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Abstract We develop the a posteriori error analysis for a mixed finite element method
applied to the coupling of Brinkman and Darcy equations in 3D, modelling the inter-
action of viscous and non-viscous flow effects across a given interface. The system
is formulated in terms of velocity and pressure within the Darcy subdomain, together
with vorticity, velocity and pressure of the fluid in the Brinkman region, and a Lagrange
multiplier enforcing pressure continuity across the interface. The solvability of a fully-
mixed formulation along with a priori error bounds for a finite element method have
been recently established in Alvarez et al. (Comput Methods Appl Mech Eng 307:68—
95, 2016). Here we derive a residual-based a posteriori error estimator for such a
scheme, and prove its reliability exploiting a global inf-sup condition in combination
with suitable Helmholtz decompositions, and interpolation properties of Clément and
Raviart-Thomas operators. The estimator is also shown to be efficient, following a
localisation strategy and appropriate inverse inequalities. We present numerical tests
to confirm the features of the estimator and to illustrate the performance of the method
in academic and application-oriented problems.
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1 Introduction

We have recently introduced a mixed finite element method to numerically approxi-
mate the flow patterns of a viscous fluid within a highly permeable medium described
by Brinkman equations, and its interaction with pure porous media flow under Darcy’s
law [1]. There, the system is formulated in terms of velocity and pressure of the non-
viscous flow, together with vorticity, velocity and pressure of the Brinkman region. The
tangential vorticity vanishes on the boundary of the Brinkman domain, whereas slip
velocity conditions are assumed on the overall boundary. The corresponding mixed
variational formulation leads to a Lagrange multiplier enforcing pressure continuity
across the interface, while mass balance results from essential boundary conditions on
each domain. As a consequence, a classical saddle-point operator equation is obtained,
whose invertibility hinges on the well-known BabuSka—Brezzi theory. A similar treat-
ment is used to establish the solvability of the discrete problem associated to the
Galerkin method. The needed continuous and discrete inf-sup conditions can be guar-
anteed thanks to the so-called T'-coercivity argument (cf. [18,26] and the references
therein), where one defines adequate injective operators delivering lower bounds of the
corresponding suprema. As the stability of the Galerkin scheme requires that the curl
of the discrete vorticity space is contained in the discrete Brinkman velocity space,
we specify Raviart—-Thomas and Nédélec spaces for the approximation of the global
velocity and the Brinkman vorticity, respectively.

On the other hand, the derivation of adaptive schemes for transmission free
flow—porous media problems has been extensively studied in recent years. In par-
ticular, we refer to [6,9-11,14,16,27], which are focused on Stokes—Darcy and
Navier—Stokes/Darcy couplings, and where the interface conditions are treated in
different ways, from both mathematical and numerical perspective. For instance, in
[6,14,16,27], Beavers—Joseph—Saffman-type conditions are considered on the inter-
face, whereas in [10, 11], similar transmission conditions to those employed in [1] are
assumed. Also, an interesting feature of the proof of reliability in [6], which differs from
the approaches in the other works, is the utilisation of intermediate inf-sup inequali-
ties that are obtained along the proof of the global inf-sup condition. Differently from
the above, and similarly as in [14,16,27], the efficiency estimates in [6] follow from
usual arguments based on inverse inequalities and the localisation technique employ-
ing triangle-bubble and edge-bubble functions. In turn, the assumption of a smallness
condition on the data is the distinctive feature of the approach in [16], where a reli-
able and efficient residual-based a posteriori error estimator for the three dimensional
version of the augmented-mixed method introduced in [17], is derived. Furthermore,
an a posteriori error estimator for a conforming and nonconforming vorticity-based
finite element method of a Stokes—Darcy coupled problem was derived in [10,11],
respectively, but the resulting estimate in [11] is not optimal. In addition, even though
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A posteriori error analysis of a fully-mixed formulation... 1493

in [10, 11] the model problem is addressed for both two and three spatial dimensions,
the corresponding a posteriori error analysis is explicitly derived only for the 2D case.

According to the previous discussion, and as a natural continuation of the a priori
error analysis developed in [1], our goal in the present paper is to provide a reliable and
efficient residual-based a posteriori error estimator for the finite element method intro-
duced and analyzed in that reference. In this way, we aim to improve the accuracy of
the discrete scheme from [1] in different scenarios, including presence of singularities
or high gradients of the solution. Indeed, in contrast with the methodology developed
in [10, 11], and following the approaches in [16,27], we highlight that the derivation of
our error estimator is based on a global inf-sup condition in combination with suitable
Helmholtz decompositions adapted from [16,31], and local approximation properties
of Clément, Raviart-Thomas, and Clément-type Nédélec interpolators. Then, similarly
asin[14,16,27], the associated efficiency estimates are consequence of suitable inverse
inequalities and local bounds for tetrahedron-bubble and facet-bubble functions.

The remainder of the paper is structured in the following manner. General prelim-
inary notation is presented in the last part of this section. The model problem and the
mixed variational formulation are outlined in Sect. 2, where we also recall its unique
solvability and the mixed finite element discretisation. The core of the present analy-
sis is contained in Sect. 3, where we define the error estimator and provide a detailed
derivation of its reliability and efficiency. Finally, Sect. 4 gives two numerical tests
aimed to illustrate the features of the method and the proposed estimator.

Some recurrent notation to be employed throughout the paper includes the follow-
ing. If S C R3 is a domain or a Lipschitz surface, and r € R, we set vectorial Sobolev
spaces as H' (S) := [H" (9P, adopt the convention HY(S) = L%(S), and denote the
corresponding norms by || - || s (for both H" (S) and H" (S)). In general, given a generic
Hilbert space H, we will employ H to denote its vectorial counterpart H3. We also
recall the definition of the Hilbert spaces

H(div; §) := {v e L*($) : divv € LX(9)},
H(eurl; §) := {v e L*($) : curlv € L*(5)},

normed, respectively, with
5 . 2 1/2 2 5 1/2
1ollavss = {IolG s + I divold s} Iolearts = {1013, + leurtold s} 7,

where, for any vector field v := (vy, v2, v3)* € L2(S) we have

3 0rv3 — 03V
dive ;= Z o;v; and curlv:=V xv=|03v] — 0113
i=1 81v2 — 82v1

In addition we will use the space
2 ._ 2 . —
Ly(S) = {qeL S) : /Sq—O},
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1494 M. Alvarez et al.

endowed with the the usual norm of L2 (S). In turn, for each integer k > 0 we denote by
Pr(S) the space of polynomials in § of total degree < k, and we set P (S) = [ P (HP.
Finally, the symbol 0 will stand for a generic null vector (including the null functional
and operator), and C (indistinguishably ¢, with or without subscripts, bars, tildes or
hats) will denote generic constants independent of the discretisation parameters.

2 Governing equations and a mixed variational formulation
2.1 The continuous model

We first let Q2p and 2p be bounded and simply connected polyhedral Lipschitz domains
in R3 such that 9Qg N9Qp =: = #@Pand QpNp = @, andset 2 := QLU X UQp
with boundary I' = 9% split into I's € 0Q2p and I'p € 92p. Then, given source
terms fp € L?>(Qp) and fi € L?(Qp), we are interested in the Brinkman—Darcy
coupled problem

/cg1 ug +veurlwg + Vpg = fg, wp —curlug =0, divugp =0 in Qp,
KEIuD +Vpp = fp, divup=0 in Qp,

wgxn=0, up-n=ug-n, pp=pp on X%,

wgxn=0, ug-n=0 on I},

up-n=0 on Ip,

2.1
which is formulated in terms of the Brinkman velocity up, the Brinkman pressure pg,
the Brinkman vorticity g, the Darcy velocity up, and the Darcy pressure pp. Here
n stands for the outward normal at Qg and Qp, v > 0 is the kinematic viscosity of
the fluid, and «p, kg > 0O are the absolute permeabilities of the Darcy and Brinkman
subdomains, respectively.

The boundary conditions on the Brinkman and Darcy subdomains suggest the fol-
lowing spaces

Hp (div; Qp) = {vB cH(div: Q): wvg-m=0 on FB},

Hp (div; Qp) = {vD € H(div; @p): vp-m=0 on FD},

Ho(curl; Q2p) := {zB e H(curl; Qp): zgxn=0 on Qg =IgU E}.
In addition, the pressure continuity across the interface X allows us to define its trace
via the auxiliary unknown A := pp|y = pBlx € HI/Z(Z), where (-, -)5 denotes the

duality pairing of H-Y2(%) and H/2(X) with respect to the L2(X)-inner product. In
turn, the continuity of normal velocities across X is imposed in a weak manner as

(ug -nm—up-n,&x=0 VEecH2(Z).
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A posteriori error analysis of a fully-mixed formulation... 1495

Then, a fully-mixed formulation for (2.1) reads as follows: Findu := (up, wg, up) €
H and p := (pB, pp, A) € Qp such that

a(u,v) +b(v,p) =F(@w) Vov:=(vg,zB,vp) €H,
b(u,q) =0 Yq:= (g8, 9D,§) € Qo (2.2)
where H := Hg (div; Qp) x Ho(curl; Qg) xHp(div; 2p), Qo := L3(28) xL*(2p) x

H'/2(%), and the bilinear forms a : Hx H — Rand b : H x Qy — R, and the
functional F € H', are defined by

a(u, v) ::K];l/ uB~vB+v/ wB~zB+v/ vp - curl wp
QB QB QB

— vf uB-curlzB—l—/c];l/ up - vp,
Qp Qp

b(v, q) 1=—/ CIBdiVUB—/ gpdivvp +(vg-n—vp-n,§)x,
o o

and

Fw):=| fg-vs+ | fp-vp.
QB Qp

forallu := (up, @B, up), v := (v, zp, vp) € H,andforallq := (gB. gp, &) € Qo.
The well-posedness of (2.2) has been established in [ 1] using the classical Babuska—
Brezzi theory:

Theorem 1 There exists a unique (u, p) := ((up, B, up), (pB, pp, »)) € H x Qo
solution of the mixed formulation (2.2). Moreover, there exists ¢ > 0 such that

I Pl = ¢ IFlw =< C{lfollo.en + I fullos |- 23)

2.2 Discretisation using a finite element method

Let ’ThB and 7;? be respective partitions of 2g and Q2p by shape-regular tetrahedra 7
of diameter 47. We assume that these tetrahedrisations match on the interface so that
Ty = ’ThB U’];,D isaregular family of triangulations of 2 = QpUXUSQp, with meshsize
h .= max{hy : T € 7;}. We denote by 3, the triangulation on X induced by 7j,
which is formed by triangles F of diameter h, and set hy := max{hp : F € Xp}.
Next we introduce the finite-dimensional spaces

H: = {v; e H.(div; ) : vilr € RTo(T) VT € Th} 2.4)

Qpi={a e 2@ ailr e AT VT e Ty} Qo= Qi nLE@0),
(2.5)
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1496 M. Alvarez et al.

where x € {B, D}, and for any T € 7, we denote by RTo(T) := Po(T) @ Po(T) x
the local Raviart—-Thomas space of lowest order. In addition, we set

HE, = {zE € Ho(eurl; Q) : 28| € ND(T) VT € ThB}, (2.6)

where for any T € ’];lB, ND(T) := Po(T) @ Po(T) x x is the local edge space of
Nédélec type

ND(T) := {w T—>C: wx)=a+bxx VxeT,a bc C3]. 2.7
The approximation of the interface unknown will occur on an independent triangu-

lation Zh of X, by elements F of maximum diameter hs = max {h 7 Fe Eh}
where we define the space

QF = [xh € C(D): MlpeP(F) VF e ih}. 2.8)

In this way the Galerkin scheme associated to (2.2) reads: Find uj, := (ul,f, wE, uE) €
Hj;, and pj, := (p}?, p}?, An) € Qo such that

a(up, vi) + by, pp) =F(vp)  Vop = (v}, 25, v)) € Hy,

2.9
b(un, qn) =0 Vai = (g5, g5 &) € Qo 29)

where Hy, := HB X HBh X H and Qo » 1= Qh 0 X Qh X Qh We point out that the
solvability of (2 9) requires the mesh condition h): < Co hg, where Cy is a positive
constant. Details are to be found in [1, §4.2.3-4.2.4].

3 A residual-based a posteriori error estimator
In this section we derive a reliable and efficient a posteriori error estimator for the

Galerkin scheme (2.9). Most of the present proofs make extensive use of estimates
available in [1,3,5,6,8,15,21,23,24,27].

3.1 Preliminaries

Given a tetrahedron T' € 7j, we let £(T') and F(T') be the sets of its edges and faces,
respectively. In addition, we denote by &, and F, be the sets of all edges and faces of
Ty, respectively, so that Fy, is subdivided as follows:

Fp = Fn(Tp) UFp(2B) U Fr(X) U Fp(Qp) U Fp(I'p),

where Fj,(I'y) :={F € F, : F CT,}, Fr(R) :={F € F, : F C Q,}, for each
* € {B,D}, and Fj,(X) :={F € F, : F C X}.In turn, for each T € 7}, we denote

Fur(Qy) ={F €dT : F e Fp(Q)}, Fnr(ly) ={Fe€dl: F e Fy(I'y)}
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and Fj, 7(¥) = {F € 0T : F € Fu(X)}. Also, for each face F € Fj(£2,) we
fix a unit normal ny to F, so that given v € LZ(Q*) such that v|7 € C(T) on each
T € 7}, and given F € F;(2,), we let [v x np] be the corresponding jump of the
tangential traces across F, thatis [v x nrp] := (v|r — v|7/)|F X np, where T and T’
are the elements of 7,* having F' as a common face. In addition, for each edge E of a
tetrahedron 7' € 7;1*, we fix a unit tangential vector ¢ g along E. When no confusion
arises, we simple write n instead of ny, and ¢ instead ¢ .

We now recall from [13] the tangential curl operator curly : HY/ 2(Z) —
LMHY2(X)), with LH™/?(2)) denoting the tangential vector fields of order —1/2,
which is defined by curl;(x) := Vx X n, for any sufficiently smooth function .
This is a linear and continuous map (see [13, Propositions 3.4 and 3.6]) which will
be required in the sequel. We will also make use of the Raviart-Thomas interpolator
of lowest order (see [22]) IT} : HY(Q,) — HY, x € {B, D}, which according to its
characterisation given by the identity

/I'I;lv~n=/v-n Y face F of T, (3.1
F F
verifies that

div(IT,v) = P} (div v), (3.2)

where P; is the L2(Q*)-0rthogonal projector onto Po(€2,). In addition, we recall
the Clément operator onto the space of the continuous piecewise linear functions
I* : H'(Q.) — X (cf. [20]), where

Xi = {v eC(Q,): vlreP(I) VTe 7;1*},

andletI} : H' (Q,) — X, be its vectorial counterpart defined component-wise. These
maps satisfy the following properties (see [12,20,22], respectively)

Lemma 1 There exist ci, co > 0, independent of h, such that for all v € HI(Q*)
there hold

lv—TMvllor < cihr vl YT €7,

1/2
lv-n—Tv-nlor < cah/*vlir YF of T,

where Tr is a tetrahedron of I.* containing a face F on its boundary.

Lemma 2 There exist constants c3,ca > 0, independent of h, such that for all
v e H'(Q,) there hold

A

lv —Tllor < eshrlvliam YT €T,
1/2
v —Tllor < cahy vlliam VF € Fa(R),
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1498 M. Alvarez et al.

where
AT = u{T/eTh*: T/DT;AVJ} and
AL (F) :=u{T’eT,;: T’DF#Q}.

Furthermore, following [21] we define the Clément-type Nédélec interpolator N,
L*(Qp) — H}} , by:

1
N = _— -t E|\g,
= ) <|AB(E)| air” E)' e

Ee&,(2B)

where &, () is the set of interior edges of 7.2, Ag(E) := U{T’ € ’];lB . T'NE # @},
and Ag is the standard basis function for the lowest order Nédelec element, which
satisfies

/ )"E'tE’Z(SE,E’ VE/Gg(T),

where 85 g is the Kronecker delta. The approximation properties of A/, are sum-
marised in the following Lemma (see [21, §4.3, Theorem 4.2, and §6] and also [8,
Proposition 2]).

Lemma 3 There exist c5,c¢ > 0, independent of h, such that for all ¥ €
Hy(curl, Q) NH' (Qp),

A

I — N llor < eshrll¥laga YT € T2,
1 —Ni@llor < ceh ¥ lhagr) YF € Fin(Qm).

We will also require stable Helmholtz decompositions for H, (div; €2,) with % €
{B, D}. A technical assumption is that I", lies on the “convex part” of €2,, signifying

that there exists a convex domain containing €2,, whose boundary contains I'. More
precisely, introducing the space

Hf, (@)= {peH'@): BIr, =0},

we have the following result shown in [23, Theorem 3.2].

Lemma 4 Assume that there exists a convex domain E, such that Q, C 2, and
T, C 9E,. Then, given v, € H,(div; Q,) there exist w € H*(Q,) and B € H[. (2,)
such that

v, =Vw+curlf in Q. and |wlzq, +I1Bl1e = Cillvildv.e,

where C, is a positive constant independent of all the foregoing variables.
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In turn, a decomposition for Hy(curl; Q2p) is given as follows.

Lemma 5 Given zg € Hy(curl; Qp) there exist ¢ € H(l)(QB), X € H(l)(QB), and
C > 0 such that
zg=¢+ Vy in Qp,
and
lel,op + Ixlh,05 < ClizBllcurl, 05 -

Proof See [31, Lemma 2.2 and §5] O

We end this section with an estimate (in terms of local quantities) for the H™ 12(%)
norm of functions in a particular subspace of H V2(2) NLA(T). According to the
definition of QE (cf. 2.8), we introduce the following orthogonal-type space

Q= {w cH 2 NLAS): (@, dn)s =0 ¥ Ay e QE}. (3.3)

Lemma 6 Assume that for each F € X, there exists Fe f]h such that F C F and
hs < Cyhs, with a constant Cy > 0 independent of hs and hs. Then, there exists
C > 0 independent of the aforementioned meshsizes, such that

lol2i0s <C D hrlelir YeeQr (D). (3.4)
FeXy

Proof See [16, Lemma 3.4]. |

3.2 Defining the proposed estimator

Given (ujp, pn) = ((uE, wg, u?), (pE, p}?, Ah)) € Hj x Qp o the unique solution
of (2.9), we define for each T € ’];lB, the local a posteriori error indicator ®p 7 as
follows:

Y ~1.B B2 2 B B2
Op,7 :=h7 I fs —«g u, —veurlw, g r + hy lcurluy — )15 7

+ Idivap|l§ 7 + h7 lleurl{ fz — k5"

+ X e {ilu < i s+ of - nlid /)
FeF1(QB)

+ Y hell(fs — g up —veurlop) x n]lg
FeFnr(Q2B)

! B 2
+ Z hr |(fs — kg u, —veurlwy) xn|j g
FeFy,r(I'p)

+ Z hp [||(fB - fcgl ub —veurlwP) x n — curls()»h)n(z),F
FeFy1(T)

+ lpp — Ahllé,F}, (3.5)

B By 2
u, —veurlwy}lg 7
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1500 M. Alvarez et al.

and foreach T € T;ID, we define the local a posteriori error indicator ®p 7 as

2 . 2 -1 _ D2 2 1..Dyp2 . D2
®D,T = hT ”fD — KD uh ||0,T +hT ||curl{fD — ICD uh }HO,T + ”dlvuh ||0,T

+ Y helll(fo—rp'up) x ]l p

FeFnr(2D)
+ Y kel —xp ) xallg
FeFpr(p)
+ > eI — k) x n = curl )1
FeF, (%)
1P = 24l p + el - —ul i . (3.6)

It is not difficult to see that each term defining ®ZB’T and ®2D’T is residual. Hence
a global residual error estimator for (2.9) can be defined as

1
2
. 2 2
® .={ > O+ Y. @D’T} : (3.7)
TeTB TeTP
The remainder of this section advocates to establish the existence of positive con-
stants Cerf and Cre1, independent of the meshsizes and the continuous and discrete
solutions, such that

Cers © +hoot < [[(u, p) — (un, Pr)llHxQy < Cre1 ©. (3.8)

where h.o.t stands, eventually, for one or several terms of higher order. The upper and
lower bounds in (3.8), are derived below in Sects. 3.3 and 3.4, respectively.

3.3 Reliability
3.3.1 Preliminary estimates

We begin by recalling that the first inequality in the continuous dependence result
(2.3) is equivalent to the global inf-sup condition

1 a(w, v) +b(v,r) +b(w, q)
= l(w, r)[laxQ, < sup , (3.9
¢ (v,q)eHxQ [l (v, (I)||HxQ0

(v,q)#0

for all (w, r) € H x Qq. This allows to establish a first estimate for the total error as
follows.

Theorem 2 Let (u, p) € H x Qg and (uy, pr) € Hy x Qo be the unique solutions
of (2.2) and (2.9), respectively. Then, there exists a constant C > 0, independent of
h, such that
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e D) = G Pl =< C{ 1Bl + luf -1 — uf - nll 105
+ v e .2y + v ] o, .
where E € H' is defined by
E() :=F(v) —a(u,,v) —b(v,py) VveH, (3.10)

and satisfies
E(wy) =0 Vv, € Hy,. (3.11)

Proof Applying (3.9) to the error (w, r) := (u, p) — (up, py) and using (3.10) we
arrive at

! E(v) +b(u — up, q)
~|l(u, p) — (n, p)llHxQy <  Sup . (3.12)
¢ woag, 1@ @lHxQ)

(v,q)#0

Then, noting that obviously

[E(v)| - [E(v)| N [b(u — uy, q)l _ [b(u —uy, q)
(v, PllaxQy ~ lIvlH (v, DllEXQy — lallQo

and applying the supremum in (3.12), we find that

1
1. p) = (n. pr)llxy = Bl + b —up. +)liq-
Next, employing the second equation of (2.2) and the definition of b, we deduce that

gp divup —/ godivup + (W} -n—up) -n,§)s,
Qp

b(u—uh,(I)=—/

Qp

which yields
B D B oD
b —up, gy < luy, -n —uy - nll—125 + [|divay, (lo.op + [1divay, llo.op-

Finally, from (3.10) and the first equation of (2.9), we obtain (3.11), and the proof
concludes. O

The next step consists in deriving suitable upper bounds for the residual term
luf -n —up - n|-1/, 5 and for |E|p . We begin with the following result.

Lemma 7 There exists C4 > 0, independent of the meshsizes, such that
172

B D B D 2
lup -n—up -nl oz <Cad > hplug -n—u) nlget . (313
FeFp(%)
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Proof Taking &, € th and then p, = (0,0, &,) € Q0 in the second equation of
(2.9), we find that

WP -n—up n&)s=0 V& eQr

which says that each component of uE -n— uE - n belongs to QZ:’J‘ (cf. 3.3). In this
way, (3.13) follows from a direct component-wise application of (3.4) (cf. Lemma 6).

We now aim to estimate || E||g. To this end, we first rewrite the functional as follows
E(v) = E;(vB) + E2(zB) + E3(vD),

where E; € Hg(div; Qg)’, E» € Hy(curl; Q) and E; € Hp(div; Qp)’ are defined
by

E|(vg) := (fs — KB_I uf — vcurla)E) - VB +/ p,]f’ divog — (v - 1, Ap)y,
Qp Qp
E)(zp) = v/ ul}? -curlzg — v/ colg - ZB,
Qp Qp
E3(vp) = (fp —kp' up) -vp +/ pp divep + (vp - 1, Ap) s
Qp Qp
(3.14)
Notice, from (3.11), that Vv, := (vE, zE, v}ll)) € Hy, there holds
Ei(v;) + Ea(z}) + E3(v)) = 0. (3.15)

3.3.2 Upper bound for ||E1 ||Hg div; Q)
Given vg € Hgp(div; 2p), we consider its Helmholtz decomposition established in
Lemma 4. More precisely, we let w € H2(Q2p) and B € HILB (2g) be such that
vg = Vw + curl B in Qp, and

lwlz2,ep + IBll1,25 < Cs llvBlldiv,25- (3.16)
Then, we define the discrete Helmholtz decomposition associated to vf as

vy = I} (Vw) + curl (I} ) € Hy,

where HE and IE are the Raviart-Thomas and Clément operators, respectively, intro-
duced in Sect. 3.1. Then, using from (3.15) that E; (vg) = 0, we can rewrite

E(vp) = E{(vg — v}) = E{(Vw — [T} (Vw)) + E{(curl(B —I}B)). (3.17)
Consequently, in what follows we derive suitable upper bounds for the module of the

two expressions on the right hand side of (3.17), which are provided by the following
two lemmas.
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Lemma 8 There exists C > 0, independent of meshsizes, such that for each w €
H2(Q2) there holds

1

- 2
E1 (Vw — I} (Vw))| < C{ > @%,T} lwll2.0p, (3.18)
TeTy

where

a2 . 2 -1 _B B2 B 2
O pi=hi Ifp—g'up —vewrlof 5+ Y. hrlpp — 2l p-
FE}—h,T(E)

Proof Using the definition of the functional E; (cf. 3.14), the identity (3. 2) the fact
that ph |F € Py(F) for each F € F,(X), and the characterisation of 18 5 given in
(3.1), we find that

E{(Vw — I8 (Vw)) = / (fg — kg ul —veurloP) - (Vw — 1B (Vw))
QB
+H(Vw = TIE(Vw)) - 1, pP — dp)s. (3.19)

In turn, the fact that Vw € H'(Qp) guarantees that (Vw — HE(Vw)) -n e L3(D),
and hence

(Vw - TEVw) m pf =g = Y / (Vi — IE(Vw)) - (pF — ),
FeF (D)

which, together with (3.19), gives

E((Vw — 1B (Vw)) = Z f(fB—KB uP —veurlwd) - (Vw — IB(Vw))
TeT?

+ ) /(Vw—l'l (Vw)) - n(pj; = rn).

FeFy(%)

In this way, employing the Cauchy—Schwarz inequality, and the approximation prop-
erties of HE given in Lemma 1, we deduce from the above expression that

|1 (Vw — T} (Vw))|

2 -1.B B
<C { Z h7 |l fs — kg wy, — veurlwy o7
rez
1

2
+ hFup}?—xhno,F} lwll2.0p-
FeFp(%)

which yields (3.18) and completes the proof. O
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Lemma 9 There exists C > 0, independent of meshsizes, such that for each B €
H'(QB) there holds

1

- 2
|E; (curl( — I}B))| < C{ > @%,T} 181125 (3.20)

TeTy,
where

&2 —p2 -1_B By 2
O3 1 :=h7 lleurl{ fg — x5 uy, —veurlw, } 7

+ Y helll(fs — kg 'y — veurlop) x n] 5

FeFp1(2B)

+ Z hp||(fB—K§1uE—vcurle)xn||%’F
FeFyr(TB)

+ Z hell(f — k' up —veurlwf) x n — curly () 13 5.
Fe]—'h,T(E)

Proof Given B € HY(Qp), we deduce from (3.14) and the identity
div{curl(8 — IEB)} = 0, that

E;(curl(f —I}B)) = / (fg — kg uP —veurlod) - curl(p — I2B)
Qp
—(curl(B —IPB) -n, Ap)s.

In turn, thanks to the identities given in [30, Chapter I, Eq. (2.17) and Theorem 2.11],
we find that

(curl; (1), B — T} B)s
3 fF curl, () - (B — 12B),

FeFp(%)

(curl(B —IPB) - n, hp)s

which gives

E|(curl(B — Igﬂ)) = Z /T(fB — KEIME — vcurlw],?) -curl(f — IE’ﬂ)

TeTB

_ Z /Fcurls()»h) (B-1PB).

FeF(%)

Now, integrating by parts in the first term on the right hand side of the last equation,
we obtain
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E;(curl(8 — I} 8))
=— Z / curl{ f5 —Kgl uE — vcurlwg} (B - Igﬂ)
T

TeTB

+ Z /;_[[(fB—KgluE—vcurle)Xn]].(ﬂ_l}l?ﬁ)

FeF,(2B)

+ Z {(fg — kg up —veurloP) x n} - (B —I2B)
FeF(T'p)

+ > f {(fg — g ul —veurlwP) x n — curly(1,)} - (B — IBB).
FeF(x)”F
(3.21)

Applying Cauchy—Schwarz inequality, Lemma 2, and the uniform boundedness of
the number of tetrahedra of the macro-elements Ag(7) and Ag(F), we deduce from
(3.21) that

|E; (curl(8 — I} B))|

2 -1.B By 2
< Z {hTchrl{fB—KB u, —veurlwy}g 7
rez?

—1
+ Y el — kg up —veurl o) x ]l
FeFpn1(2B)

~1_B B 2
+ Z hell(fg — kg u, —veurlwy) xn|g ¢
FeFnr(Ts)
1

2
+ > hr ||<fB—KBluE—vcurle>xn—curls(mn%f} 1B
FeFy (%)

which implies (3.20) and ends the proof. O

The following Lemma concludes the upper bound for [|E1[|5y div:Qp) -

Lemma 10 Assume that there exists a convex domain Eg such that Qg C Eg and
I's € 0EB. Then, there exists C1 > 0, independent of meshsizes, such that

1

2

=2
B lHg@iviesy <C1 {4 > Oprp
TeT?

2 2 2 .
where @B’T = ®1,T + @2’T, that is
&2 .2 -1.B B2
®B,T i=h7 |l fg — kg u, —vecurloy, ||0’T
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+h2T lcurl{ f5 — Kgl uf - vcurle}H(z)’T

+ Y helll(fs =g up —veurloR) x nfll§

FeFy(2B)
~1
+ Y hrl(fs — kg up —veurlo}) x nllg 5
FeFy,r(I'p)
+ Z hr {||(fB - Kgl ud —veurlop) x n — curls(kh)u(z)f
FeFir(%)

+1pf = 2l ¢}

Proof It follows from (3.18), (3.20), and the stability of the Helmholtz decomposition
(3.16). O

3.3.3 Upper bounds for |Ex |ty (curt: 5y and | E3 |y div: 2p)

We first establish the upper bound for [|E3|lfpdiv;@p)» Which is basically a “mirror
reflection” through ¥ of Lemma 10.

Lemma 11 Assume that there exists a convex domain Ep such that Qp C Ep and
I'p € Ep. Then, there exists C3 > 0, independent of the meshsizes, such that

1
2

52
I3 llHp@ivieny < C3 { Y. Op 1
TeTP

where

~2 . 2 -1 _.D2 2 —1_Dyp2
®D,T = h7 Il fo— Kp Uy ||0,T + hy leurl{ fp — Kp Uy }”O,T

+ Y el —cp up) x ]G g

FeFpr(QB)
-1
+ D kel —kp up) xnlG g
FeFpr(Tp)
+ 2 he|I ey ) x = eurd G IR+ 19D = Al |
FE]:;,VT(E)

Proof It proceeds exactly as in the proofs of Lemmas 8, 9, and 10, by replacing g,
I'g, and Hp(div; 2p) by Qp, I'p, and Hp(div; 2p), respectively. We omit further
details. O

The upper bound for || E2 || gy (curl: g ) 18 provided next. Indeed, the derivation of this
bound hinges on the Helmholtz decomposition given in Lemma 5, integration by parts,
and the approximation properties of the Clément operators [ hB and N}, established in
Lemmas 2 and 3, respectively.

@ Springer



A posteriori error analysis of a fully-mixed formulation... 1507

Lemma 12 There exists Cy > 0, independent of the meshsizes, such that

1
2

||E2||Ho(curl;SZB)’ < Z @2]37" s (3.22)
TeTB

where

32 . 2 B B2 B 2 B 2
O3y = h} 0f —curla 3+ Y hF{||ﬂuh x ]I 5 + [} ~n]]||0)F}.
FeFnr(2B)

Proof Given zg € Hy(curl; Q2p), we know from Lemma 5 that there exist ¢ €
H} () and x € H}(Qp), such that

zB=¢ +Vy in Qp,

and
lelies + 110 < CllzBllcur, 25 - (3.23)

Next, employing the operators I,]f and N, defined in Sect. 3.1, we introduce the
following discrete Helmholtz decomposition

zp = Ni(@) + VIZ (),

which clearly belongs to HE,o- In this way, and recalling from (3.15) that E, (zf) =0,
it follows that

Ex(6) = E2 (25 — 2}) = E2 (9 — Ni(@) + Ex2 (V (x —}(0)))

from which, according to the definition of E; (cf. 3.14), we find that

E2(ZB)=V/Q uE~cur1<<p—Nh(¢))—v/ of - (9 — N(9)

Qp
—v /s.szE.V(X_IE(X)).

Then, integrating by parts on each 7', and noting that div w,Bi iszeroon T (cf. 2.6, 2.7),
we have

Exzp) = ) uchurluE'(so—Nh«p))— dov /wa'(q»—m«o))

T€7;IB TG'ZLB
- > /[[uExn]]-«o—Nh(w)— > /[[w?-nﬂ-(x—lfm).
FeFnp) ’F FeFyap) T
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In this way, applying Cauchy—Schwarz inequality, the approximation properties of I,]f’
and N/, given in Lemmas 2 and 3, respectively, the fact that the number of tetrahedra
of the macro-elements Ag(7") and Ag(F) is uniformly bounded, and the stability
estimate (3.23), we get (3.22) and finish the proof. O

We end this section by concluding that the reliability of ®, that is the upper bound
in (3.8), is a straightforward consequence of Theorem 2 and Lemmas 7, 10-12.

3.4 Efficiency

We now devote our attention to the derivation of upper bounds depending on the
actual errors associated to the local indicators on each subdomain. For clarity of the
analysis we will restrict ourselves to piecewise polynomial forcing terms fg and fp,
but we remark that if they are otherwise sufficiently smooth, the error committed from
suitable polynomial approximation would produce additional higher order terms in
(3.8), explaining the eventual appearance of h.o.t in that inequality.

First, and thanks to the incompressibility condition in Qg (respectively Q2p), one
has that

. B B . D D
Idivuy,llo,r < llus —u; llav,r and  |[divagllor < llup — wy, laiv,7- (3.24)

The remaining terms in @%’T and @)ZD’T can be treated very much in the same way
as done in [24,27,28], where the analysis is based on inverse inequalities found in
[19], together with the localisation technique based on tetrahedron-bubble and facet-
bubble functions [34]. Such a theory requires further notation and preliminary results
collected in what follows.

Given T € 7, and F € F(T), let Y7 and ¥ denote tetrahedron-bubble and
face-bubble functions, respectively (see [33, Egs. (1.4) and (1.6)]), which satisfy:

(1) Y7 € Po(T), supp(¥r) ST, Y7 =00nd7,and0 <7 < 1inT.
(i) yrlr € P5(T), supp(Yr) € wp == U{T' € T : F € F(T")}, yr = 0 on
oT\{F},and 0 < ¢¥r < linwr.

In addition, there exists an extension operator L : C(F) — C(T) that satisfies
L(p) € P(T) and L(p)|Fr = p Vp € Pi(F), for a given k > 0 (see [32]). The
vectorial counterpart of L will be denoted L. Moreover, the following properties hold
(where a proof can be found in [32, Lemma 4.1]).

Lemma 13 Given k € N U {0}, there exist c1, ¢z, c3 > 0, depending only on k and
the shape regularity of the triangulations, such that for each T € T, and F € F(T),
there hold

1/2
137 < cillvy> a3  Va e PuD),
1/2
IpI3 s < 2l pI3 s VP e P(F),
1/2
> LRy < eshelpldy  ¥pe Pu(F). (3.25)
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The following inverse estimate is also required (see a proof in [19, Theorem 3.2.6]).

Lemma 14 Letl, m € NU {0} such that | < m. Then, there exists c4 > 0, depending
only onk, 1, m and the shape regularity of the triangulations, such that foreach T € T},
there holds

glm,r < cshy™ lglr Vg € P(T). (3.26)

Finally we give two technical lemmas before tackling the derivation of the required
upper bounds.

Lemma 15 Let ), € L2(Q) be an element-wise polynomial of degree k > 0, and let
¢ € L2(Q) be such that curl(¢) = 0 in Q. Then, there exist c5, ce > 0, independent
of the meshsize, such that

iy lewrl @57 < esliE = ¢ull5r YT €T, (3.27)
he gy x I3 r < colE —E4l3, VF € Fu(), (3.28)
where the set wF is given by wp :=U{T' € T, : F € F(T")}.
Proof See [24, Lemmas 4.9 and 4.10, respectively]. O

Lemma 16 Let &), € L2(Q2) be an element-wise polynomial of degree k > 0, and let
¢ e L2(2) be such that div(¢) = 0in Q. Then, there exist ¢, cg > 0, independent of
the meshsize, such that

W lldivg I3 p < e7llE —&ul3 7 VYT €T, (3.29)
he g, -nl5 F < cslle = E4ll50, Y F € Fa(Q). (3.30)

Proof Indeed, applying the first inequality given in (3.25), using that div(¢) = 0 in
2, integrating by parts, and then employing the Cauchy—Schwarz inequality, we get

Idivg I3z < el > dive I3 7 = e /T Yr div(g,) - div(g), — ¢)
< fT(c — &) - VW divg,) < 18 = gyllor IVr divig,))lo.r.
(3.31)

Now, using the inverse inequality (3.26), and the fact that 0 < ¥7 < 1in T, we find
that

IV @z divi ) llo.r < chy' lyr divg)llor < chz' divig,)lo.r.

which together with (3.31) gives (3.29). The proof of (3.30) corresponds to a slight
adaptation of the proof of [7, Lemma 4.6], which makes use of (3.29). O

After these preliminary results, we are ready to give local efficiency estimates for
several terms associated to the interface.
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Lemma 17 There exist constants ¢c; > 0, i € {9, 10, 11}, independent of the mesh-

sizes, such that

@ hrllpp =g p < c9{||pB — pplg.z, + 7 llus —up G 7, +hElA— xhng,F},
forall F € Fy(X), where Tr is the tetrahedron of’];LB having F as a face,

() hrllpy = 2nlgr < ClO{”PD — PR U 7, +hFllun —uP NG 7 +hElA —Ahné,p},
forall F € Fy(X), where Tr is the tetrahedron 0f7;1D having F as a face,

(© hplug - n —up - 0|}, < cn{uuB — up|§ 7, + h7lldiv@s — w3 1,

+ llup = wPI3 7, + 3 Idiv @ — uD) 3 7, ),
orall F € Fy(X), where T is the tetrahedron of TB U TP having F as a face.
h h

Proof Estimates (a) and (b) can be obtained by adapting the proof of [6, Lemma 4.12],
whereas (c) follows after a slight modification of the proof in [27, Lemma 3.17] (see

also [6, Lemma 4.7]). 0
Lemma 18 There exist constants ¢c; > 0, i € {12, 13}, independent of the meshsizes,
such that
(2)

Z hell(fs — &g up —veurlop) x n — curly ()G £

FeFy (%)
et 3 (lus—uf R, + leurls — 0PI 1, )
FeFp(%)
+ 1= 2l s

(b)

> hel(fp —kp' up) x n — curly ()15
FeFu(T)

D2 2
<csy Y, lup—ulg s, + 14— Al x
FeFn(%)

where, given F € F(X), TF is the tetrahedron of ’];lB (respectively ’ThD ) having F as
a face.

Proof The proofs of (a) and (b) follow after a straightforward adaptation of that of [25,
Lemma 20], and recalling from [13, Lemma 3.6] that the operator curl is bounded. O

We remark that estimates (a) and (b) provided by the previous lemma are the only
nonlocal bounds of the efficiency analysis. However, under an additional regularity
assumption on A we are able to prove the following local bounds.
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Lemma 19 Assume that Mg € H(F), for each F € Fjp(X). Then there exist
c14, c15 > 0, independent of the meshsizes, such that for each F € Fj(X) there
hold

hell(fg — kg ' up —veurlop) x n — curly(A) 15 5

< cia{llus — uf 13 7, + lewrl@ — @) I3 7, + hrlleurl, G = ) I3 |
and

hell(fp — kp' up) x n — curl, Qo) 15, 5

D2 2
< cis{llup — uP I 7, + hrlleurd 6. = 4013 1 |,

where TF is the tetrahedron of ’ThB (respectively ’];lD ) having F as a face.

Proof The derivation of these estimates follows as in the proof of [25, Lemma 21].
O

The following three lemmas provide the corresponding upper bounds for the remain-
ing terms defining ©F ;. (cf. 3.5) and ©F . ( cf. 3.6).

Lemma 20 There exist positive constants c;, i € {16, 17, 18, 19}, independent of the
meshsizes, such that

(@ hlleurl{fy — «5'uP — veaurloP)2, = c16{||uB A
+ Jlcurl(wp — wg)ngj},for all T € TP,

() Il fp — 5" uf = veurloB 3 ; < cr7{lup — uBlF ; + leurl@s — 0PI ; +
h7 2\ pe — p,‘fngj],for all T e TE.

© hell(fe = 5'uff — vewrdof) x nlld = csflus — ufId,,
+ [lcurl(wp — w}f)ngw},for all F & Fiy(Qp), where wp = U[T' € TP :
F e F(T)).

@ hrl(fy — g up — veurdop) x nff, < c19{||uB A
+ ||curl(wp — wE)H%,TF + h.o.t},for all F € F,(I'g), where Tr is the tetra-

hedron of’ThB having F as a face, and

h.o.t:=h}, lug — up I3 7, + 7, lleurl@s — @f)IIG 7, + 1%, I P8 — PRI 7, -
Proof Since curl( fg — kg ! ug — veurlwg) = curl(Vpp) = 0 in Qp, to derive (a)
and (c) it suffices to apply the estimates (3.27) and (3.28) (cf. Lemma 15), respectively,

to

¢ = fg— /c];l ug —veurlwg and ¢ = fg — /cgl uE — vcurlwl;. (3.32)
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On the other hand, reasoning similarly as in the proof of [29, Lemma 5.14], we get

-1.B B
| fs — g u;, —veurleyllor

1Ekllo,r

IA

c{lue — uflo.r + leurtos — of lo.r + k7" llps = pfllo.r}.
(3.33)

from which, it is easy to deduce the estimate (b). For the proof of (d), we set ¢ and ¢},

as in (3.32). Given F € F,(I") we denote x r := &, x n on F. Then, applying the

second inequality given in (3.25), and the extension operator L : C(F) — C(T), we
find that

1/2
IXFlRF < callvy XFII(Z),F=C2/IPFXF'(§th)
F

=0 / VEL(XF) - &y X 0).
aTr
Now, integrating by parts, it follows that

UrLO) - @y xm = | &y - curl(@r L(x ) + / curl(Z;) - Y L(x ).

oTF Tr Tr

Next, applying the Cauchy—Schwarz inequality, the inverse estimate (3.26), and the
preliminary bound for [|curl(¢ ) llo, 7 (cf. 3.27), we deduce that

IXF I3 # < e2{ealEnllore + 18 = Euloe | A7) e L loge.  (334)

In turn, recalling that 0 < ¢r < 1 in F, and employing the third inequality in (3.25),
we can write

1/2 1/2 ,1/2
e Lt llorr < 1 Lix mllore < es> h Ix ello.zy- (3.35)

Finally, using (3.35), the definitions of ¢ and ¢, (cf. 3.32), the preliminary estimate
(3.33), and the fact that A < hr,., we deduce from (3.34) that

1/2 B B
nZ xellor < ¢ {IluB —uyllo,7y + llcurl(wp — @) llo, 7, +h.o.t},
where
2 B 2 B B
h.o.t := hy, llug — uy llo,7x + h, lleurl(@p — @) llo, 7 + Az llpB — Py ll0, 7% »

which gives (d), and ends the proof. O

Lemma 21 There exist ¢c; > 0, i € {20, 21, 22, 23}, independent of the meshsizes,
such that

@ Springer



A posteriori error analysis of a fully-mixed formulation... 1513

(@) hflleurl{fp — ' w3 7 < coo llup —ulg VT € TP,
(b) K3 fio—#p! uh 137 = ot {3 lup—uPI3 , + oo - pPI3 ) VT e TP,

© hrl[(fp —xp uh) X "ﬂ”o,p < cllup — u;?”(z),wp forall F € Fy(p), where
the set wF is given by wp = U[T’ ¢ TD . F e F(ThH),

@ hell(fp =" uf) x nl ;< e {||uD —uPI3 7, + o — pPIZ 7, +hoout]
forall F € F,(I'p), where Tr is the tetrahedron ofThD having F as a face, and

. 4 D2
h.o.t := hy, |lup — ”h ||0 e T h Mo — P llo.7, -

Proof Thanks to the fact that curl(fp — «p ! up) = curl(Vpp) = 0 in Qp, (a) and
(c) can be obtained applying (3.27) and (3.28), respectively, to ¢ := fp —kp Yup and
¢h=fo—«p ! u}ll). The remaining estimates follow analogously to the proofs of (b)
and (d) in Lemma 20. O

We next turn to the derivation of local efficiency estimates for the residual expres-
sions defining @% T

Lemma 22 There exist c; > 0,i € {24, 25, 26}, independent of the meshsizes, such
that

@ K3 |of — curluf |3 ; < 2 {lug — uBllo.r + 13 s — oPlo.r .

B 2 B2 2 B2
o) hellluf x nll < s > |lus — uf 137 + Hleos — WfIG | VF e
T<wfr

Fn(2B),
(©) hrl|[w?- ”]]llo » < ¢ llop — @B 2 wp*

Proof Regarding (a), letus denote x 7 := wf —curl uE inageneric T € 7;,. Applying
the first estimate of (3.25) to x 7, and then using that curlug = wp in Qp, we find
that

1/2
eIy < I xr 3y = / Vr xr - curl(up — uP)
T
B
—c1 / Yr X7 - (0B — @p).
T

Next, integrating by parts in the first term on the right hand side of the last identity,
and recalling that ¥/7 vanishes on 07, we obtain

Ix7l§.7 < —c1 / (up —uy)-curl(Yr x7)—c f Yr X7 (@—w)).  (3.36)
T T
Then, applying Cauchy—Schwarz inequality and (3.26), we deduce from (3.36) that
Ixrl3 < elvrxrlor {h7" lus = ufllo.r + los — of o }.
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In this way, using that 0 < 7 < 1in T, we get

B B
hr lxrlor < cflus = uflo.r + hr los - oflo.r}.

which gives (a). Estimate (b) can be derived by adapting the arguments in the proof of
[2, Lemma 4.15]. Finally, since div(wg) = div(curl ug) = 0 in g, for the derivation
of (c), it suffices to apply (3.30) to £ := wp and ¢, := wE. O

We end this section by observing that the term A ||A — Ap, ||%’ F appearing in Lemma
17 (items (a) and (b)), is bounded as follows:

Y kel =l B IR =2l s < ChIL =24l 5-
FeFu(%)

Therefore the efficiency of ® is a direct consequence of (3.24) and Lemmas 17-21.

4 Numerical results

In this section we provide two computational tests aimed at illustrating the properties
of the estimator ® introduced in Sect. 3.2. All linear systems are solved with the
distributed multifrontal direct solver MUMPS.

Example 1 For our first test we design a mesh convergence example using two sets
of closed-form solutions, and performing uniform and adaptive mesh refinement. The
Darcy and Brinkman sub-domains consist of two boxes Qp = (—0.5, 0.5)3, Qp =
(—0.125, 0.125)2 X (—0.4, 0.4). The model parameters are Kgl = 10, K];l = 50,
v = 0.01. The convergence of the method is assessed by computing errors between
the following manufactured smooth exact solutions

—3m sin(wrx1) cos(mwxp) cos(wrx3)

wg(x1, x2,x3) = | 37 cos(mxy)sin(mwxy)cos(mrxz) |,
0
cos(mrx) sin(mwxyp) sin(wrx3)
u(xy, xp, x3) = sin(7r x1) cos(mwrxy) sin(7r x3) ,

—2sin(wxy) sin(wxy) cos(mwx3)
p(x1, X2, x3) = sin(x1) sin(wx2) sin(7 x3),
up = u|qy, Up = UQy, PB = pPlag, PD = Plap. A = plx,

and their finite element approximations using a RTo — ND; — RTg — Pg — Pg — Py
family.

The domains are discretised into a series of nested uniform triangulations, where
errors, experimental convergence rates, and effectivity indexes will be defined as
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e(up) :=|lug — uppldgiv,0p, €(@B) := ||lwp — @B}l curl, 25
e(up) :=|lup — upplldiv.p, €¢(PB) := lpB — PBAll0.Q8 >
e(pp) :=|lpp — popllo.ep, €)== A — Apllij2,5,
log(e(-)/e(-))
r() = lg—/ e := {len)” + [e(@p)]” + [e(up)]*
—5 log(N/N)

+le(pp)l? + [e(pp) I + [eIP}?,  ef£(0) = %,

with e and ¢ denoting errors associated to two consecutive meshes of sizes 4 and fl,
and being associated to methods having N and N degrees of freedom, respectively.
The first two parts of Table 1 show optimal convergence for all fields under either
adaptive or uniform mesh refinement.

Secondly, we regard the same domains but manufacture an exact pressure that
is singular near one wall of Qp (the singularity being located at (x4, xp, x;) =
(0,0, —0.55)):

P = ((x1 — x2)* + (x2 — xp)* + (x3 — x)H) ™! + sin(rxy) sin(wxz) sin(wx3).

We expect that the convergence is hindered by the lower regularity of the exact solution.
This is indeed evidenced in the third block of Table 1, where we see an oscillating
effectivity index and a very low convergence, especially so for the Darcy pressure and
the Lagrange multiplier. The optimal character of the error decay is however restored
when we use an adaptive mesh refinement strategy (see the last section of the table).
We also confirm that the error indicator ® performs well even if the fluid viscosity
v has a considerable variation (see Table 2). Intermediate adapted meshes and some
components of the approximate solution are displayed in Fig. 1.

Example 2 Next we turn to the simulation of the flow behaviour within a compos-
ite domain 2 = (0, 2) x (0,0.2) x (0.75). A smooth interface exists between the
Darcy and Brinkman subdomains, where the Brinkman part is on top (see related
test cases in [1,4,10,14]). For this problem we assume a uniform current flow on
the x —direction and the presence of gravity, so fg = fp = (0.25,0, —0.1)T. In
addition, we take a dimensional parameters specified as kg 1 - 1, v = 0.01, and
Kp L 800n (x1, x2, x3), where 7 is the sum of characteristic functions on 20 balls
of radius 1E-4, located randomly in Qp and representing obstacles of much lower
permeability.

The boundary conditions are set as follows: on the face x; = 0 we impose a unitary
normal inflow velocity up - n = 1, on the bottom and top faces we set slip velocity
conditions ug - = 0 and up - n = 0 (for the Brinkman and Darcy boundaries,
respectively), and on the remaining parts of the boundary we do not force velocity nor
pressure. On the interface we impose zero tangential vorticity and the transmission
conditions analyzed in the paper. We now use the method based on the RT; — NID, —
RT; — Py —P; — P; family, and a penalisation approach is used to impose zero-mean
value of the Brinkman pressure. In Fig. 2 we present the sketch of the domains and
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Table 2 Test 1: total error decay and effectivity indexes achieved by the lowest-order method for different
values of the fluid viscosity

Smooth solution, Smooth solution, Singular solution, Singular solution,
uniform refinement adaptive refinement uniform refinement adaptive refinement
e eff e eff e eff e eff

v =0.01

2.8166 0.4323 6.1506  0.4105 9.2927  0.2938 7.8154  0.7290
1.5326  0.4281 33105 04152 7.2897  1.2798 3.9902 0.7123
0.8548  0.4154 0.7249  0.4153 5.9427  0.6265 2.1513  0.7267
0.5049  0.4156 0.3896  0.4153 59021 1.8422 1.2197  0.7355
0.2363  0.4159 0.2036  0.4155 2.7096  0.0878 0.8764  0.7234
v=10

2.8043 0.4149 6.1288  0.4092 9.8591 0.3372 6.9503  0.7248
14311  0.4291 3.4192  0.4083 6.0251  2.6394 3.7943  0.7496
0.7847  0.4107 0.7504  0.4107 5.5590 0.8520 2.0643  0.7250
0.5152  0.4197 04121 04113 4.4921  2.4083 1.0251 0.7394
0.2520  0.4103 0.2013  0.4171 3.0435  1.3107 0.8184  0.7254

S
VS
SRS S

7035, 94 188 28250

(@) ®

Fig. 1 Test | a, b zoom on the interface of two intermediate adapted meshes for the case of high gradient
pressure, generated with the adaptive method; ¢, d global velocity and Brinkman vorticity obtained with
a uniform refinement; and e, f global pressure computed with the adaptive method in the case of a high
gradient, and smooth pressure profile, respectively. In all figures we represent only a part of Qp, for
visualisation purposes

interface, the obtained approximate solutions and snapshots of two adaptive meshes
produced following the a posteriori error estimator. All fields are well-resolved, even
with coarse grids.
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Fig. 2 Test 2 a domains sketch, b, ¢ two intermediate adapted meshes, d global velocity, e Brinkman
vorticity and Darcy inverse permeability, f global pressure
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