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Abstract

We introduce a family of mixed methods and discontinuous Galerkin discretisations designed
to numerically solve the Oseen equations written in terms of velocity, vorticity, and Bernoulli
pressure. The unique solvability of the continuous problem is addressed by invoking a global
inf-sup property in an adequate abstract setting for non-symmetric systems. The proposed
finite element schemes, which produce exactly divergence-free discrete velocities, are shown
to be well-defined and optimal convergence rates are derived in suitable norms. This mixed
finite element method is also pressure-robust. In addition, we establish optimal rates of
convergence for a class of discontinuous Galerkin schemes, which employ stabilisation. A
set of numerical examples serves to illustrate salient features of these methods.
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1 Introduction

The Oseen equations stem from linearisation of the steady (or alternatively from the backward
Euler time-discretisation of the transient) Navier—Stokes equations. Of particular appeal to
us is their formulation in terms of fluid velocity, vorticity vector, and pressure. A diversity of
discretisation methods is available to solve incompressible flow problems using these three
fields as principal unknowns. Some recent examples include spectral elements [3,9,30], cell-
based pressure schemes [12], as well as stabilised and least-squares schemes [2,10] for
Navier—Stokes; also several mixed and augmented methods for Brinkman [4-6,8], and a
number of other discretisations specifically designed for Stokes flows [7,24,25,27,34].

Both the implementation and the analysis of numerical schemes for Navier—Stokes are typ-
ically based on the Oseen linearisation. A few related contributions (not only restricted to the
velocity—pressure formulation) include for instance [11], that presents a least-squares method
for Navier—Stokes equations with vorticity-based first-order reformulation, and whose analy-
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sis appeals to the elliptic theory of Agmon—Douglas—Nirenberg, and the proposed conforming
finite element methods exhibit optimal order of accuracy for diverse boundary conditions. We
also mention the non-conforming exponentially accurate least-squares spectral method for
Oseen equations proposed in [32], where a suitable preconditioner is also proposed. In [36]
the authors introduce a velocity—vorticity-pressure least-squares finite element method for
Oseen and Navier—Stokes equations with velocity boundary conditions. They derive error
estimates and reported a degeneracy of the convergence for large Reynolds numbers. A
least-squares minimisation problem based on the stress—velocity—pressure formulation was
introduced in [15]. The study shows that the corresponding homogeneous least-squares func-
tional is elliptic and continuous in suitable norms. Several first-order Oseen-type systems are
analysed in [17], also including vorticity and pressure in the formulation.

Discontinuous Galerkin (DG) methods have also been used to solve the Oseen problem,
as for example, in [20,21] for the case of Dirichlet boundary conditions. Compared with
conforming finite elements, discretisations based on DG methods have a number of attractive,
and well-documented features. These include high order accuracy, being amenable for /p-
adaptivity, relatively simple implementation on highly unstructured meshes, and superior
robustness when handling rough coefficients. We also mention the a priori error analysis
of hybridisable DG schemes introduced in [18] for the Oseen equations. The family of DG
methods we propose here has resemblance with those schemes, but concentrates on a three-
field formulation described below.

This paper is concerned with mixed non-symmetric variational problems which will be
analysed using a global inf-sup argument. To do this, we conveniently restrict the set of equa-
tions to the space of divergence-free velocities, and apply results from [26, Sect. 2] in order
to prove that the equivalent resulting non-symmetric saddle-point problem is well-posed. For
the numerical approximation, we first consider Raviart—-Thomas elements of order k > 0 for
the velocity field, Nédélec elements of order k for the vorticity, and piecewise polynomi-
als of degree k without continuity restrictions, for the Bernoulli pressure. We prove unique
solvability of the discrete problem by adapting the same tools utilised in the analysis of the
continuous problem. In addition, the proposed family of Galerkin finite element methods
turns out to be optimally convergent, under the common assumptions of enough regularity
of the exact solutions to the continuous problem. An appealing feature of this mixed finite
element method is that it produces exactly divergence-free approximations of the velocity by
construction; thus preserving, at the discrete level, an essential constraint of the governing
equations. Next, inspired by the methods presented in [21,22], we present another scheme
involving the discontinuous Galerkin discretisation of the curl-curl and grad-div operators.
An advantage is related to the robustness with respect to rough coefficients and the relax-
ation of inter-element continuity conditions. We prove the well-posedness of the DG scheme
and derive error estimates under appropriate regularity assumptions. The novelties of our
contribution are mainly related to the formulation of Oseen equations in terms of vorticity,
in considering H(div)-conforming velocities, in proposing mixed finite element and discon-
tinuous Galerkin schemes based on such formulation, and in establishing their convergence
properties.

We have structured the contents of the paper in the following manner. Notation-related
preliminaries are stated in the remainder of this section. We then present the model problem
as well as the three-field weak formulation and its solvability analysis in Sect. 2. The finite
element discretisation is constructed in Sect. 3, where we also derive the stability and conver-
gence bounds. In Sect. 4, we present the mixed DG formulation for the model problem. The
well-posedness of the method and the error analysis are established in the same section. We
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close in Sect. 5 with a set of computational tests that illustrate the properties of the proposed
numerical schemes in a variety of scenarios.

Let £2 be a bounded domain of R? with Lipschitz boundary 852. Moreover, we assume
that 92 admits a disjoint partition 2 = I" U X For any s > 0, the symbol |-||; ¢ denotes
the norm of the Hilbertian Sobolev spaces H*(£2) or H* (§£2)3, with the usual convention
HO(£2) := L2(£2). For s > 0, we recall the definition of the space

HY (curl; 2) := {0 € H'(£2)* : curld € H'(2)*},

that we will endow with the norm [101|s eurt; 2y = 0117, + llcurl8]3 5, and will denote
H(curl; ) = H%(curl; £2).

2 Statement and Solvability of the Continuous Problem
2.1 Oseen Problem in Terms of Velocity-Vorticity—Pressure

A standard backward Euler time-discretisation of the classical Navier—Stokes equations, or a
linearisation of the steady version of the problem combined with standard curl-div identities,
leads to the following set of equations, known as the Oseen equations:

ou—vAu+curlu x +Vp=f in £2,

2.1
divu =0 in £2, @D

where v > 0 is the kinematic fluid viscosity, o > 0 is inversely proportional to the time-
step, B is an adequate approximation of velocity to be made precise below, and the vector
of external forces f also absorbs the contributions related to previous time steps, or to fixed
states in the linearisation procedure of the steady Navier—Stokes equations. As usual in this
context, in the momentum equation we have conveniently introduced the Bernoulli (also
known as dynamic) pressure p := P + %|u|2, where P is the actual fluid pressure.

The structure of (2.1) suggests to introduce the rescaled vorticity vector @ := /v curl u
as a new unknown. Furthermore, in this study we focus on the case of zero normal velocities
and zero tangential vorticity trace imposed on a part of the boundary I" C 952, whereas a
non-homogeneous tangential velocity u » and a fixed Bernoulli pressure px are set on the
remainder of the boundary X' = 92 \ I'. Therefore, system (2.1) can be recast in the form

au—f—ﬁcurlw—l—v‘l/zwxﬁ—i—Vp:f, ®w—veurlu =0, and dive =0 in$2,
u-n=0 and wxn=0 onl,

p=pys and wuxn=uyx onX, 2.2)

where n stands for the outward unit normal on 9£2. Should the boundary ¥ have zero
measure, the additional condition (p, 1) 0 = 0 is required to enforce uniqueness of the
Bernoulli pressure. Note that even if the formulation and its analysis are restricted to the
case of constant coefficients, the theory might be extended to the case of piecewise constant
model coefficients.
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2.2 Defining a Weak Formulation

Let us introduce the following functional spaces

H:={veH{iv;2):v-n=0o0n I'},
Z:=1{0 € H(curl; 2): ;) =0on I'}, and Q:=L%*(£2),
where y; is the tangential trace operator on I”, defined by: y,(#) = 6 x n. Let us endow

H and Q with their natural norms. For the space Z however, we consider the following
viscosity-weighted norm:

1/2
101z := (1012 o + vl curl 8] o).

From now on, we will assume that the data are regular enough: B € L®(£2)3 and f €
L2(£2)3. We proceed to test (2.2) against adequate functions and to impose the boundary
conditions in such a manner that we end up with the following formulation: Find (u, , p) €
H x Z x Q such that

a(u,v)+ bi(v,w) +by(v, p)+clw,v) = F(v) VveH,
bi(u,0) — dw,0) = GO) VOcZ,
by(u,q) = 0 Vg € Q, 2.3)

where the bilinear formsa : HxH — R, b :HXxZ — R,d : ZxZ — R, b : HxQ — R,
¢ :Z x H— R, and the linear functionals F : H - R, and G : Z — R are specified as
follows

a(u,v) := 0/ u-vdx, bi(v,0):= ﬁ/ curld - vdx,
2 2
by(v,q) := —/ q divvdx,
Q
1
d(w,0) ::/ w-0dx, c@,v) .= —/ @ x B)-vdx,
2 Vv /e
F(v) :=/ frvdx —(v-n ps)s, G@O):=—Vvius,0)x,
2
forallu,ve H,w,0 € Z,and g € Q.
The continuity of these bilinear and linear functionals is stated in the following lemma,

whose proof is obtained by rather standard arguments. In particular, the estimate for c(-, -)
is proven using the assumption on B and the fact that |§ x Blo.2 < 2||Bllcc.21101l0.2-

Lemma 1 The following estimates hold true,

la(u, v)| < ollullullvlu. (2.4)

1bi1(v,0)| < [[v[ulflz, 2.5)

1b2(v, @) < llvlluligllo. 2. (2.6)

ld(@,0)] < @llz]0]z, 2.7
2

lc@,v)| < %”0”2”"”H7 2.8
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[F()| = CUlfllo,e + lIpzllij2,2)lvla, 2.9)
IGO)| < Cllusll-1/2,2101lz (2.10)

where C is a positive constant.

2.3 Solvability Analysis
In order to analyse the variational formulation (2.3), let us introduce the kernel of the bilinear
form b, (-, -) and its classical characterisation
X:={veH:b(v,g) =0, Vge Q} ={veH:dive =0 in 2},
and let us recall that b, satisfies the inf-sup condition:

1b2(v, q)|

ven IVl
v#0

> Boligllo.e Vg €Q, (2.11)

with an inf-sup constant f > 0 only depending on £2 (see e.g. [26, Sect. 2.4.1]).
We will now address the well-posedness of (2.3). To that end, it is enough to study its
reduced counterpart, defined on X x Z: Find (#, ®) € X x Z such that

aw,v)+ bi(v,®) +c(w,v) = F(v) VveX,
bi(u,0) — dlw,0) = G@O) V0 cZ. (2.12)
The equivalence between (2.3) and (2.12) is established in the following result, whose proof

follows [28, Sect. 1.4.1] and it is basically a direct consequence of the inf-sup condition
(2.11).

Lemma?2 If (u,w, p) € H x Z x Q is a solution of (2.3), thenu € X and (u, w) € X X Z
also solve (2.12). Conversely, if (u, ®) € X x Z is a solution of (2.12), then there exists a
unique p € Q such that (u, w, p) € H x Z x Q solves (2.3).

The abstract setting that will permit the analysis of (2.3) is stated in the following general
result [26, Theorem 1.2].

Theorem1 Let A : X x X — R be a bounded bilinear form and G : X — R a bounded
Sfunctional, both defined on the Hilbert space (X, (-, -) x). If there exists @ > O such that

A(x, y)

> alxllx YxeX, (2.13)
yexjoy Iyllx
and
sup A(x,y) > 0 Vye X, (2.14)
xeX
y#0

then there exists a unique solution x € X to the problem
Alx,y) =G(y) Vyed.

Furthermore, there exists C > 0 (independent of x) such that

1
Ixlla < Ellgllxu
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Lemma 3 Let us assume that
211BIIZ
00,2

vo
and let us define the bilinear form A(-, -) specified as

<1, (2.15)

A((u, ), (v,0)) :==a(u,v)+ b1(v,w)+ b1 (u,0) — d(w, 0) + c(w, v).

Then, there exist a1, ap > 0 such that

[A((u, ®), (v,0))| < a1||(u, ®)||x]l(v,0)]x, (2.16)
and 1 0
Allw, @), (v.0)) > @ o)lxy Vo) eX, (2.17)
(v,0)eX (v, 0)]l x
(v,0)#0

where X := X x Z, endowed with the corresponding product norm, is a Hilbert space.

Proof As a consequence of Lemma 1, we have that the bilinear form A(-, -) is bounded and
therefore the condition (2.16) readily follows.

Concerning the satisfaction of the inf-sup condition (2.17), for a given (1, w) € X, we
can define

0:=—wecZ, and ¥:= (u—+éyveurlw) € X,

where ¢ > 0 is a constant to be chosen later. We can then immediately assert that
A((u, w), (ﬁ,())):o/ u~f)dx+ﬁ/ curlw.f;dx+ﬁ/ curl - u dx
2 Q fod
~ 1
— w-0dx+—/(w><ﬂ)-f)dx
/Q Vv e
> a||u||(2),_Q +Eﬁa/ u - curlwdx
2
+ ﬁ/ u-curlwdx + év|| curlw||%,_Q
2
1
—ﬁ/ u-curlwdx—i—llwll(%g—i-—/ (@ x B) -udx
2 ’ ﬁ Q
+é/ (w x B) - curlwdx
Q2
o A
> olulg = llulf o — Covicurlolf

A 2 2 20 2
+ov|eurlw|j o + llollg o — ?“u”o,g

3B 18113,

2 A2 2
® —2¢“ov| curl ®
s o ol o I 15,2

lol§.o —
o . R 21811, o
- ﬁnunaQ +¢(1-3¢0) vl curl wlff ¢ + (1 - vi(:o @l

where we have used the bound ||@ X Bllo.2 < 2|Bllc.2 l®ll0.s2- Choosing ¢ = 1/(40) and
employing (2.15), we arrive at

A((u, ®), (3,0)) > C|l(u, ®) %
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with C independent of v. On the other hand, by construction we realise that ||é Iz = llwlz
and [|9]lo.2 < C¢([lullo.@ + ll@llz), and consequently

A, @), (v,8) A, ). @.6)

>al(u,wlly VY, o) eX,

woer  1@Olx = @, 0
(v.0)70
which finishes the proof. O

Lemma 4 Suppose that the bound (2.15) is satisfied. Then,
sup  A((u,w), (v,0)) >0 V(v,0) e X.
(u,w)eX
(u,0)#(0,0)

Proof For all (v, #) € X, we have that:

A, =0). (8.8)) = o0 o + 1013 o \% /9(0 < B) - vdx

) 5 o 5 28122 . 5
U”v”o,_o + ||0||o,_(2 - 5”””0,_{2 - T”o”o,g

o 218130
FIvlG.e + (1 - — =) 10150

%

%

As a consequence of the previous lemmas, we have the following result.

Theorem 2 Let us assume (2.15). Then, the variational problem (2.12) admits a unique
solution (u, w) € X x Z. Moreover, there exists C > 0 such that

lulla + llwllz < CUl fllo.e + Ipzlizs + llusll-12,5). (2.18)
Proof Tt suffices to verify the hypotheses of Theorem 1. First, we define the linear functional
G(,0) = F(v) + G(9),

which is bounded on X x Z as a consequence of the last two estimates in Lemma 1. Thus,
the proof follows from Lemmas 3 and 4. O

The following result establishes the corresponding stability estimate for the Bernoulli
pressure.

Corollary 1 Let (u, w) € X x Z, be the unique solution of (2.12), with u and w satisfying
(2.18). In addition, let p € Q be the unique pressure provided by Lemma 2, so that (u, @, p) €
H x Z x Q is the unique solution of (2.3). Then, there exists C > 0 such that

Irllo,e < CUfllo,e +lpslijzs +llusll-1/2,x5)-

Proof Combining the inf-sup condition (2.11) with the first equation in (2.3) gives the bound

1 lba(v, p)I 1 |F(v) —a(u,v) —bi1(v, ®) — c(®, V)|
Ipllo,e < Z-sup ———— = ——sup ,
B2 ven IIvln B2 ven lvlin
v#0 v#0
which together with (2.18) and Lemma 1, complete the proof. O
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Remark 1 An alternative analysis for the nonsymmetric variational problem (2.3) can be car-
ried out using a fixed-point argument that allows a symmetrisation of the mixed structure.
The resulting weak form could then be analysed using classical tools for saddle-point prob-
lems, for instance, following the similar treatment in [16, Sect. 3.3]. Establishing inf-sup
conditions for the off-diagonal bilinear forms in the original nonsymmetric formulation is,
however, much more involved (see e.g. [33, Sect. 3]).

Remark 2 Assumption (2.15) holds provided one chooses o appropriately. As this parameter
represents the inverse of the timestep, the aforementioned relation constitutes then a CFL-
type condition. We have observed experimentally that the bound for B is not sharp, but we
also stress that the same condition coincides with the hypotheses that yield solvability of
least-squares formulations for the Oseen problem analysed in [15,17]. Further investigations
would be then required.

3 Finite Element Discretisation

In this section we introduce a Galerkin scheme for (2.3) and analyse its well-posedness by
establishing suitable assumptions on the finite element subspaces involved. Error estimates
are also derived.

3.1 Defining the Discrete Problem

Let {7,(£2)}x-0 be a shape-regular family of partitions of the polyhedral region £2, by
tetrahedrons 7 of diameter A7, with mesh size h := max{hr : T € 7;,(£2)}. In what
follows, given an integer k > 0 and a subset S of R3, Pr(S) will denote the space of
polynomial functions defined locally in S and being of total degree < k.

Moreover, for any T € 7 (2), we introduce the local Nédélec space

Ni(T) 1= Pu(T)* & Rig1(T),

where Ry 1(T') is a subspace of P41 (T)> composed by homogeneous polynomials of degree
k + 1, and being orthogonal to x. With these tools, let us define the following finite element
subspaces:

Zy=1{0, €Z:0,l7 € N(T) VT € T, (2)}, 3.1)
Qn:=1{qn € Q:gnlr € Pe(T) VT € T;;(£2)}, (3.2)
Hy := {vp € H: vplr € RT(T) VT € Th(2)}, (3.3)

where RTy(T) = Pr(T)® @ Pi(T)x is the Raviart-Thomas space defined locally in T €
Tn(£2).

The proposed Galerkin scheme approximating (2.3) reads as follows: Find (u,, @y, pp) €
H;, x Z; x Qy, such that

a(up, vy) + b1(vy, @) + b2(vy, pp) + c(wp, vp) = F(vy) Vv, € Hy,
bi(up,0p) — d(@p,0p) = GOy) V0, €Zy,
ba(up, qn) = 0 Vgn € Qu. (34
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3.2 Solvability and Stability of the Discrete Problem

The analysis of the Galerkin formulation will follow the same arguments exploited in the
continuous setting. Let us then consider the discrete kernel of b;:

Xpi={vp€eHy : bo(vp,qn) =0, VagneQp)={vy,€Hy : divy, =0 in £},
(3.5)
where the characterisation is indeed possible thanks to the inclusion div H, € Qp. Moreover,
it is well-known that the following discrete inf-sup condition holds (see [26, Sect. 4.2]):

b ('U E) ) S
20090 > Bolignllo.e Van € Qu. (3.6)

wett, Ionli
vy ;EO
We again resort to a reduced version of the problem, now defined on the product space
Xy, x Zy. Find (uy,, o) € Xy, x Zy, such that

a(up, vp) + bi(vp, wp) + c(op, vp) = F(vp) Yo, € Xy,
bi(up,0p) — d(wp,0,) =G@Oy) VO, €Zy, 3.7

and its equivalence with (3.4) is once more a direct consequence of the inf-sup condition
(3.6).

Lemma5 If (up, wn, pr) € Hy x Zp x Qp is a solution of (3.4), then u;, € X;, and
(up, wp) € Xp x Zy, is also a solution of (3.7). Conversely, if (up, wp) € Xp X Zy is a
solution of (3.7), then there exists a unique py, € Qp such that (up, @, pn) € Hy X Zp x Qp
is a solution of (3.4).

In order to establish the well-posedness of (3.7), we will employ the following discrete
version of Theorem 1.

Theorem 3 Assume (2.15). Let k > 0 be an integer and let Xy, and Zy, be given by (3.5) and
(3.1), respectively. Then, there exists a unique (up, ®,) € Xy X Zy, solution of the discrete
scheme (3.7). Moreover, there exist positive constants C1, Cy > 0 independent of h such that

lunllu + lonllz < Cr(l fllo.e + Ips s +llusll-12,%), (3.8)

and

lu —upllg + lo —wnllz < Ca  inf  (lu— vyl + llo—04l2), (3.9
(v,,04)€Xp XZy

where (u, ®) € X X Z is the unique solution to (2.12).

Proof Let us define Xj := X, x Zj, and reuse the forms A(-, -) and G(-) as in the proof of
Lemma 2. The next step consists in proving that A(-, -) satisfies the discrete version of the
inf-sup conditions (2.13)—(2.14), as in Lemmas 3 and 4. In order to assert (2.13), we consider
(up, wp) € Xy, and define

- v
0, = —wy €Zy, and vy, := <uh + 4£ curla)h) € Xj.
o

Then, repeating exactly the same steps used in the proof of Lemma 3 the discrete version
of (2.13) follows. Regarding the discrete version of (2.14), we once again repeat the same
arguments given in the proof of Lemma 4. Finally, the Céa estimate follows from classical
arguments. O
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Remark 3 Note that since the discrete kernel satisfies X; C X, the infimum in the Céa
estimate (3.9) can be taken over (vy, ;) € Hj x Z;, which implies in particular that the
mixed finite element scheme does not depend on the pressure (see e.g. [26, pp. 58-59]).
Implications of pressure-robust schemes as this one are reviewed in e.g. [29].

We now state the stability and an adequate approximation property of the discrete pressure.

Corollary 2 Let (up,, wy) € Xy X Zy, be the unique solution of (3.7), with uy, and @y, satisfying
(3.8). In addition, let p;, € Qy, be the unique discrete Bernoulli pressure provided by Lemma
5, so that (up, o, pn) € Hp X Zj x Qy is the unique solution of (3.4). Then, there exist
positive constants Ci, Cy >0, independent of h and v, such that

Ipnllo.e < Cillfllo.e + lpsliz s + llusl-i2.5),

and

Ip— palloe < Ca inf (le —vpllg + l@ = 0pllz + | p — grllo,2)- (3.10)
(v3,0n,qn)EHR X2y x Oy

Proof The result follows using the same arguments considered in the proof of Corollary 1,
but using the discrete inf-sup condition (3.6). We omit further details. O

3.3 A Priori Error Estimates

Let us introduce for a given s > 1/2, the Nédeléc global interpolation operator R, :
H'(curl; 2) N Z — Z;,. From [1, Proposition 5.6] we know that for all § € H*(curl; £2)
with s > 1/2, there exists C > 0 independent of %, such that

10 — Ry8llz < CR™™ K011 (curt: 2) - (3.11)

On the other hand, for the Raviart-Thomas interpolation I7, : H* (.Q)3 NH — Hjy, with
s > 0, we recall (see e.g. [26, Theorem 3.6 and Lemma 3.19]) that there exists C > 0,
independent of £, such that for all s > O:

v — Myollg < CA™MS AUy g give ) Vo € H (div; £2) NH. (3.12)

Finally we recall that the orthogonal projection from L2(§2) onto the finite element subspace
Qn, here denoted by I, satisfies the following error estimate for all s > O:

lg — Mogllo.e < CA™™M5+ g0 o Vg € HS(2). (3.13)

The following result summarises the error analysis for our mixed finite element scheme
(3.4).

Theorem 4 Assume (2.15). Let k > 0 be an integer and let Hy,, Zj, and Qy, be given by (3.1),
(3.2), and (3.3). Let (u, », p) € HXxZ x Q and (uy, @y, pr) € Hy X Zy x Qp, be the unique
solutions to the continuous and discrete problems (2.3) and (3.4), respectively. Assume that
u € H ()3, divu € Hs(.Q) ® € HH's(.Q)3 and p € H%(82), for some s > 1/2. Then,
there exist positive constants CandC, independent of h, such that

lu — upllu + llo — @nllz < CA™™ N la s @ive ) + @11 ccurl: 2)

and

Ip — pullo.e < CA™™ S 1 (lullgs giv: 2) + l@ll1s curt: ) + 121ls,2)-
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Proof The proof follows from (3.9), (3.10), and standard interpolation estimates satisfied by
the operators Ry, I1;, and I1g (see (3.11), (3.12) and (3.13), respectively). O

4 Discontinuous Galerkin Method

In this section, we propose and analyse a DG method for (2.2). We provide solvability
and stability of the discrete scheme by introducing suitable numerical fluxes. A priori error
estimates are also derived.

4.1 Preliminaries

Apart from the definitions laid out at the beginning of Sect. 3, let us denote by &, the set of
internal faces, by F, hE the set of external faces on X and by F, [ the set of external faces on
I' Weset F, =&, U }—hz U .7-"{. We denote by h, the diameter of each face e. Let T+ and
T~ be two adjacent elements of 7;, and let n" (respectively n ™) be the outward unit normal
vector on 3T T (respectively 87 ). For a vector field u, we denote by u™ the trace of u from
the interior of 7%. We define jumps

[l :=vT xnT+v" xn™, [wiy:=v -nt+v -n", [gl:i=qg 0t +qgn",
and averages
Lo _ Lo _
ol = E(v +v7),  {q) = E(q +q).
and adopt the convention that for boundary faces e € }'hE U ]—'[ ,weset [vlly = v X n,
[vly =v-n lgll = gn, {v} =vand {g}} =

Now, for k > 0, suitable finite dimensional spaces for vorticity and velocity that remove
the restriction of continuity are defined by:

= {0, e L*(2)° : 047 € P(T)® VT € Tp},
= {vy, € L*(2)* : vplr € Pig1(T)® VT € Ty},

and we remark that the space for pressure approximation will coincide with the one used in
Sect. 3, that is Qp, := Qy,.

4.2 Discrete Formulation and Solvability Analysis

Multiplying each equation in (2.2) by suitable functions, the resulting DG scheme consists
in ﬁndlng (uh, ®pn, pn) € Hy x Zj, x Q;,, such that for any test functions (v, 05, qn) €
Hy, x Zh x Qp and for all elements T in the partition 7j,

a/uh-vhdx—i-ﬁ/ wy, - curl vy, dx
T T
1
+ﬁ/ 6h~(vhxn)ds—l——/(a)hxﬂ)'vhdx
aT vr

—/ phdivvhdx—i—/ ;’5}1vh~na’s=/ [ vpdx, 4.1)
T aT T
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/wh-0hdx:ﬁ/ uh-curlohdx+ﬁ/ uy - (0, x n)ds, 4.2)
T T aT

—/uh-thder/ uy, -nqds =0, 4.3)
T aT

where u}’, ii;: , @, and py, are numerical fluxes, which approximate the traces of uy, wy
and pj, on the boundary. The fluxes @, and %}’ are related to the curl-curl operator and are
defined by

{wn} + Crulluly, if e € &, {un}, ifeeé&,
@) = w;r-l—Cn(u;{xn*—ug), ifeefhz, uy ={nxuy, ifeefhz,
@p xn =0, if e € Fl, u;l, if e e 7',

“4.4)

whereas the fluxes iiﬁ and py, are associated with the grad-div operator and defined by

fun}t + Duillpnll, if e € &,
uy = {u; + Di(pjnt +psn), if e F7,
uy -n=0, if e € 7',

{pn} + Anlluplly, if e € &,
Phi=14ps, if e € 77, 4.5)
pT+Anut -nt, ifeeFl.

The parameters C1, Ajj and Dy are positive stabilisation parameters, and following [22]
we choose

enmax{hzl, h7ly, ifx €edTtUAT,
Cri(x) =4 T Al (4.6)
ciihy, ifx edT NX,
h.,h "}, if AaTTuUIT ™,
Aur(a) i MU B2y, v @.7)
anhy, ifxedT NI,
d hps, hp-), if x € 9TT UAT™,
Dy (x) = | et e i “8)
dyihr, ifxedT NXx,

where c11,di1,a1; > 0. Moreover, we suppose that C L(respectively Dy and A have
a uniform positive bound above and below denoted by Cy; and Cy; (respectively Dy, Dy

and Aq, App).

We then proceed to integrate by parts equations (4.1) and (4.3), and then summing up over
all T € 7, we obtain the following DG scheme: Find (uy, @j, pn) € Hh X Zh X Qh such
that

a(up, vi) + bi(n, o) + ba(vp, p) + c(@n, vi) + j@n, vi) = F(vy), Vo, € Hy,
d(on,0;) — bi(uy, 0,) = G@r), V0, €Zy,

e(pnsqn) — ba(un, qn) = Lgn),  Van € Qu,
(4.9
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where the forms a, ¢ and d are the same in (2.3), while 151 b, Jj and e are defined, respectively,
by:

bian 0= 5 Y- [ unttywdx s Y [t 140y,

TeT, ey UF ¢
baoip == - [ prdivenax+ Y [ipad -ty s
TeT, ” T ee&UFN ¢
Jn, o) =Vv Y /Cllﬂuh]]T'[[”h]]TdS‘l‘ > /Au[[uhllN[[vh]]Nds,
eeghuf,f: ¢ eeShU]-',{ ¢
cwnai= [ Dulpid-lailds
e UFE ¢

In addition, the linear functionals F N G and T associated with the source terms are defined
as:

F(vp) 12/ S — Z (/pz(v-n)ds—ﬁ/Cnu;-(vh Xn)dS),
2 ee]—"hx e e
G6ni= v Y [us-buds and L= Y [ Dupsm - s,
eeFE "¢ FEC
By integration by parts and as a consequence of the identity:
> [ w@xmas=- Y [wutr-tonds+ 3 [tud- 101 s
TeT, V0T ec&y V¢ ecF, V¢
it follows that the form l;l can be written as:
by(up, 0;) = /v Z / curluy, - 0, dx + /v Z [unllr - {6r}ds. (4.10)
TeT; *T ce&UFE "¢
Similarly, using the following identity:
> [ peemds =3 [tor-1p1ds + 3 [wivtpnas
Te7;, T ec&y ¢ eeF; V¢
the form b can be recast, after integration by parts, as follows
b= Y [ o mdx— Y [twd-tpdds. @
= ceUFE "¢

To simplify the exposition of the analysis of the method, we will write the mixed scheme
(4.9) in the following equivalent form: Find (uj, @y, pr) € Hy x Z, x Qp, such that

Ay, @, pr: vn, O, qn) = Fn, 00, qn), Y, On, qn) € Hy x Zpy x Qp,  (4.12)

where

A, @, pr vn, 0, qn) = a(uy, vy) + by (vy, @p) — by (uy, )

@ Springer



Journal of Scientific Computing

+ by, pr) — ba(un, qn) + (@, vy)
+ jup, vp) +d(wp, 0r) +e(pr, qn),

and
Fn, 0n, qn) := F(vp) + G(0r) + L(gn).

Let us now show the existence and uniqueness of solution to formulation (4.9).

Proposition 1 Let k > 0 be an integer. The DG method (4.9) with the numerical fluxes given
by (4.4)—(4.5) defines a unique approximate solution (uy, @y, pn) € Hy X Zj x Qp, provided

that 5
21815 _

Vo

1. (4.13)

Proof Since the problem is linear and finite dimensional, it suffices to show that if f = 0,
px =0and uy = 0, then (u, wy, pr) = (0,0, 0). To this end, take v, = uj, 6, = w; and
gn = pp in (4.9), summing up the three equations, we obtain:

a(up, up) + c(wp, up) +d(wp, op) + jwy, up) +e(pn, pr) = 0.

It follows that
1
ollunld o + lonll} +|uh|2+|ph|2=——/(whxm-uhdx,
0,02 0,82 J e ﬁ o

where we define

lunl = vv Y /Cn[[uh]]%ds+ > fAu[[uh]]%vds,

e
ecEUFE ee&UFT

Pz =) /Dllﬂphﬂ2d5~
ecEUFE "¢

Using Young’s inequality, we can assert that

A

2 2 2 2
ollunllo, e + ll@nlly, o + lunli + lpaly < ﬁ||ﬂ||oo,f2||wh||0,.(2||uh||0,.(2

IA

2 2 o 2
— (o)) + —llup .
o 1Bll%.ellonlls o ) lunllo.

Therefore, in particular we have that:

211811%
o

§ ) lonlld o + 1pal2 <0,

Dunll? o + (1
2 h 0,02

which, owing to the assumption (4.13), implies that u;, = 0, @, = 0 and [p,]] = 0 on &,
pr =0onF, hx . The first equation in (4.9) then becomes

Z/vh-VphdeO, Vvheﬁh,
TeTy T

and then V p, = 0. Employing this result, together with [p,]] = 0 on &,, p, = 0 on fhz or
the fact that p;, has zero mean value if X' have zero measure, we conclude that p, = 0. 0O
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4.3 A Priori Error Bounds

Let us now present and discuss a priori error bounds for the proposed DG method. The proof
involves two steps. The first one consists in establishing an error estimate in the natural
semi-norm. In the second step, we prove the error estimate for the pressure in the L2-norm.
For this, we introduce the following semi-norm | - | 4:

(@, @, p)% =0 ulf o + llollg o + luli +1pl;. (4.14)

For the analysis, we will also employ the following norm

1
@, p)ls = Vvluls+1,e + ﬁ”p”x,!%

We definee, =u —ujp, e, = o — w), and e,, = p— pn. Let us denote by HH (respectively
IT5 and IT, ~) the L2 -projection onto Hh (’Pk 1) (respectively Zh (Pk) and Qh (Px)), and let
us split the errors in the following manner

€y :Eu"f_ﬂuv ew:‘gw"rﬂw and ep:$p+nps
where the numerical and approximation errors are defined by:
§y=u—Izu, §,=w—-MN;0, § =p-—I;p,
Ny =Mgu—up, 1y =HNz0—wy, 1p=1gp — ph.
We recall the following standard approximation properties (see for instance [19]).

Lemma6 Letv € H'7 (), r > 0. Let IT the projection operator such that ITv = v for all
v € Pr(T), k > 0. Then we have

k}+1
N LIS (4.15)

k}+1/2
min{r,k}+1/ ||v||r+] - (4.16)

lv— vllo,r +hrlv— vl < Chy
lv—Mvllosr < Chy
As a consequence, we have the following result.

Lemma7 Let (u, w, p) € HxZ x Q be the unique solution to the continuous problem (2.3).
Assume that u € H'15(2)3, @ € H*(2)3 and p € H*(2), for some s > 1. Then, we have:

1€, ll0.2 < Cah™™ U+ @, 0),

I€llo.2 < Cah™™ K@, 0)],,
&4l < CR™™S KD, 0,
Eple < Ch™™BFT0, p) s,

where Cy, Cq, Cj and C, are positive constants independent of the meshsize.

Proof The two first estimates are a simple consequence of (4.15). Next we can state that

172 1/2
&y <2 (Vv Y Culléalgor | +2| D0 Aull&algar
TeT;, TeT,
and
1/2

Eple <2 D Dullépligar

T€T,
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Recalling that Cy1, A1y and Dy are as in (4.6)—(4.8) and using (4.16), we end up with the
bound

2 min{s,k+1} 2 1/2 in{s,k+1
;< Ci( D h7 ll} g 7)™ < Ch™™ M D o
TeTy,

and similarly we obtain

1/2
2 min{s,k}+2 2 min{s,k}+1
lEple < Ce [ Y hy lplir | <Ceh Iplls. .
TeTy,
where C; (respectively C.) depends on ¢y, a1 and v (respectively dyy). O

We next concentrate on obtaining bounds for the forms by, by, ¢ and ;.

Lemma 8 Let (u, w, p) € H x Z x Q be the unique solution to the continuous problem (2.3).
Assume that u € H'1(2)3, @ € H*(2)3 and p € H*(82), for some s > 1. Then one has

b1 (&4, 01)] < Cp ™MK @, 0) (151104 10,.2, VO, € Zn,

1b1(vh. £, < Co ™™ HF @, 0) I vlj, Vo € Hy,
b2 (Vi £p)| < Co, K™ HF1(0, p) |5 lval, Vo, € Hy,
1b2(E . ai)| < Co, k™™ 1@, 0) 51 gl Van € Qn.
1&g o)l < CiR™MS K )]l wpl 7, Vo, € Hy,
le(€p., qn) < Ch™™HE1110, p)llsIgnle. Van € Q.
(€ )] < Coh™™F @, 0) s vallo.e. Yo € Hy,

where Cp,, Cp,, C;, C. and Cy are positive constants independent of the meshsize.

Proof The bounds associated with the form 5> can be proved exactly with the same arguments
as [22, Sect. 3.3]. Let us now deal with the term b;. We observe that due to the properties of
the L2-projection onto Hj, (73,3 1), We can write

/ g, -curld,dx =0.
T

Using Cauchy—Schwarz’s inequality, we then readily obtain
1/2 1/2

b1(Ey. 01)] < C | D vhz'1E,115 07 > hrl0nlgar |
TeT, TeT,

and the desired estimate follows from the inverse inequality and Lemma 7.
Similarly, using (4.10) and again the properties of the L2-projection onto Z, (Pg), we have

/ curlvy - §,dx =0,
T

thus
12

~ v
URBIEE DS C—”n&mué,w

Tel, —
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1/2

IZ/CII[[vh]]TdS‘i‘\/» Z /Cllvhds

ee&y }—h):

172

%
2
< Zc—nnswnw |valj

Tel, —

and then, we simply have to use (4.6) and Lemma 6.
The estimates for the forms j and e are obtained in a similar way. Indeed, using once
again Cauchy—Schwarz’s inequality and Lemma 7, it follows that

NGEBIENTED'S /CHIIE Ir - Monllrds+ ) /Auﬂs D loal ds|

eeEUFE ce&UFT
< [valjl&alj = CiR™ D 1, 0)llsloal,
and proceeding analogously as before, we get
lep. an)l < 1€plelanle < Ch™ NI, p)lisignle-

Finally, concerning the term c(§,,, v;,) we can assert that

c(y,vn) = \/»Hﬁnoo”EwHOQHUh”O 25

and exploiting the previous bounds, we obtain the corresponding estimate with C, =
2C
24 11Blloc. .

Theorem 5 Assume (4.13). Letk > 0 be anintegerandlet (u, ®, p) € HxZxQ be the unique
solution to the continuous problem (2.3). Assume that u € H!*(2)3 » € HS (9)3 and
p € H)(£2), for some s > 1. Then, the mixed DG approximation (up, @, pn) € Hh ><Zh th
defined by (4.9), satisfies the following a priori error bounds

(€us €ws ep)la < CAR™ K@ p), (4.17)
lepllo.e < CA™MS k1)@ py|, (4.18)

where C 5 and C are positive constants independent of the meshsize.

Proof We begin with the estimate (4.17). A direct application of the definition of the
A—seminorm in combination with Lemma 7 gives

1By & Ep)] A < CR™S Ky (4.19)

Concentrating on the projection of the errors, we can exploit the Galerkin orthogonality to
obtain

(s Neos 1124 = A Neos M3 N> s M) — €(Mos M) (4.20)
= A(nuv Nes Nps Eu’ soz)7 é}_p) - C(nws nu)

Due to the orthogonality of the L2-projections, we have that a(&,,, 5,) = 0 and d (&, n,,) =
0. Then, from the definition of the form A it follows that

A(nu’ Nes NMps Eui sw’ sp) = El(gu’ nw) - El(ﬂu’ gw)
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+ D28y 1p) = D200y ) + 6 e ) + € 1) + €Ep ).
Note that all these terms can be controlled using Lemma 8. Indeed we have
A(nm Ne> Nps Eus Sa)a Sp) < (Cbl ”77(,)”09 + (Cb1 + Cbz + C])|'Iu|] + (Cbz + Ce)|77p|e
+ Collnglo.2 )™ @, p)ls,
< Cil(ys N mp) LA™ 1@, p) s, 4.21)

where Cy = Cp; + (Cp; + Cp, + Cj) + (Cp, + Ce) + % Next we only need to estimate
c(M,> 1) in (4.20). To do so we use Young’s inequality

2 2 o
(Mg My) < ﬁmnoo,g||n,.,||o,9||nu||o,9 < ;nﬂnio,gnn,,,n%ﬂ + Ennuné,g. (4.22)

Substituting (4.21) and (4.22) back into (4.20), we obtain the bound

o5 21812
En'lu”o,g + (1 - vaoo

< C1l(ys Mg np)a R @, p),

and thanks to assumption (4.13), we can arrive at

| N 1)l < € ™M E i, pyy, (4.23)

) 10113, + 1113 + Inp 12

2
where C' = C; (min{%, 1— 2||ﬂﬁ})*l. The error estimate in (4.17) is then obtained by

Vo
combining estimates (4.19), (4.23) and using triangle inequality.

We now turn to the estimate of the L2-norm of error in the pressure (4.18). Since ¢, €
Lg(.Q), we can find z € H(l)(.Q)3 such that (see for instance [28, Chapter I, Corollary 2.4])

- [ epdivadr = cleifor Nzlha < leplos (4.24)
2
where k > 0 is the inf-sup constant. Therefore, we infer from (4.12) that
kllepllf.o < baz.ep)
= (ba(z, €p) + aley. 2) + b1 (2, €w) + c(ew. 2))
—aleu, 2) — b1(z, ew) — c(ew, 2)
= Aleu, €ws €3 2,0,0) — aleq, 2) — b1(z, o) — c(ew, 2),

where we have used that j(e,,z) = 0 forz € H(])(.Q)3. Using the Galerkin orthogonality,
we obtain

Aleu, €, €p; 2,0,0) = Aley, ew, €p; §,,0,0)
= -A(suv Ew! §p5 st 07 0) + A(ﬂu’ ”w’ n[h gzv 05 0)

Therefore

K”ep”%),_(? S |A(Euv va ‘i:ps szs 07 O)I + |A(nuv ﬂw’ npv Ezv 07 0)|
+lateu, )| + 101z, €o)| + lcew. 2)I-
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Next, by the definition of the form A, we have the relation
A, M 193 2.0, 0 < 1012 )| + D262 )]
FleMe, EDN+ 17y, D :i=T1 + T2 + T3 + T4,
and then we can write
K||€p||(2)79 <A, 845,808,000+ T+ D+ T+ Tu+T5+Te+T7.  (4.25)

The first term in the right-hand side of the above inequality can be easily estimated by
using Lemma 8. Indeed, it follows by choosing v, = &, that

A, & £p3 £,,0,0)] < CRMMSA T py .

Let us now estimate each of the terms 7;,i = 1, ..., 7 in (4.25). Using the properties of
the L —projection, Cauchy—Schwarz’s inequality and the inverse inequality, we obtain the
bounds

12 12
T<CVv | D hrNE NG ar D hrlneloar | < CVvliziielnelo.q-

TeT, TeT),
< CWvlizliel(y: 1o 1p)lA
Then, using (4.23) and (4.24), we can deduce that
Ty < CVR™™ 5 D, p)sliepllo,g-

Furthermore, since fT &, - Vn,dx =0, we get from (4.11) the following estimates

=Y &) [npllds+ > | & -mmpyds
ec&y "¢ eefhz ¢
1/2
1 2 1 2
S| X [potertass X [ e nras|
2= eeFF
1/2
1 2
<c| > D MEzloar | Inple
TeT, —

= Clizll.2l(My: 0o 1p)la-
Then, using (4.23) and (4.24), we can infer that
Ty < CH™™ 1w, p)lslepllo.e-
Next, using Cauchy—Schwarz’s inequality and again (4.23) together with (4.24). we get
T3 = |c(ng, §;)I
< %Chllﬁlloollﬂwllo,g||Z||1,9

< Cpph™™ 51 @, psllepllo o,
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where pu, = h”ﬁ% Similarly, we have:

= 1j(m,. &)l
< naljl€.]; < Cl(ys 1o 1)l AllZIe < CR™S @ 0)| e, 0.0

The terms 75, Tg and 77 can be readily estimated, much in the same way as before, using
the error bound in (4.17) and the fact that z € H}(£2)°.

Finally, the pressure estimate follows after putting all individual bounds back into (4.25).

O

Note that, differently from the conforming method introduced in Sect. 3, the discrete
velocity generated by scheme (4.9) is not necessarily divergence-free, and as a consequence
the method is not pressure-robust. A recent remedy in the context of DG methods can be
found in [31].

5 Numerical Tests

We present a set of examples to confirm numerically the convergence rates anticipated in
Theorems 4 and 5. We stress that whenever I" = 952, the zero-mean condition enforcing
the uniqueness of the Bernoulli pressure is implemented using a real Lagrange multiplier
(which amounts to adding one row and one column to the corresponding matrix system).
Linear solves are performed with the direct method SuperL.U.

5.1 Test 1: Experimental Convergence in 2D

For our first example we produce the error history associated with the proposed mixed finite
element and mixed DG approximations. Let us consider the following closed-form solutions
to the Oseen equations defined on the unit square domain £2 = (0, 1)%:

sin(rrx)? sin(rr y)? cos(mr y)
— % sin(2 x) sin(mw y)3

u(x,y) :( ), wx,y) =veurlu, p(x,y)=x*—y*
The exact velocity has zero normal component on the whole boundary, and the exact vorticity
is employed to impose a non-homogeneous vorticity trace. In this example we are assuming
that I" = 942, and the exact Bernoulli pressure fulfils the null-average condition. We consider
the model parameters v = 0.1 and o = 10, and the convecting velocity B is taken as the
exact velocity solution, which in particular satisfies the bound (2.15).

Test 1A On a sequence of uniformly refined meshes we compute errors between the exact
and approximate solutions, measured in the norms involved in the convergence analysis
of Sect. 3. The obtained error history is reported in Table 1, where the rightmost column
displays the £°°—norm of the nodal values of the velocity divergence projected to the space
Qs all approaching machine precision. The asymptotic O (h**1) decay of the error observed
for each field variable confirms the overall optimal convergence predicted by Theorem 4.
Sample approximate solutions generated with the lowest order method on a coarse mesh are
portrayed in Fig. 1.

Test 1B With the purpose of verifying that the mixed finite element scheme is pressure-robust
and also performs well for different viscosity values, we modify the exact pressure to be
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Table 1 Test 1A: Error history (errors on a sequence of successively refined grids, convergence rates, and
divergence norms) associated with the mixed finite element method (3.4) using different polynomial degrees

DoF lu—uply rate lo—wpllz rate lp —pnllo,e rate I div ap, || goo
k=0
34 0.1357 - 1.2943 - 0.2002 - 1.0e—14
114 0.1129 0.2654 1.0072 0.3612 0.1219 0.7161 1.3e—14
418 0.0619 0.8655 0.5623 0.8405 0.0572 1.0910 1.3e—15
1602 0.0315 0.9763 0.2869 0.9707 0.0280 1.0311 1.2e—15
6274 0.0158 0.9952  0.1441 0.9937 0.0139 1.0072 1.0e—14
24,834 0.0079 0.9989  0.0721 0.9985 0.0069 1.0022 1.3e—15
98,818 0.0039 0.9997 0.0361 0.9996  0.0035 1.0000 1.7e—13
k=1
98 0.0980 - 0.8753 - 0.0624 - 2.4e—15
354 0.0337 1.5384  0.3448 1.3441 0.0173 1.8502  4.3e—14
1346 0.0094 1.8472  0.0979 1.8173 0.0038 2.1804 3.8¢—13
5250 0.0024 1.9514  0.0255 1.9403 8.3¢—04 2.1952 8.0e—14
20,738 6.4e—04 1.9873 0.0064 1.9835 1.9e—04 2.0791 1.2e—15
82,434 2.2e—04 1.9973 0.0016 1.9960  4.8e—05 2.0233 6.2e—15
328,706 3.8e—05 1.9992  4.1e—04 1.9992 1.2e—05 2.0064 1.4e—14
k=2
194 0.0563 - 0.5138 - 0.0237 - 1.7e—13
722 0.0078 2.8844  0.0893 2.7524  0.0024 3.2137 5.8e—14
2786 0.0011 2.9302 0.0121 2.9886 1.8e—04 3.1729  4.6e—14
10,946 1.3e—04 2.9872  0.0015 2.9873 1.4e—05 3.2661 4.3e—15
43,394 1.6e—05 2.9992 1.9e—04 3.0002 1.4e—06 3.2349  2.7e—15
172,802 2.1e—06 2.9981 2.3e—05 3.0014 1.6e—07 3.1252 4.9e—15
689,666 5.3e—07 2.9840 8.2e—06 3.0070  3.7e—08 2.9206  5.0e—14

[y ()]

0.0 0.1 02 0.3 0.4
| R

(a)

e

wy (2,)

(b)

-0.7 0.0 " \U.\GH 12 17 Py (2,y)

<10 -05 00 05 10
i !

()]

ST

Fig. 1 Experimental convergence in 2D. Lowest-order mixed finite element approximation of velocity mag-
nitude (a), vorticity (b), and Bernoulli pressure (¢) on the unit square

plx,y) = 1000(x* — y4) and rerun Test 1A for decreasing values of v (down to v =le-
6). Sample values of the error history are collected in Table 2, where we only show the
results for the lowest-order method. Even if the pressure error shows optimal convergence
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Table 2 Test 1B: Error history (errors on a sequence of successively refined grids, convergence rates, and
divergence norms) associated with the mixed finite element method (3.4) for k = 0, using a much larger
pressure, and for decreasing values of the viscosity

DoF h lu—uply rate |@w—wpllz rate lp—pullo.e rate |divaylgeo
v =10.01
34 0.7071 0.1327 - 0.1709 - 191.8 - 1.76e—14
114 0.3536  0.1108 0.2601 0.1241 04615 107.3 0.8384 1.71e—13
418 0.1768 0.0615 0.8605 0.0610 1.0324 55.17 0.9597 5.22e—12
1602 0.0884 0.0313 0.9614 0.0293 1.0458 27.78 0.9943  4.23e—10
6274 0.0442  0.0157 0.9901 0.0144 1.0157 13.91 0.9975 3.84e—09
24834 0.0221 0.0079 0.9975 0.0072 1.0040 6.9591 0.9994 3.28e—08
98818 0.0111 0.0039 0.9994  0.0036 1.0012 3.4833 0.9998 6.46e—07
v = 0.0001
34 0.7071 0.1327 - 0.01188 - 191.8 - 2.31le—14
114 0.3536  0.1107 0.2617 0.0061 0.9457 107.3 0.8384 1.65e—13
418 0.1768 0.0613 0.8599 0.0012 2.1252 55.17 0.9597 3.1le—12
1602 0.0884 0.0313 0.9606 0.0003 1.3765 27.78 0.9944 2.73e—10
6274 0.0442 0.0158 0.9899 0.0001 1.2588 13.91 0.9975 7.63e—09
24834 0.0221 0.0079 0.9974 7.36e—05 1.0832 6.9590 0.9994 1.64e—08
98818 0.0111 0.0039 0.9994  3.62e—05 1.0223 3.4833 0.9998 1.89e—07
v = 0.000001
34 0.7071  0.1327 - 0.0011 - 191.8 - 2.73e—14
114 0.3536  0.1107 0.2617  0.0006 0.9621 107.3 0.8384 1.96e—13
418 0.1768 0.0613 0.8599 0.0001 1.4123 55.17 0.9597 3.98e—12
1602 0.0884 0.0313 0.9606 2.42e—05 1.2313 27.78 0.9932  1.39e—10
6274 0.0442 0.0157 0.9899 9.81e—06 1.0495 13.91 0.9975 1.06e—08
24834  0.0221 0.0079 0.9974 1.56e—06 1.5904 6.9591 0.9994  6.15¢—07
98818 0.0111 0.0039 0.9994  4.99¢—07 1.3651 3.4832 0.9998 2.35e—07

rates, the error values are quite large but these do not affect the error decay of the velocity,
suggesting pressure-robustness. We also see that smaller viscosity values do not pollute the
approximations. In view of (3.9) and Remark 3, perhaps a clearer numerical confirmation of
pressure-robustness can be observed by choosing exact velocity and exact vorticity belonging
to the finite element subspaces (for instance, we can use constant values u = (0, 0), @ = 0),
while keeping the exact pressure p(x, y) = x* — y*. As discussed in [29, Sect. 3], pressure
robustness of the method will imply that the velocity and vorticity errors will be practically
zero whereas the pressure error will decay with O (h¥+1). Table 3 shows that this is precisely
the case, where we have taken v = 0.01.

Test 1C An analogous example is now carried out to confirm numerically the convergence
rates of the DG methods defined by (4.9). The same model parameters and closed-form
solutions as in Test 1A are used, and the stabilisation constants in (4.6)—(4.8) take the values
aj; = c¢11 = o and dq; = v. The results collected in Table 4 indicate that the DG scheme
converges optimally when we measure errors in the energy A-seminorm (4.14) and in the
L?—norm of the pressure. Here, however, we do not expect divergence-free approximate
velocities. Moreover, for the DG case we do not have pressure-robustness. Nevertheless, as
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Table 3 Test 1B: Error history (errors on a sequence of successively refined grids, convergence rate for p, and
divergence norms) associated with the mixed finite element method (3.4) for k = 0, 1, using exact velocity
and vorticity belonging to the finite element subspaces

DoF h llw —upllu lo —wpliz llp = pullo,2 rate | divay |l goo

k=0
34 0.7071 5.35e—16 9.88¢—17 0.1918 - 1.03e—15
114 0.3536 6.15¢e—17 2.56e—17 0.1073 0.8384 1.78¢—16
418 0.1768 7.6le—16 1.64e—16 0.0551 0.9597 2.53e—15
1602 0.0884 9.08e—15 3.1le—15 0.0277 0.9902 4.13e—14
6274 0.0442 1.90e—13 4.16e—14 0.0139 0.9975 2.59e—12
24834 0.0221 7.34e—12 6.41e—13 0.0069 0.9994 1.61e—10
98818 0.0111 1.98e—10 5.47¢—12 0.0038 0.9998 9.79¢—09

k=1
98 0.7071 2.34e—16 4.41e—16 0.0450 - 2.42¢—16
354 0.3536 7.46e—15 1.36e—14 0.0120 1.8970 2.57e—14
1346 0.1768 7.04e—15 1.65¢e—14 0.0030 1.9752 3.73e—14
5250 0.0884 731e—14 4.94e—14 0.0007 1.9944 7.71e—13
20738 0.0442 8.57e—12 1.40e—13 0.0002 1.9982 2.62e—09
82434 0.0221 3.94e—12 5.02¢e—11 4.8e—05 2.0001 9.57¢—08
328706 0.0111 1.98e—11 2.56e—11 1.2e—05 2.0000 5.67¢—08

evidenced in Table 5, the errors in the A-norm and the pressure errors exhibit optimal decay
regardless of the viscosity values.

5.2 Test 2: Transient Flow in an Open Cavity

In this example we illustrate a more complex problem involving the non-stationary behaviour
of the flow in an open 2D cavity. The main compartment of the domain consists on a rectangle
(0, 1.2) x (0, 1) whereas smaller rectangles (0.25, 0.45) x (—0.1, 0) and (1.2, 1.3) x (0.7, 0.9)
play the role of inlet and outlet channels. The domain is discretised into an unstructured mesh
of 35433 triangular elements. Normal velocities and a compatible trace vorticity are imposed
on the whole boundary I = 92 according to

—75(x —0.25)(0.45 —x) ony = —0.1,
u-n= 175y —0.7(09 — y) onx = 1.3,
0 otherwise,
75/v(0.7 — 2x) ony=—0.1,
®wxn=1{-75/v(l.6 —2y) onx =13,
0 otherwise,

that is, parabolic inlet and outlet profiles together with slip velocities elsewhere on 052.
We set a fluid viscosity of v = 0.001 and use as initial velocity the solution adapted
from the previous test ug(x,y) = [sin(71/1.3x)2 sin(zr/1.1(y + 0.1))2 cos(m/1.1(y +
0.1)), —% sin(2/1.37x) sin(r/1.1(y +0.1))3]7. The parameter o = 10 indicates a timestep
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Table 4 Test 1C: Error history associated to the DG method defined in (4.9) using increasing polynomial
degree

DoF h | —up, @ —p, p—pp)la rate lp — pullo.2 rate
k=0
65 0.7071 0.8031 - 0.4623 -
257 0.3536 0.4321 0.8893 0.2298 0.8384
1025 0.1768 0.2343 0.8827 0.1276 0.8438
4097 0.0884 0.1217 0.9448 0.0652 0.9668
16385 0.0442 0.0616 0.9822 0.0326 1.0010
65537 0.0221 0.0302 1.0231 0.0163 1.0005
k=1
145 0.7071 0.4787 - 0.1847 -
577 0.3536 0.1496 1.6760 0.0529 1.8033
2305 0.1768 0.0366 2.0297 0.0133 1.9914
9217 0.0884 0.0089 2.0413 0.0033 2.0220
36865 0.0442 0.0021 2.0320 0.0008 2.0361
134696 0.0221 0.0005 2.0034 0.0002 2.0049
k=2
257 0.7071 0.1882 - 0.0534 -
1025 0.3536 0.0319 2.5864 0.0111 22722
4097 0.1768 0.0042 2.9180 0.0013 3.0093
16385 0.0884 0.0005 3.0362 0.0002 3.1105
65537 0.0442 6.16e—5 3.0640 1.81e—5 3.1510
268049 0.0221 1.03e—5 2.9973 2.78¢—6 3.0076

of At = 0.1, and a backward Euler discretisation implies that we take f = ou, where
u denotes the velocity approximation at the previous iteration. The convective velocity
B = u therefore needs to be updated at each iteration. At least for the initial solution we
have that the convecting velocity satisfies the assumption (2.15). The simulation is run until
Thinal = 4At and we present in Fig. 2 two snapshots of the numerical solutions at = Af and
t = Tfinal, computed with a second-order DG scheme, and using the stabilisation parameters
aj] = c11 = o and di; = v. From the velocity plots (including a line integral convolution
visualisation), we can evidence the formation of a main vortex on the centre of the domain
plus smaller recirculation areas that emerge on the top left and bottom left corners, together
with a preferential path joining the inlet and outlet boundaries.

5.3 Test 3: Lid Driven Cavity Flow

For this classical benchmark problem we consider zero external forces and concentrate on the
case where flow recirculation occurs by Dirichlet conditions only. First we consider the two-
dimensional case, where on the top lid of the unit square (at y = 1) we set a unidirectional
velocity of unit magnitude, whereas no-slip velocity and zero tangential vorticity are imposed
on the remaining sides of the boundary. We set the parameters v = 0.001, o = 50 and employ
a structured mesh of 4096 elements. The initial velocity is computed from a Stokes solution
(setting both o and B to zero). We compare the results obtained with our lowest-order FE
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Table 5 Test 1C: Error history associated to the DG method defined in (4.9) for the lowest-order case and

with decreasing viscosity

DoF h [ —up, @ —op, p—pr)la rate P = prllo,2 rate
v =0.01
65 0.7071 0.5059 - 0.2034 -
257 0.3536 0.2884 0.8105 0.1264 0.6864
1025 0.1768 0.1642 0.8126 0.0842 0.7585
4097 0.0884 0.0902 0.8632 0.0507 0.7929
16385 0.0442 0.0473 0.9315 0.0274 0.8878
65537 0.0221 0.0244 0.9514 0.0140 0.9606
v =0.0001
65 0.7071 0.3787 - 0.1963 -
257 0.3536 0.1882 1.0091 0.1102 0.8322
1025 0.1768 0.0796 1.2426 0.0562 0.9709
4097 0.0884 0.0363 1.1314 0.0285 0.9916
16385 0.0442 0.0176 1.0423 0.0141 0.9974
65537 0.0221 0.0087 1.0154 0.0071 0.9992
v = 0.000001
65 0.7071 0.3434 - 0.1967 -
257 0.3536 0.1490 1.2025 0.1088 0.8488
1025 0.1768 0.0586 1.3461 0.0553 0.9764
4097 0.0884 0.0239 1.2931 0.0278 0.9933
16385 0.0442 0.0108 1.1437 0.0135 0.9982
65537 0.0221 0.0051 1.0654 0.0069 0.9996

[ (2,y)]

(@)

@y (@y)

Fig. 2 Test 2: Second-order DG approximation of the transient flow patterns in an open cavity after one

timestep (a—c) and after four time steps (d—f), using Az = 0.1 and v = 0.001
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Fig. 3 Test 3. Line integral convolution visualisation of velocity for the 2D cavity flow benchmark with
v = 0.001 (a), cuts of the vertical velocity and vorticity on the line y = 0.5 (b, ¢); and horizontal velocity and
vorticity on the line x = 0.5 (d, e). The circle markers indicate benchmark values from [13]. Lowest-order
approximation of velocity (f) for the 3D case with v = 0.0025, shown at t = 20; and profile of the horizontal
velocity on the line y = 0.5, z = 0.5 (g), and of the vertical velocity on the line x = 0.5, y = 0.5 (h). The
asterisks indicate benchmark values from [23] and all numerical approximations for this test were obtained
with the lowest-order mixed finite element method

scheme against the benchmark data from [13] (produced with a spectral method applied to a
vorticity-based formulation). Figure 3a shows the generated velocity profile at = 20, having
all the flow features expected for this regime. The solid lines in Fig. 3b—e portray cuts of the
solution on the mid-lines of the domain, whereas the circle markers indicate benchmark data.
The approximate vorticity has been rescaled with v=!/2 to reflect the overall agreement with
the results reported in [13].

We also test the 3D implementation and formulation by conducting the same benchmark
on the unit cube £2 = (0, 1)3. Again, boundary ¥ is the top plate (defined by z = 1), where we
set tangential velocity of magnitude one, and on I = 92 \ X~ we consider no-slip velocities
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Fig.4 Test 4. Transients at early (left), moderate (middle column) and advanced (right) times, for the Kelvin—
Helmholtz instability problem computed with the first-order DG scheme (4.9). Velocity magnitude (a—c),
scalar vorticity (d—f), and Bernoulli pressure (g—i)

and zero tangential vorticity. The fluid viscosity is now v = 0.0025 and a structured mesh of
58752 tetrahedral elements is employed. Once again we focus on a non-stationary regime with
a backward Euler scheme, now using o = 10, and proceed to update the convective velocity
and the right-hand side using the velocity approximation at the previous time iteration. The
velocity field for a converged solution after 200 time steps is shown in Fig. 3f. We can observe
the expected asymmetric vortex forming parallel to the xz plane (also the generation of high
pressure near the corners where the Dirichlet velocity datum has a discontinuity). We have
also compared our results with the benchmark values obtained in [23] (using multiquadric
differential quadratures) for a Reynolds number of 400: the solid lines in Fig. 3g—h show
velocity profiles captured on the plane y = 0.5, concentrating on the vertical and horizontal
centrelines, where we also include the data from [23] (in asterisks) showing a reasonable
match (we have rotated the data, as in their tests the unit velocity is imposed on the face

y=1).

5.4 Test 4: Kelvin—-Helmholtz Mixing Layer

We close this section with a benchmark test related to the well-known vortex formation
mechanisms known as the Kelvin—Helmbholtz instability problem. The setup of the test follows
the specifications in [35] (see also [14]), the transient Oseen equations are solved on the unit
square £2 = (0, 1)? and the bottom and top walls constitute I", where we impose a free-
slip velocity condition and zero vorticity. The left and right walls are regarded as a periodic
boundary. The initial velocity is
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2
Uoo tanh((2y — 1)/80) — cnutoolcos(wi x) + cos(wgox)](z);iz_]) exp (—%)
0 0
u —=

o 2
Cnlloo €XP <—%) [wE, sin(wl,x) + wé’o sin(wgox)]
0

with perturbation scaling ¢, = 0.001, reference velocity use = 1, wi, = 87w, wgo = 207,
80 = 1/28. The characteristic time is 7 = 8p/uco, the Reynolds number is Re= 10000,
and the kinematic viscosity is v = §puso/Re. We use a structured mesh of 128 seg-
ments per side, representing 131072 triangular elements, and we solve the problem using
our first-order DG scheme, setting again the stabilisation constants to a;; = c¢11 =
o = 1/At and di; = v, where the timestep is taken as Ar = /20. The specifi-
cation of this problem implies that the solutions will be quite sensitive to the initial
perturbations present in the velocity, which will amplify and consequently vortices will
appear. We proceed to compute numerical solutions until the dimensionless time ¢ = 7,
and present in Fig. 4 sample solutions at three different simulation times. For visualisa-
tion purposes we zoom into the region 0.25 < y < 0.75, where all flow patterns are
concentrated.
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