available Babuska—Brezzi-type theory for perturbed saddle-point problems
in Banach spaces [23]. As in [7], the mixed—primal variational formulation seeks
stresses in H(divy,/3; 2), velocity in L*(Q), and solids volume fraction in H!(Q2),
while the fully-mixed formulation look for the stress and velocity in the same spaces,
but the solids volume in L*(£2), the concentration gradient in L2((2), and the total
flux in H(div,/s;(2). The resulting mixed—primal Galerkin scheme employs Ravi-
art—-Thomas approximations of order k for the stress, piecewise discontinuous poly-
nomials of degree < k for the velocity and piecewise continuous polynomials of
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degree k + 1 for the volume fraction; the resulting fully-mixed Galerkin scheme,
which yields momentum conservation properties in an approximate sense, employs
the same approximation spaces for the stress and velocity as in the mixed-primal
scheme, Raviart-Thomas approximations of order & for the total flux, and piecewise
discontinuous polynomials of degree < k for the solids volume fraction and its gradi-
ent. In turn and along the lines of the already cited references, the solvability analyses
ofthe continuous formulations are based upon classical fixed-point theorems, suitable
further regularity assumptions, the Lax—Milgram theorem, the new Babuska—Brezzi-
type theory [23], Sobolev embeddings, and Rellich—Kondrachov compactness theo-
rems. Under sufficiently small data, we are also able to prove uniqueness of solutions.
The well-posedness of the discrete problem relies on the Brouwer’s fixed-point theo-
rem and similar arguments to those employed in the continuous analysis. Next, the
combination of Strang-type estimates for the transport equations and the fluid flow
equations yield the corresponding Céa estimate for the total error. Optimal a priori
error bounds for the Galerkin solution are provided.

The rest of this paper is organized as follows. Section 1.1 introduces some standard
notation for functional spaces and differential operators that will be used throughout
the paper. In Sect. 1.2 we rewrite system (1.1) by eliminating the pressure, and set-
ting it up for the subsequent derivation of the mixed-primal and fully-mixed varia-
tional formulations. Next, in Sect. 2 we derive the aforementioned mixed-primal and
fully-mixed variational formulations. Section 3 is devoted to the solvability analysis
of the continuous variational formulations via a fixed-point strategy and a classical
fixed-point theorem. The corresponding Galerkin schemes are introduced in Sect. 4,
which are analyzed by means of the discrete analogue of the theory used in Sect. 2.
In Sect. 5, we derive the corresponding a priori error estimates and the associated
rates of convergence. Finally, in Sect. 6, we test the performance of our methods
with numerical examples in 2D and 3D, which confirm the theoretical rates and the
approximate momentum conservation properties.

1.1 Preliminaries

We recall the standard notation for Lebesgue spaces L!(2), t € (1, +00), with norm
|| - [lo,;2, and for Sobolev spaces H*(£2), s > 0, endowed with the norm ||-[|, , and

seminorm | - |4 o. In particular, H'/2(T") stands for the space of traces of functions of
H'(2) and H~'/2(T") denotes its dual. By M and M we will denote the correspond-
ing vectorial and tensorial counterparts of the generic scalar functional space M, and
I - ||, with no subscripts, will stand for the natural norm of either an element or an
operator in any functional space. In what follows I stands for the identity tensor in
R :=R™ ™, and | - | denotes the Euclidean norm in R := R". In turn, for any vector
field v = (v;);=1,n, We set the gradient and divergence operators as

Qi wv) = 59U
Vv = (ém)i)j_l,n and div(v) := Z oz,
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In addition, for any tensor fields T = (7;;); j=1,n and ¢ = ((j)i,j=1,n, we let div(7)
be the divergence operator div acting along the rows of 7, and define the transpose,
the trace, the tensor inner product, and the deviatoric tensor, respectively, as

n

n
1
= ()it (7)== Y T TiC = Y TGy, and =71 — tr(r)I.
i=1 )

i,j7=1

Furthermore, given ¢t € (1, +00), we introduce the Banach space

H(divy; Q) == {’T cL2(Q): div(r) e Lt(Q)}7 (1.4)

and its tensor version

H(div,; Q) := {T eL2(Q): div(T) € Lt(n)},

equipped, respectively, with the usual norms

9 . 9 1/2
2o + ldiv(r)|3 e} . and

I latv,ie = {II7

9 . 9 1/2
B+ vl 0}

I llaiviie = {Iim

In the remainder of the paper we will consider the above definition for ¢ = 4/3. Finally,
forany pairofnormedspaces, (X, || - ||x)and (Y, || - ||y ) weprovidetheproductspace
X x Y with the natural norm || (z, )|l xxy = |zllx + lylly V(z,y) e X xY.

1.2 System rewrite

We start by observing that the first and third equations in the first row of (1.1) can be
equivalently written as

o= u(¢)Vu — pl and p = —% tr(o) in €, (1.5)

which allow us to eliminate the pressure p from the first equation of the first row of
(1.1). As a consequence, we arrive at the following coupled system equivalent to

(1.1):

ﬁad =Vu in Q K 'u-div(e)=¢f in Q
06 — div(0(0) Vo — ou — fu(@)k) =g in 9, (L6)
u=up on I, ¢=0 on T, /tr(cr):().

Q
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We stress that the incompressibility condition is implicitly present in the first equa-
tion of (1.6), relating o and u. In addition, the uniqueness condition for p, originally
given by [, p = 0, is now stated as [, tr(o") = 0, which certainly follows from the
postprocessed formula for p provided by the second equation in (1.5).

In turn, in order to obtain a fully-mixed formulation, we introduce the unknowns
t = V¢ and the total (diffusive plus advective) flux for concentration m, which is
explicitly defined below, thus obtaining the following coupled system:

1 d . -1 . .
——0“=Vu in Q K 'u-—div(o) =¢ in
() (@) !

t=Ve in Q n=90¢t—du-— fix(e)k in Q ¢ —divin) =g in Q, (1.7)
u=up on Il ¢=0 on T, /tr(a) = 0.
Q

We find it important to stress at this point that the introduction of the total flux 7 as
an auxiliary unknown allows us to write the respective momentum equation in the
more concise way givenby 0¢ — div(n) = g in (). Besides a symmetry reason
to be mentioned later on right after (2.29), the above simplifies the verification of the
respective approximate momentum conservation property, as will be explained in
Sect. 4.3 (cf. (4.28)).

2 The weak formulations

The purpose of this section is to introduce the announced weak formulations of
our original model (1.1). More precisely, in Sect. 2.1 we proceed similarly as in [7]
to derive the mixed—primal variational formulation arising from (1.6), whereas in
Sect. 2.2, partially inspired by [8], we derive the fully-mixed variational formulation
that emerges from (1.7).

2.1 The mixed-primal approach

We begin by considering the transport equation (cf. first row of (1.6)), whose Dirich-
let boundary condition for ¢ motivates the introduction of the space

HA(Q) = {weHl(Q): ¢ =0 on r}.

Recall that, thanks to the Poincaré inequality, there exists a positive constant cp,
depending only on §2, such that

[Wlle < cpltlia Vo € HY(Q). 2.1)

Moreover, the continuous injection iy of H(2) into L*(2) (cf. [1, Theorem 4.12],
[33, Theorem 1.3.4]) yields
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1¥lloae < lliall[¥]e Ve € HY(Q). (2.2)

We now look at the equilibrium equation o ¢ — div(9(¢) Vo — du — fi(d) k) = g
in the second row of (1.6). In fact, given u living in a suitable space to be specified
later, we multiply by 1/ € H}(£2) and integrate by parts to deduce that the primal for-
mulation for the concentration becomes: Find ¢ € H}(£2) such that

Aul6) = Go(w) Vo € HY(Q), 23)
where A, : H(2) x H5(Q) — R is the semilinear form given by
o)= [ 0096090 - [6u-ve+ [oov vowem@. @y
and Gy : HA() — R is the functional defined as
Golt)i= [ fao)k- Vot [ gv Vo eni@) 2.5)

Regarding Ay, and in order to address later on the analysis of (2.3), we note that
using (1.2), Cauchy—Schwarz’s inequality, and (2.2), we find that

| / ww\ < ollvlholélhe Vo e H(Q), 2.6)

/ ﬂ(so)ww\<w2||so||1,g|w|l,g Ve b € H(Q), and  27)
Q

=

In particular, (2.8) shows that considering u € L*(Q) ensures that A,, is well-defined,
and hence from now on we look for this unknown in that space. In turn, it is easy to
see from (2.5) and (1.2) that the functional G4 is bounded independently of ¢ with a
norm satisfying

< il lelhallviloanlvie Yo, v e HY(Q), VveL'(Q). (2.8)

IGs < vy 1902 K] + g

o,

On the other hand, testing the first equation of (1.6) by 7 € H(divy,s3; ), integrating
by parts, and using the Dirichlet boundary condition for u (cf. third row of (1.6)) and

the identity 09 : 7 = 64 : 74, we obtain

/Qﬁad pd /Qu~div(7') = (rv,up)r, V1 € H(divys;Q), (2.9)
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where (-, -)r stands for the duality pairing between H~/2(I") and H'/?(T"). Note
that the continuous injection i, : H'(Q2) — L*(Q) guarantees that T v belongs to

H~'/2(I") when 7 € H(div,,3;(2), and that there exists a positive constant c(f),
depending only on ||i4]|, such that (see [20, Section 3.1])

[Tl —12r < e(Q) 17 ldivy, 0 (2.10)
Indeed, knowing that HY(Q) = H{(Q)t @ HL(Q), we first let
Fo : HE(Q)+ — HY2(T') be the bijective restriction to H{(Q)* of the surjective

vector trace operator v, : H'(Q) — H'/2(T"). Then, given 7 € H(div,,3; ), the
linear functional 7 v : H/2(I') — R is defined as

rvepr = [ {795 @) + 5 (@) divin)} Ve e HAD),

from which, applying Cauchy-Schwarz and Hdolder inequalities, along with the
boundedness of i4 and the fact that |55 " (¢) 1.0

= H90|\1/27p, we deduce that

vl < Irloalr ' (@)lha + 170" (0) iv(r)
<{ iv(r)lo.a/s0 } 176 (#)l0

= {II7llo.c + lall Idiv(m)lo.a/se ) Ielli/zr

which yields (2.10) with ¢(2) := max {1, ||is| }. Moreover, by using the above
mentioned orthogonal decomposition of H*(£), one can show that (T v/, ) can be
defined, not only with 7, ' (), but with any w € H'(€2) such that v, (w) = ¢, thus
yielding the integration by parts formula

(v = [

{T VW + w~div(T)} ¥ (,w) € H(divys; Q) x HY(Q).(2.11)
JQ

Needless to say, this is precisely the identity employed to derive (2.9). Therefore,
looking for the unknown o in H(div,/3; (2) as well, we realize that the momentum
equation K~'u — div(o) = ¢ f can be weakly imposed as

/K uv—i—/ﬂv div(o /¢fv VveLY Q). (2.12)

Moreover, the null mean value of tr(o) stated in the last equation of (1.6) suggests
that & must be actually sought in Ho(divy,s;§2), where

HO(diV4/3;Q) = {T S H(diV4/3,Q) : /tr(T) = 0} '
Q
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In this way, given ¢ € H}(2), we collect (2.9) and (2.12) to arrive at first
glance at the following mixed formulation of the Brinkman flow: Find
(o,u) € Ho(divy/3; Q) x L*() such that

ay(0,7) + b(rw) = F(r) V7 eH(divys0),

b(o,v) — c(u,v) = Gu(v) Vv e Li(Q), (2.13)

where the bilinear forms ay : H(divys; Q) x H(divy/s;2) — R,
b : H(divy/3; Q) x L*(2) — R, and ¢ : L*(Q) x L*(2) — R, and the linear func-
tionals F : H(divy/3; Q) — R and G4 : L*(Q) — R are defined as

= .Ld'Td T, V)= .v' iv(T c(w,v) = A Tw.v
ae.r) = [ sctirt b= [ veaivin, ey [ K (2.14)

F(r) :={(tv,up)r and Gy(v) = — /Q(bf Y (2.15)

for ¢, 7 € H(divy3;Q) and v,w € L*(Q). Moreover, using (1.2), the Cauchy—
Schwarz and Hélder inequalities, and the continuous injection is/3 of L*(€2) into
L4/3(Q), with [|ig/3]] = |Q['/2, it follows that

1
12y (¢, T)| < — € lldivy 50 [T lldiv, -0,

Ib(¢, V)] < [I€lldiva 50 [IV]lo,450- (2.16)
le(w,v)| < [[iass] 1K ooo 1W]lo,40 [V]o,40,

which establishes the boundedness of a, b, and ¢, with constants

1 . -
lagll = = IIbll =1, and lef := [/ | K oo 2.17)

In turn, employing the duality between H~/2(I") and H'/2(T") along with the esti-
mate (2.10), and then applying Cauchy—Schwarz’s inequality and the estimate from
(2.2), we deduce that

F(r)] < (@) lupllijzr ITlaive a0, [Gs(V < [l I Flloo lI¢llel[v]osae (2.18)

which says that F and G4 are also bounded, with

IF[| < e(@) [upllijzr and  [|Goll < [fiall[[£]

ool (2.19)

Furthermore, thanks to the compatibility condition fF up-v =0 and the
decomposition

H(diV4/3; Q) = Ho(diV4/3; Q) (&%) RH y
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it is easily shown that imposing the first equation of (2.13) against 7 € H(div,/3; )
is equivalent to doing so against 7 € Ho(div,/3; ). In this way, (2.13) reduces
equivalently to: Find (o, u) € Hy(divy,s; Q) x L*(Q) such that

ag(o,7) + b(r,u) = F(r) V1 e Ho(div4/3;Q), 220

b(o,v) — c(u,v) = Gy(v) VveLiQ). (2:20)
Finally, gathering (2.20) and (2.3), we arrive at the following mixed—primal formulation
for the coupled problem (1.6): Find (o, u, ¢) € Ho(divy/3; Q) x L*(Q) x H{(Q)
such that

ag(o,7) + b(r,u) = F(r)
) = Gu(v) VveLiQ), .21

u V1 e Ho(diV4/3; Q),
v
¥) = Ge(¥) Vi e Hy(Q).

We end this section with some remarks on the analysis when mixed bound-
ary conditions arise. To this end, let I'p and I'y be disjoint parts of ' such that
I' = T'p UTy, and assume, as a first example, that, instead of a Dirichlet boundary
condition for u in the whole boundary, we have u = up onI'p andov = 0on 'y,
with up € H'/2(I'p). Then, introducing the space

Hy (divy/s; Q) = {T € H(divy/s;2): T7v =0 on I‘N},

we first realize that T v|r,, € H™Y/2(I'p) forall 7 € Hy (divy3; ), which follows
precisely from the fact that 7 v|r, vanishes. In addition, the Neumann boundary
condition for o and the fact that p forms part of this unknown, imply that a unique-
ness condition on p is not needed anymore, and hence neither is needed the null mean
value for tr(o). In this way, instead of (2.9), the corresponding integration by parts
formula leads to

1
/ e / u-div(t) = (tv,up)r,, VT e HN(div4/3;Q)7(2,22)
o 1(o) Q

where (-,-)r,, stands for the duality pairing between H~'/2(I'p) and HY/?(I'p).
Consequently, the mixed formulation of the Brinkman equations becomes exactly
as (2.20), except that (o, u) and the associated test functions (7, v) belong now to
Hy (divy/s; Q) x L*(2), and the functional F is defined as F(7) := (T v, up)r,,
for all 7 € Hy (divy/s;2). As a second example, let us assume u = 0 on I'p and
ov=gonly,withg € HO_OI/Q(FN), dual ofHé(/f(I‘N), which, in turn, stands for
the space of functions in H'/?(T ') whose extensions by 0 in T'p belong to H'/2(T").
In this case, the integration by parts procedure requires the introduction of the auxil-
iary unknown ¢ := —u|p, € H(l)éQ(FN), which yields, instead of (2.9) or (2.22),
the equation
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1
[ oot [uedivi) + (rviphey =0 Y7 e H(divis ),
o (o) Q

where (-, -)r, denotesthe duality pairing between Haol/ *(I'y)and Hé(/)Q (I'v),whereas
the Neumann boundary condition for o isimposed weaklyas (o v, ¥)r,, = (g, ¥)ry

for all ¥ € Hl/ 2(F ~). Thus, the mixed formulation of the Brinkman equations
becomes similar to (2.20), but with three unknowns (o, u, ) and associated test

functions (7, v,) belonging to H(divy,3; Q) x L*(2) x H(l)(/)z(FN). In addition,
a new bilinear form b, and new functionals F and G, emerge, which are defined as

b(7,(v,¢)) = /v div(t) + (rv,¢¥)r,, F(T):=0,
and Gy ((v,9)) /¢f v+ (g Y)ry

for all (7, (v,)) € H(divy3;Q) x (L4(Q) x H(1)62(FN)). Analogue procedures
can be applied, and similar outcomes arise, when dealing with mixed boundary con-
ditions in the nonlinear advection—diffusion equation, for its primal formulation (2.3)
as well as for the mixed one to be derived later on (cf. (2.26)). As a concluding
remark, we can assert that the incorporation of other boundary conditions yield varia-
tional formulations showing basically the same structure as the ones to be analyzed
here, and hence only minor modifications would be required to extend our results to
these more general situations.

2.2 The fully-mixed approach

In order to establish a variational formulation for the system (1.7), we start by noting
that the variational formulation associated with the Brinkman flow equation (cf. first
row of (1.7)) will remain essentially the same as in Sect. 2.1 (cf. (2.20)), the only dif-
ference being, as we explain below, that the given ¢ will belong now to L*(£2) instead
of the stronger space H} (£2) as in Sect. 2.1. Indeed, proceeding as in [8, Section 3.1],
we begin by testing the second equation of the second row of (1.7) against a suitable
vector function s, which yields

[o@res— [ouws— [ns= [ fu@kes (223)

Then, knowing from (2.20) that we are looking for u in L*(Q2), we readily see that
the second term on the left hand-side of (2.23) makes sense for ¢ € L4(Q) and
s € L2(Q2). In turn, the remaining terms of this equation are well-defined if both t
and 1 belong to L2(£2) as well. Furthermore, in order to handle the Dirichlet bound-
ary condition for ¢ we assume originally that ¢ € H*(£2), which is certainly con-
tained in L4(92), and multiply the first equation of the second row of (1.7) against
x € H(dive; ) (cf. (1.4)), with ¢ € (1, 4+00) to be chosen. In this way, integrating
by parts the term involving V¢, and using that ¢ = 0 on I', we obtain
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- / t-x — | ¢div(x) = 0. (2.24)
Q o

It is clear that the first term of (2.24) is well-defined, whereas the second one makes
sense even if we look for ¢ in L*(£2), and choose ¢ = 4/3 so that div(x) € L4/3(Q),
andhence x € H(div,/3; ). Moreover, seeking 7 in this very same space, and assum-
ing here that g € L*/3(Q), we can test the momentum equation (cf. third equation of
the second row of (1.7)) against ¢y € L*(Q2), thus yielding

[ eov — [ wawtm = [ gv. (2.25)

Consequently, given u € L*(Q), and gathering (2.23), (2.24), and (2.25)
we arrive at the following mixed formulation for the concentration: Find
(¢,t,m) € L*(Q) x L*(Q) x H(divy,3; Q) such that

A¢,u((¢7t)7 (w>s)) + 85(7/)75)717;
B((¢,t), x

where Apw + (LAHQ) x L2(Q)) x (L*(Q) x L2(Q)) — R, for each
(¢, w) € LY(Q) x L*(Q),and B : (L*(Q) x L(2)) x H(divy/3;Q) — R, are the
bilinear forms defined by

Apw((9,8), (¥,s /0 )t-s — /¢>w s+/g¢w, (2.27)

Fs((¥,9)) V(¥,s) € LY(Q) x L2(Q),

B(W,S)aX) ::_/QX.S - /delV(X), (228)

for all (¢,t), (¥,s) € (L*(2) x L2(2)) and for all x € H(divy,3;Q), whereas,
given ¢ € L*(Q), welet F, : L*(Q) x L%(Q) — R be the linear functional given by

Fol(h,s)) := /bek(ap)k-s—i—/ggw Y (y,8) € LY(Q) x L2(Q). (2.29)

We stress here that the appearing of the expressions fQ ¢ div(x) and fQ ¥ div(n)

in (2.24) and (2.25), respectively, made possible the completlon of the symmetry
property of (2.26) represented by the bilinear form 5. Now, bearing in mind the range
of ¥ (cf. (1.2)), and applying the continuous injection of L*(Q2) into L?(Q) (with
boundedness constant |[©2|'/4) and the Cauchy—Schwarz and Hélder inequalities, we
deduce that

(192 + Iwlloas + 1912 o) (6. 0)I (@),

|'A vW((¢7 t)7 (1/}7 S)
’ g} (2, s)] HXHdM/S,Q,

d
IB((1,5), x (2.30)

N IN

which says that A, and B are bounded with
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[Agwll < 92 + [[Wlloe + 12?0 and B < (2.31)

In turn, considering the upper bound of fyx (cf. (1.2)), and applying the Cauchy—
Schwarz and Hélder inequalities, we have that

IFell < vy Q2 (2.32)

In addition, it is important to note that the change in the space chosen for ¢ slightly
modifies the bound of the operator G4 (cf. (2.18) and (2.19)). In fact, in this case we
simply obtain that

1Goll < [[flloalle
Summarizing, the fully-mixed formulation for the coupled system (1.7)
reduces to (2.20) and (2.26), that is: Find (o, u) € Ho(divy/3; Q) x L*(Q) and
(¢,t,m) € L*(Q) x L2(Q) x H(divys; ) such that

0,4;0- (2.33)

2(7() : zr € Elf((g;w /33 4Y),
v \VAS
ff((w,s)) ¥ (1,s) € Li(Q) x L2(), (2:34)

PN
©
_
<
?
\‘_//
@
A//-\\
X 3
~——
([

3 The continuous analysis

In this section we prove the well-posedness of the primal-mixed and fully—mixed
formulations derived in Sect. 2.

3.1 The mixed-primal approach

In what follows we proceed similarly as in [4] (see also [3, 5, 7]), and employ a fixed-
point strategy to analyze the solvability of the mixed—primal formulation (2.21). To
this end, we first introduce the operator S : Hj(€2) — Ho(divy/3; Q) x L*(Q) given
by

S(¢) = (S1(¢),S2(9)) := (a,u) Ve e Hy(Q), 3.1

where (6, 1) € Ho(divy/3;Q) x L*(Q2) is the unique solution (to be confirmed
below) of the problem arising from (2.20) when ¢ is replaced by the given ¢, that is

u) = F(r) V7 € Ho(divy/s;Q),
v

b(a,v) — c(@,v) = Gu(v) VveLiQ). (3.2)

In turn, we let S : H () x L*(Q) — HL () be the operator defined by
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S(p,w):= ¢ VY(p,w) € HY(Q) x LY(Q), (3.3)

where 5 € H{(Q) is the unique solution (to be confirmed below) of the problem
obtained from (2.3) when u, ¥(¢), and G are replaced by w, ¥(¢), and G, respec-
tively, that is

Apw(d0) = Go(¥) Vb € HY(Q), (3.4)

where A, w : Hj () x H§(2) — R is the bilinear form

Aenl@0) = |

Q

00)V6-V0 = [ w-Vi+ [0ai vavem@. 35)

and G, is the functional defined in (2.5), that is

Go(d) = /bekw)k-vm /ngZ v{ € Hi(9). (3.6)

Then, we define the operator S : H}(Q) — H(Q) by

S(¢) == S(p,Sa2(p)) Ve € Hy(), 3.7)

and realize that solving (2.21) is equivalent to seeking a fixed point of S, that is,
¢ € H§(£2) such that

S(¢) = ¢. (3.8)

We find it important to emphasize here that, unlike (3.4), the approach in [3, egs.
(3.11)-(3.12)] and [4, eq. (3.12)] considered

Aw(aa 1:[;) = th({/z) V{E S H(IJ(Q) 9

where Ay, is defined in (2.4), thus keeping the diffusivity as part of the nonlinearity.
However, in the present setting, and for sake of simplicity of the subsequent analysis,
we restrict ourselves to the linear problem (3.4). B

Our next aim is to show that the operators S and S are well-defined, which is
equivalent to proving that the uncoupled problems (3.2) and (3.4), respectively, are
well-posed. We begin with the linear problem (3.2), for which we apply the abstract
result [23, Theorem 3.4], which establishes sufficient conditions for the well-pos-
edness of perturbed saddle-point problems. Indeed, we first recall from (2.16) and
(2.17) that the bilinear forms ay,, b, and c (cf. (2.14)) are all bounded, and that a,,
and c are both symmetric and positive semi-definite, thus accomplishing assumption
i) of [23, Theorem 3.4]. In turn, denoting by V the kernel of the bilinear form b, and
using that L*(Q) is isomorphic to the dual space of L*/3(Q), we readily find that
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V = {r € Ho(divys; Q) div(r) =0 in Q}. (3.9)

Then, we recall from [7, Lemma 3.1] that there exists a positive constant «, depend-
ing only on © and sz, such that for each ¢ € H}(€2) there holds

ag(7,7) = a|Tldiv,0 VT EV, (3.10)

which, in particular, yields assumption (ii) of [23, Theorem 3.4]. We stress that actu-
ally (3.10) is satisfied independently of the space where ¢ belongs, so that it also
holds for ¢ € L*(9) (see [8, eq. (3.23)]). Now, regarding the inf-sup condition for b,
we refer to [13, Lemma 3.3], which states in fact the existence of a positive constant
B, depending on n, cp (cf. (2.1)) and ||is]| (cf. (2.2)), such that

b(T,v
sup # 2 ﬂ ||v||074;Q VV € L4(Q)a (3 11)
TEHg (divy35%) ||T||div4/3;ﬂ .
T#0

thus confirming assumption (iii) of [23, Theorem 3.4]. -
Summarizing, we are now able to prove the well-definedness of the operator S.

Lemma 3.1 For each ¢ € H}(2) problem (3.2) has a unique solution
(o, 1) € Ho(divy,s; 2) x L*(£2), and hence we can define S(p) := (&, ). More-
over, there exists a positive constant Cg, depending on i1, |[isl|, c(£2), |lias3]l,
HKfl Hoo,!z’ «, and (3, and hence independent of v, such that

18I = @ @) < Cs{luplhyar + floclvlie} ¥ eHy©).G.12)

Proof According to the previous discussion, the proof follows from a straightforward
application of [23, Theorem 3.4]. In particular, there exists a positive constant C,
depending only on ||ay|, ||c||, o, and 3, such that

Il < C{IFl + |Gl }- (3.13)

Thus, the above inequality, along with (2.19), lead to (3.12), which finishes the proof.

O

We now state the well-posedness of (3.4), or equivalently, the well-definedness of
operator S. In fact, we recall from [4, Lemma 3.4] the following result.

Lemma 3.2 Let ¢ € H{(2) and w € L*(2) such that ||wlos.0 < %M (cf.
(1.2), (2.1), (2.8)). Then, problem (3.4) has a unique solution ¢ € H{(02), whence
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2ch

we can define g(cp,w) = (E Moreover, letting Cg := 5=, which is independent
of (¢, w), there holds

IS, w)llie = lI6

e < Cg{ar 19872 1k] + lg

O,Q}. (3.14)

At this point we highlight that within the proof of the previous lemma (cf. [4,
Lemma 3.4]) it is shown that

Apw(,9) = aa¥liq Vo € HY(Q), (3.15)

’191
.2
2c¢h

with a4 = é = , inequality that will prove useful for the subsequent
S
discussion.

Having established that S and S are well-defined, the operator S is as well, and
hence we address next the solvability of the fixed-point equation (3.8). To this end,
we will apply the Schauder fixed-point theorem (see, e.g. [19, Theorem 9.12-1(b)]),
and the classical Banach theorem.

We begin by letting B be the closed ball of H}(£2) with a given radius 7, that is

Bi={peHh(@): lela <r}. (3.16)

Then, we have the following result.

Lemma 3.3 Assume that the data satisfy

9
o,n} < ——, and (3.17)

Cs {luplh/ar + rI1f ror Tl

Cg {19021k + liglos} < . (3.18)

Then S(B) C B.

Proof 1t basically follows from the definition of S (cf. (3.7)), the a priori estimates
(3.12) and (3.14), and the assumptions (3.17) and (3.18). O

Our objective now is to prove that the fixed-point operator S is continuous,
for which, according to its definition (3.7), it suffices to prove that S and S are.
We begin with the corresponding result for S, which will require a further regu-
larity assumption. This kind of hypotheses were originally introduced in [3, eq.
(3.22)] and have been since utilized frequently, in its original or slightly modi-
fied forms, in subsequent works (see, e.g. [4, 7, 8]). More precisely, we suppose
that up € HY/2*5(I") for some e € (0,1) (when n = 2) or £ € (3,1) (when
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n = 3), and that for each ¢ € H}(Q) with ||p|1.o < 7, 7 > 0 given, there holds
S(p) := (7,1) € (Ho(divy/s; Q) N H(Q)) x W*(Q), and

15/l-0 + [lleae < Cs() {Ilplliaser + Ifll00 (3.19)

with a constant Cg(r) > 0, independent of ¢, but depending on the upper bound
of its H'-norm.

Having introduced the above assumption, and for further use along the paper,
we now need to consider the continuous injections i, : H'(Q) — L"/¢(Q) and

i~: H5(Q2) — L(€2), where

2

~ T, ifn=2, 390
ST LS ifn=3 (3.20)

Then, the continuity of S is established as follows.

Lemma 3.4 Assume that the vregularity assumption (3.19) holds for
€€ { ((g’, 3 Xﬁzﬁ Z z ;’ Then, there exists a positive constant Lg, depending
on pu, L, [|K oo, laysll, [iall, il izl ow and B, (cf: (1.2), (1.3), (2.17),
(3.10), and (3.11)), such that for all p, 1 € H§(£2) there holds

’

18o) = 8@ < Ls {1810 ee I = o + 1Flo0lle — @lose h-(3.21)

Proof First note that, letting X := Ho(divy/s; ) x L*(Q), the a priori estimate
(3.13) for the solution of (3.2) with a given ¢ € H}(€2), is equivalent to the existence

of a positive constant C, depending only on ||a,|| = u%’ lell = iz |1 K oo

a, and B, and hence independent of ¢, such that there holds the global inf-sup condi-
tion (cf. [23, eq. (3.33)])

H(p Z)” < C sup a“p(p"r) + b(T7Z) + b(p7V) — C(Z7V)
T rvyex vl
(r,v)#0

Ve € X5

Next, given ¢, 1 € H}(Q), we let (5,0) = S(y) and (¢, W) = S(¢), so that,
according to the definition of S (cf. Sect. (3.7)), they satisfy

F(T) VT e H0<diV4/3;Q),

) = Gu(v) VvelLiQ) (3-23)

<8
|

and
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ay({,7) + b(r,w) = F(1) V1 € Ho(divyys; Q), (3.24)
b(¢,v) — c(w,v) Gy (v) Vv e LYQ). ’

Then, applying (3.22) to (p,z) = S(¢) — S(¢¥) = (6 — ¢, — W), and then
employing (3.23), (3.24), and the definitions of a,, ay, G, and G, (cf. (2.14),
(2.15)), we arrive at

1S(0) — S| < € sup a,(6 —¢,7)+b(r,0—w)+b(d—¢{,v)—cli—w,v)

o H il
(r,v)#0 B B
_ é sup aw(C,T)7a¢(C,T)+b(5’7<,V)7C(ﬁ7W,V)
() — W) Nz a [ v
o w )¢ [ s
(r,v)e H (vl ’
(7.v) £0

whose right-hand side coincides precisely with the one of [7, eq. (3.44)]. For the rest
of the proof we refer to [7, Lemma 3.7], in which the further regularity assumption
(3.19) and the continuous injections i : H'(Q) — L4(Q), i. : H'(Q) — L™/¢(Q),
and i~: H*(Q) — L°(Q), are used. O

Next, for the continuity of the operator §, and slightly adapting [4, eq. (3.24)], we
also require further regularity. More precisely, we assume that g € H*(2), for the
same € € (0,1) (whenn = 2)ore € (3,1) (whenn = 3) as in (3.19), and that for
each (p, w) € H{(Q) x LY(Q), with [|¢|l1.0 + [[Wloa0 < 7,7 > 0 given, there

holds S(ip, w) := ¢ € H:™4(Q), and

I6l+e0 < C5r) {7 1912 Kl + llglle.c }, (3.26)

with a constant @Sv(r) > 0, independent of (¢, w), but depending on the upper bound

r.

Regarding the feasibility of (3.26), we first observe that, given
(o, w) € HJ(Q) x L*(2), with ||¢|l1.0 + ||[Wllo,s;0 < 7, this hypothesis reduces
to the regularity of the second order elliptic problem in divergence form arising from
the second row of (1.1) when 9(¢), u, and fi,x(¢) are replaced by 9¥(¢), w, and

fox (), respectively, in addition to the Dirichlet boundary condition for 5, that is

ga—div(ﬁ(@)vg—aw—ﬁk(w)k):g in Q, =0 on T,

whose primal variational formulation is given by (3.4). Then, assuming that (),
fox(p) k, and the datum g are sufficiently smooth, a generalization of the classical

elliptic regularity result for the Poisson equation (see, e.g. [32] or [24, Theorem
14.6]) would imply ¢ € Hy™(Q2) for all € € (0, Z), where w € (0,7) U (, 2) is
the largest interior angle of ). In this way, in order to be able to pick € such that
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€ > % when n = 3 in (3.26), it suffices to impose that = > %, that is w < 27, which
is actually always satisfied. Certainly, when n = 2 there is no restriction either on w.
At this point we find it important to mention that, unlike [4, Lemma 3.7] and the

lemma to be stated next, the proof of the continuity of a similar operator S in [3,7,
8] does not require any extra regularity assumption. The reason is that in those works
the diffusivity ¢ depends on the magnitude of the concentration gradient, which
allows to handle the whole nonlinear term involved by using tools from the mono-
tone operators theory, whereas in our present context the dependence is only on the
concentration, which makes the proof much more intricate.

The continuity of the operator S is then given by the following lemma.

Lemma 3.5 Assume that the vregularity assumption (3.26) holds for

(0,1) whenn =2,
€€ (2,1) whenn=3.

on Cg, |[iall, [lic|l, Ly, and Ly (cf. Lemma 3.2, (2.8), (1.3), (3.26)), such that for all
(o, W), (¥,z) € H§(2) x LY(2) satisfying ||Wllo,a:0 ||z]01:.0 < %1“14” there
holds

Then, there exists a positive constant Ly, depending

IS(p, W) = S(,2) |0 < Lg{lkl le = ¥log + ISW,2)[1e W - 2lose

N 3.27)
+ 18w Dllsealle = Voo

Proof The proof of this lemma relies on the ellipticity of the bilinear form A, w with
constant a4 (cf. (3.15)), the Lipschitz-continuity of f and ¥ (cf. (1.3)), the further
regularity assumption on the operator S (cf. (3.26)), and the Sobolev embeddings of
H'(Q) in L?(Q) and L™/#(Q); the only difference being that the term |w — 2|0 4.0
is kept as it is instead of bounding it by ||w — z||1 o (and hence (2.2) is not used).

O

Having established the continuity of S and S, we are in position to prove next the

continuity of the operator S and the compactness of S(B), where B is the ball defined
by (3.16).

(0,1) whenn =2
(3,1) whenn=3"
and that the data satisfy the hypotheses of Lemma 3.3, that is (3.17) and (3.18). Then,
there exists a positive constant Cs, depending only on Lg (cf. Lemma 3.4) and Ly (cf.
Lemma 3.5), such that

Lemma 3.6 Assume that (3.19) and (3.26) hold for € € {

IS(¢) — S(¥)[1e < Cs {|k|\|¢—¢|\o.n + 1 fllo2 IS0 lle = Plloae

_ 3.28
o (I8O)hal$i@ln + 8@ en) e = dlonea} O

forall p, Y € B, and hence the operator S : B — B is continuous and S(_B) is
compact.
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Proof We begin by recalling that the assumptions (3.17) and (3.18) guarantee that
S(B) C B. Then, bearing in mind the definition of S (cf. (3.7)), straightforward
applications of the estimates provided by Lemmas 3.5 (cf. (3.27)) and 3.4 (cf. (3.21))
yield (3.28). In turn, thanks to the Rellich-Kondrachov compactness Theorem (cf. [1,
Theorem 6.3], [33, Theorem 1.3.5]) and the ranges for € specified by the regularity
hypotheses (3.19) and (3.26), we know, as already used in the proofs of Lemmas 3.4
and 3.5, that H'(€2) is compactly embedded in L4(9), L(Q), and L"/¢(€2). These
compact (and hence continuous) injections together with (3.28) imply the remaining
properties of S. O

Now,  bounding IS(@)lie by r, and 1S1(©)]le.00 and
1S(©) l14e,2 = 1S(,S2(¢)) [l14<,0 by the estimates provided by (3.19) and (3.26),
respectively, and using the aforementioned compact embeddings, we deduce from

(3.28) the existence of a positive constant Ls, depending on Cs, Cs(r), ég(r), TR

2], [lia]], and [[ic[[, such that

IS(¢) = S(W)|ha < Ls {|k\ + 1 fllo.2 + lupllij24er + ”gHa,Sl} le — ¥l1,0(3.29)

forall p, ¥ € B.
With the analysis already done, the solvability of (3.8) is addressed by the follow-
ing theorem.

(0,1) whenn =2

(3,1) whenn=3"
and that the data satisfy the hypotheses of Lemma 3.3, that is (3.17) and (3.18). Then,
the fixed-point equation (3.8) has at least one solution ¢ € B, which means,

equivalently, that the mixed—primal formulation (2.21) has at least one solution
(o,u,¢) € Ho(divys; 2) x L*(2) x H§(2), with ¢ € B. Moreover; there hold

Theorem 3.7 Assume that (3.19) and (3.26) hold for € € {

lole < Cg{vs 1202 k| + ligloa} and (3.30)

le.wll < Cs {lupllijzr + IFlon ¢l }: (3:31)

In turn, if the data k, f, up, and g are sufficiently small so that
Ls {Ikl + | Fllo.c + [upll/z1er + llglon} < 1, (3:32)

then the above solution of (3.8), and hence that of (2.21), is unique.

Proof Similarly to the proof of [7, Theorem 3.10] (see, also [3, Theorem 3.13]), and
thanks to Lemmas 3.3 and 3.6, we apply the Schauder fixed-point theorem to con-
clude the existence of solution of (3.8), and hence of (2.21). In addition, the estimates
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(3.30) and (3.31) follow directly from (3.14) and (3.12), respectively. Furthermore,
(3.29) and the assumption (3.32) guarantee that S is a contraction, so that a straight-
forward application of Banach’s fixed-point theorem completes the proof. O

3.2 The fully-mixed approach

Here we proceed inspired on [8, 29] to analyze the solvability of (2.34) by means also
of a fixed-point strategy. In this regard, and given that the main difference between
the mixed-primal formulation (2.21) and the fully-mixed formulation (2.34) lies on
the way the transport equation is tackled, and hence on the space where the con-
centration ¢ is sought, the operator associated to the Brinkman flow (analogue of
(3.1)) needs only its domain of definition to be modified. More precisely, we now let

T : L*(Q) — Ho(divays; Q) x L*() be the operator defined by

T(p) = (T1(¢), Ta(p)) = (F,u) Vo e LX), (3.33)

where (&,1) € Ho(divy/s;Q) x L*(Q) is the unique solution (to be con-
firmed below) of the problem arising from (2.20) when ¢ is replaced
by the given ¢, that is (3.2). In turn, as the analogue of (3.3), we let
T : LY(Q) x L4(Q) — LY(Q) x L2(Q) x H(div,/s; ?) be the operator defined by

T(@aw) = (Tl((pv W)aTQ((PaW)7T3((p7W)> = (57}:7 ?7) V(va) € L4(Q) X L4(Q)7

where (¢, t,7) € L4(Q) x L2(22) x H(div,/3; Q) is the unique solution (to be con-
firmed below) of the problem arising from (2.26) when Ay , and F are replaced by
Ay w and F, respectively, that is

Apw((6,8), (¥,9)) + B((1,5),7) = Fo((¥,8)) Y (¥,5) € LYQ) x LA(Q), (3.34)
B((¢,t),x) 0 Vx € H(divys; Q). :

Then, we set the operator T : L4(Q) — L*(Q2) by
T(p) == Tilp, Taly)) Ve eL'(Q), (3.35)

and realize that solving (2.34) is equivalent to seeking a fixed point of T, that is,
¢ € L*(Q) such that

T(¢) = ¢. (3.36)

Similarly as in Sect. 3.1, we now show that the operators T and T are well-defined,
or equivalently, that the uncoupled problems (3.2) and (3.34) are well-posed. We start
by presenting the corresponding result associated with T, which, given the already
mentioned minor difference with S, turns out to be a small modification of Lemma
3.1
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Lemma 3.8 For each o€ L*(2) problem (3.2) has a wunique solution
(6,1) € Ho(divyys; £2) x L*(12), and hence we can define T () := (&, 1). More-
K|

over, there exists a positive constant Cg, depending on i1, ¢(2), ||is /3ll, ..

«, and B, and hence independent of ¢, such that

IT(@) = ll(e. )] < CT{HUD||1/2,F + [ flloo IISD\Io,m} v € LY(9Q).(3.37)

Proof The proof follows almost verbatim from the one of Lemma 3.1, the main dif-
ference being the bounding of the functional G4, which in this case is given by (2.33)
instead of (2.19). This explains the fact that the constant C'1. does not depend on |[|i4]|.

(I

In order to show that (3.34) is well-posed, equivalently, that the operator T is
well-defined, we apply the generalized Babuska—Brezzi theory (cf. [9, Theorem 2.1,
Corollary 2.1]). Indeed, we begin by recalling from (2.31) and (2.32) that A, w, B,
and F,, are bounded. Next, proceeding similarly to [20, eq. (3.35)], we readily find
that the null space of the bilinear form B (cf. (2.28)) reduces to

V= {9 el QxLAQ): Vo =s in Q and ¢€HYQ)}.(338)

Having the above, we now prove that for a suitable range of w € L4(Q), Apw
becomes V-elliptic.

Lemma 3.9 There exists a positive constant o4, depending only on V1, cp, and
liall (cf (1.2), (2.1), (2.2)), such that for each (p,w) € L*(£2) x L*(02) satisfying
IWllo,4.0 < 2.4, there holds

A ((0,5), (,8)) = aal(w,9)>  V(¥,s)€V. (3.39)

Proof Given (¢, w) € L4(€) x L*(Q) and (¢,s) € V, we obtain from the defini-
tion of Ay w (cf. (2.27)), along with the lower bound of ¥ (cf. (1.2)), the Cauchy—
Schwarz inequality twice, and the fact that ||s||o.o = |¥|1,o (cf. (3.38)), that

Apne((0:9).0.5) = [ 915 = [ wwes + ol
> 91 [sllge — 1llose [Wloae lIsloe (3.40)
1 1
=< Isl3.e + > Wlia — IWlloase IWloae lIslo.e-
Note that, when deriving the above lower bound of A, w((¥,s), (¢,s)), we

have dropped the term o \|w||379 in order to allow small values for the param-
eter o without affecting the resulting estimate. Next, applying Poincaré’s inequal-
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ity (cf. (2.1)) and the continuity of iz : H'(Q) — L*(Q) (cf. (2.2)) to obtain
[lF o = (cp |liall) 72 [|#[|3,4.0» and noting, by Young’s inequality, that there holds
[¥lloas Isllo.e < 5 {11540 +Isl5a} = 3 (¥,8)], it readily follows from
(3.40) that

(91 min {1, (ep a2} = Iwloe) (82

N | =

Ao ((1,8), (1h,8)) =

min ,(cp |1 —2
from which, defining a4 := i {1'(4P el } , we arrive at (3.39) and conclude

the proof. (]

In order to apply [9, Theorem 2.1, Corollary 2.1] it only remains to verify that
the bilinear form B satisfies the continuous inf-sup condition. Indeed, this result was
already established in [20] and reads as follows.

Lemma 3.10 Letting Bg := é there holds
B((,s), .
sup BUASX) - g ey ¥x € H(divya: ).
(,s) € TAQ) x L2() @8]l (3.41)
(¢,8) #0
Proof See [20, Lemma 3.3, ineq. (3.45)]. O

We now establish that the linear problem (3.34) is well-posed, equivalently that T
is well-defined.

Lemma3.11 For each (p, w) € L*(£2) x L*(£2) such that |w||o.4,0 < 2., prob-
lem (3.34) has a unique solution ($,t,7) € L*(2) x L2(£2) x H(divys; £2), and
hence we can define T(p,w) := (¢, t,7). Moreover, there exists a positive constant

CT’ depending on a4, B, V2, and o, such that

1T, w)ll = 16,87 < Cx {ar 1012 k] + lgloassa}  G42)

Proof Bearing in mind the aforementioned boundedness of A, v, B, and F,, as well
as Lemmas 3.9 and 3.10, the proof follows from a straightforward application of the
generalized Babuska—Brezzi theory (cf. [9, Theorem 2.1, Corollary 2.1]). In particu-
lar, the indicated upper bound of w and the first inequality of (2.31) yield

Mowll < 92 + 204 + Q20 = [l4], (3.43)
which, along with the upper bounds of ||B]| (cf. second inequality of (2.31)) and

| Foll (cf. (2.32)), and employing [9, egs. (2.15) and (2.16), Corollary 2.1], imply
(3.42) and finish the proof. O
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We remark that the well-posedness of the uncoupled problems (3.2), with
¢ € L*(Q2) given, and (3.34), with (¢, w) € L*(Q) x L*(Q) given, confirm the well-
definedness of the operators T and T, respectively, and hence of T (cf. Sect. 3.2) as
well. Therefore, we now address the solvability analysis of the fixed-point equation
(3.36).

We begin by providing conditions under which T maps a ball into itself. To this
end, given r > 0, we let I be the closed ball of L*(Q2) with radius 7, that is

W= {eel @) lelosa <7}

Then, we have the following result.

Lemma 3.12 Assume that the data satisfy

Cz {lupllior + rlifllba} < 204, and (3.44)

Cx {W QY2 k| + ||g||o,4/3;9} < (3.45)

Then T(W) C W.

Proof Knowing from (3.35) and Lemma 3.11 that T(p) := Tl(@, Ta(p)) is well-
defined for ¢ € L4(Q) if | T2()|| < 24, we deduce, thanks to the bound (3.37)
(cf. Lemma 3.8) and the assumption (3.44), that the aforementioned well-definedness
is accomplished for ¢ € W. Then, the a priori estimate (3.42) (cf. Lemma 3.11) and
the hypothesis (3.45) complete the proof. O

In what follows we aim to prove that the operator T is continuous, for which,
similarly to what was done in Sect. 3.1, we first show that its constitutive operators
T and T satisfy that property.

We begin with the corresponding result for T by assuming, as for its counterpart
S (cf. Section 3.1), a further regularity assumption. In this regard, and even though
these two aforementioned operators only differ in their domain of definition, the fact
that the mixed approach (3.34) looks for the concentration in L*(£2) instead of H1(£2)
as in the primal formulation (3.4), leads to a similar, but a bit more restrictive hypoth-
esis. Indeed, we now need to assume that up € H'/2+%(T") for some § € [1,1) (when
n = 2)oré € [2,1) (whenn = 3),and that foreach ¢ € L*(Q) with [|¢[lo,;,0 < 7,
r > Ogiven, thereholds T(¢) := (&, 0) € (Ho(divy/s; Q) NH(Q)) x W4(Q),
and

16050 + Ialsaa < Cor) {luplyzrsr + 1F]

O,Q}, (3.46)

with a constant C:¢(r) > 0, independent of ¢, but depending on the upper bound
of its L4(Q)-norm.
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Now, regarding the feasibility of (3.46), and similarly as for (3.26), we first notice
that, given ¢ € L4(), with ||¢||o,.4:;0 < 7, this hypothesis is determined by the reg-
ularity of the Brinkman problem arising from the first row of (1.1) when p(¢) and
¢ f are replaced by () and ¢ f, respectively, in addition to the Dirichlet boundary
condition for u and the uniqueness condition for p, that is

o =u@)va - pl, K 'a-—div(e) = ¢f, and div(a) =0 in ©

u=up on I, p =0,
Q

' (3.47)

whose mixed variational formulation, after eliminating p, is given by (3.2). Then,
assuming that u(¢), f, and up are sufficiently smooth, a corresponding regularity
result for the above linear problem should yield the required extra smoothness of the
solution. In this sense, it might be simpler, instead of (3.2), to look at the regularity
of a primal formulation of (3.47) with unknowns @ € H*(2) and p € L?(£2), which
is certainly equivalent to (3.2). Thus, obtaining from the former i € H'*°(Q) and
p € H°(Q), which yields, in particular, Vii € H’ (1), we immediately deduce from
the first equation of (3.47) that & € H®(Q). In turn, considering for simplicity the
2D case, we know from [31, Theorem 1.4.5.2, part ¢)] that the space H'/?+%(Q)
is embedded in W%%(Q), and hence, according to the continuous injections
H'(Q) — HY?H(Q) — W4(Q), we deduce that i € W4(12). In this way,
(3.46) would follow from the a priori estimate for ||ul|1450 + ||P|ls,o in terms of
lup|li/2+5,r and || f]|o,o, along with the aforementioned injections. We end this dis-
cussion by stressing that, due to the more restrictive ranges required for 4, it is very
likely that a geometric assumption on 2 will need to be added.

Now, as compared with the assumption for S (cf. (3.19)), the only difference lies
on the more demanding range for the present regularity index § (which was denoted
there), as already mentioned at the end of the previous paragraph. The need of it will
become apparent next in the proof of Lemma 3.13, which establishes the continuity
of T. In fact, the aforementioned range stipulates, equivalently, that n/§ < 4, thus
yielding a continuous injection i5 of L*(Q) into L"/%(Q).

Lemma 3.13 Assume that the regularity assumption (3.46) holds for

[£,1) whenn =2,
o€ { [%,1) when n = 3.
on Lg (cf. Lemma 3.4) and ||is||, such that

Then, there exists a positive constant L, depending

IT(e) = TW)I < Lz {ITs@)lse + Ifloc}lle = blosa Ve, v € LH(R).(3.48)

Proof 1t is easily seen that the proof of Lemma 3.4 still holds for ¢, ¥ € L*(Q),
instead of ¢, ¢ € H}(Q), whence we obtain again (3.21) as is, that is, using the pres-
ent notation,

0,4;9} .

IT() = TW)I < Ls {ITs@)ls0lle = Ylonssa + [ Flonlle — vl
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Then, bounding || — 9[[o,n/5:0 by [lis]| ¢ — 0,4, in the foregoing inequality,
we arrive at (3.48) with Ly := Lg max {1, ||is| }. O

We find it important to remark here that, differently from S (cf. Lemma 3.4),
whose domain H1o(Q) is compactly embedded in L*(2), and thus in L™/%(€2), in
the present case of T, which acts on L*(£2), we lack those compactness properties,
whence later on we will not be able to apply Schauder theorem, as in Theorem 3.7,
but just the classical Banach fixed-point theorem.

Furthermore, similarly to the operator S from Sect. 3.1, we also require fur-
ther regularity for T. More precisely, we assume that g € W*/3(Q), for the
same & € [3,1) (when n = 2) or 6 € [2,1) (when n = 3), and that for each

(o, w) € L4(Q) x LY(Q), with |l¢]los0 + |[Wloso < 7, r > 0 given, there
holds T(¢, w) = (¢,t,7) € L*(Q) x H*(Q) x H(divy/3;Q), and

180,50 + [Ells0 + [llav, 0 < Cr) {11072 K] + lgllsazse } (3.49)

with a constant 6; (r) > 0, independent of (¢, w), but depending on the upper bound

r. Note here that, while we could have also considered further regularity for (E and 7,
it suffices to assume it only for the second component of the operator T.

The continuity of the operator T is stated as follows.

Lemma 3.14 Assume that the regularity assumption (3.49) holds for

[£,1) whenn =2,
o€ { [%,1) when n = 3.
on |92, |lisl], &, Ly and Ly (cf. (1.3)), ||A|| (cf. (3.43)), aa, and Bp, such that for all
(o, w), (¢,2z) € L*(2) x L) satisfying |wl|o.a.0, |2]l0.4.0 < 2 v, there holds

Then, there exists a positive constant Lz, depending

1T, w) = T, 2)ll < Lg { (Kl + IT2(4.2)ls) e = ¥loao

- 3.50
() (330

040w — Z||o,4;9}-

Proof The proof follows similarly to that of [8, Lemma 3.9], which, in turn, makes
use of some ideas employed in that of [4, Lemma 3.7]. O

As a consequence of Lemmas 3.13 and 3.14, we now provide the continuity of T.

[£,1) whenn =2
Lemma 3.15 Assume that (3.46) and (3.49) hold for 6 € { [% 1) whenn—3 "
and that the data satisfy the hypotheses of Lemma 3.12, that is (3.44) and (3.45).
Then, there exists a positive constant Cr, depending only on Lt (cf. Lemma 3.13)

and Lz (cf: Lemma 3.14), such that
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IT(%) = TW)lo.ae < Cr {Ik] + | T2 (2, T2(e)) lls.00]

B (3.51)
+IT@) o0 (IT1 @) lse + 1Flog) i = oo

forall p, € W.

Proof We begin by noting that, given ¢, ¥ in W, the estimate (3.37) and the assump-
tion (3.44) on the data ensure that (o, To()) and (v, T2 (1)) satisfy the hypotheses
of Lemma 3.14, and hence T(y) and T(¢) are well-defined (cf. (3.35)). Having said
the above, the deduction of (3.51) follows by straightforward applications of Lem-
mas 3.14 and 3.13. O

Similarly as for the derivation of (3.29), we now bound || T(¢)]|0,4.0 by r, and
| T1(¢)|5.0 and || T (¥, T2(¥))||s,0 by the estimates given by (3.46) and (3.49),
respectively. In this way, we infer from (3.51) the existence of a positive constant L,
depending on O, Cq(7), CN’% (r), r, vy, and |2, such that

IT() = TW)loaa < Lz {IBl+ | Flog + uplly/zrsr + lglsassa } e = vloaa:(3.52)

forall p, v € W.
We are now in position to state the unique solvability of (3.36).

[£,1) when n =2,
Theorem 3.16 Assume that (3.46) and (3.49) hold for § € { [% 1) whenn =3
and that, in addition to the hypotheses of Lemma 3.12, that is (3.44) and (3.45), the

data satisfy

Ly { Ikl + [ Flog + bl j2ssr + lgllsassat < 1. (3.53)

Then, the fixed-point equation (3.36) has a unique solution ¢ € W, which means,
equivalently, that the fully—mixed formulation (2.34) has a unique solution

(o,u) € Hy(divy/s; 2) x L*(2) and (¢,t,m) € L*(2) x L2(2) x H(divy,s; 2),
with ¢ € W. Moreover, there hold

It < C {71022 k] + llgllo.ijsc} and (3.54)

e, wil < Cr {luplhyzr + I Floc I6lo.40}- (355)

Proof 1t was already established by Lemma 3.12 that T maps the ball ¥ into itself.
Then, knowing from (3.52) and the assumption (3.53) that T is a contraction, the
unique solvability of (3.36), and hence of (2.34), follows from the Banach fixed-point
theorem (see, e.g. [19, Theorem 3.7-1]). In turn, estimates (3.54) and (3.55) arise
from (3.42) and (3.37), respectively. O
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4 The Galerkin schemes

In this section we introduce Galerkin schemes for the mixed-primal and fully-mixed
formulations given by (2.21) and (2.34), respectively, and address their well-pos-
edness by employing discrete analogues of the fixed-point strategies developed in
Sects. 3.1 and 3.2.

4.1 Preliminaries

Let {77L}h>0 be a family of regular triangulations of {2 made up of triangles K (resp.
tetrahedra K in R3 ) of diameter & i . Note that / stands for both the index of 7}, and its
corresponding meshsize h := max {h k: Ke ’7}}. Now, given an integer ¢ > 0,

for each K € T, we let Py(K') be the space of polynomial functions on K of degree
< 4, and define the corresponding local Raviart-Thomas space of order ¢ as

RT((K) = Py(K) & Po(K)x,
where, according to the notations described in Sect. 1.1, P,(K) = [P,(K)]", and
x is the generic vector in R™. In addition, we let RT,(K) be the tensor version of

RT,(K), that is, denoting by T; the i-th row of a tensor 7, we set

RT(K) = {T €L2(K): 7€ RTy(K) Vie {1,...,n}}.

4.2 The mixed—primal method

Given an integer k£ > 0, we introduce the finite element subspaces:

HY = {rh € Ho(divy5 Q) :  7hlk € RTL(K) VK € ﬁ}, 4.1)
HY = {vh ELYQ): wvilx € Pu(K) VK € 771}, and 4.2)
HY = {wh eC(Q)NHLYQ) :  nlx € Prsr(K) VK € 7;,}, 43)

so that the Galerkin scheme associated with (2.21) reads: Find
(oh,up, ¢p) € HT x HY x Hﬁ such that

Agy, (o'thh) + b(Thy uh) F('Th) V15, € HZ,
b(oy, vi) — c(up, vi) Gy, (vh)  Vvp € Hy, (4.4)

Au, (bn,n) = Go,(bn) Vi, € Hj.
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We emphasize that the definitions of the bilinear forms ay, , b, ¢, and Ay, , and the
linear functionals F, Gg,, and G, , are given in (2.14), (2.4), (2.15), and (2.5),
respectively, with ¢ = ¢, and u = uy,.

Next, as previously announced, we adopt the discrete version of the fixed-point
strategy used in Sect. 3.1 to analyze the solvability of (4.4). We first introduce the

operator Sy, : Hf — H7 x H}} defined by

Sn(en) = (S1.alen);S2.n(wn)) == (an,un) € Hy x Hy, (4.5)

where (6, uy,) is the unique solution (to be confirmed below) of the first and second
rows of (4.4) with the given ¢y, that is

F(T}L) V15 € Hg,

atph<6’hv7-h) + b(Thaﬁh)
0 Gy, (Vi) Vvp € Hj. (4.6)

b(on,vy) — c(Up, Vi)

In turn, we let S : Hi x Hp — Hﬁ be the discrete version of S (cf. (3.3)), which is
defined by

Sh(en,wn) == én ¥ (on, wn) € HY x HY,

where 5;1 € Hf is the unique solution (to be confirmed below) of the discrete ana-
logue of (3.4), that is

AHOh,ywh, (gh/[/;h) = G«Ph ("Zh) VQZh € HZ); 4.7)

and the bilinear form A, w, and the linear functional G, are given by (3.5)
and (3.6), respectively, with ¢ = ¢, and w = wy,. Then, we define the operator

S : HY — HY by

Sh(n) = Sn(en, Sa.n(en)) Yo € H% (4.8)

and realize that solving (4.4) is equivalent to seeking a fixed point of Sy, that is
on € Hi such that

Sh(on) = on. 4.9)

Analogously to the continuous case, the well-definedness of the discrete operators
S;, and Sj, and hence of Sj,, hinges on the discrete problems (4.6) and (4.7) being
well-posed, which we address in what follows. We begin with (4.6) by resorting to
[23, Theorem 3.5], discrete analogue of [23, Theorem 3.4], which was applied to
derive the well-posedness of (3.2). Indeed, we recall again from (2.16) and (2.17)
that the bilinear forms a,,, b, and c are all bounded, and that a,, and c are both
symmetric and positive semi-definite, whence assumption i) of [23, Theorem 3.5] is
accomplished. Next, the discrete kernel of b is given by
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Vy, = {Th e HY : b(T;“Vh) =0 Vv € H};},

which, using from (4.1) and (4.2) that div(HY) C H}, reduces to

Vy, = {’rh eHy: div(rp) =0 in Q},

thus showing that V;, C V (cf. (3.9)). It follows from (3.10) that
ag, (Th, Th) = aa [|Thldiv, 550 VTp €V, (4.10)
with ag := «, which proves assumption (ii) of [23, Theorem 3.5]. In turn, we recall

from [20, Lemma 5.5, Section 5.4] that there exists a positive constant 34, indepen-
dent of A, such that

b Th,Vh
sup BT va)_ 2 Ballvalloae  Vvn € Hy,
T, € HY 7 lldiv,s:0 (4.11)
Th 7£ 0

which verifies assumption (iii) of [23, Theorem 3.5]. Hereafter, we use the subscript
“d" to identify constants that arise in the discrete analyses and that are independent
of the mesh size 4.

According to the previous discussion, we are now able to prove the well-defined-
ness of Sy, which constitutes the discrete analogue of Lemma 3.1.

Lemma 4.1 For each ¢y € Hf problem (4.6) has a unique solution
(oh,ay) € HY x HY, and hence we can define Si(en) := (6, 0s). More-
over, there exists a positive constant Cg 4, depending on p1, |[isl], c(£2), |[is/s
HK‘1 HOC aq, and Bq, and hence independent of py,, such that

>

Kok

180l = 1@n @)l < Csa{luplyor + Ifloallenlie) Vo e Hf4.12)

Proof The proof, being analogous to the one of Lemma 3.1, follows from the previ-
ous analysis and a straightforward application of [23, Theorem 3.5]. In particular,
the boundedness of the linear functionals F and G, , as stated in (2.17) and (2.19),
along with the a priori estimates provided by [23, Theorem 3.5, eq. (3.67)], imply
(4.12). |

The following result, taken from [4, Lemma 4.2], states that the operator §h is
well-defined, thus yielding the discrete analogue of Lemma 3.2.
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0,4;82 < 2 CfIHMH (Cf (]2)1
(2.1), (2.8)). Then, problem (4.7) has a unique solution q~5h € Hi whence we can

define gh(gah,wh) = g%. Moreover, letting Cg | = Cg := 21961?’ (cf. Lemma 3.2),
which is independent of (¢n, W},), there holds

Lemma4.2 Let ¢y, € Hﬁ and wy, € HY! such that ||wy|

Lo < Gy {7f|Q|1/2 k| + llg

O,Q}. (4.13)

Lo = lén

1Sk (on, W)

In what follows we address the well-posedness of the discrete mixed—primal for-
mulation (4.4) by using the Brouwer fixed-point theorem (cf. [18, cf. Theorem 9.9-
2]) to study the solvability of the equivalent fixed-point equation (4.9). To this end,
we now introduce the ball

By, = {sﬁh € Hii lonlle < 7“},

and establish next the discrete version of Lemma 3.3.

Lemma 4.3 Assume that the data satisfy the discrete analogues of (3.17) and (3.18)
(cf. Lemma 3.3), that is

Uy
< ;——, and 4.14
ba} < o, i 19

Cs.q {HUD||1/2,F +r|f

Cgo {rr 1072 K] + lgloa} < @19)
Then Sp(Bp) C By,

Proof 1t is a direct consequence of Lemmas 4.1 and 4.2. Needless to say, note that
actually (3.18) and (4.15) coincide since Cg = Cg . O

We now present the discrete analogue of Lemma 3.4, for which, knowing in
advance that no regularity assumption could be applied in this case, we simply resort
toaL* — L* — L? argument in the corresponding bounding process.

Lemma 4.4 There exists a positive constant Lg 4, depending on 1, L, |[issl],
| K1 lloo, 2, ta, and Ba, such that for all @y, Yy, € Hf there holds

I8n(en) = Skl < Lsa {I81Wn) o + I Flloa} llen = ¥illo.so-(4.16)

Proof 1t follows analogously to the proof of Lemma 3.4. In fact, by means of the
corresponding discrete global inf-sup condition satisfied by the operator S;, (cf.
[23, eq. (3.42)]), which holds with a constant Cy depending only on |ja,, || = i,
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llcll = llia3/| 1K~ {|os, 2, a, and Bq, we obtain the discrete analogue of (3.25). Then,

employing the Cauchy—Schwarz inequality twice in the resulting first term of that
analogue, which constitutes the aforementioned L* — L* — L2 argument, we arrive,
similarly as [7, eq. (4.17)], to

ISk (¢n) — Sn(wn)|l < Ca {L;L w2 1St n(Wn) 0,40 + HfHo,fz} llen — Ynllo,ae Y on, vy € HY,

which yields (4.16) and finishes the proof. O
For the continuity of S;, we state the discrete analogue of Lemma 3.5 as follows.

Lemma 4.5 There exists a positive constant Ly ,, depending on Cg (= Cg ), [lia|,
Ly, and Ly, such that for all (on, W), (¥n,2p) € Hf x HY} satisfying ||'w|

||Zh||0,4;!2 < m, there holds

0,482

ISh (n W) = Sh(Wn,zn) 10 < Lg, {\k| len — alloe + ISk(n z0) 10 Iwn — 2znlloa
+ IVSh(@n, zn)llo.as0 llon — @/Jh,||o,4;ﬂ}~

Proof The proof follows almost identically to that of [4, Lemma 4.5], except that, as
in the proof of Lemma 3.5, we do not bound ||w — z||o 4,0 by ||w — 2|1 o. Note that,

being VS, (¢n, z,) piecewise polynomial, || VS (¢, zs) 0,4;0 is finite and hence
well-defined. O

We are now in position to state the continuity of the discrete fixed-point operator
Sh.

Lemma 4.6 Assume that the data satisfy the hypotheses of Lemma 4.3, that is (4.14)

and (4.15). Then, there exists a positive constant Lg q, depending only on |{2|,
Lg q (cf Lemma 4.4), and Ly , (cf- Lemma 4.5), such that

ISn(wn) = Sn(¥n)ll1e < Lsa {|k| + 1Sk (@)l (IS1,0 (@n) o4 + | Fllo.)

(4.17)
+ |V Sh(¢h)\|o,4;n} llon — ¥nllo,a:0

for all pp,, Y, € By, and hence the operator Sy, : By, — By, is continuous.

Proof We first recall from Lemma 4.3 that (4.14) and (4.15) guarantee that S;, maps
By, into itself. Then, bearing in mind the definition of Sy, (cf. (4.8)), inequality (4.17)
follows after applying Lemmas 4.5 and 4.4, and taking into account the continuous
injection of L*(£2) into L?(Q) (with boundedness constant |©2|'/4). Thus, the continu-
ity of S, : By, — By, is a consequence of (4.17) and the embedding i, of H!(Q) into
L4(Q) (cf. (2.2)). O

Consequently, thanks to Brouwer’s fixed-point theorem (cf. [18, c¢f. Theorem 9.9-
2]) and Lemmas 4.3, 4.6, 4.1, and 4.2, we now establish the main result of this section.
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Theorem 4.7 Assume that the data satisfy the hypotheses of Lemma 4.3, that is (4.14)
and (4.15). Then, the fixed-point equation (4.9) has at least one solution ¢;, € By,
which means, equivalently, that the Galerkin scheme (4.4) has at least one solution

(oh,up, ¢p) € HY x HY x Hf with ¢y, € Byp,. Moreover, there hold

Ionlhe < Cgq{7s101"2 1Kl + lgloo} and (4.18)

@ w)ll < s {luplhyzr + Ifloe lénlia} (4.19)

We remark that the lack of an appropriate, uniform in %, upper bound for
IV Si(n)llo,4;0 prevents us from using (4.17) to derive a contraction estimate that
would let the Banach fixed-point theorem to ensure uniqueness of the discrete solu-
tion for small enough data.

4.3 The fully-mixed method

Given an integer k& > 0, we now introduce the finite element subspaces:

HY = {r € Ho(divasi®) i mili €RT(K) YK €T},  (420)
HY — {vh ELYQ): vilx € Pi(K) VK € Th}, “21)

HY = {wh ELYQ) :  Unlx € Pu(K) VK € 71}, (4.22)

Ht — {sh €L2(Q) : sl € Pu(K) VK ¢ Th} . and (4.23)
H? = {Xh € H(divy/5Q) :  xulx € RTW(K) VK € n} (4.24)

so that the Galerkin scheme associated with (2.34) reads: Find (o, us) € HY x H}!
and (¢, tn,m;,) € Hy x HE x HY such that

am(crh,,‘rh,) + b(‘l’h,uh) = F(Th) VT},/EHZ,

b(on,vi) — clup,vp) = Gy, (Vi) Vv, € Hy, 495

A, (P15 ta), (Vn,sn)) + BE(I/J;“S}L)W;% = Fo(Wn,sn)) Y (tn,sp) € HY x HE, (4.25)
B (¢h1th)7Xh, =0 th € HITz,

Note that the bilinear forms ag,, b, ¢, A4, u,, and B, and the linear functionals F,
Gy, , and Fy, , are defined in (2.14), (2.27), (2.28), (2.15), and (2.29), respectively,
with @ = ¢ andu = uy,.

We find it important to stress here that (4.25) yields momentum conservation prop-
erties in an approximate sense. In order to explain this, we first let Py : L1 (Q) — Hff
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be the projector defined for each v € L!() as the unique element Pf (v) € H;f such
that

/Pii(v)wh = /wh Y, € HY .
Q Q

Analogously, we set the projector P¥ : LY(Q) — HY, or simply say that P is the
vector version of PF. Then, according to the definitions of b, ¢, and G, (cf. (2.14),
(2.15)), the second equation of (4.25) can be rewritten as

/ ((bh,f + div(e),) — K* uh) vy =0 Vv, € Hy,
Q

which says, equivalently, that
Pi(¢n f + div(op) — K 'u,) =0 in Q. (4.26)

In turn, bearing in mind the definitions of Ay, v, , B, and Fg, (cf. (2.27), (2.28),
(2.29)), and taking s;, = 0 in the third row of (4.25), we obtain

/Q(g + div(n,) — o¢n) ¥n = 0 Y, € HY

that is

Pr(g + div(n,) — o¢n) =0 in Q. 4.27)

The identities (4.26) and (4.27) constitute approximate verifications of the con-
tinuous momentum equations given by (cf. (1.7)) K~'u — div(o) = ¢ f and
o¢ — div(n) = g, respectively. Moreover, it readily follows from the defini-
tions of HY (cf. (4.20)) and HJ! (cf. (4.24)) that div(oy) € H}! (cf. (4.21)) and

div(m,) € Hf (cf. (4.22)), whence the computations of the left hand-sides of (4.26)
and (4.27) simplify, respectively, to

Ph(onf — K- 'wy) +div(en)  and P9 — odn) + div(n,).(4.28)

The solvability of (4.25) is addressed in what follows by applying the discrete
version of the fixed-point strategy employed in Sect. 3.2. To this end, we first let

Ty, : H) — HY x H} be the operator defined by

Th(en) = (Tin(en), Tanlen)) == (Fn,8n)  Yop € HY, (4.29)

where (o5, u) € H7 x H}! is the unique solution (to be confirmed below) of the
system formed by the first and second rows of (4.25) with the given y,, that is
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a%(&h,'rh) -+ b(Th,flh) = F(Th) VThGHZ, (430)
b(&h,Vh) — C(l_lh,Vh> = G%(vh) Vv, € Hp. )

Analogously to S (cf. (3.1)) and T (cf. (3.33)), we stress here that Sy, (cf. (4.5)) and

T}, (cf. (4.29)) differ only in their domains of definition, both denoted H?, which are

given by subspaces of H1o(£2) and L*(2), respectively. In this way, and as noticed
below, the corresponding well-definedness results practically coincide. In turn, we let

Ty, : HY x H} — HY x Ht x H be the operator given by

Th(on, wn) = (Ton(on, W), Ton(@n wh), Tan(on wn)) i= (dn, b, 75,) (4.31)

for all (pp,wy) € Hﬁ x H}!, where (gh,fh,ﬁh) € Hﬁ x Hf x H}! is the unique
solution of the system formed by the third and fourth rows of (4.25) with the given
(¢n,wp), that is

Akp}uwh ((;Ehvgh)s (w}m S},,)) + B((/,‘l%h'7§h)7 ﬁh)
B((¢n, ), xn)

Then, we define the operator T, : Hi — Hi by

]:tph ((/w}u Sh)) v (w}u Sh) S H;:) X H;:l
’ B (4.32)

Ti(en) == Tin(en Tanlen))  Von € HY, (4.33)

and realize that solving (4.25) is equivalent to seeking a fixed point of T}, that is
¢n € Hi such that

Th(on) = on- (4.34)

In order to ensure that all of the above makes sense, we now show that operators
T}, and T}, are well-defined, which reduces to establishing the discrete analogues of
Lemmas 3.8 and 3.11. The first of them reads as follows.

Lemma 4.8 For each cthH‘fZ problem (4.30) has a unique solution

(n,0,) € HY x HY, and hence we can define T1(¢py) := (G4, y). Moreover,
there exists a positive constant Cg 4, depending on p, ¢(£2), |lisssl, K|

’ 00,

aq (cf (4.10), and B4 (cf- (4.11)), and hence independent of ¢y, such that

ITen)ll = 1@n @)l < Cra {luplar + Ifloc lenlosa} Vo € HY.(435)

Proof The proof is essentially identical to that of Lemma 4.1, the only difference
being that the bound for G, in the present context is given by (2.33) and not by
(2.19), whence C'g 4 does not depend on ||i4]|. O

Next, we turn to prove that T), is well-defined, equivalently that (4.32) is well-
posed, for which we now apply the generalized discrete Babuska—Brezzi theory (cf.
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[9, Corollary 2.2]). In this regard, we first recall that, given (pp, wp) € H x Hj,
the bilinear forms Ay, w, and B, and the functional F,,, are bounded (cf. (2.31),
(2.32)). Then, we let Vj, be the discrete null space of the bilinear form B, that is

Vi = {(Wnos) € HY x HE - B((Ynisn).x0)) =0 Vs € HYf. (436)

In order to verify the hypotheses of [9, Corollary 2.2], we first resort to a result
proved in [8], which makes use of the abstract equivalence provided by [20, Lemma
5.1] as well as of the inequalities given in [20, egs. (5.64) and (5.65)]. More precisely,
we have the following lemma (cf. [8, Lemma 4.2]).

Lemma4.9 There exist positive constants 5 q and C4,q, independent of h, such that

B((¥n,sn): xn))

sup 2 ﬁ N X div. H VX € H"77
sy g Mo~ Palalae 0 S )
(tn,sn) #0
and
Isullo.e = Ca.dl|Ynlloan Y (¢¥n,sn) € Vi (4.38)

Having (4.37) provided the discrete inf-sup condition for B, thus yielding the dis-
crete analogue of Lemma 3.10, we now employ (4.38) to prove next the V-ellip-
ticity of Ay, w, . Indeed, we notice in advance that, not being able to deduce from
(4.36) that V}, is contained in \Y% (cf. (3.38)), the aforementioned property for Ay, w,
does not follow from the one provided by Lemma 3.9, but from a suitable modifica-
tion of its proof, which makes use of (4.38) instead of Poincaré’s inequality (cf. (2.1))
along with the continuity of i4 (cf. (2.2)).

Lemma 4.10 There exists a positive constant o 4.4, depending only on ¥, and
Caa (cf (1.2), (4.38)), such that for each (pn,wp,) EHZ) x H} satisfying

IWrllo4:.0 < 24,4, there holds

Agrwon ((n81)s (nsn)) = aaa l@nssi)?> Y (Ynosn) € Vi (4.39)

Proof Given (¢op, wp,) € Hf x H}! and (vp,s1,) € ivfh, and similarly as for the deri-
vation of (3.40) (cf. proof of Lemma 3.9), we now employ the lower bound of ¥ (cf.
(1.2)), the Cauchy—Schwarz inequality twice, and the estimate (4.38), to deduce that

Ao (50, (o 51)) = / Sion) [snl® — / nwn-sn + o lvnlo
Q Q
> V1 sullg — I¥nllo.ae Iwallo.aq lIsallo.c (4.40)

1
Z 5 min {1, C% 4} 1(@n,sp)1* = l1Unlloae [Whlloae lIskllo.q-
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Then, applying Young’s inequality to the last term of (4.40), it readily follows that

1
Ay von (Unysn), (Y, sp)) = 3 (191 min {1,C% 4} — ||W||0,4;Q> (1, 8)|I%,

%1 min s 2 .
from which, defining a4 q = w, we arrive at (4.39) and conclude the

proof. |

We are now in position to establish that problem (4.32) is well-posed, equivalently
that T, is well-defined. In other words, the discrete analogue of Lemma 3.11 reads
as follows.

Lemma 4.11 For each (o, wp,) € HZ5 x H} such that ||wpjo4.0 < 2 oa.q, prob-

lem (4.32) has a unique solution (6n,tn,71) € Hi x Ht x H}!, and hence we can

define ’i‘h(goh, wp) = (dn, th,n},). Moreover, there exists a positive constant Cf,d’

depending on o4 4, BB,d, V2, and o, such that

1T Con willl = 1@, B, )l < Cg o {7s 19072 K] + lgllo.pmn ). (441)

Proof Let (¢pn,wp) € HZ x H}! be as stated. Bearing in mind the boundedness of
the bilinear forms and the functional involved in (4.32), and thanks to Lemmas 4.9
and 4.10, the proof follows, as previously announced, from a direct application of the
generalized discrete Babuska—Brezzi theory (cf. [9, Corollary 2.2]). In particular, and
analogously to the derivation of (3.43), the first inequality of (2.31) yields

[Agpwnll < P2 + 2044 + QY% 0:= || A4, (4.42)

so that, employing now the Babuska-Brezzi theory in Banach spaces (cf. [9, Corol-
lary 2.2, egs. (2.24) and (2.25)]) along with (4.42) and the upper bound of || F,,, || (cf.
(2.32)), we arrive at (4.41) and conclude the proof O

Similarly as done for the discrete mixed-primal scheme (cf. Sect. 4.2), we now aim
to employ Brouwer’s fixed-point theorem (cf. [18, cf. Theorem 9.9-2]) to address the
well-posedness of (4.25) by means of the solvability analysis of the equivalent fixed-
point equation (4.34). For this purpose, we introduce the ball

Wy = {sﬁh € Hf llonlloan < T},

and prove next the discrete version of Lemma 3.12.

Lemma 4.12 Assume that the data satisfy the discrete analogues of (3.44) and (3.45)
(cf. Lemma 3.12), that is
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Cra{luplijor + 7 floa} < 2aaq, and (4.43)

Cxa {w QY2 k| + ||9||0,4/3;Q} < (4.44)

Then Th,(Wh> Q Wh.

Proof 1t follows analogously to the proof of Lemma 3.12, by recalling now the defi-
nition of T, (cf. (4.33)), and bearing in mind the assumptions required, as well as the
a priori estimates provided, by Lemmas 4.8 and 4.11. Further details are omitted. [J

The continuity of T}, and 'f‘h, and hence of T}, is our following goal. We begin
with T, by establishing next the discrete analogue of Lemma 3.13.

Lemma 4.13 There exists a positive constant Ly 4, depending on iy, Ly, |ligsl],
| K~ so.20 ta, and Ba, such that for all oy, ¥y, € Hf there holds

ITn(en) = Ta(@u)ll < Lra {ITin@)loae + [ flo0} lon = ello.so-(4.45)

Proof Since S, and T, differ only in their domains of definitions, which are given by
suitable subspaces of H1y(€2) and L*(€2), respectively, the present proof is basically
the same of Lemma 4.4. We omit further details and just stress that the respective
constants, namely Lg 4 and L+ 4, coincide. O

In turn, the continuity of ’i‘h, that is the discrete analogue of Lemma 3.14, is stated
below.

Lemma 4.14 There exists a positive constant Lz ., depending on |2

T , Ly and
Ly (¢f (1.3), || Alla (¢f (4.42)), aaa, and P, such that for all (pn,wp),

(Vn,z1) € Hf x HY satisfying ||wp, Zpllo4:.0 < 2 aa.q, there holds

0,4;82>

ITh(on, Wa) — Th(vn,zn)|| < L4 {(lkl + H'i‘2.,h(7/)}uZh)Ho,4;Q) lon — Ynlloan

+ I Ten(Wns2z0)l0.a0 [|Wh — Zh||o,4;9}~

(4.46)

Proof 1t is analogous to that of Lemma 3.14. O

The continuity of the discrete fixed-point operator T, is given by the following
lemma.

Lemma 4.15 Assume that the data satisfy the hypotheses of Lemma 4.12, that is

(4.43) and (4.44). Then, there exists a positive constant Cr 4, depending only on
Ly q (cf. Lemma 4.13) and Ly, , (¢f: Lemma 4.14), such that
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ITr(en) = Th(¥n)lloae < Cra {|k\ + | T, (Y1, T2,n(¥n))ll0,4:07]

i (4.47)
+ T losa (ITa@nlloas + 1floe) } len = valoao

forall py,, ¥y, € Wh,.

Proof It proceeds analogously to the proof of Lemma 3.15. In fact, we first observe
that, given ¢y, ¥, in Wp, the a priori bound given by (4.35) and the assumption (4.43)
guarantee that both (¢, Ta,(r)) and (15, T2,n (1)) accomplish the hypotheses
of Lemma 4.14, thus yielding T, (¢p,) and T (¢05,) to be well-defined (cf. (4.33)). In
this regard, we also notice that (4.43) and (4.44) ensure that T}, (W},) C W), Finally,
it is easily seen that (4.47) follows from the continuity estimates provided by Lem-
mas 4.14 and 4.13. ]

Similarly as observed for the operator S;, in Lemma 4.6 (cf. Sect. 4.2), we stress here

|0,4;Q
and ||T17h(wh)||074;9, stops us of concluding from (4.47) that T}, is a contraction,
and hence applying the Banach fixed-point theorem becomes unfeasible. The above
considerations suggest to employ, instead, the Brouwer fixed-point theorem (cf. [18,
cf. Theorem 9.9-2]). More precisely, thanks to this abstract result and Lemmas 4.12,
4.15,4.8, and 4.11, we are able to establish the following result.

thatthe lack of appropriate, uniform in 4, upper bounds for || ’i‘27 h (wh , T27 n(tn ))

Theorem 4.16 Assume that the data satisfy the hypotheses of Lemma 4.12, that is
(4.43) and (4.44). Then, the fixed-point equation (4.34) has at least one solution
on € Wh, which means, equivalently, that the Galerkin scheme (4.25) has at least one
solution (o, uy) € HY x HY and (¢n,th,my,) € H‘;: x HY x H}!, with ¢5, € W,
Moreover, there hold

1@t m)ll < Cg g {77 1212 K] + gllo,a/0 ), and (4.48)

l@n )l < Cra{lupliar + I Floglonlos - (4.49)

5 A priori error analysis

In this section we derive a priori error estimates for the discrete mixed—primal
and fully-mixed schemes given by (4.4) and (4.25), respectively, and then use the
approximation properties of the finite element subspaces involved to derive the cor-
responding rates of convergence. In what follows, given a subspace Zj, of an arbitrary
Banach space (Z, || - ||z), we set

dist(z,Zp,) := 1I€1£ Iz = zxllz VzeZ.
Zh h
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5.1 The mixed-primal method

Let (o,u,¢) € Ho(divy/3;Q) x L*(Q) x H§(Q), with ¢ € B, be the unique
solution of (2.21), which is guaranteed by the second part of Theorem 3.7, and let
(oh,upn, orn) € HY x H} x Hﬁ, with ¢, € By, a solution of (4.4), whose existence
was established by Theorem 4.7. We are interested in deriving the Céa estimate for
the global error

||(o',u,d)) - (U}Lauh7¢}z)|‘ .

To this end, and similarly as in the proof of Lemma 3.4, we let
X := Ho(divy/3; Q) x L*(Q) with discrete counterpart X, := Hf x H}, and
introduce the bilinear form arising from the adding of the two equations forming
(2.20), that is, given ¢ € H1¢(12),

Au((p.2),(1.V)) 1= as(p.7) + b(r,2) + b(p,v) —c(w,v)  V(p.z). (1,v) € X. (5.1)
It follows that the first two rows of (2.21) and (4.4) can be rewritten, respectively, as

Ay((o,u),(1,v)) = F(1) + Gy(v) V(r,v) € H, (5.2)
and

Ay, ((onun), (Th, Vi) = F(Ta) + Gy, (va)  V(Tn,vn) € Xp.  (5.3)

It is clear from (2.16) that for each ¢ € H1o(Q2), A, is bounded with respec-
tive constant, denoted ||Al|, depending only on |a,|| :i, IIb]] =1, and

el = [lia/3]| 1K™ lsc,2 (cf. (2.17)), and hence independent of . Furthermore,
according to the definition of A, (cf. (5.1)), it is straightforward to see that the con-
tinuous inf-sup condition given by (3.22) (cf. proof of Lemma 3.4) can be rewritten
as

aall(p,z)] < sup V(p,z) € X,
(r,v) € X (T, V)l (5.4)
(T,v) #0
where aa = 1/C depends only on [la,|| = i, el = [liaysll 1Ko, 2, cv, and

B. In turn, as stated in the proof of Lemma 4.4, we also have the discrete analogue of
(5.4), which means that for each ¢y, € Hf there holds

A  Zn), (Th, V.
onalloma)l < sup e (P2 (T v)) e x,
(Thyvh) c Xh H(T}vah)H (5.5)
(Th,vn) #0
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1

where aa q := 1/Cq depends only on |a,, || = s llell = s 1K .05 s

and (.

Having established the above, we now apply a slight variant of the first Strang’s
Lemma (cf. [26, Lemma 2.27]) to the context given by the continuous and discrete
schemes (5.2) and (5.3), respectively, thus obtaining the existence of a positive con-
stant C'a, depending only on ||A|| and aa 4, such that

(e, w) = (o, un)ll < Ca {dist((ﬂ-,“)vxh) +1Gs — Gy, llaryy + [1(As fA@h)(<cnu)7-)Hx;‘}-, (5.6)
where the consistency terms are given by

(Go — Gou) (vh)

Gy — G uy 1= Sup , and
G ¢h||(Hh) g Vallo.a0 5.7
v 7#0
(ap —ag,)(o, Th)
Ay — Ay » Bt no A 3" 1= 8 —_—
(86 = A0) (10, ) b, = 20 = 30 )0 gy o= sup SRR
Th#0

We stress here that the aforementioned variant arises when the first component of the
discrete bilinear form can be evaluated in the exact solution. In this case, and after
subtracting and adding the latter in the first component of both forms, the consistency
term regarding them (cf. last expression in [26, Lemma 2.27, eq. (2.21)]) becomes
separated from the respective infimum, and hence can be handled independently from
it. This is precisely the situation with A, and A, , which explains the way (5.6) has
been derived.

Now, according to the definition of Gy (cf. (2.15)), and proceding as for the
boundedness of this functional (cf. second inequality in (2.18)), we readily find that

(Gg — Gy, )(va) = /Q (o =) F-vi < lliall I fllo.2 ¢ — dnllielvalloaa Vv, € HY,

which yields

|Gy — Gy,

@y < il [ flloe llé — dnllro. (5.9)

In turn, recalling the definition of ay (cf. (2.14)), we get

(u(sb)u(fbh) ) :Th V€ Hyp, o (5.10)

so that, using the lower bound and the Lipschitz-continuity of u (cf. (1.2), (1.3)),
the Cauchy—Schwarz and Holder inequalities, the regularity assumption (3.19), and

(@~ ag)om) = |

Q

the continuous injections given by i~ : H*(€2) — L¢(£) and i. : H! () — L"/¢(€),
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exactly as in the proof of [ 7, Lemma 3.7] (see, also, the last part of the proof of Lemma
3.4), we find from (5.10) that

(ag —ag,) (o, 1) < Lupi” izl icll ol 16 = dnlliallTalloe  V7a € HE,(5.11)

from which, along with the upper bound of ||

|e.o provided by (3.19), we arrive at

(86 = 36,0l gy < Lo il el Os0) { bl e + 1o} 10— énle-(5.12)

In this way, replacing (5.9) and (5.12) back into (5.6), we deduce the existence of a
positive constant C'a, depending only on Ca, Ly, 1, |[iall, [[i]], [lic|l, and Cg(7),
such that

(o) = (on,up)|| < Cadist((o,u),Xp) + Ca {HUDHl/2+E,F + Hf\lo,sz} ¢ — dullie-(5.13)
On the other hand, regarding the third rows of (2.21) and (4.4), which read

Au(d¥) = Gy(¥) Vi) € Hy(9),

Au, (bn,0n) = Gg,.(¥n) Vi € HY, (5.14)

we resort to the closely related result given by [4, Lemma 5.3]. More precisely, pro-
ceeding almost verbatim to its proof, we are able to show that there exist positive
constants D4 (depending on Cg, (g, V2, o, lis]], and 7), D4 (depending on C%,
C5(r), Ly, Ly, vy, |licll, lizll, and [©2[), and D4 (depending on Cg, [ia], and r),
such that

l6 = dnlle < Da {1+ uplljor +11f o} dist(o, H7)

= ~ (5.15)
+ Da{lkl+lglleo} 6~ dnllia + Dalu—willo.so.
Then, assuming that there holds
= 1
Da{lk| + gl < 5. (5.16)

we obtain from (5.15) that

l6 = onlhe < 2Da {1+ luplljsr + | Flon | dist(6,H7) + 2Dallu— unlo0-(5.17)
Next, replacing (5.17) in (5.13), we deduce the existence of positive constants

Ea (= Ca), Ea (depending on Ca, Da, [[up|li/2,r, [[uplli/24,r, and || f[lo,0),
and Ea (= 2Ca D), such that

@ Springer



9 Page 44 of 57 M. Alvarez et al.

(o, 1) — (o, w)|| < Eadist((o,u),Xy) + Ea dist(¢, Hj)

~ 5.18
v Badluplisser + Ifllog} lu—unloso. (5-18)

We are now in position to establish the final a priori error estimate for the mixed-
primal method.

Theorem 5.1 [n addition to the hypotheses required by Theorems 3.7 and 4.7, assume
that the data are sufficiently small so that (5.16) and

En {luplljzser + Iflos} < (5.19)

1
2 )
are satisfied. Then, there exists a constant C > 0, independent of h, but depending
on data, such that

(o, u,d) — (h,un, ¢n)|| < C’{dist(oyHg) + dist(u,Hz) + dist(qS, Hﬁ)}.(S.ZO)

Proof 1t follows employing (5.19) in (5.18), combining the resulting estimate with

(5.17), and finally noticing that dist((o,u),X},) = dist(o, HT) + dist(u, H}!).
5.2 The fully-mixed method

Let (o,u) € Hy(divy/s; Q) x L*(Q) and
(¢,t,m) € L*(Q) x L2(Q) x H(divy/s; ), with ¢ € W, be the unique solution
of (2.34), which is guaranteed by Theorem 3.16, and let (op, up) € HY x H} and
(n,th,my) € Hf X H}L X HZ, with ¢, € Wj, be a solution of (4.25), whose exis-

tence was established by Theorem 4.16. In this section we provide the Céa estimate
for the global error

||(0',u, (batan) - (O'}Huthb/uthanh)” .

More precisely, due to its similarity with the analysis of the previous section, we skip
the respective details and simply state the result below. We only highlight the use of
the general Strang estimate provided in [27, Theorem 2.2, egs. (2.26) and (2.27)].

Theorem 5.2 [n addition to the hypotheses required by Theorems 3.16 and 4.16,
assume that the data are sufficiently small so that there hold

~ 1
and EA{||UD||1/2+6,F + ||f||0,n} < 5»(521)

= 1
Da{lkl + lgllsasa} < 5

where D4 and E 4 are positive constants independent of data. Then, there exists a
constant C' > 0, independent of h, but depending on data, such that
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||(o-)u7¢7t7n) - (ahauha¢hath7nh)” < C{dlSt(O’,HZ) + diSt(ua Hl}:)

5.22
+ dist (¢, HY) + dist(t, HE) + dist(n’HZ)} 2

5.3 The rates of convergence

In this section we establish the rates of convergence of (4.4) and (4.25). We begin
with the former by recalling the approximation properties of the respective finite ele-

ments subspaces Hf, H}}, and Hﬁ As usual, those properties are derived by suitable
projection and interpolation operators, along with interpolation estimates in Sobolev
spaces (see e.g. [10, 11, 20, 28]). The ones for (4.4) read as follows:

(AP7) there exists C' > 0, independent of 4, such that for each I € (0,k + 1],
and for each 7 € H'(Q) N Ho(divy/3;Q), with div(r) € W*/3(Q), there holds

dist(7, H7 ) := ig{, T = Thlldive,0 < CB {||T||l,ﬂ + ||diV(7')||l,4/3;Q},

Th h

(AP}) there exists C' > 0, independent of %, such that for each | € [0,k + 1],
and for each v.€ WH4(Q), there holds

dist(v, Hy) == ot v = valloao < Ch'[[v]ia0,
L,

and
(APfZ) there exists C' > 0, independent of %, such that for each [ € [0,k + 1],
and for each v € H!*1(Q), there holds

dist(1p, Hy) := inf || — ¢ulio < Ch' [¢]i41.0.
whEHi

Then, the rates of convergence of the Galerkin scheme (4.4) are given by the follow-
ing theorem.

Theorem 5.3 In addition to the hypotheses of Theorems 3.7, 4.7, and 5.1, assume
that there exists 1€ (0,k + 1] such that o € H'(2) N Hy(divys; 2),

div(e) € WH/3(0), u € WY4(2), and ¢ € HH1 (). Then, there exists a positive
constant C, independent of h, such that

o — onlldivys0 + [[u = wllose + 9 — ¢nllio

< 0t {llola + 1div(e)tama + ulluun + (6]}

Proof 1t follows from Theorem 5.1 along with the above properties (AP7 ), (AP}),
and (AP?). 0
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We now add the a approximation properties of the remaining finite element sub-
spaces, besides H7 and Hj}, employed in (4.25), namely HY, H}, and H}:

(AP;?) there exists C' > 0, independent of #, such that for each [ € [0,k + 1],
and for each ¢ € Wh4(Q), there holds

dist(¥, Hp)) = inf |l — dnlloge < Ch' [0

Yr€H)

1,4;25

(APY}) there exists C' > 0, independent of /, such that for each [ € [0,k + 1],
and for each s € H'(Q), there holds

dist(s, HE) := inf ||s — sulloo < CR'[s|
ShEHt

1,0
h

(AP}) there exists C > 0, independent of 4, such that for each [ € (0,k + 1],
and for each x € H'(Q) N H(divy/3;Q), with div(x) € W'4/3(Q), there holds

dist(¢. Hy) = _inf [ = Xillawee < A {xllie + 1400 la/sa -

Xh h

The rates of convergence of the Galerkin scheme (4.25) are then stated in the follow-
ing theorem.

Theorem 5.4 In addition to the hypotheses of Theorems 3.16,
4.16, and 5.2, assume that there exists 1€ (0,k + 1] such that
o € H(2) N Hy(divys; 2), div(e) € WH/3(02), u e Wh(0), ¢ € W (1),
t € H'(12),n € H(2) N H(divy/s; 2), anddiv(n) € WL4/3((2). Then, there exists
a positive constant C, independent of h, such that

(o, u,¢,t,m) — (oh, Un, Bn, th,mp) |l
<o {H‘THLQ + [|[div(o)lliaz0 + ullise + [liae + the + (nle + Hdiv(ﬂ)||z.4/3;n}~

Proof 1t follows from Theorem 5.2 along with (AP} ), (AP}), and the three forego-
ing approximation properties. O

6 Numerical tests

In this section we consider four examples to illustrate the performance of our mixed
finite element methods on sets of quasi-uniform triangulations of their domains. As
previously indicated, we use the finite element subspaces given by (4.1), (4.2), and
(4.3), for the mixed—primal scheme (4.4), whereas those defined by (4.20), (4.21),
(4.22), (4.23), and (4.24), are considered for the fully-mixed one (4.25). In what
follows, we refer to the corresponding sets of finite element subpaces generated by
k = 0and k = 1, simply as RT;, — Py — Py for the mixed—primal case, and
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RT; — Py — P — P — RT}, for the fully-mixed one. The set of computational
tests collected in this section have been implemented using the open source finite ele-
ment library FEniCS [2]. The nonlinear algebraic systems arising from the discrete
schemes are solved via Newton’s method with a residual tolerance of 1075, and the
linear systems of the respective iterations (derived automatically with the symbolic
differentiation capabilities of the NonlinearVariationalProblem and Non-
linearVariationalSolver framework of FEniCS) are solved with the UMF-
PACK solver [25]. The zero-mean (or a non-zero prescribed mean) condition for the
trace of the pseudostress is enforced using a real Lagrange multiplier.

We now introduce some additional notation. The individual errors are denoted by:

e(o) = |lo — onlldiv, 0, e(w) = [[u—uplosa, e@):=[p — pulloq;
e(t) == [t — tullo, e(m):= [n — npllaiv, 0, and

. llo — onllia for the mixed—primal approach ,
e(¢) = l¢ — énllo,a.0  for the fully-mixed approach .

We stress that p,, corresponds to the post-processed pressure py, suggested by (1.5),
that is

1
= - — t
Ph - r(on),

whose error e(p) is certainly of the same order of || — o} ||0,o, and hence is con-
trolled by e(o). In addition, while we do not include it in the numerical experiments
to be reported in this section, we highlight that the first equation in (1.6) (or (1.7))
suggests a post-processed approximation as well for the velocity gradient, namely

(Vu)h = .

Next, for each x € {0, u, ¢, p, t, n}, the convergence rates r(x) are computed as

_ log(e(x)/e(x))

= e/

where e and € denote errors produced on two consecutive meshes associated with
mesh sizes & and h, respectively. In turn, we refer to DoFs as the number of degrees
of freedom and it as the number of Newton iterations.

6.1 Example 1: 2D smooth exact solution for the mixed—primal scheme
In the first computational experiment, we aim to demonstrate the precision of the

mixed—primal scheme in two dimensions. To achieve this, we use a manufactured
exact solution defined within the unit square Q := (0, 1)%. We let
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Table 1 Example 1, number of degrees of freedom, meshsizes, errors, rates of convergence, and Newton
iteration count for the mixed—primal RTg — Py — Py

DoFs h e(o) r (o) e(u) r(u) e(®) r(¢) e(p) r(p) it
58 0.707 9.42e+01 - 7.03e—01 - 1.33e+00 - 8.40e—01 -

202 0.354 6.82e+01 047 4.26e—01 0.72 7.99¢e—01 0.73 8.74e—01 —0.06
754 0.177 3.71et01 0.88 2.28¢—01 0.90 4.34e—01 0.88 5.40e—01 0.70
2914 0.088 1.78e+01 1.06 1.16e—01 0.97 2.24e—01 0.96 1.94e—01 1.48
11458  0.044 8.34e+00 1.09 5.84e—02 0.99 1.13e—01 0.99 5.13e—02 1.92
45442 0.022 3.96e+00 1.07 2.92e—02 1.00 5.65e—02 1.00 1.27e—02 2.02
180994 0.011 1.91et00 1.05 1.46e—02 1.00 2.82¢—02 1.00 3.21e—03 1.98

L L

Table 2 Example 1, number of degrees of freedom, meshsizes, errors, rates of convergence, and Newton
iteration count for the mixed—primal RT; — P; — Pg

DoFs h e(o) r(o) e(un) r(u) e(p) r(p) e(p) r(p) it
170 0.707 5.23e+01 - 3.09¢e—01 - 3.65¢—01 - 1.28¢+00 -

626 0.354 1.87et01 148 1.4le—01 1.14 1.10e—01 1.74 3.51e—01 1.87
2402 0.177 4.94e+00 192 3.56e—02 198 2.96e—02 1.89 1.05e—01 1.74
9410 0.088 1.26e+00 1.97 9.06e—03 1.97 7.66e—03 1.95 2.87e—02 1.88
37250  0.044 3.16e—01 2.00 2.27e—03 1.99 1.95¢e—03 198 7.36e—03 1.96
148226 0.022 7.88e—02 2.00 5.69¢e—04 2.00 491le—04 199 1.85¢e—03 1.99

e T

p(g) = (1-05¢)72, 9(¢) = exp(—¢°), fix(¢) = 050 (1 —0.5¢)°,
K = 0011, o=10, and k = (0,—1)",

and adjust the source terms f and g in (1.6) to ensure that o, u, and ¢ are given by
the smooth functions

7 = pO)Vu — o~ )L wem) = (UGN )

and  ¢(z1,z2) = 15 — 15 exp(—z1 (1 — 1) 22 (z2 — 1)).

Note that ¢ vanishes in I" and up is imposed according to the exact solution. Tables
1-2 show the convergence history for a sequence of quasi-uniform mesh refinements,
including the number of Newton iterations for the approximations. The experiments
confirm the theoretical convergences rates O(h**1) for k = 0, 1, provided by Theo-
rem 5.3. The Newton method converges in four iterations for all cases, the conver-
gence being therefore independent of the mesh size.

6.2 Example 2: 2D smooth exact solution for the fully-mixed scheme

In this second example, we demonstrate the accuracy of the fully-mixed scheme in
two dimensions by examining a manufactured exact solution defined on © := (0, 1)2.
We set p1, 9, fix, K, 0, and k as in Example 1. Then, the source terms f and g in (1.7)
are adjusted in such a manner that the resulting smooth functions o, u, ¢, t, and n
are given by

@ Springer



Banach spaces-based mixed finite element methods for a steady... Page 49 of 57 9

7= W) Vu — o~ )L wea) = (D) )

P, 22) = 15 — 15 exp(—z1 (v1 — 1) 2 (x2 — 1)),
t=V¢, and n =19t — gu — fi(9) k.

It should be noted that ¢ vanishes at I', and up is imposed in accordance with the
exact solution. Tables 3—4 display the convergence history for a sequence of quasi-
uniform mesh refinements, including the number of Newton iterations required for
each approximation. The experimental results confirm the theoretical convergence
rates of O(h¥*1) with k = 0, 1, as provided by Theorem 5.4. Notably, the Newton
method converges in four iterations for all cases, indicating that the convergence was
independent of the mesh size. In Fig. 2, we present the solution obtained with the
fully-mixed RT; — P; — P; — P; — RT; approximation, utilizing a mesh size
h = 0.022 and 32, 768 triangle elements (equivalent to 312, 065 DoFs). Furthermore,
we confirm that the Galerkin scheme associated with the fully-mixed formulation pro-
vides conservation of momentum in the approximate sense established by (4.26) and
(4.27). This fact is illustrated in Table 5, which, according to the simplifications from
(4.28), displays the computed {*°-norm for both P} (¢, f — K~ uy) + div(o)

and Py (g — o pn) + div(n,).

For sake of comparison between the mixed-primal and fully mixed formulations,
in Fig. 1 we collect the error history for both schemes in the second-order case (using
the same manufactured solutions and model parameters), including also the wall time
required for assembly, solution, and error computation at each mesh refinement step
(which we see growing linearly with the number of degrees of freedom). This shows
that the mixed-primal method is preferable in terms of computational cost and effi-
ciency (the left plot indicates that for a given number of degrees of freedom, the
mixed-primal method produces smaller errors for pseudostress, velocity, and pres-
sure). However, the fully mixed scheme delivers more unknowns directly from the

Table 3 Example 2, number of degrees of freedom, meshsizes, errors, rates of convergence, and Newton
iteration count for the fully-mixed RTo — Po — Pop — Po — RTp

DoFs h e(o) r (o) e(u) r (u) e(p) r(¢p) it
89 0.707 1.02e+02 - 9.71e—01 - 2.74e—01 - 4
329 0.354 8.96e+01 0.19 4.67¢—01 1.06 1.66e—01 0.73 4
1265 0.177 5.63e+01 0.67 2.46e—01 0.92 8.66e—02 0.94 4
4961 0.088 3.30e+01 0.77 1.22e—01 1.02 4.38¢—02 0.98 4
19649 0.044 1.91e+01 0.79 5.95e—02 1.03 2.20e—02 1.00 4
78209 0.022 1.10e+01 0.80 2.94¢—02 1.02 1.10e—02 1.00 4
312065 0.011 6.33e+00 0.80 1.46e—02 1.01 5.50e—03 1.00 4
DoFs h e(t) r(t) e(o) r(n) e(p) r(p) it
89 0.707 1.23e+00 - 3.30e+00 - 5.34e—01 - 4
329 0.354 7.38e—01 0.74 2.10e+00 0.65 4.83e+00 —3.18 4
1265 0.177 4.10e—01 0.85 1.25¢+00 0.75 2.79e+00 0.79 4
4961 0.088 2.10e—01 0.97 6.41e—01 0.96 1.09¢+00 1.36 4
19649 0.044 1.06e—01 0.99 3.23e—01 0.99 3.65e—01 1.58 4
78209 0.022 5.29e—02 1.00 1.62e—01 1.00 1.25¢e—01 1.55 4
312065 0.011 2.64e—02 1.00 8.09¢—02 1.00 4.83e—02 1.37 4
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Table 4 Example 2, number of degrees of freedom, meshsizes, errors, rates of convergence, and Newton
iteration count for the fully-mixed RT; — P; — P; — P; — RT1 method

DoFs h e(o) r (o) e(u) r (u) e(p) r(¢p) it
265 0.707 5.70e+01 - 3.16e—01 - 1.03e—01 - 4
1009 0.354 2.32e+01 1.30 1.41e—01 1.17 2.66e—02 1.96 4
3937 0.177 6.77e+00 1.78 3.57e—02 1.98 6.81e—03 1.97 4
15553 0.088 1.96e+00 1.79 9.07e—03 1.98 1.71e—03 1.99 4
61825 0.044 5.60e—01 1.81 2.28¢—03 1.99 4.29¢—04 2.00 4
246529 0.022 1.59¢—01 1.82 5.69¢—04 2.00 1.07e—04 2.00 4
DoFs h e(t) r(t) e(n) r(n) e(p) r(p) it
265 0.707 4.74e—01 - 1.76e+00 - 2.11e+00 - 4
1009 0.354 1.51e—01 1.65 7.75e—01 1.18 6.36e—01 1.73 4
3937 0.177 4.19e—02 1.85 2.29¢e—01 1.76 1.13e—01 2.49 4
15553 0.088 1.10e—02 1.93 5.84e—02 1.97 2.44e—02 2.21 4
61825 0.044 2.79¢e—03 1.98 1.47e—02 1.99 5.81e—03 2.07 4
246529 0.022 7.0le—04 1.99 3.68¢e—03 1.99 1.43e—03 2.02 4

Table 5 Example 2, conservation of momentum for the fully-mixed RTo — Py — Pg — Pog — RTo
approximation

h 0354 0.177__ 0.088 _ 0.044 0022 0.0l
1P (60 — K~V up) + divioy) e 57614 63e=14 14e—13 24e—10 2.1e=10 1.1e—09
P9 (g — 06n) + divimy)lise 4.6e—15 7.2e—15 Lde—13 6.9e—11 3.le—11 5.7e—11

formulation, provides a conservative discretization for the advection—diffusion equa
tion, and produces smaller concentration errors than the mixed-primal case.

Log-Log Error Plot vs. DoFs h vs. DoFs, lterations, and Time

100

10'

10t
10"

§
Degrees of Freedom (DoFs)
Iterations / Time (s)

10°

10!

Fully mixed: o(0)
~4- Fully mised: e(r)

10° 10* 10° 10°
Degrees of Freedom (DoFs)

Fig. 1 Comparison of performance between the mixed-primal and fully mixed schemes in the second-
order case. Left: number of degrees of freedom, meshsizes, errors (with the concentration error used
the corresponding norm in each case), all showing second-order convergence. Right: Newton iteration
count, and CPU run time (in seconds)

6.3 Example 3: Three dimensional smooth exact solution

In this third example, we examine the cube domain Q = (0, 1)3, with the same func-
tions u, 9, and fyx from Example 1. In addition, we define
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Fig.2 Example 2, RT; — P; — P; — P; — RT approximation of pressure field, magnitude of
the velocity, and concentration field (first row); magnitude of the concentration gradient and Cauchy
stress components (second row); Cauchy stress component and total flux components (third row)

K = 0011, o=10, and k = (0,—1,—-1)",

and adjust the source terms on the right-hand side to obtain exact solutions given by

sin(mxy) cos(mxs) cos(mws)

o = p(p)Vu — pl, u(zy,m2,73) = | —2 cos(may) sin(mwxs) cos(rzs) |,
cos(mxy) cos(mxs) sin(mws)
¢(r1,22,23) = — sin(zy + 22 + x3), t = Vo,

4 4
and p('r17z27$3) =Ty — Ty — T3-

The numerical approximation for the fully-mixed RTy — Py — Pg — Py — RT)
method is illustrated in Fig. 3, employing a mesh size of h = 0.108 and 12, 288 tet-
rahedral elements (totaling 374,785 DoFs). In turn, Table 6 presents the convergence
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behavior for a series of quasi-uniform mesh refinements using £ = 0, which con-
firms that in this 3D example the fully—mixed finite element method also attains the
optimal convergence rate of O(h) guaranteed by Theorem 5.4. We also observe that
the error magnitude of the pseudostress is much larger than the other unknowns. This
is explained by the fact that we are only using the natural norms without parameter
weighting and without normalizing, and as such a large error (but decaying opti-
mally) is expected for large values of the concentration-dependent viscosity (which
is the case in Examples 1-3).

6.4 Example 4: Settling in a vessel with downward facing inclined walls

We close this section with an application of the proposed numerical schemes in the
simulation of sedimentation-compression of a suspension of particles within a porous
medium with relatively high but heterogeneous permeability. The problem configura-
tion is adapted from [6] and [34]. The domain consists of an isosceles trapezoid of

Fig.3 Example 3, RTg — Po — Pg — Pg — RT( approximation of pressure field, magnitude of
the velocity, and concentration field (first row); magnitude of the concentration gradient, and Cauchy
stress components (second row); Cauchy stress component and total flux components (third row)
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Table 6 Example 3, number of degrees of freedom, meshsizes, errors, rates of convergence, and Newton
iteration count for the fully-mixed RTop — Po — Po — Po — RT( scheme

DoFs h e(o) r (o) e(u) r (u) e(p) r(¢p) it
817 0.866 1.43e+01 - 5.66e—01 - 1.57e—01 - 4
6145 0.433 8.53e+00 0.75 3.02e—01 0.91 8.52¢—02 0.88 4
47617 0.217 4.48e+00 0.93 1.55e—01 0.96 4.34e—02 0.97 4
374785 0.108 2.27e+00 0.98 7.80e—02 0.99 2.18e—02 0.99

DoFs h e(t) r(t) e(n) r(n) e(p) r(p) it
817 0.866 4.27e—01 - 1.25e+01 - 6.77e—01 - 4
6145 0.433 2.19¢e—01 0.97 7.69e+00 0.70 4.12¢e—01 0.72 4
47617 0.217 1.10e—01 0.99 4.05e+00 0.92 2.33e—01 0.82 4
374785 0.108 5.51e—02 1.00 2.05e+00 0.98 1.21e—01 0.95 4

height 3 [m], base of 2.82 [m] and basal angles of 80°. An unstructured triangular
mesh with 27728 elements is used to discretize the domain, resulting in a formulation
with 264059 degrees of freedom (in this subsection the numerical tests are run with
the fully-mixed formulation and taking the lowest-order polynomial degree). This
test considers two main modifications with respect to (1.6) and (1.7): 1) we include
the time derivative of the volume fraction ¢ in the transport equation (second equa-
tion in (1.6)), which is discretized using the backward Euler scheme with fixed time
step of At = 0.025 [s] and the system is evolved until ¢t = to,q = 10 [s]; and 2) we
use flux-based boundary conditions for the sedimentation equation, corresponding to
the case of batch settling. On the whole boundary (inclined walls plus the top and bot-
tom segments) we impose (naturally in the formulation) no-slip boundary conditions
u = 0, while we set a no-flux condition using the total flux - v = 0 (essentially
imposed). In this way, the analysis developed in the previous sections can be easily
extended, up to minor modifications, to the present case. The initial volume fraction
is prescribed as high near the top of the domain (0.75) and a uniform random per-
turbation of amplitude 0.05 around the value 0.15. The volume fraction-dependent
functions (fluid effective viscosity, Kynch batch flux density, and sediment com-
pressibility) and dimensional parameters (taken from [6, 34]) assume the following
specifications

YRS - <_¢>29_M
u(¢)*/10 <1 ¢max> ' fhk<¢)7u00¢ ! Pmax ’ 1(¢)7 qbeApE]

k= (07 71)‘:’ f = (07 7§)t7 Qo = 57 6 =938 [HI/SZL Ho = 2. 1074 [Pa : 5]7
too =2.2-1073 [m/s], dmax = 0.95, ¢, =0.07, Ap=1562[Kg/m’], 0o =5.5x 102 [Pal.

+ Uoo,

The permeability is considered isotropic but heterogeneous: K = K(x)1I, where

B 10Kmin
T Kmin 4 Kmax max (K (x),0}

K(x) 2, KG) =3 e (— 11— asa)? + (v~ aiy)7),
i=1

and where (¢; ., ¢; ) are 25 randomly located points in €2, and » = 0.0015 [m].

The top panels of Fig. 4 present snapshots of the numerically computed volume
fraction at different times (and we recall that this is a P field). These plots show the
expected behavior in batch settling of particles (higher concentration zones start to

@ Springer



9 Page 54 of 57 M. Alvarez et al.

[ [ h
0045 010180753 0% 0011 0050102 0874 0008 0050102 0904 0006 002009102 0916 0004 0000102 0525
R R - [ R — [T - [N S [T

(771 (71|
2.1e075e-5 99e02 1.6e-06 1.7e01 2.2e07 5e-5 49e02

9.3e-06 6.2e-01
h_ d

0005 o 0004 4740
L D

Fig. 4 Example 4, snapshots of volume fraction profiles and pseudo-stress magnitude (in log-scale) at
times t = 0.25, 1, 2.5, 5, 10 [s] (top and bottom rows, respectively). The centre rows show magnitude
of the total flux (also in log-scale) and velocity magnitude at times ¢ = 1, 5, 10 [s]. Solutions computed
with the fully-mixed RTp — Po — Po — Po — RT( scheme

accumulate at the bottom of the enclosure). One can clearly notice that the high con-
trast in permeability induces that part of the solid particles stick for a longer time to
the zones of low permeability before settling to the bottom of the vessel. The second
row shows fewer snapshots of the total flux (we plot line integral convolutions that
indicate the directions and magnitude of the vector field). In the velocity plots (third
row of Fig. 4) we can observe how the fluid prefers to flow in the zones of higher
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permeability, and we also see a boundary layer of higher magnitude forming on the
donward facing walls as a result of recirculation effects.
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