PERTURBED SADDLE-POINT PROBLEMS IN L” WITH NON-REGULAR LOADS
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ABSTRACT. In this work, we develop the discrete solvability analysis for perturbed saddle-point problems
in Banach spaces with forcing terms regularised by means of a projector constructed using the adjoint of a
weighted Clément quasi-interpolation. We take as driving example the linearised Poisson—-Boltzmann (an
advection-diffusion-reaction problem) in mixed form. We use perturbation arguments on the continuous
and discrete levels and then derive a priori estimates that remain valid when the load that appears on the
right-hand side of the "second" equation is in H~!. Further, we show a supercloseness result and analyse
convergence of an adequate adaptation of Stenberg postprocessing for mixed advection equations with
non-regular data. We provide numerical results that illustrate the convergence of the proposed scheme.

1. INTRODUCTION

We are interested in the mixed form of reaction-diffusion equations with singular sources. The main
motivation comes from electrochemical flows, in models describing the distribution of electric potential
in the direction normal to charged surfaces (see, for instance, [10]). In this case, the continuous problem
does not possess the usual regularity for elliptic equations. Moreover, while the discrete problem can
be defined, the error in the usual energy norms lacks sense, and the typical error estimates need to be
modified accordingly.

Relevant references regarding finite element discretisation include the works for primal formulations
in [29, 8,25, 15, 16] (see also [19] for HHO schemes), as well as saddle-point problems such as Stokes,
Darcy, elasticity, and coupled flow-transport treated in, e.g., [4, 1, 5]. More broadly, one way of
designing well-defined methods for problems with loads in H™! is to construct quasi-interpolation
operators on piecewise polynomial spaces (see, e.g., [22, 28]).

Here, and because of the structure of the model equations, the singular forcing appears as the
right-hand side of the constraint equation in the saddle-point problem. Problems of this type have been
recently addressed in [20] for the case of mixed Poisson, and also in [21] for first-order least-squares
formulations. To handle the singular force, following [20] we replace it by a regularised version using
a linear and bounded projection operator. While [20] considers projections onto piecewise constants
only, here, we extend their construction to piecewise polynomials. Such a map is constructed based
on the adjoint of Clément quasi-interpolators having second-order approximation properties from a
piecewise projection on constants. Moreover, to analyse the resulting mixed formulation in terms of
the pseudo-potential flux and the potential, we rely on the theory developed in [13], together with
the Banach—Necas—Babuska theorem (cf. [17]). This framework allows us, by means of a global
inf—sup condition combined with a smallness assumption on the advecting velocity field, to prove the
well-posedness of the problem at the continuous level. For the finite element approximation, we use
Raviart-Thomas spaces and, exploiting their inf—sup stability, we can appeal to the discrete perturbed
saddle-point theory from [13]. Solutions to the regularised scheme are shown to satisfy a perturbed
quasi-optimally result in Banach spaces where the perturbation includes the approximation error of the
advection field and the best-approximation of a lower-order term.
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We also consider accuracy enhancement by a Stenberg-type postprocessing [30, 11], whose analysis
in the present context requires a reformulation of the typical Aubin—Nitsche duality arguments including
additional consistency terms which we control with data smallness assumptions and properties of
the proposed smoother. The postprocessing technique requires higher regularity to achieve optimal
convergence [30].

To the best of the authors’ knowledge, the present paper is the first work addressing the analysis of
low-regularity forcing terms for advection-diffusion-reaction in the non-Hilbertian setting and in the
presence of a lower-diagonal block perturbation.

The contents of the paper have been organised as follows. Section 2 presents the strong form of
the modified Poisson—Boltzmann equations including a load regularisation that turns the continuous
problem depending on the mesh. We derive a weak formulation in Banach spaces, and establish the
well-posedness using Banach—Necas—Babuska theorem, data smallness assumptions, and the theory
of perturbed saddle-point problems. In Section 3 we construct a mixed finite element scheme using
conforming Raviart-Thomas elements and show discrete inf-sup conditions by means of a quasi-
interpolator. We prove the unique solvability of the discrete problem following a similar structure to the
continuous case. Next, Section 4 briefly addresses Céa estimates, and we derive precise a priori error
estimates with respect to the original solution of the linearised Poisson—Boltzmann equation. We also
present a postprocess that allows us to achieve higher order approximation of the double layer potential
(the primal unknown), and show its properties in Section 5. Section 6 has a collection of numerical
results that highlight the convergence properties and suitability of the proposed formulation. Finally,
in Section 7 we close with a brief discussion and comment on ongoing extensions of this work.

2. CONTINUOUS SETTING

Let us consider a Lipschitz and simply connected bounded domain in R", n = 2, 3 with boundary
00 = I'p U 'y disjointly split into two parts where different types of boundary conditions will be
considered (we assume that both sub-boundaries have positive measure), and denote by 7 the outward
unit normal vector on the boundary.

We recall the standard notation for Lebesgue spaces L'(Q2), t € (1,+00), with norm || e ||o 4.0,
and for Sobolev spaces H*(€2), s > 0, endowed with the norm |-||,, and seminorm | ® |, . In

particular, H'/2(0€2) stands for the space of traces of functions of H'(2) and H/2(9Q2) denotes its
dual (similarly for subsets of the boundary). We recall from [23, Section 2.4.2] the definition of the

space Hy\?(Dp) = {n € HY2(T'p) : Eoo(n) € H2(89)} supplied with the norm
| e ||1/2,00,FD = ||E00(°)||1/2,89,

where Fy, : H/2(T'p) — HY2(052) denotes the extension-by-zero operator

n onlp, 1/2
E = Vn e H/*(I'p).
00(7) {0 on 90\ I'p, n (I'p)

Furthermore, the restriction of 1) € H™'/2(99) to I'p, defined as
(Wleps e, = (0, Bwo(m)an ¥ € Hig* (),
belongs to the dual space, denoted as [HééQ(F p)| =: Haol/ *(T'p). Its norm is

, B
||¢|FD||—1/2,OO,FD _ sup W 00(”»89

NEAr W m a0 (2.1)
0£neH ) (Tp) 1 E00(1)[|1/2,00
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Finally, for any pair of normed spaces (X, || ® || x) and (Y, || e ||y-), we provide the product space X x Y’
with the natural norm ||(z, y)||xxy = ||z||x + ||y||y forall (z,y) € X x Y.

For a Dirichlet datum vp € H(l)(/)Z(F p), the motivating problem under consideration is the nonlinear

Poisson—Boltzmann equation [10],

Kk —div(eVy —uy) =g in Q, (2.2a)
Y =1p onI'p, (2.2b)
eV —urp) - n=0 on [y, (2.2¢)

including a fixed arbitrary advecting velocity field w € L*(2). This particular regularity comes
from the specific functional structure of the Navier—Stokes equations in mixed form from [14], aimed at
coupling with the Poisson—Boltzmann equation as in [3]. The permittivity coeflicient ¢ is heterogeneous
and bounded away from zero, the reaction function x depends nonlinearly on the potential and it is
monotone and unbounded, and the right-hand side source ¢ is a sum of Dirac measures concentrated at
points, and line sources (when d = 2). However, and as a preliminary step, we consider that k € 1L2({2)

is heterogeneous but independent of ¢, and that g € H1(Q) := (H'(Q))".

In the work at hand we are therefore interested in a mixed formulation of the linearised Poisson—
Boltzmann equation in terms of the double layer potential 1) and the pseudo potential flux ¢. This gives

C=eV—uy in €2, (2.3a)
kp—divg =g in ), (2.3b)
Y =1Yp onTp, (2.3¢)

(- n=0 onl'y. (2.3d)

2.1. Analysis of the primal formulation. The weak formulation of (2.2a) reads as follows: Find
Y € H} () such that

/Q(m/)go +eVi -V —u - V) = /Qggo Vo € HL (), Y|r, = ¥p. 2.4)

Throughout, we make the standing assumption that ¢ € L>*(Q), 0 < ¢ < ¢ < 2 := ||¢]|p,00:25
k € L%(Q), £ > 0 (a.e. in ) and that the norm of w is sufficiently small to guarantee existence and
uniqueness of solutions, i.e.,

(2.5)

€
U040 < — ,
[tlose < G

where cp > 0 denotes Poincaré’s constant and C's,, > 0 denotes the continuity constant of the Sobolev
embedding HL(Q) — L*(Q), i.e., the smallest constants such that

lelloze < crllVelloga,  lellosa < Csollello0
holds for all ¢ € H},(€2). We stress that assumption (2.5) implies that there exists o € (0, 1) such that

g
Ul|lps.0 < — .
lellose < o G T+

This observation is used in the proof of several results below. In the following, we use notation
H,'(Q) = (HL(Q))". And note that any g € H1(€) satisfies

(g, v) (g,v)
1910y == sup ——— < sup ——— =||g|[z-
o () 0£veHL (Q) [v][1,2:0 0£veH! (Q) [v][1,2:0 HTH®)
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with (g, v) denoting the duality pairing on H~1(€2) x H(1).
Using the Sobolev embedding we note that, for ¢ € L*/3((2),

||<,0|| . _ sup <¢7U> < ”90”074/3;QHUHU74§Q
1o [
0£vEHL (Q) U||1,2;Q 0£vEH] (Q) ||U||1,2;Q

< Csobll¢l0,4/3:0- (2.6)

Proposition 2.1. There exists a constant C' > 0 such that for any g € H(Q) and ¢ € H[l)é2(F D)
Problem (2.2) admits a unique solution 1) € H,(Q) and

[¥[l12:0 < C([¥plli/2000s + 9llh5 )-

Proof. By [27, Theorem 4.10] it remains to show that the bilinear form corresponding to the variational
formulation (2.4) is coercive and bounded. We further note that [27] states the bound with |[g[| -1 ) on
the right-hand side. This can be improved to the present bound by following the very same arguments
in the proof which are therefore omitted.

Let ¢, o € H5(£2) be given, and note that

/ |k +eVp - Vo —urp - Vol < C(1 4+ ||[ullogo) ||V zellell2e,
Q

where C' > 0 is some generic constant. Further, by our assumption on the norm of w, there exists
a € (0,1) such that

—/ [ut) - V| > —[lullosoll ¥ llosel VY lloze > —agl| VYI[G 20.
Q

Then, using x > 0, we arrive at
/(HW +el VY —uy - Vi) = (1 - a)el| VY5 a0 + / ky? > (1= a)e| VY520,
Q Q
thus concluding the proof. 0

We remark that the assumption > 0 can be replaced by assuming that || x| 2.q is sufficiently small.

2.2. Notation and approximation spaces for mixed formulations. Before we define and analyse
the a regularised problem we need to introduce some spaces and notation. In view of the functional
structure of the weak formulation associated with (2.10) (dictated by the integrability of each term, in
particular the one coming from the last term on the right-hand side of the constitutive equation (2.10a)),
we consider the following spaces for the pseudo potential flux and double layer potential, respectively

H = Hy(divys; Q) = {€ € LX(Q) : divE € LY3(Q)and € ' n=00nTy}, Q:=L*YQ).

Let 75, denote a family of non-degenerate triangular / tetrahedral meshes on €2 and denote by &, the
set of all facets (edges in 2D) in the mesh. By hx we denote the diameter of the element K and by
hr we denote the length/area of the facet F'. As usual, by h we denote the maximum of the diameters
of elements in 7. For all meshes we assume that they are sufficiently regular (there exists a uniform
positive constant 7); such that each element K is star-shaped with respect to a ball of radius greater than
mhg. Itis also assumed that there exists 7o > 0 such that for each element and every facet F' € 0K,
we have that hr > n9hg, see, e.g., [17]).

By P, (K') we will denote the scalar space of degree up to k, defined locally on K € 7,. In addition,
we denote by RT,(K) := [Py(K)]¢ ® Pi(K) x the local Raviart-Thomas space and by RT(75) its
global counterpart.
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Spaces H;, and ), are suitable subspaces of the functional spaces H and Q, respectively. For the
analysis of the discretised mixed problem below, we require kernel characterisation and discrete inf-sup
conditions and so we can simply take, for example, Raviart-Thomas elements

H), = RT(7,) NH = {§;, € Hy(divys; Q) : &l € RTW(K), VK € Ti},  Qun = Pi(Th).

Note that div(Hj) C Qj, which is a property that will be used in the analysis. In particular, we even
have that div(Hy,) = Q. We denote by PF: L?(Q) — Q;, C L*(Q) the L%(Q2) orthogonal projection.

2.3. The perturbed regularised primal problem. In order to deal with the singular force g € H™! (Q)
-1

we replace it by a regularised one, Qpg, where Q;,: H, (Q2) — Q, denotes a bounded linear operator
with the properties
Qi = Qn, HQhHH;(QHH;(Q) +11@nlle@-12(0) < Co, < 00 2.7)

Additionally, w is replaced by an approximation u;, € L*(€2). This yields an auxiliary problem which
in its (primal) weak form reads as follows: Find ¢* € H!(Q) such that

/(’W*@ +eVyY* - Vo —up* - Vo) = / Quge Ve € HL(Q), V*|r, = ¥p. (2.8)
Q Q

Existence and uniqueness of solutions follows as in Proposition 2.1 assuming that

Huh||0,4;Q < (2.9)

15
OSob(]- + C%)I/T

Note that if u;, — w in the sense of L*(2) when h — 0, it follows that there exists a sufficiently small
hq such that (2.9) is satisfied for h < hg provided that assumption (2.5) holds.

Lemma 2.2. Let ) and 1)* denote the unique solutions of Problems (2.4) and (2.8), respectively. Then,
there exist constants C > 0, Cy > 0 such that

19 = ¢ 120 < Cilllglla, @) + 1¥nlh/200ms)lu — walloan
Co( mi _ . i vl
+ Q(Tﬁlﬁh 1€ = Trllo20 + o [5¢ = Xalluzr @)
where ¢ = V1) — w, and, with {* = eV{* — up*,
1Y = ¢ loae + 1€ = Cllozie < Crlllglluzt ) + 1¥nll1/2.00mp )| — wnlloae

+ Cz(ggglglh 1€ = Thlloz0 + nin 15 = Xnlluz1 (@)

Proof. Let us start by first considering the perturbation in w. Let {Dv* € H'(Q) denote the unique
solution to

/Q(Fd{bv*so +eVY* - Vo — )™ - V) = /Qgso Vo € HL(Q),  ¢'|r, = ¥p.
Set ¢pg = ) — 1b* € HL (). Then,
/(’Wﬁ + | Via|?) = /(U¢ —up*) - Vipy = /(U —up)tp - Vipg + / upthg - Vibg.
% 0 0 Q

Noting that [[(w — un ) - Viballo:0 < [[u — wnllosel|¢lloaell Vidallo2n as well as
luntba - Viballo o < llunllogellvallosell Veballoza.
Using the continuity of the Sobolev embedding H!(2) C L4(£2) and assumption (2.9) further yields

unlloaelltallose < agl|Viballoza;
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where o € (0, 1). Together with [|¢[loa S 1¥nll1/20005 + [|9llu=1 (@) (Proposition 2.1)

/(Wﬁ +elVal!) < Clllupllijzoors + 19l @) I — wnllosel Vidalloze + agl| Viball§ 20
Q

<07 /2C%(|lupllyzo0rp + 90zt ) lle — wnllf 40
+0/2||Veball§ o0 + ol Veallg 20

where in the last estimate we have employed Young’s inequality with paramater 6 > 0. Subtracting the
last two terms on the right-hand side and using that x > 0, it follows that

(1= a—=8/2Veallgzn < 671 /2C%([lunllij200r, + 19/l (0)* [ — walld a0
Choosing ¢ sufficiently small we conclude that
[Yallize S (lupllijzoors + 19llag @)llw — wnlloso-

It remains to estimate [|¢* — Y*||1.2.0. Note that by continuous dependence on data, which can be
shown as in Proposition 2.1, it follows that

1" =¥ i20 S lg — Qnglluzt -

Noting that ¢ = —divz* + k1*, where E* = 5V1Z* — umz*, we have that (1 — Qp)g = —(1 —
Qpn)div¢ + (1 — Qp)ryp*. We stress that (1 — Qp,) div 7, = 0 for all 7, € Hj,, which follows from
the projection property of Qj, and the fact that div(H,) C Q, hence, for all 7, € H,

(1 —Qx) diVZ ||H]31(Q) = [[(1 = Q) diV(E - Th)HHBl(Q) Sl diV(E - Th)HHBl(Q)

(div(¢ — 74),v) - /Q(C TV
= sup = sup
0£veHL (Q) [v][1,2:0 0£veHL (Q) [v][1,2,0

~%
< HC - 7'hH0,2;Q-

Here, we have used that 7, - n|r, = 0 for 7, € Hj, and the definition of the conormal derivative,

which formally reads E* -n|r, = 0. Further, by the projection and boundedness property of Q, we
can assert that for any x, € Qy,

10 = Q)R =ty S 158* = Xl -
Combining the latter estimates with the triangle inequality gives
10" =¥ iz S 119 — Ludllugie) SIS — Trlloze + [[50" — Xalluz1 @
S ¢ = 7hlloze + 15¢ = xulluzr @) + 1€ = € lloze + [[£(Y = ") 421 q)
S € = Talloze + 159 = Xallug @) + 1€ = € lloze + 15(4 — ¢7)]
s ~
SIC = Tulloze + 159 = Xallugi @) + 1€ = € oz + [KllozallY = ¥ 120
Employing the very same arguments as before we obtain that
~ ~ ~
1€ = ¢ Hloze S 1 = ¥ [li20 + [[uw — unlloaell¥lloae + [unlloaallv — ¥ [oan

S Ulgllezr @) + 1vnlliz00r, ) llw — wnllose + v — ¢ [120-

0,4/3:Q

Combining this estimate with the previous ones concludes the proof. U
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Remark 2.3. Note that if k € LY(Q), then, kv € L*()). Therefore, duality arguments and the
approximation properties of P¥ show that

1 k
min (59 = Xz o) S A= PR () oo

If, in addition,  is piecewise constant, then (1 — PF)(kv)|x = k|x(1 — Pi)Y|k for all K € Ty, and
therefore
(L= P) () ]loze S min [ —vhlloze < min [[¢ —vallos0-
v EQ) vhEQR

2.4. Mixed formulation. Let us now rewrite a regularised counterpart of the strong mixed form (2.3):

¢ =eVyY* —upy* in Q, (2.10a)

k" — div ¢t = Qpg in Q, (2.10b)
V* =1p on['p, (2.10¢)

¢ n=0 on'y. (2.10d)

We remark that the flux and potential (¢, ¢/*) depend upon discretisation—through the dependence on
the discrete map Q), and on the discrete advection velocity w,—but they are not necessarily discrete.

Using appropriate integration by parts formulas in Banach spaces, we obtain a perturbed saddle-
point problem: for given x € L%(Q), ¢ € L®(Q), Qng € L¥3(Q), and ¢p € Hy}*(Tp), find
(¢*,v*) € H x Q such that

a(€", &) +0(&, V") + du, (§,¥%) =F(§) V€€ H,

b(C", ) — (¥, ¥) =G(p) Voeq,
where (again for a fixed uy,) the bilinear foormsa : HxH - R, 0:- HXx Q - R, c: Q x Q — R,
dy, : H x Q — R, and the linear functionals ' : H — R and G : Q — R are defined as

06,9 [ 268 Wew) = [pdive, e [ mure,

(2.11)

| ¢ (2.12)
d(69) = [ Twn€p. F@= (€ nvn). Glo)i=— [ Que.
Q¢ Q
where (e, o) stands for the duality pairing between Héé2(F p) and Haol/ *(Tp).
Equivalently, by defining the bilinear forms A, A,, : (H x Q) x (H x Q) — R as
A((C,97), (& 9)) = alC7, §) + b(&,¢7) + b(C, ) — (¥, ), (2.13a)
and
Au, (€7 07), (€,9)) = AT, 97), (€,0) + du, (&, ), (2.13b)
for all (¢*, %), (&, ¢) € H x Q, we can rewrite (2.11) as find (¢*,¢*) € H x Q such that
A, (€7 07), (€,9)) = F(§) + Gle)  V(&,9) e HXQ. (2.14)

The well-posedness analysis follows from [13, Theorem 3.4], along with the Banach—Necas—Babuska
Theorem [17, Theorem 2.6]. In what follows, we set the necessary conditions on the bilinear forms
to apply the aforementioned theorems. We start by proving the boundedness of the bilinear forms and
functionals, which follows directly from the Cauchy—Schwarz and Holder inequalities:

(¢ O < llalllIC™ [ull€lle, 16(&, @) < l€llullellq. e @)l < llclllv™lall#la,
|du,, (&, )] < [ldl[li€llullvlle,  [FEI < [FNIEla, 1G] < lGlHlellq-
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Here, the bounding constants are
1 1
lall := =, llell == lisllo.ze, lldll = Zllunlloae, 11l := Crllvplljzoor,, IGI = lQuglloasse;

where C denotes the constant from the trace inequality.

The following result establishes the inf-sup condition for the bilinear form b(e, e).

Lemma 2.4. There exists a positive constant (3 such that

b
sup (£, ¢) > Bllellq Vo € Q. (2.16)
ozec [|€]ln

Proof. For a given ¢ € Q, we set p := |p|*p. Then, the following holds (cf. [24, Lemma 2.2]):

PeL@ and [ 0@ = lelasallPloyae @17
Q

Now, let z € HL(12) be the unique solution (by the Lax-Milgram lemma) of the auxiliary problem
—Az=p inQ, z=0 onlp, Vz:n=0 only. (2.18)
Using Holder’s inequality, the Sobolev embedding and Poincaré’s inequality we obtain the bound
1V2[lo.2:0 < Cson(1 + )| Bllo.4/z:0- (2.19)
Then, we define /é = —Vz € L*(Q), and observe that (see (2.18)) divg = —Az = { in Q, with
£ -n|r, = 0. Hence, £ € H, and combined with (2.19), this implies
1€]lm < (Cson(1+B)? +1) [Pllo.ass0-

Finally, using the definition of b(e, e) (cf. (2.12)), the second part of (2.17), and the last estimate, we
obtain

sup b(Evgp) Z b<§7 (JO> Z ||90||2Q|502||0,4/3;QA Z ﬁ”gOHQ,
oz¢ct [€llm — ||€|lm — (Csob(l+cp)'2+1)[|Dlloa/30
with 8 := (Csop(1 + cb)'/? + 1)_1. O

Now, let B : H — Q" and B : ) — H’ be the bounded linear operators induced by b(e, e)
B(&)(p) :==b(&,») VEE€H, VpeQ
and B'(p)(§) :=b(§, ) Vo €Q, V€ €H,
we have the following kernel characterisations
Vi=ker(B)={6cH: 0 ¢)=0 VoeQ}={£cH:divE=0 inQ}, (2.20a)
W:=ker(B") ={peQ:b(& ¢)=0 VEecH}=/{0} (2.20b)

On the other hand, it is clear that the bilinear forms (e, ®) and c(e, @) are symmetric. In addition,
from the definition of V and the boundedness of the permittivity, it readily follows that

a(€,€) > aull€llfi VEEV,  clp,0) >0 VpeQ, (2.21)

1
with a,, := —. The non-negativity of the bilinear form c(e, ®) follows from the assumption £ > 0.
€

From the bounds of the involved bilinear forms (2.15), the inf-sup condition of the bilinear form
b(e, e) in Lemma 2.4, the characterisation of the kernel in (2.20), the ellipticity of a(e, ®) on the kernel



PERTURBED SADDLE-POINT PROBLEMS WITH NON-REGULAR DATA 9

of B (2.21), and using that c(e, ) is symmetric and positive semidefinite, we have that the hypotheses
of [13, Theorem 3.4] are satisfied for A(e, e), implying that there exists a constant a4 > 0 such that

sup AU D) 5 it ) llng WCL O €HXQ,  (222)
0#(&,0)€eHXQ ||(£790)“H><Q

) 1 _
with avy 1= % where ¢ := max{cs, ¢4}, and
c

L1 all ]l lall\?
:: —_— —_— 1 —_— —_— 1 —_—
“ oca+ﬂ(+oza +62 +aa ’

_ 1 al lall | llal[lel al
om (1 ) £y B Jlel (e N
c3 = aia + % (1 + H(i”) {1 + (1 + H;%”) 2||<]] max{cl,c2})1/2} ,

_ 1 lal [all 12
o= (1 + a@) <1+ 7) {1+ (2||¢l| max{ey, c2}) }

Moreover, using the bound of the bilinear form d,,, (e, e) (cf. (2.15)), the definition of the bilinear
forms A(e,e) and A,, (e, e) (cf. (2.132) and (2.13b)), and the global inf-sup condition (2.22), we can
readily obtain

Au, (€7, 97), (€, 9))

sup > {aa— llall unlloae} 17, ¥ ) [Hxq V(¢ ¥") e HXx Q.
0#(£,0)eHXQ 1€, ©)llrxq
(2.24)
Then, assuming that (see also Remark 2.6 below)
a4
lunlloso < 57, (2.25)
2[|al
a global inf-sup stability is established for A, :
A, (€7 17), (€, o - ok
sup  AwlCLTLIED) o Oy oy V) EHR Q@226
0#(¢,p)EHXQ H(€7 SO)HHXQ 2

Similarly, by the symmetry of A(e, e) and under the same assumption on uy, (2.25), we obtain

ap  Aw(CUN GRS auy e e D eHx G @27
0w exq (€5 Y%)|laxq 2

In this way, we are now able to establish the well-posedness of (2.11) (equivalently (2.14)).

Theorem 2.5. Given u;, € L*(Q) satisfying (2.25), there exists a unique (*,v*) € H x Q solution to
(2.11), and there holds

* * 2
1¢H [ + ([P lq < amaX{LCT} {ll¥pll/2.00rs + 1Qnglloaza} - (2.28)

Proof. Since (2.26) and (2.27) guarantee that A,,, (e, e) satisfies the hypotheses of the BNB Theorem
[17, Theorem 2.6], the proof becomes a direct application of this theorem. Hence, the estimate (2.28)
follows from (2.14) together with the boundedness of F'(e) and G(e) (cf. (2.15)). O

Remark 2.6. We note here that the mixed formulation (2.10) requires |\uy,| < j&=, whereas the primal

problem (2.2) only assumes ||uy|| < &. The constant C depends on €, as well as the Sobolev and
Poincaré constants, while C* additionally depends on k, the permittivity bounds, and the inf-sup

constant 3. Hence, the mixed smallness condition (2.25) is more restrictive.
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3. DISCRETE PROBLEM

Let us denote by M, a finite-dimensional subspace of L*(£2) (for example, [P (75)]¢), and consider
for this section that the given vector field u;, € M,,.

Following the usual approach, we obtain the Galerkin discretisation of (2.10a)-(2.10b) as a perturbed
saddle-point problem that looks for ({;,, ) € Hy x Qy, such that

a(Cpy&r) + 0(&psn) + duy, (& bn) = F(&,) V€, € Hy,
b(Cps n) — c(Vn, on) = G(pn) Veon € Qn,
In order to analyse the discrete solvability of (3.1) we use the abstract discrete theory from [13,
Theorem 3.5].

We remark that, for our particular choice of Raviart—-Thomas elements (and similarly for other finite
elements such as the Brezzi—Douglas—Marini (BDM) elements), the following property holds. Since
we will later need a more explicit characterisation of the kernel of the discrete divergence operator,
denoted by V, this property will play a key role

3.1

Let us recall some preliminary results. First, we consider the quasi-interpolation operator defined
in [18, Theorem 2.2],

;" H — H,,
which satisfies the following properties:
e Forall §, € H, we have
7 (&,) =&, (3.3a)
e For 1 < p < oo, there exists Cy, independent of h, such that
||H5T€||O,p;9 < Cq||€||07p;ﬂ> (3.3b)

for all £ € LP(Q).
e The following commuting property (cf. [12, Section 5.3]) holds

div(II§T€) = Pr(div €) V€ € H, (3.4)

where P : LY(Q) — Py (7) is is the usual orthogonal projector with respect to the L2(2)-inner
product, that is, given w € L'(Q2), PF(w) is the unique element in P, (7},) satisfying

/Pf]f(w)% = /w% Van € Prp(Th).
Q

Q
The following result can be found in [24, Eq. (4.4)].

Lemma 3.1. The L*(Q))-orthogonal projector onto the piecewise polynomial space Q;, is bounded as
a mapping from LP(Q)) — LP(Q) forall p € [1, ).

In order to analyse the discrete solvability of (3.1) we use [ 13, Theorem 3.5]. We begin by considering
B, : H, — Qj, and B! : Q;, — H) to be the discrete bounded linear operators induced by b(e, e), that

is
Bn (&) (on) == b(&s ) V&, € Hp, Vion € Qu,
Bj,(0n)(&n) == 0(&n, 0n) You € Qn, Y&, € Hy,.
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Using the property (3.2) and proceeding similarly as in the continuous case, we have that the
following discrete kernel characterisations hold

V5 :=ker(By) ={&, € H, : b(&),,0n) =0, Yo, €Qnt={&, € Hy:divg, =0}, (3.5a)

Wh = ker(B’;l) = {gph € Qh : b(&h, @h) = O, V&h € Hh} = {0}, (35b)
thus V;, C V, and from (2.21), we obtain
a(€,, &) > aoll&nllfn V€, € Vi, c(n,on) >0 Yo, € Qp, (3.6)

with o, the same constant as in (2.21).
Lemma 3.2. There exists a positive constant 34 > 0, independent of h, such that

sup b(f}w Sph)

—— > Ballenllq Veon € Qn. (3.7
0#£E,€Hy HEhHH

Proof. We first invoke the continuous inf-sup condition (cf. Lemma 2.4) where for a given ¢;, € Qp C
Q, we have @;, € L4/3(Q) such that there exists £ € H, with div & = ¢, and

1
1€l < = |l@nlloa/so- (3.8)

Next, we take &, € Hj, to be the quasi-interpolation of & (i.e. HETE = £,). Then, using (3.3b) and the
definition of the H-norm, we obtain

1€nll0 < Coll€lloe < Call€]le (3.9)

On the other hand, by applying the commuting property of HET (cf. (3.4), for p = 4), we have
divg, = divII{ € = P (div €), (3.10)

which together with (3.9), (3.8), the continuity of P,’f (with Cp > 0, independent of h), the definition
of the H-norm, and (3.8), gives

) _ o Co .
1€l = l€nlloze + [ div&pllo 1.0 < ?qH‘Ph”o,g;Q + ([P (div €)lo, 2.0

Coq, - : Cq, - Cq+Cp\ |
< Clgull o+ Colldivello o < Fenll g+ Colél < (52 gl g
(3.11)
Finally, according to the definition of b(e, e) and (3.11), we obtain
- div € / PE(div / Pr (@
- b(Eha (Ph) - b(§h7 Qph) _ /Q()O_h €h _Ja @h_ h( E) _Ja 90}_1 h(@h)
ozeet, &ullm = &, llu 1€ 1€ 1€
/Qsoh% B lenllall@nllo, 1.0 3 lonll
= — =~ — o (ph s
1€nllr — Ca+Cp Inllos0 Cq+Cp ' TM10
with ﬁd = 6 O

Cq+Cp’



12 ALSOHAIM, FUHRER, RUIZ-BAIER, AND VILLA-FUENTES

Consequently, by applying [13, Theorem 3.5] directly, we obtain that the discrete global inf—sup
condition for A(e, e) (cf. (2.13a)) holds with a4 4 > 0, where the constant depends only on «, 3,4, ||al,
and ||c|| (cf.(2.23)). As a result, we have the following discrete analogue of (2.26), that is

sup A, ((Cps ), (&1, 1))

(&nrpn)EHLXQp ”(éha%ph)HHxQ
(5h7@h)7&0

> {aua = llalll[unlloae} 1(Ch ¥n)llaxq; (3.12)

for all ({;,,¢n) € Hy, x Qp. And under the following discrete version of the data assumption

AAd

o< oy 3.13
[wnllos0 < al] (3.13)
we obtain
A’u ) ) ) «
sup ;L((Ch Vn), (&, on)) > Ad ||(Ch7¢h)||HxQ V(¢ tn) € Hy x Q. (3.14)
0# (&R n) EHR X Qp ||(£h>90h)||HxQ 2

As a consequence of the above bound, we are now in a position to establish the solvability of (3.1)
(equivalently, the discrete counterpart of (2.14)).

Theorem 3.3. Given u;, € M, C L*(Q) satisfying ||unljos.0 < %, there exists a unique (¢, V) €
H;, x Qy, solution to (3.1), and there holds

2
IGalln + lnlla < == max{1,Cr} { ol 00, + 1Q5llo g} (3.15)

Proof. The proof follows from (3.14) and from the fact that, in finite-dimensional linear problem:s,
surjectivity and injectivity are equivalent. In addition, (3.15) is obtained by using arguments similar to
those in Theorem 2.5. O

4. ERROR ESTIMATES

Theorem 4.1. Let (¢*, %), ({,, ¥n) be the unique solutions of (2.11) and (3.1), respectively. Then,
and assuming that (3.13) holds, there exists C' > 0, independent of h, such that

1¢" = Calle + 19" = ¥nllq < € {dist(¢*, Hy) + dist(4*, Qu)} - 4.1)

Proof. The proof follows the same approach as [6, Theorem 4.7]. For a given (é heon) € Hy X Qp, we
decompose the errors as

€ = MNex + Xer = (¢* — éh) + (éh —Cn)s
ey 1= Nyr + Xyr = (V7 — Pn) + (Pn — Un).

Next, we apply the Galerkin orthogonality property to A,(e,e) (cf. (2.13b) and (2.14)) and to its
corresponding discrete formulation and substitute the decomposition of ¢* from (4.2), to obtain

A((ec, eyr), (Enypn)) + du, (€4 e4+) = 0. (4.3)
Then, using the definition of A, (e, ®) in the above equality, together with (4.2), we get

Auh ((XC*; X@b*)a (Eha Soh)) = _A(<77¢*7 77#/*)7 (£h7 Soh)) - duh (€h7 "hp*)
Moreover, by expanding A(e, ) (cf.(2.13a)), we have for all (&, ¢r) € H, x Qp

4.2)

Auh ((Xg*axw*)v (€h7 Qoh)) = _a(n§*7£h) - b("?g*a Sph) - b(£h7 W*) - C(W*> Sph) - dun (€h7 W*)-
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We now bound the right-hand side using the continuity of a(e,e), b(e,e), c(e,e), and d,, (e, e)
(cf. (2.15)), the smallness assumption on wy, (3.13), this gives

|Auh<(Xc*7X¢*)7 (5h>90h))| < maX{l, ||a||7 ||C||7 %} H(nC*vniﬁ*) ‘HXQ ||(£h7§0h)HH><Q'

For the left-hand side, we take the supremum over (£}, ¢5,), and apply the discrete inf-sup condition of
Ay, (o, @) (cf. (3.14)), which gives
QAd

[Ocers x|l < 2} (g mo) [ Exq- (4.4)
Finally, combining (4.2), the triangle inequality, and (4.4), we obtain

(e ew)|| S [|(mexsmsr)

2
QA d

max{l, lall, llell,

‘HxQ’

and since (£, &) € Hj, x Qj, is arbitrary, the result follows. O

We are in a position to state our main result. It is a perturbed quasi-optimality result.

Theorem 4.2. Let g € H(Q) and 1p € H(l)(/f(FD) be given. Suppose that 1) € H},(Q) solves (2.2)
and set { = Vi —ui)p € L2(Q), i.e., (¢, ) solves (2.3). If (¢}, ¥n) € Hy, X Qy is the solution of (3.1),
then,

¥ = ¥nlloaa + 1€ = Culloza

S min —v ot ¢ =T '
~ (vh,rh)eHthhuw nlloae +11€ rllo,2:0)
+(l9lla51 @) + [¥nlly200mp) 1w = unlloan + min (|69 —xnllo/s0- (4.5)
XhEQH

Proof. Let (¢*,1*) € H x Q denote the unique solution of (2.11). From Theorem 4.1 it follows that
1€ = Cullozse + V" = ¥nllowe < €7 = Culla + V" = Ynlloae
S =T e + 197 = enlloaeo

for all p;, € Q. Since HET is a projection, using the properties (3.3a)—(3.4) we obtain for any 7, € Hj,
that

(1 =TT e < 11 = TENEC = Ta)llozie + (1= PR) div ¢ llo,a/z0
SN¢ = Thlloza + 11 — Pi) (50" — Qng)lloasse
= 1€ = Talloza + 11 = Py) (5" llo.a/z0
< ¢ = Tallose + 111 = Py)(Kd)lloasz:0
+11¢ = CHlloza + (1 = Pr)(r(¥ — ")) llo.ase
Using Lemma 3.1 we stress that for any x;, € Qp,
11 =P () loasse = 11 = PR (Y = xa)lloasse S 1168 — xalloassos
11 =P (53 — & )oaszo S 160 = ) loaszn S lKllozollt — ¥ [loao-
Combining all of the estimates above, together with the triangle inequality, shows that
1€" = Crllozio + [V — ¥nlloae S I€ — Tallog + (¥ — wulloan + (K¢ — Xnllo.a/z.0
+ 1€ = ¢ llo2i2 + 1 = ¥ lo,40,
for all (71, vn) € Hy, x Qp, and yp, € Qp,. Finally, the triangle inequality yields
1€ = Culloze + [[¥ = ¥nlloase < (1€ = CTlloze + 1V — ¥™lloae + (€7 = Culloze + 197 = Ynlloae,

and an application of Lemma 2.2 and the estimate (2.6) conclude the proof. U
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5. STENBERG-TYPE POSTPROCESSING

In this section we provide a postprocessing technique that delivers an approximate solution to *
with asymptotic better accuracy than the approximate solution v;,. We follow [20, Section 4] for the
low-regular forcing case (see also, e.g., [11] for postprocessing of mixed formulations in L” spaces).
The analytical results rely on duality arguments and regularity properties of solutions to the dual
problem. For the latter we assume a regularity shift. In order to utilise the additional regularity we
require an additional non-standard approximation property for the dual of the projection operator Q.
In subsection 5.1 we show how to construct such an operator. Then, we present duality results, the
adapted Stenberg postprocessing scheme, and accuracy enhancement results in Subsection 5.2.

5.1. Construction of Q). We first recall from [20, 22] the construction of the weighted Clément
quasi-interpolator J;, : HL(Q) — P1(7,) N HL(Q). Let Vj denote the set of interior vertices of Ty,
and let Vy denote the set of vertices of 7, on the boundary I" \ Tp. We assume that each z € Vi
has a neighbouring interior node z, € Vj in the sense that there exists K € 7T, with z, zy € Vi where
Vi denotes the set of vertices of K.  Given the nodal basis {1, }.cv,uvy, of P1(7n) N HL(Q), ie.,
n.(2') =6, forall z, 2/ € V, U Vy, the quasi-interpolator .Jj, is defined by

Vs Ja(v) = Z(/ v.)n.,  forv € L2(Q),

zeVy Q

For an interior vertex z € V;, let T, denote the patch of all elements sharing the node z € V. For a
boundary vertex z € Vi, we set T, = T,,. Further, {1.}.cv,uv, is a collection of weight functions

given by
Qz K
bl = TR ET
0 otherwise.

Foreach z € VUV, thereal values (o, k) k7, are chosensuchthat > o, x sx =2, Y ., x =1,
KeT, KeT,
where s denotes the centre of mass of K € 7,. Due to the simple geometric observation that not

all centre of mass are colinear resp. coplanar, it follows that there exist (o, x)ke7. satisfying the
above relations, though they might not be unique, see [20, Remark 10]. If z € 1/ then we can even

choose all o, x, K € T, to be non-negative and ||?.||p.co.0 = ﬁ see [20]. If z € Vy, then some

coefficients might be negative whilst others are positive. Anyway, we can always choose them such that
192 ]]0.00:02 = ‘Q—lz| holds true as well. Note that, by the above definition, we have ¢, € Py(Ty,).

We also denote by nx = Il.cy, 7. an element bubble function. Further, let n;, j = 1,..., N =
dim(Qy,) denote a basis of of Q; = Px(7}) and define the bubble function space

PLE) = {nxn;|j = 1,.... N} € Hy(K).
Let xx; € P4(K) (j = 1,..., N) denote a dual basis in the sense that

/ XK = Ok,  Jk=1,...,N.
K
Further, we define the bounded map

Bw= Y i/l{(w?j)XK,j'

KeTy, j=1

With these ingredients, the operator Qj, is defined as follows
Q= J;/L + (1 — Jh)/B;l : HBl(Q) — Qh = Pk(ﬁ) C HBl(Q)
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We now prove some properties of the map Q,. The arguments closely follow the proofs of [20,
Theorem 11 and 12] and [22, Theorem 18] and we therefore only focus on essential differences.

Lemma 5.1 (Further properties of Q),). In addition to the properties (2.7), the map Q, satisfies

(1= Q)dlloze S hVolloge Vo€ Hp(Q),
(1= Q0)olli20 S B llirsze Vo € HF(Q)NHL(Q), s € [0,1].

Proof. First, let us verify the projection property. By construction we have that | x Bn(1 — Jy)vn; =
fK —Jn) vn;, 7 =1,..., N. Therefore,

/Qh¢v_/¢JhU+Bh(1—Jh /gbv VéGQh,UGHl (Q)

That is, Q¢ = ¢ for all ¢ € Q.

Second, we prove boundedness of Qj, and therefore Q), as an operator from L?(Q) to L(£2). To do
so, note that by standard scaling arguments one proves that || B,vl/o2.x < ||v]jo.2:x for all v € L*(K).
Then, with the arguments from [20, Theorem 11] it follows that

[ Tnvllozx S 1vllo20x

where €2 C € is the domain associated to the patch of K if K does not contain vertices from Vy or
the domain associated to the second-order patch of K if K contains vertices of Vy. Combining the
latter estimates we conclude that

v 0,2,K v 0,2; and rurtner nU 0,2:Q0 v 0,2;Q v .
10l < |0 d further  [|Q}vllo20 < vl Vv € L*(Q)

Third, we stress that by construction J;, preserves affine functions (on patches). Therefore, see [20,
Theorem 11], this implies that

11 = Tn)vllozw + b V(L = Jn)vllozx < hrl|Vulloza,, Vv € Hp(Q).
as well as
11 = Tu)vllozre +h|V(L = Tn)vllozx S hiclD*vlloza,. Yo € H(Q) NH(Q).
Together with an inverse inequality we obtain that
IVQivllozin < IVIvllogix + VB = Jvllozx S IIVInvllogi + hig' |Ba(l = Jn)vllozx
S Iollozon + i (1= Jn)vllozx < lvlloza, Vo € Hp(9).

We conclude that Q) : HL(2) — H}L () is bounded which implies the boundedness of Q, in the dual
norm.

Finally, to see the stated approximation properties we stress that Q) preserves, such as .J;,, affine
functions on patches. Therefore, with the very same arguments to show the approximation properties
for .Jj, can be used to show the ones for Q. The estimate in the non-integer Sobolev spaces follows by
interpolation, which in turn finishes the proof. U

Alternative construction of Q) for &£ > 0. For higher polynomial orders (£ > 0) one can choose J,
to be, e.g., the Scott-Zhang quasi-interpolator into P;(7;) N HL () in the definitions above.
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5.2. Adjoint problem and accuracy enhancement. Let us first develop Aubin—Nitsche-type esti-
mates. To that end, consider the adjoint problem

k¢ —diveVo —uy, - Vo = f in €, (5.1a)
=0 onI'p, (5.1b)
eVo-n=0 on'y. (5.1¢)

We make the following standing assumption throughout this section: Suppose that x, €, uy, and €2
are such that there exists 0 < sq < 1, Cq > 0 such that for any f € LQ(Q), the unique weak solution
of (5.1) satisfies

1€V 0llsq.2:0 S [[0ll11s0.20 < Call fllo2e- (5.2)

Lemma 5.2. Let ) and 1)* denote the unique solutions of Problems (2.4) and (2.8), respectively. Then,
there exist constants C > 0, Cy > 0 such that

1Y = ¢z < Cilllglluz ) + 1920000 )llw — wnllose

€ (i 16 = Tz + iy e = ol o)

ThEH

where { = eV — u.

Proof. We write ¢ — ¢* = (¢ — J*) + (1;* — 9*) where @Z* is defined as in the proof of Lemma 2.2.
Recall that in the proof we have shown that

1Y =¥ 120 S (l9lluzr @ + ¥ ll200rs)llw = wnlloso.

By the Poincaré-Friedrichs inequality, the term ||¢) — QZ*|’072;Q can be estimated by the same upper
bound.

Consider the solution ¢ € H}, () of the adjoint problem (5.1) with f = 1,/;* —1*. Then, integrating
by parts twice, we obtain that

% — |2 00 = /Q (0 — ) (— div(eVe) —uy - Vo + ko) = (1 — Qu)g, &)

= (1= Qn)g, (1 = 2,)0) < [[(1 = Qn)glluz @ I(1 — ) llh20-

Here, we have used the projection property (1 — Qp,)(1 — Q) = (1 — Q). The last term is further
estimated using the approximation property of Q} and the elliptic regularity assumption (5.2) leading
to

1" = U520 S 11 = Qu)gllug @b 19" — ¥ loze.
Putting all estimates together we conclude that
1 =P oza < N1Y = ¢ Mloze + 197 = ¥ lloza S lw = unllowa + 21 = Qu)gllu @)

Estimating ||(1 — Qh)g\|H51(Q) as in the proof of Lemma 2.2 gives
11 = Qn)glluzr ) S1IC — Talloza + 158" — Xalluzi )
< ¢ = Talloza + Ik = xallgray + 1€ = € o + 15 = )10y
SNC=Tulloze + 1KY = xulluzr @) + 1€ = € lloze + [K(¥ — ¥")llog/ze
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for all 7, € Hy, X, € Qps and with ¢, = eV¢* — w¢*. Finally, [[(¢ — ") |lo.a/30 < |I8lloalld -
Y040 S || — 9*||1,2:0. The proof is concluded by noting that as in Lemma 2.2
s ~
1€ = ¢ llozo + 11U = 120 S lu —unlloso
and h%? < 1. O

Additionally to the assumption on the regularity shift for the adjoint problem (5.1) we suppose that
the solution to the adjoint problem enjoys the approximation estimate

(1 =P (kb — up - Vo) |loasza < Ch*||d]1450,20- (5.3)

To see that the latter estimate is likely to hold, consider for simplicity that x and u; are piecewise
constants. Then,

11 = PR) (66 — un - Vo) loasza < [ElozallX = Pi)dloas + llunlloaal (1 = Py)Vélloze.

Employing the regularity shift assumption for the adjoint problem and a Sobolev embedding we
conclude that

11 =P)dlloas + 11 =P Voloza S 1 ([0llsg.an + VElso20) S 1 0]l14s0.20:

Lemma 5.3. Let Y* denote the unique solution of Problem (2.8) and let ({;,, o) € Hy, x Q) denote
the discrete solution of (3.1). Then, there exists constant C' > 0 such that

IPR@" = dnlloze < R min (¢ = valloaa + I = Tallbze)

(vn,Th)EHRXQp,
+ (l9llaz1 @) + 1¥pll2000,) 1 — wnllogo + min [[re — Xh”o,4/3;ﬂ)7
XhEQR

where { = eV — u.

Proof. Let ¢ € HL(Q) denote the unique solution of (5.1) with

f=Ph — ).
Set r = —eV ¢ and note that divr € L4/3(Q), hence, » € H. We have that

a0 = [ 0" =on)f = [ (0" = on)(@ive + Zun- 7 +50)

= Auh((C* - Ch7 W - ¢h)7 (Tv ¢))7
where in the last identity we used that V¢ + r = 0 and, therefore, [,(¢* — ¢,)(eVe + 1) = 0.
Employing Galerkin orthogonality we further obtain with continuity of A,,, (-, -) that
1£18 20 = Au, ((€" = €y ™ = Wn), (r — 70, & — )
ST = € ¥ = tn)llaxall(r = rh, ¢ = dn)[xa

for all (7}, ¢,) € Hj, x Qy,. For the remainder of the proof we consider r;, = I[IRTr and ¢, = Ppo.
First, observe that

(¢ = Chs ¥ — Un)|luxq S min ([ — vnlloae + |€ — Thllo2e)
(v, Th)EHR XQp,

+ (l9lli=1@) + [¥Dll1/2,0005) lw — wnlloae + min ||k — Xnllo.a/z0,
D XnEQR

which has already be shown in the proof of Theorem 4.2.
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It remains to estimate [|(r — 7, ¢ — ¢p)||lmxq. Clearly, by assumption (5.2) and the Sobolev
embedding,

|7 = Trlloze + 1Y = Vrlloae S h@l14sq.20 S ™ fllozo-
Note that

div(r —rp) = (1 =P dive = (1 = PH(f +up - Vo — ko) = (1 — PF)(uy, - Vo — ko),

with the latter identity following from the fact that f is piecewise constant. Employing assumption (5.3)
we conclude that

[div(r —r)lloa/ze = 11— Pi)(un - Vo = £6)lloa/za

S =P (wn - Vo = k0)lloasza S | fllozo-
Putting the last two estimates together we infer that

[(r —7h & — on)llaxq S A fllo2a-
Overall, we see that

1£15.260 S (" = €y ¥™ = ¥n) lmxall(r = 71, & = 0n) [1xq

S hs”HfHO,m( min ([ —vallose + 1€ — Tallo20)
(vn,Th)EHRXQp

+ (lglluz @ + 1¥nll1/200mp) 1w — nlloae + min [l — Xh||0,4/3;9>>

which gives the stipulated estimate. U

Let us now consider a discrete auxiliary local problem on each K € 7, (which arises from the
pseudo potential flux constitutive equation) similarly to the classical Stenberg postprocess [30], but
adapted to our case with advecting velocity. We define @bg(K ) € Pri1(K) by

/ €V77/)§L - Vo, = / Ch -V, + / (uh . Vvh)@bh Yy, € Pk—i—l(K),
K K K

H%wi = H%wh-

Theorem 5.4. Under the aforegoing assumptions,

5.4)

I = ¥hllbze < Cllgllizr@ + lnlhzoors)liw = unlosn
vowe(min (o= vlose + 1€~ Tuloze)

(Thvn)EHRXQp
+ (HQHH;}(Q) + [[¥plli/200mp)[lw — wrlloe + min ||k — XhH074/3%9)
XnEQn
+Ch min(T) IV (% — vp)l0.2:0-

vp€PLy1(Th
Proof. Note that
1 = i loze < ¢ = ¥ lloze + PR — ¥ lloza + 1(1 = PR = ¢ loze.

The first term on the right-hand side is estimated with Lemma 5.2. For the second term we recall that
P,gwi = Py, by construction of the postprocessed solution. Then, we employ Lemma 5.3. For the

last term, note that ||(1 — P9)(* — 9! )lo20 < RV (1 — ¥F)|l0.20. Some standard arguments then
show that with {* = eV¢* — up*

IV @ = ¢i)lloze S min V™ =wn)lloze + 167 = Culloza + lunllosell¥™ = dnlloso-

v €PR41(Th




PERTURBED SADDLE-POINT PROBLEMS WITH NON-REGULAR DATA 19

A triangle inequality and uniform boundedness of ||uy||o.4. further yields

miH(T) V(@ —wvp)lloze + 1€7 = Culloze + unllosell™ — ¥nllose

v €Pk11(Th

< min ) V(% — vn)lloze + 1€ — Callo2n + 10 — ¥

v €PR41(Th

04:2 + |6 = ¢ lozi0 + | — ¥™Jo,a0-

The last two terms are estimated by Lemma 2.2.

Combining all the results and noting that & < h*? concludes the proof. U

Note that if sq = 1, and (¢, ¢) is sufficiently smooth, as well as ||u — uyjo4.0 = O(hFF?), then,

1 = ¢illozn = O(RF?), (5.5)
by the last theorem.

6. NUMERICAL EXPERIMENTS

We present simple computational tests that illustrate the properties of the proposed mixed finite
element method as well as the postprocess mechanism. All examples, including the action of the map
O, and the local Stenberg-type postprocess, are implemented in the open source finite element library
FEniCs [2].

Example 1. First we assess the convergence of the finite element discretisation using manufactured
solutions of different regularity on simple domains. We consider on 2 = (0, 1)? the smooth and
singular solutions to the primal governing PDE

Vex(,y) = sin(mz) sin(ry) and (2, y) = |v — y|¥ sin(rz) sin(ry), 6.1)
and use a smooth and divergence-free vector field as external velocity
([ cos(mx)sin(7y)
Uex (T, Y) = <— sin(mz) cos(my) ) -
An exact mixed variable ¢, an exact source g.x, and exact Dirichlet datum 1), and (non-homogeneous)

Neumann datum ¢ - n = ( are manufactured from these exact primal solutions and considering for
this test simply unitary parameters ¢ = xk = 1.

A sequence of successively refined uniform meshes is constructed and on each refinement level
we compute Qjgex and with it we generate approximate solutions ({,,,vn) € Hjy x Qp with the
mixed finite element method (3.1) (using lowest-order Raviart-Thomas spaces), and taking w; as the
L?(£2) projection of w onto M, = [P1(7)]? (required by the postprocess as indicated in (5.5)). With
the obtained discrete pseudo potential flux, at each mesh refinement level we also compute a post-
processed double layer potential wg from the auxiliary problem (5.4). Errors between the discrete and
exact solutions are defined in the following way

edivys(€) = 1€ = Coxllaivasr  €04(¥) == [[on — Yexlloma,  €o(vF) := 4 — Yexllo20,

and we compute experimental order of convergence as usual

Eoc — Losleiri(e)/eile)]
log(hir1/h:)
where ¢;(e) and h; denote an individual error and mesh size associated with the i-th refinement level,

respectively. We remark that for the second expression in (6.1) the exact flux ¢, is not regular enough
to compute the full eqyy, , (¢) error, so in that case we only report eo(¢) := [|¢, — Cexllo2:0-




20 ALSOHAIM, FUHRER, RUIZ-BAIER, AND VILLA-FUENTES

g € C(Q)

DoFs | h |ea,,(C)| EoC | ea(¢) | EoC | eo(¥*) | EoC
2410.7071 | 7.28¢+00 | « |4.89e-01 | x [3.49e-01| «
88 | 0.3536 | 4.37e+00 | 0.736 | 1.79e-01 | 1.442 | 5.33e-02 | 2.703
336 | 0.1768 | 1.90e+00 | 1.205 | 8.72e-02 | 1.040 | 1.05e-02 | 2.348
1312 | 0.0884 | 9.00e-01 | 1.075 | 4.36e-02 | 1.000 | 2.53e-03 | 2.050
5184 | 0.0442 | 4.80e-01 | 0.908 | 2.18e-02 | 1.000 | 6.36e-04 | 1.991

20608 | 0.0221 | 2.67e-01 | 0.843 | 1.09e-02 | 1.000 | 1.60e-04 | 1.992

82176 | 0.0110 | 1.49e-01 | 0.844 | 5.45e-03 | 1.000 | 4.01e-05 | 1.996

g€ H Q)

DoFs| h eo(¢) | EoC | epa(¥) | EoC | eo(¢¥) | EoC
2410.7071] 7.28¢-01 | % [1.92e-01| x [1.56e-01| =
88 | 0.3536 | 6.90e-01 | 0.077 | 9.57e-02 | 1.005 | 5.88e-02 | 1.408
336 | 0.1768 | 5.03e-01 | 0.458 | 4.48e-02 | 1.096 | 1.76e-02 | 1.738
1312 | 0.0884 | 3.92e-01 | 0.357 | 2.25¢-02 | 0.992 | 5.62¢-03 | 1.647
5184 | 0.0442 | 3.20e-01 | 0.296 | 1.14e-02 | 0.978 | 2.14e-03 | 1.396

20608 | 0.0221 | 2.65e-01 | 0.268 | 5.79¢-03 | 0.980 | 9.23e-04 | 1.212

82176 | 0.0110 | 2.22e-01 | 0.257 | 2.93e-03 | 0.982 | 4.21e-04 | 1.133

TaBLE 6.1. Example 1. Error history for the lowest-order mixed finite element scheme
including regularisation through Q) and postprocessing, when subjected to a smooth
and a rough load that is not in L(€2) (top and bottom, respectively). Here we use mixed
boundary conditions.

The results from the convergence tests are reported in Table 6.1 for mixed boundary conditions—the
Neumann boundary is the right edge of the domain whereas the Dirichlet part is the remainder of the
boundary. The first part of the table focuses on the smooth case, where we observe optimal convergence
for the flux and potential in the natural norms for the mixed regularised problem—we recall that we
are only using here the lowest-order case—and we also see the asymptotic second-order convergence
of the locally postprocessed solution, as predicted by Theorem 5.4.

The bottom part of both tables shows only the L? contribution of the flux error, the potential and
postprocessed potential. For these unknowns we see, respectively, approximate rates of convergence
of O(h'/*), O(h) and O(h®/*), which are in complete agreement with the results from [20, Section
5.2]. In Figure 6.1 we show the discrete solutions obtained for both smooth and rough loads, indicating
accurate approximations of flux and potential, as well as well-resolved postprocessed potential (with
sharper gradients).

Example 2. In this test we examine the behaviour of the postprocess without the regularisation. For
that we follow [21, Section 6.3] and use the domain 2 = (—1, 1)2, the given advection velocity u; a
projection of

)= (G )

—sin(5r) co

and the manufactured potential

Yex(,y) = x[x]%/13(1 = 2?)(1 - y),
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Ficure 6.1. Example 1. Approximate solutions (line integral contours and magnitude
for the pseudo potential flux and double layer potential profile) for the lowest-order mixed
finite element scheme, and postprocessed potential. We show results using smooth and
rough loadings (top and bottom rows, respectively).

with the now space-dependent coefficients

cl,9) = exp(—ay).  (r,y) = 5 + sin(a)”

With these functions the load is such gex € L*(Q) but gex ¢ H*(Q2) for s > 1. This smoothness
implies that we can also use g, directly without Q. We report on the error history of the case with and
without Qj, which confirms an order of convergence similar to the aforementioned reference: O(h)
for the L?(Q2) norm of the flux and for the L*(£2) norm of the potential, whereas for the postprocessed
solution we obtain approximately O(h°/3) and O(h?) for the methods without and with regularisation

Oy, respectively. The regularised method is then appropriate to use even if there is no need to regularise
the load.

Example 3. Finally, we address the advection diffusion problem with a line Dirac delta function as the
source term, which can be relevant not only in the Poisson—Boltzmann context but also in mono-phasic
flow in porous media and tissue perfusion [26, 7]. We consider the polygonal domain enclosed by the
points (0,0), (1,0), (1.25,0.75), (0.5,1.25), (—0.25,0.75) and consider that there is a line fracture ~y
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DoFs| h | eg() | EoC | eps(¢)) | EoC | eo(¥*) | EoC
with load gy
24[1.414219.39%-01 [ * [1.59-01| * [1.65¢-01] =«
88 | 0.7071 | 7.45e-01 | 0.335 | 1.36e-01 | 0.227 | 1.14e-01 | 0.540
336 | 0.3536 | 4.40e-01 | 0.758 | 7.69e-02 | 0.817 | 3.65¢-02 | 1.641
1312 0.1768 | 2.32e-01 | 0.926 | 4.04e-02 | 0.928 | 1.07e-02 | 1.774
5184 | 0.0884 | 1.18e-01 | 0.971 | 2.05¢-02 | 0.983 | 3.19¢-03 | 1.743
20608 | 0.0442 | 5.98¢-02 | 0.983 | 1.03e-02 | 0.996 | 9.99¢-04 | 1.674
82176 | 0.0221 | 3.02¢-02 | 0.986 | 5.13e-03 | 0.999 | 3.27¢-04 | 1.610
with load Qj, ey
24[1.4142]1.02¢+00 [ * [2.49e-01| * [28le-01] =«
88 1 0.7071 | 7.13e-01 | 0.517 | 1.61e-01 | 0.629 | 1.56e-01 | 0.850
336 | 0.3536 | 4.20e-01 | 0.764 | 8.25¢-02 | 0.967 | 5.40e-02 | 1.531
1312 0.1768 | 2.19¢-01 | 0.941 | 4.11e-02 | 1.004 | 1.55¢-02 | 1.800
5184 | 0.0884 | 1.12e-01 | 0.969 | 2.06e-02 | 1.001 | 4.14e-03 | 1.904
20608 | 0.0442 | 5.68¢-02 | 0.976 | 1.03e-02 | 1.001 | 1.08¢-03 | 1.945
82176 | 0.0221 | 2.88e-02 | 0.980 | 5.13e-03 | 1.000 | 2.77¢-04 | 1.955

TaBLE 6.2. Example 2. Error history for the lowest-order mixed finite element scheme
subjected to an L%(€2) load and including or not the regularisation through Q;, (top and
bottom, respectively). Here we use pure Dirichlet boundary conditions.

Uy, h
-3.0e01 0 3.0e01 -3.0e01 0 3.0e01
| m— '

Ficure 6.2. Example 2. Approximate solutions for the lowest-order mixed finite ele-
ment scheme and postprocessed potential using the regularisation Qy.

joining the points (0.4, 0.25) and (0.6, 0.85). We construct a sequence of non-structured triangulations
that are conforming with the line fracture, and that are slightly agglomerated near the line. We use a
smooth advecting velocity going from left to right with higher magnitude near the domain centre:

1
Y=
o

n(z,y) = Uso tanh( )(1 + 0sin(27x)), and wu(z,y) =rotn(z,y),

and set the parameters Uy =€ {0.25,0.0025}, o = 0.08, # = 0.12 and the remaining model coefficients
are ¢ = 1073 and k = 1. We use pure Dirichlet boundary conditions setting ) = 0 on 9€2. The source
term is &, and in this case its regularity is H=2¢(€2) for e > 0.
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DoFs| h eo(¢) | EoC | ega(th) | EoC | eo(¢p*) | EoC
6410.7906 [ 8.94e-03 | x [2.79e-02| « |1.13e-01| «x
179 | 0.3953 | 5.87¢-03 | 0.606 | 1.91e-02 | 0.543 | 3.29¢-02 | 1.774
649 | 0.2146 | 3.79e-03 | 0.718 | 1.16e-02 | 0.824 | 1.21e-02 | 1.631
2778 | 0.1166 | 2.28e-03 | 0.829 | 5.26e-03 | 1.293 | 5.39¢-03 | 1.332

10515 | 0.0622 | 1.20e-03 | 1.026 | 2.20e-03 | 1.383 | 2.23e-03 | 1.402

40304 | 0.0325 | 5.16e-04 | 1.299 | 7.64e-04 | 1.635 | 7.71e-04 | 1.640

TaBLE 6.3. Example 3. Error history for the lowest-order mixed finite element scheme
subjected to a line source, including the regularisation through Q. This test is without
closed-form manufactured solution, and it uses pure Dirichlet boundary conditions.

Since we do not know the closed-form solution, we use a numerical convergence rate computing
errors between approximate solutions and a reference numerical solution (obtained on a finer mesh).
The convergence history for this test is reported in Table 6.3. The error decay seems to correspond to
the behaviour in Example 2, thanks to the conformity and smoothness of the mesh closer to the line
fracture. We show snapshots of the approximate solutions for two advecting intensities Uy, as well as
an example of the unstructured mesh. The top panels in Figure 6.3 illustrate how the higher velocity is
able to advect the higher potential produced by the source d, whereas the second row shows flux and
potential that remain concentrated near .

7. CONCLUSION

We have developed a mixed finite element method for the linearised Poisson—-Boltzmann equations
assuming an advective velocity in L*(€2). One of the challenges is to derive error estimates when the
load is in H~!(€2), and this is tackled using a quasi-interpolation operator, here conveniently redefined
for L?(2) spaces and mixed boundary conditions. The continuous and discrete problems were shown to
be well-posed and we established quasi-optimality and convergence rates. A postprocess of the double
layer potential allows us to get superconvergence.

For us, a natural extension to this work is to perform the full coupling analysis with the Navier—
Stokes equations (see, for example, [9, 14, 12, 6]), and to incorporate the unbounded nonlinearity in
the reaction function x as done for the primal coupling in [3]. This requires to add box constraints in
the double layer potential space, and to use a fixed-point structure to handle a perturbed saddle-point
problem when the nonlinearity is in the lower-diagonal block. We will also address a posteriori error
estimates as in [7], and other types of singular forcing terms including Dirac point sources following
[25, 16].
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Ficure 6.3. Example 3. Approximation of pseudo potential flux and streamlines,
double layer potential and postprocessed potential for the case of Uy = 0.25 (top row)
and Uy = 0.0025 (middle row). The bottom panels show the approximate velocity field
and streamlines for the high and low intensity, and a sample coarse mesh after 3 refine-
ments.
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