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Abstract This paper deals with the analysis of new mixed finite element methods
for the Brinkman equations formulated in terms of velocity, vorticity and pressure.
Employing the Babuska—Brezzi theory, it is proved that the resulting continuous and
discrete variational formulations are well-posed. In particular, we show that Raviart—
Thomas elements of order k£ > 0 for the approximation of the velocity field, piecewise
continuous polynomials of degree k 4 1 for the vorticity, and piecewise polynomials
of degree k for the pressure, yield unique solvability of the discrete problem. On the
other hand, we also show that families of finite elements based on Brezzi—Douglas—
Marini elements of order k + 1 for the approximation of velocity, piecewise continuous
polynomials of degree k 42 for the vorticity, and piecewise polynomials of degree k for
the pressure ensure the well-posedness of the associated Galerkin scheme. We note that
these families provide exactly divergence-free approximations of the velocity field.
We establish a priori error estimates in the natural norms with constants independent
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of the viscosity and we carry out the reliability and efficiency analysis of a residual-
based a posteriori error estimator. Finally, we report several numerical experiments
illustrating the behaviour of the proposed schemes and confirming our theoretical
results on unstructured meshes. Additional examples of cases not covered by our
theory are also presented.

Mathematics Subject Classification 65N30 - 65N12 - 76D07 - 65N15

1 Introduction

This paper is concerned with the numerical study of the generalized Stokes problem,
also known as the linear Brinkman problem, differing from the classical Stokes system
in the presence of a zeroth order term for the velocity in the momentum equation, and
which is usually encountered after time discretizations of transient Stokes, or when
considering a fluid in a mixture of porous and viscous regions and therefore ranging
from Stokes to Darcy regimes. Our focus will be on the velocity—vorticity—pressure
formulation of the mentioned problem.

There exist a great deal of numerical techniques available to solve these equations,
each one of them with diverse features and, in general, being tested for many funda-
mental problems and industrial applications including for instance, filtering modelling,
subsurface water treatment, oil recovery, and several others. Here, we concentrate on
the development of mixed finite element formulations, as e.g. the variational problem
in [16], whichisrecast as a twofold saddle point problem and it is analyzed based on the
introduction of the flux and the tensor gradient of the velocity as further unknowns. In
that contribution the flux is approximated by lowest order Raviart—-Thomas elements,
whereas the velocity and pressure fields are approximated by piecewise constant func-
tions. In [32], the pseudostress and the trace-free velocity gradient are introduced as
auxiliary unknowns and a pseudostress—velocity formulation is considered, existence,
uniqueness, and error estimates are proposed. In addition, a mixed method associated
to a pseudostress based formulation for the Brinkman problem has been introduced
and analyzed in [27], in which the main unknown is given by the pseudostress, whereas
the velocity and pressure fields are easily recovered through a simple postprocessing
procedure.

Special interest lies in the case where the vorticity is introduced as an independent
unknown (which is key in several applications), since no numerical differentiation of
the velocity is needed to compute the additional field, boundary conditions for external
flows can be treated in a natural way, and non-inertial effects can be readily included by
simply modifying initial and boundary data [37]. Several numerical methods exploit
these properties, as for instance, different formulations based on least-squares, stabi-
lization techniques, mixed finite elements, spectral discretizations, and hybridizable
discontinuous Galerkin methods (see for instance [3,4,8,12,14,18,19,21-23,26,34—
36], and the references therein). For the generalized Stokes problem written in
velocity—vorticity—pressure variables, we mention [6] where an augmented mixed
formulation based on RTy — P41 — Pr41 (with continuous pressure approximation)
finite elements has been developed and analyzed. Existence, uniqueness, and error
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estimates using the Lax—Milgram theorem have been established. Moreover, a dual
mixed formulation has been introduced in [38] for the Brinkman problem. The well-
posedness of the continuous and discrete formulations have been carried out using
the Babuska theory, and optimal error estimates are proved, and preconditioners have
been derived to solved efficiently the discrete linear system. In [7] a stabilized mixed
method has been proposed for the axisymmetric Brinkman equations. We stress that
the methods mentioned before do not deliver divergence-free approximations of the
velocity.

In this article, we propose a finite element approximation of the Brinkman equa-
tions, written in terms of the vorticity, velocity, and pressure fields. A further goal of
the present approach is to build different inf-sup stable families of finite elements to
approximate the model problem, allowing a direct computation of the vorticity with
optimal accuracy, and without the need of postprocessing. This appears to be quite dif-
ficult in mixed methods written only in terms of vector potential-vorticity [22,30,31].
In addition, the proposed method exhibits an exactly divergence-free approximation
of the velocity, and thus, it exactly preserves an essential constraint of the governing
equations. Moreover, our error estimates are established with constants independent
of the viscosity. We also remark that the computational cost of the proposed method
(in its lowest order configuration) is comparable with classical low-cost techniques as
the so-called MINI element for velocity—pressure formulations.

On the other hand, adaptive mesh refinement strategies based on a posteriori error
indicators play a relevant role in the numerical solution of flow problems, and partial
differential equations in a general sense. For instance, they guarantee the convergence
of finite element solutions, specially in the presence of complex geometries that could
eventually lead to spurious solutions [39], and they provide substantial improvements
in the accuracy of the approximations for given computational burden [1]. With this
in mind, we also introduce a reliable and efficient residual-based a posteriori error
estimator for the mixed problem, which can be computed locally, and hence, at a
relatively low computational cost.

The proposed variational formulation is analyzed using standard tools in the realm
of mixed problems and an a posteriori error estimator has been developed. To do this,
we restrict our problem to the space of divergence-free velocities, and apply results
from [15,25,28] to prove that the equivalent resulting saddle-point problem is well-
posed. For the numerical approximation, we consider first the family of finite elements
RTy — Pxy1 — Py, k > 0, i.e., Raviart-Thomas elements of order k for the velocity
field, piecewise continuous polynomials of degree k+ 1 for the vorticity, and piecewise
polynomials of degree k for the pressure. Since the proposed method provides an
exactly divergence-free approximation of the velocity, we prove unique solvability of
the discrete problem by adapting the same tools utilized for the continuous problem. In
addition, the resulting finite element discretization turns to be convergent with optimal
rate whenever the exact solution of the problem is regular enough. We mention that all
the error estimates are fully independent of the viscosity. Next, we develop a reliable
and efficient residual-based a posteriori error estimator for the proposed formulation.
The proof of reliability makes use of the global continuous inf-sup condition of the
variational formulation restricted to the space of divergence-free velocities, and the
local approximation properties of the Clément and Raviart—-Thomas operators, whereas
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for the efficiency we utilize inverse inequalities, and the localization technique based
on element-bubble and edge-bubble functions. Moreover, numerical experiments with
the family of finite elements considered in this paper perform satisfactorily for a variety
of boundary conditions. We also introduce and comment the applicability of the present
framework using other families of finite elements, as for instance Brezzi—Douglas—
Marini elements of order k + 1 for the velocity field, piecewise continuous polynomials
of degree k+2 for the vorticity, and piecewise polynomials of degree k for the pressure.
Finally, we stress that the proposed methodology can be used to analyze the extension
to the three-dimensional case, and to study a larger class of problems, including the
coupling with Darcy flows or with transport phenomena.

Outline. The remainder of the paper has been structured as follows. In what is left
from this section, we introduce some standard notation, required functional spaces, and
we describe the boundary value problem of interest. Section 2 presents the associate
variational formulation, it provides an abstract framework where our formulation lies,
and then we prove its unique solvability along with some stability properties. In Sect. 3,
we present two mixed finite element schemes and we provide a stability result and
obtain error estimates for the proposed methods. The derivation and analysis of a
reliable and efficient residual-based a posteriori error estimator for this problem is
carried out in Sect. 4. Several numerical results illustrating the convergence behaviour
predicted by the theory and allowing us to assess the performance of the methods are
collected in Sect. 5, and we close with some final remarks in Sect. 6.

Preliminaries. We will denote a simply connected polygonal Lipschitz bounded
domain of R2 by 2 and n = (n;)1<; <2 is the outward unit normal vector to the bound-
ary 0€2. The vector t = (f;)1<; <2 is the unit tangent to 0€2 oriented such that t; = —ny,
to = n1. Moreover, we assume that d€2 admits a disjoint partition 92 = I' U X. For
the sake of simplicity, we also assume that both I" and ¥ have positive measure. For
any s > 0, the notation ||-||; o stands for the norm of the Hilbertian Sobolev spaces
H?* () or H¥(§2)2, with the usual convention HO(§2) := L2(Q). For s > 0, we recall
the definition of the Hilbert space

H' (div; Q) := {v € H (Q)2: divv € H (Q)),

endowed with the norm ||v||12{,q(div;9) = ||v||f’Q + ||div v||§’Q, and we will denote
H(div; Q) := H(div; ).

Moreover, ¢ and C, with or without subscripts, tildes, or hats, will represent a
generic constant independent of the mesh parameter 4, assuming different values in
different occurrences. In addition, for any vector field v = (v;);=1,2 and any scalar
field 8 we recall the differential operators:

divv:=0iv] 4+ dhvp, rotv:=0jvy — dhvy, VO:= 010 , curlf:= 026 .
020 —010

The model problem. We are interested in the Brinkman problem [31], formulated in
terms of the velocity u, the scaled vorticity w and the pressure p of an incompressible
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viscous fluid: given a force density f, vector fields a and b, and scalar fields py and
wp, we seek a vector field u, a scalar field w, and a scalar field p such that

ou+veurlo+Vp = f inQ,
w—vrotu =0 in Q,

divue =0 in £,
u-t=a-t onx, (1.1)
p=po onx,

u-n=>b-n onl,

w=wy onl,

where u - t and u - n stand for the normal and the tangential components of the
velocity, respectively. In the model, v > 0 is the kinematic viscosity of the fluid and
o € L*°(Q) is the inverse permeability of the medium, here assumed isotropic and
satisfying 0 < opin < 0(x) < omax a.e. in 2, for some positive bounds oin, Omax-

In addition, we assume that a boundary compatibility condition holds, i.e., there
exists a velocity field w € L2(Q)? satisfying divw = Oa.e.inQ,w-f = a-ton X, and
w-n = b-nonl. Foradetailed study on different types of standard and non-standard
boundary conditions for incompressible flows, we refer to [13]. We observe that the
boundary conditions considered here are relevant in the context of e.g. geophysical
fluids and shallow water models [33].

For the sake of simplicity, we will work with homogeneous boundary conditions for
the normal and the tangential velocity and, subsequently, for the vorticity, i.e., b = 0,
a = 0 and wp = 0 on I'. Nevertheless, these restrictions do not affect the generality
of the forthcoming analysis.

2 A mixed velocity—vorticity—pressure formulation
2.1 Variational formulation and preliminary results

In this section, we propose a mixed variational formulation of system (1.1). First, we
need to introduce the following spaces that we will consider in the sequel:

H:={veHWiv;Q):v-n=0o0nT}, Z:={O eH (Q):6=0o0n '}, and
Q:=L*Q).

We endow the spaces H and Q with their natural norms. However, for the functional
space Z we will consider the following v-dependent norm:

2 . 2 2
1611 o :== 11915, + v curl 0] .

Moreover, the symbol (-, -)5. will denote the duality pairing between H~!/2(Z) and
H'/2(%) with respect to the L2(X)-inner product.
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786 V. Anaya et al.

Now, by testing system (1.1) with adequate functions and imposing the boundary
conditions, we end up with the following mixed variational formulation:
find (u, w, p) € H x Z x Q such that

/au-v+ﬁ/curla)-v—/pdivv:/f-v—(v-n,po)g Vv € H,
Q Q Q Q
ﬁ/curle-u—/wezo Vo ez,
Q Q

—/qdivu:O Vg € Q.
Q

This variational problem can be rewritten as follows: find (u, w, p) e H x Z x Q
such that

au,v)+ bi(v,w)+ ba(v, p) = G(v) Vv € H,
bi(u,0) —d(w,0) =0 VO €Z, 2.1
by(u,q) =0 Vq €Q,

where the bilinear forms a: Hx H — R, bj: HxZ — R, d:Z x7Z — R,
by: H x Q — R, and the linear functional G: H — R are defined by

a(u,v) ::/ ou-v, bi(v,0):= ﬁ/ curl6 - v,
Q Q
d(w, 0) ::/ wb, by(v,q) = —/ gdivo,
Q Q
G(v) :=/Qf-v—<v~n,po)>:,

forallu,v e H,w,0 € Z,and g € Q.
With the analysis of (2.1) in mind, let us consider the Kernel of b (-, -)

X:={veH: byv,q) =0, Vge Q}={veH: divv=0 in Q},
and let us recall that the bilinear form b, satisfies the inf-sup condition:
1b2(v, ¢)|

ver 1VllH@IV: @)
v#0

= Ba2ligllo,e Vg € Q, 2.2

with an inf-sup constant $ > 0 only depending on 2 (cf. [25]).
In order to establish that our mixed variational problem is well-posed we will use
the following abstract result (see e.g. [25, Theorem 1.3]):

Theorem 2.1 Let (X, (-, -) x) be a Hilbert space. Let A: X x X — R be a bounded
symmetric bilinear form, and let G: X — R be a bounded functional. Assume that
there exists § > 0 such that
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Alx, _
sup 2V S iy v e . 2.3)
ol vl
y#0

Then, there exists a unique x € X, such that
Ax,y) =G(y) VyeX. (2.4)
Moreover, there exists C > 0, independent of the solution, such that

lxlla = CliGla

2.2 Analysis of the continuous formulation

In this section, we prove that the continuous variational formulation (2.1) is well-
posed. To that end, it is enough to study the reduced counterpart of (2.1) defined on
X x Z: find (u, w) € X x Z such that

a(u,v)+ b1(v,w) =G() VveX,
bi(u,0) —d(w,0) =0 VO €Z. 2.5)

In fact, the following result establishes the equivalence between (2.1) and (2.5).

Lemma 2.1 If (u,w, p) € H x Z x Q is a solution of (2.1), then u € X, and
(u, w) € X x Zis also a solution of (2.5). Conversely, if (u, w) € X x Z is a solution
of (2.5), then there exists a unique pressure p € Q such that (u, w, p) e H xZ x Q
is a solution of (2.1).

Proof The proof follows basically from the inf-sup condition (2.2). We omit further
details and refer to [31]. O

According to the result above, we will now turn to prove that the continuous vari-
ational formulation (2.5) is well-posed.

Theorem 2.2 The variational problem (2.5) admits a unique solution (u, w) € X X Z.
Moreover, there exists C > 0 independent of v such that

lulla@iv:e) + llolli,e < CU fllo,e + lIpolli/2,)- (2.6)

Proof First, we define X := X x Z (endowed with the corresponding product norm)
and the following bilinear form and linear functional:

Al »), (v,0)):=a(m,v) + bi(v,0) + b1, 0) —d(@,0), G((v,0)) :=GCG(v).

To continue, it suffices to verify the hypotheses of Theorem 2.1. First, we note that the
linear functional G(-) is bounded and as a consequence of the boundedness of a(-, -)
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788 V. Anaya et al.

b1(-,-),and d(-, -), one has that the bilinear form A(-, -) is bounded too with constants
independent of v.

The next step consists in proving that the bilinear form A(-, -) satisfies the inf-sup
condition (2.3). In fact, given (1, w) € X, we define

0:=—weZ, and ¥:= (u+/veurlw) € X,

where ¢ is a positive constant which will be specified later. Therefore, from the defi-
nition of bilinear form A(-, -) we obtain

A((u,a)),(ﬁ,é))z/ou-f)—i—ﬁ/ curla)-f)—i—ﬁ/ curléou—/wé
Q Q Q Q
zomin||u||(2)’9+éﬁ/ au~curla)+ﬁ/u~curlw

Q Q

+ évllcurl wlff o — ﬁ/ u-curlw + 0|} o
o :

A2 2
2 Omin 2 : 2
> ominllullg. g — ——llullg .o — = curlo||j o
’ 2 ’ 20min ’
A 2 2
+ cv|curlofj o + ol g
A2
Omin 2 A Co, 2 2
= ||u||()§z +c (1 - ﬂ) V|| Curlw”oﬂ + ||a)||0’9,
2 20min

and choosing ¢ = (‘:‘Z“i“ , we can assert that

A, w), (3,0)) = Cll, )%,
with C independent of v. On the other hand, we notice that
1612 = llollie and [|3llo.e < Cé(lulogq + lwlh.). 2.7
and consequently

Alw, 0), (v,0)) _ A, 0), @, 6)) > Ol o)y Y. w) € X,

woexr 1@Olx @6l
(v.0)#0
which finishes the proof. O

The following result establishes the corresponding stability estimate for the pres-
sure.

Corollary 2.1 Let (u, w) € X x Z, be the unique solution of (2.5), with u and w
satisfying (2.6). In addition, let p € Q be the unique pressure provided by Lemma
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2.1, so that (u, w, p) € H x Z x Q is the unique solution of (2.1). Then, there exits
C > 0, independent of v and the solution, such that

Ipllo,.e < CUlfllo,e + llpolliyz,2).

Proof From the inf-sup condition (2.2), and the first equation of (2.1), we obtain

Ipllo,e < X su . pl 1 su IG(v) —a(u,v) —b1(v, )|
B ) ,

vett IWllH@v:2) B2 ven v llH@iv; )
v#0 v7£0

which together to (2.6), and the boundedness of G, a and b, complete the proof. O

We end this section with the converse derivation of problem (2.1). More precisely,
the following theorem establishes that the unique solution of (2.1) solves the original
problem described in (1.1). This result will be used later on in Sect. 4.2 to prove the
efficiency of our a posteriori error estimator.

Theorem 2.3 Let (u, w, p) € H x Z x Q the unique solution of (2.1). Then ocu +
YVveurlo +Vp = finQ o — Jvrotu =0in Q, dive = 0in Q, u € H(Q)?,
p € H(Q), and u, o, and p satisfy the boundary conditions described in (1.1).

Proof 1t basically follows by applying integration by parts backwardly in (2.1) and
using suitable test functions. Further details are omitted. O

3 Mixed finite element schemes

In this section, we will construct two mixed finite element schemes associated to
(2.1), we define explicit finite element subspaces yielding the unique solvability of the
discrete schemes, derive the a priori error estimates, and provide the rate of convergence
of the methods.

Let 7}, be a regular family of triangulations of the polygonal region by triangles
T of diameter hp with mesh size & := max{hr: T € 73}, and such that there holds
Q= U{T: T € 74}. In addition, given an integer k > 0 and a subset S of R2, we
denote by Py (S) the space of polynomials in two variables defined in S of total degree
less than or equal to k.

Let us introduce the local Raviart—-Thomas space of order k

RTy(T) := Pp(T)* & Py(T)x,

where x is a generic vector of R2, and let us define the following finite element
subspaces:

Hy = {vy € H: vy|p € RTW(T), VT € Ty}, (3.1
Zpn = {0h € Z: Opl7 € P (T), VT €Ty}, (3.2)
Qn:=1{qn € Q: qnlr € P(T), VT € Ty}. (3.3)
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Then, the Galerkin scheme associated with the continuous variational formulation
(2.1) reads as follows: Find (uj, wy, pr) € Hy X Zp x Qp such that

aup, vp) + bi(vy, wp) + ba(vp, pr) = G(vp) Vv, € Hy,
by(up, ) — d(wn, 0p) =0 VO, € Zy, 34
ba(up, gn) =0 Vg € Q.
One of the key features of the scheme proposed in (3.4), besides the direct approx-

imation of the vorticity, is that the approximate velocity uy, is exactly divergence-free
in . To discuss this property, we introduce the discrete kernel of by:

Xp :={vn € Hp: ba(vh, qn) =0, Vgn € Qn}.
Since div H, € Qy, it can be readily seen that
Xp :={vy, € Hy: dive, =0 in Q}. 3.5)

Let us observe now that, similarly to the continuous case, the bilinear form b,
satisfies the discrete inf-sup condition

by(vp, qp)

vpet, 1VnllHdiv;2)
v, #0

> Bollgnllo.e Yan € Qn, (3.6)

with the inf-sup constant B, independent of the discretization parameter 4 and of v;
see [25] for instance.

Throughout the remainder of this section, we will show that the discrete variational
formulation (3.4) is well-posed and that it satisfies the corresponding Céa estimate.
In order to do this, we proceed as in Sect. 2.2, and introduce the following reduced
version of (3.4) on the product space X;, x Zj: find (uy,, wp) € X x Zy, such that

a(up, vy) + b1(vp, wp) = G(vp) Yoy € X,

3.7
by(up, 0p) — d(wp, 0p) =0 VO, € Zy.
The following result establishes the equivalence between (3.4) and (3.7), which is
a direct consequence of the inf-sup condition (3.6).

Lemma 3.1 If (uy,, wp, pn) € Hy X Zy, x Qp is a solution of (3.4), thenuy, € Xy, and
(upn, wp) € Xp x Zy is also a solution of (3.7). Conversely, if (uy, wp) € Xy X Zp isa
solution of (3.7), then there exists a unique pressure p, € Qp such that (uy, wy, pr) €
Hy, x Zj, x Qp is a solution of (3.4).

Remark 3.1 We point out that since X; = curl(Z;), problem (3.7) is equivalent to

the following formulation (o -penalized) of a biharmonic problem (also known as the
Ciarlet—Raviart formulation): find (wy, ry) € Z X Zjy such that
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/ wp6p — ﬁ/ curlry, - curl9, =0 V6, € Z,

@ @ (3.8)

—ﬁ/ curl wy, - curl ¢, —/ ocurlry, -curlg, =0 Vo € Zy,
Q Q

which coincides with the mixed formulation of a thin Kirchhoff plate subject to simply
supported boundary conditions on I". The present analysis could be therefore utilized
to establish existence and uniqueness as well as error estimates for (3.8).

Keeping in mind Lemma 3.1, in what follows we will focus on the analysis of
problem (3.7). To this end, let us first collect some previous results and notations to
be used in the sequel. We start by introducing the discrete version of Theorem 2.1.

Theorem 3.1 Let (X, (-, -)x) be a Hilbert space and let {X}}~0 be a sequence of
finite-dimensional subspace of X. Let A: X x X — R be a bounded symmetric
bilinear form, and let G: X — R be a bounded functional. Assume that there exists
B > 0 such that

A(xn, yn)

e, Inllx
y#0

> By llxnllx Vxi € X (3.9)

Then, there exists a unique x, € Xy, such that
ACen, yn) = Gn) Yyn € Ay (3.10)
Moreover, there exist C1, Co» > 0, independent of the solution, such that
lxnlle < CillGlx, Il -

and
lx —xplly < Cz inf |lx — ypllx,
YheX),

where x € X is the unique solution of problem (2.4).

Proof The proof follows from the continuous version given in Theorem 2.1 and the
discrete inf-sup condition for A(-, -) restricted to the finite-dimensional subspace.

We recall the Raviart—-Thomas interpolation operator [15] R: H* (Q)2 NH — Hy
for all s > 0, for which we review some properties to be used in the sequel: there
exists C > 0, independent of &, such that for all s € (0, k + 1]:

v — Rvlla@iv;e) < Ch* vllms@ivie) Vv € H (div; Q) NH. (3.11)

Secondly, for all s > 0, let IT: H!*$ () — Z;, be the usual Lagrange interpolant.
This operator satisfies the following error estimate: there exists C > 0, independent

of h, such that for all s € (0, k + 1]:

16 =610 < Ch[Bll145.0 VO € HT(Q). (3.12)
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Let P be the orthogonal projection from L?(2) onto the finite element subspace
Q. We have that P satisfies the following error estimate for all s € (0, k + 1]:

lg —Pqllo,e < Ch’llqlls,e Vg € H' (). (3.13)
Moreover, the following commuting diagram property holds true:
divRv = P(dive) VYo € H*(Q)? N H(div; Q).

We are now in a position of establishing the unique solvability and convergence of
the reduced discrete problem (3.7).

Theorem 3.2 Let k be a non-negative integer and let X, and Z, be given by (3.5)
and (3.2), respectively. Then, there exists a unique (up,wp) € Xp X Zy solution
of the Galerkin scheme (3.7). Moreover, there exist positive constants C 1 éz > 0
independent of h and v such that

lunllnivie) + llonllne < Cidlfllo.e + Ipolliy2z). (3.14)

and

le —uplla@iv,io) +llo—wpllie < C2 inf (e — vy lH(div; @) + lo =0 ll1,2).
(v3,0n)EXp XZy
(3.15)

where (u, w) € X x Z is the unique solution to the variational problem (2.5).

Proof We define &), := X, x Z;, and we consider A(-, -) and G(-) as in the proof of
Theorem 2.2. The next step consists in proving that the bilinear form A(, -) satisfies
the discrete inf-sup condition (3.9). In fact, given (u;, wp,) € &), we define

. Omi
Op == —wp €Zp, and vy = (uh + l;m ﬁcurlwh) € Xp.

max

Then, repeating exactly the same steps used in the proof of Theorem 2.2 the proof
follows. O

We now establish the corresponding stability estimate for the discrete pressure and
its approximation property.

Corollary 3.1 Let (up, wp) € X, X Zy, be the unique solution of (3.7), with u;, and
wp, satisfying (3.14). In addition, let p,, € Q), be the unique discrete pressure provided

by Lemma 3.1, so that (uy,, wn, pn) € H;L X Zp x Qy is the unique solution of (3.4).
Then, there exist positive constants C1, Co > 0, independent of h and v, such that

Ipnllo.2 < Cilllfllo,e + lIpolliy2,z), (3.16)
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Analysis of a mixed scheme for the Brinkman problem 793

and

Ip—pulloa < Ca inf (le—vpllaiv:e) Hllo—0 .o+ p—gnllo.o)-
(0, On.gn)eHR XZp x O
(3.17)

Proof Proceeding as in the proof of Corollary 2.1, we observe that from the discrete
inf-sup condition (3.6), and the first equation of (3.4), there holds

1 b2, p)| 1 \G(wp) — a(un, vy) — b1 (vh, 0p)]
Ipnllo.e < = sup — "~ = — su

B2 vyen, VnlH@ivie) B2 vyen, lvn IHdiv: )
v, #0 v, #0

s

which together to (3.14), and the boundedness of G, a and by, yield (3.16).
Next, given g, € Qp,, from the first equation of (3.4) and the Galerkin orthogonality
result, it follows that

by(vp, pp —qn) = a(w —up, vp) + b1 (v, @ — wp) + ba(vy, p —qp) Y, € Hy.

Then, applying again the inf-sup condition (3.6) and the boundedness of a, b1 and b»,
we obtain

[b2(vh, ph — qn)
sup ——M————

lpn — gnllo,@ < =
B2 vyen,  vnllHdive)

v, 70
_ b sup la(w — up, vy) + b1 (v, © — wp) + b2V, p — qp)|
By vyt lvr lHdiv; @)
v, 70

< C(llu — upllu@iv;e) + llo —wnlli.o + lp — gnllo,.@)-

Therefore, estimate (3.17) is a direct consequence of (3.15), the previous estimate and
the triangle inequality. O

The following theorem provides the rate of convergence of our mixed finite element
scheme (3.4).

Theorem 3.3 Let k be a non-negative integer and let Hy,, Z, and Qyp be given by
(3.1)=(3.3). Let (u,w, p) € Hx Z x Q and (up, wp, pr) € Hy x Zy x Qp be the
unique solutions to the continuous and discrete problems (2.1) and (3.4), respectively.
Assume that u € H*(Q)?, divu € H*(Q), w € HF(Q) and p € H*(RQ), for some
s € (0, k + 1]. Then, there exists C>0 independent of h and v such that

le — uplla@iv;o) + llo —opllie + Ilp — prllo.e
< CI (|ullws @iv: o) + llollits,o + Iplls.o)-

Proof The proof follows from (3.15), (3.17), and standard interpolation estimates
satisfied by the operators R, IT and P (see (3.11)—(3.13), respectively). O
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794 V. Anaya et al.

Remark 3.2 As stated in the introduction, the present analysis can be easily adapted
to study other families of mixed finite elements to solve (2.1). For instance, given
an integer k > 0, we can employ finite element approximations based on piecewise
continuous polynomials of degree k + 2 for the vorticity, Brezzi-Douglas—Marini finite
elements of order k + 1 for the velocity, and piecewise polynomials of degree k for
pressure.

Introducing the following finite element subspaces:

Hy, = {vy, € H: vp|7 € Peg1(T)?, VT € Tp}, (3.18)
Zy =0 € Z: Oh|r € Pry2(T), VT €Ty}, (3.19)
Qi = 1{qn € Q: qnlr € Pu(T), VT € Ty}, (3.20)

we can state the following Galerkin scheme, which is the discrete counterpart of the
continuous variational formulation (2.1): Find (uy, wp, pn) € Hy X Z5 x Qp such
that

a(up, vy) + bi(vy, wp) + ba(vp, pp) = G(vy) Yo, € Hy,
by(up, 0p) — d(wn, 0p) =0 VO, € Z, (3.21)
by(up,qn) =0 Vg, € Q.

We further recall the Brezzi—Douglas—Marini interpolation operator R: H* (Q)?%n
H — Hj forall s > 0 (see [15]), and we stress that an error estimate similar to (3.11)
is valid for the operator R.

Using the arguments considered in this section, it is straightforward to prove the
following result regarding existence and uniqueness of solution, and convergence of
the scheme defined by (3.21).

Theorem 3.4 Let k be a non-negative integer and let Hy, X Zj, and Qj, be given by
(3.18)—(3.20). Then there exists a unique (uy, wp, py) € Hy X Zp x Qp solution of
the Galerkin scheme (3.21). Assume further that the exact solution (u, w, p) satisfies
u € H(Q)?, divu € H(Q), € H'(Q) and p € H (Q), for some s € (0, k + 1].
Then, there exists C > 0 independent of h and v such that

lu —uplladiv.e) + llo —wnlli,e + 1P — prllo,e < CR* (lullws div: @)
tlolitso + 1IPls.2)

where (u, , p) € H x Z x Q is the unique solution to the variational problem (2.1).

4 A posteriori error analysis

In this section we propose a residual-based a posteriori error estimator and we prove
its reliability and efficiency. For sake of clarity, we restrict our analysis to a single type
of boundary conditions, those defined on I' = 9€2. Therefore, the functional spaces
consider in the sequel correspond to
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Analysis of a mixed scheme for the Brinkman problem 795

H:={veHiv;Q):v-n=0 onl}, Z:= H(l)(Q), and Q := L%(Q).

For each T € 7;, we let £(T) be the set of edges of T, and we denote by &, the set
of all edges in 7}, that is

En =& (U EM),

where £,(Q) :={e € &y: e C R}, and E,(T") := {e € &,: e C I'}. In what follows,
h. stands for the diameter of a givenedge e € &, t, = (—ny, ny), wheren, = (ny, ny)
is a fix unit normal vector of e. Now, let g € L2(2) such that qlr € C(T) for each
T € T, then, given e € &,(R2), we denote by [¢] the jump of g across e, that
is [¢] := (qlt)le — (gl77)|e, where T' and T” are the triangles of 7, sharing the
edge e. Moreover, let v € L2()? such that v|;7 € C(T)? for each T € 7j,. Then,
given e € &,(S2), we denote by [v - £] the tangential jump of v across e, that is,
[v-t] := ((v|7)]|e — W|77)|e) - te, where T’ and T" are the triangles of 7, sharing
the edge e.

Next, let k be a non-negative integer and let Hy,, Z, and Qy, be given by (3.1)—(3.3).
Let (u, w, p) € HxZ xQand (uy,, wy, pn) € Hy xZj, x Qp, be the unique solutions to
the continuous and discrete problems (2.1) and (3.4) with data satisfying f € L2(Q)?
and rot f € L2(T) for each T € Tj,. We define for each T € 7}, the a posteriori error
indicator

0% := h || rot(f —oup—/veurl o)l 1 + b3 | f —oup—/v curl oy —V i3
2

1
rotuy, — ﬁwh + E helllun 't]||(2),e
0.7 ce&(mn&()

+ D hlll(f —oup — veurlwy) - A5,
ecE(T)NER(R)

2
+h7

and we introduce the global a posteriori error estimator:

1/2

0:=1> 67 ) 4.1)

TeT),

4.1 Reliability of the a posteriori error estimator

The main result of this section is stated as follows.

Theorem 4.1 There exists Cro; > 0, independent of h and v, such that

le — uplla@iv:e) + llo — oplli,e + Ip — prllo,g < Cref. 4.2)

We begin the derivation of (4.2) by recalling that the continuous dependence result
given by (2.6) is equivalent to the global inf-sup condition for the continuous reduced
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formulation (2.5). Then, applying this estimate to the total error (# — up, w — wp) €
X x Z, we obtain

|R(v,0)|
le —uplla@iv:e) + llo —opllio <C  sup  ——————, (4.3)
w.oexxz 1, Dllx
(v,0)#0

where R: X x Z — R is the residual operator defined by
R(,0) :=a(u —up,v)+b1(v,0 —wp) +b1(u —up,0) —d(w— wp, 0),
for all (v, #) € X x Z. Moreover, we have that
R(,0) := Ri(v) + R2(0),

where

R](v):=/f'v—/ouh'v—ﬁ/curlwh-v,
Q Q Q
R,(8) := —ﬁ/ curl 6 - uy, +/ wpf.

Q Q

Hence, the supremum in (4.3) can be bounded in terms of R;, i € {1, 2}, which yields

[R1(v)] [R2(0)]
lu — upllu@iv.e) + lo — wnllie < C | sup ———— 4.4
vex IVllH@v;2)  gez 1911,2
V40 020

In what follows, we provide suitable upper bounds for each term on the right hand
side of (4.4). Some technical results are provided beforehand. Let us first recall the
Clément interpolation operator I, : H' (Q) — Y}, where

Y = {0, e H(Q): Oplr € P1(T), VT € Tp}.

This operator satisfies the following local approximation properties (cf. [20]).

Lemma 4.1 There exist positive constants ¢ and ¢ such that for all 0 € H'(Q2) there
hold

0 — In6llo,r < chrlBliacry YT € Ty,
and

A~y 1/2
16 — In6 0. < ¢he*1611.a¢e) Ve € En,

where A(T) :=U{T' € T;,: T'NT # 0} and Ae) :=U{T' € T;,: T' Ne # 0}
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Analysis of a mixed scheme for the Brinkman problem 797

The following lemma establishes the corresponding upper bound for R;.
Lemma 4.2 There exists C; > 0, independent of h and v, such that

[R1(v)]
W <C Z hr| rot(f —oup — \/;c“rlwh)”O,T
zi% H(div;2) TeT,
1/2
1/2
+ > kIS —oup — Vv eurlay) - o
ecEn(Q)

Proof Given v € X we know that dive = 0in Q2 and v - n = 0 on I'. Then, applying
[31, Theorem3.1], we can assert that there exists a unique ¢ € H(l)(Q), such that
v = curl ¢ in 2, and

911, < CllvlHdiv:o)-

Hence, since Rj(vy) = 0 Vv, € Xj, which follows from the first equation of the
Galerkin scheme (3.7), we obtain

Ri(v) = Ry(curl(¢)) = Ry (curl(¢ — I;,¢))

= / (f —oup —Jveurlwy) - curl(¢p — I ¢),
Q

and integrating by parts we easily get

Ry (curl(¢ — I$) = > [/T rot(f — ouy, — +/veurlwy) (¢ — Ir9)

TeTy

- /BT(¢> — L,))(f —oup — Jveurlwy) -t]

_ Z/rot(f—ﬂuh — Vveurlwp)(@ — I¢)
T

TeT,

= > @ =S —oup - Vveurlwy) - £].

e ()7
Therefore, the proof follows from the Cauchy—Schwarz inequality, Lemma 4.1, and
the fact that the number of triangles in A(7) and A(e) is bounded. O
Next we establish an upper bound for R5.
Lemma 4.3 There exists Co > 0, independent of h and v, such that

172
|R2(0)] 1 1/2

sup oy — = Ca D hr | rotuy - o] W > he - o

7 reT, 0T ectu@)
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798 V. Anaya et al.

Proof We first observe that Ry (6,) = 0 V6, € Zj,, which follows from the second
equation in the Galerkin scheme (3.7). Then, for all 8 € H(l)(SZ) it follows that

Ry(0) = Ry (6 — I1,0) =/ wp (@ — I,0) — ﬁ/ curl(0 — 1,0) - uy,
Q Q

and integrating by parts, we obtain

Ry(6 — I0) = Z/ —wp/v(O — 1;,0)

TeT,
o Z (/ 0 — 10) rotuy, —/ © — 10)(uy, - t))
TeT,
=> / (—a)h —rotuh) V(O — 1,0)
TeT,
T D /(e—lhm[uh t).
ecER(RQ)

Then, the proof readily follows by the Cauchy—Schwarz inequality, the approxima-
tion properties of the operator I, (see Lemma 4.1), and the fact that the number of
triangles in A(7T") and A(e) is bounded. m]

To conclude the derivation of (4.2) we need an estimate for ||p — pj|lo,o, which
follows from the following two results.

Lemma 4.4 Let (u,w, p) € Hx Z x Q and (uy, wp, pr) € Hy x Zy x Qp be
the unique solutions of (2.1) and (3.4), respectively. Then for all v € H and for all
vy, € Hy, there holds

ba. p— pi) = —alu — up, v) — by (v, — wp) + Lo — vg), (45
with
L(w—y) = /Q £ =) — alun. v — v) — b1 (v — vy on) — ba(v — g pi).
Proof Letv € H and v;, € Hy,. The first equations in (2.1) and (3.4) yield
ba(o, p— pi) = /Q fov—a@.v) - biw,w) — b, pr).  (46)
ba(on, i) = /Q £ - o — atun, o) — b1 (vp. on). @7

respectively. Then, adding and subtracting a(uy, v), b1 (v, @) and by (vy,, pp) in the
RHS of (4.6), we obtain
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by(v,p— pn) = /Q fov—a—up,v) —bi(v,o —wp) —aup, v)
— b1 (v, wp) — ba(v — vp, pr) — b2(v, pp).
It then suffices to replace b (v, pi) by (4.7) in the last identity to conclude. O
Before giving the upper bound for the pressure error, we recall the local approximation

properties of the Raviart-Thomas interpolator R : H'(Q2)?2 — Hj, (see [15]): there
exist ¢y, ¢ > 0, independent of /4, such that for all v € H! (Q)z, there hold

lv—Ruvlor <cihr vt YT €74,

1/2
lo-n—Rv-nloe <crh/vllir, Ve e &

where T, is a triangle of 7}, containing e on its boundary.

Lemma 4.5 There exists Cz > 0, independent of h and v, such that

lp — prllo,e < C3 | llu — upllaiv,e) + llo — wnlli,e

172

n Z h2 N f — oup — /veurlwy, — VPhH(z),T
TeT,

Proof First, let us notice that from the inf-sup condition (2.2), we have

1 |b2(v, p — pn)l
lp— pulloe < —sup ———. (4.8)
B2 yen  I?llH@EIV; Q)
v#0

Then, it remains to bound the right hand side of (4.8) to conclude.
Letv € H. Since v-n = 0 on I', it follows that divv € L%(Q), and then, applying
[31, Corollary 2.4], we conclude that there exists a unique z € H(IJ(SZ)Z, such that

divz =dive inQ, and [zl e =< ClvlHdiv;e)- 4.9)
Hence, we define z, = R(z) € Hy, and apply identity (4.5) to obtain
by(v, p—pn) = b2(z, p—pn) = —a(u—up, 2) —b1(z, o —wp)+L(z—z4). (4.10)

Now, recalling the definition of L, a, b1 and b>, we integrate by parts on each triangle,
to obtain
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800 V. Anaya et al.

L(z—Zh)=/f~(z—Zh)—/Guh~(z—Zh)—«/U/curlwh~(z—Zh)
Q Q Q
+/phdiv(z—zh),
Q

= Z (f —oup —veurlw, —Vpp) - (z — zp). (4.11)

TeTy r

In this way, from (4.10) and (4.11), the definition of a, b1, the local approximation
properties of the interpolation operator R, and the Cauchy—Schwarz inequality, we
get

1b2(v, p — pi)| < Omaxllte — upllu@ivie) 1zl + Vvl curl(@ — wp)llo.ellzlle

+ >N —oup — veurloy, — Vpullo.rliz — zallo.r

TeTy
< (omaxlle — upllH@iv:2) + Vvl curl(@ — wp)llo.2) Izl
1/2
2 2
+C A D hplf —oun—Vveurdo, — Vpullg ¢ Izl
TeT,

(4.12)

Therefore, the result follows from (4.8), (4.12) and the upper bound of z in (4.9). O

We end this section by observing that the reliability estimate (4.2) (cf. Theorem 4.1)
is a direct consequence of Lemmas 4.2, 4.3 and 4.5.

4.2 Efficiency of the a posteriori error estimator

The main result of this section is stated next.

Theorem 4.2 There exists Cory > 0, independent of h and v, such that
Cerf0 < llu — uplnaivie) + llo — wnlli,e + lp — prllo,e + h.o.t.,

where h.o.t. stands, eventually, for one or several terms of higher order.

In order to prove the efficiency of the a posteriori error estimator, we will bound
each term defining 67 in terms of local errors. We proceed similarly to [29] (see
also [10,17]): we apply inverse inequalities and the localization technique based on
element-bubble and edge-bubble functions. We start by stating further notation and
some preliminary results.

Given 7, T € 7, and e € E(T), let Y7 and ¥, be the usual triangle-bubble and
edge-bubble functions, respectively [39, eqs.(1.5)—(1.6)]. In particular, 7 € P3(T),
supp(Yr) € T, Y7 =0o0ndT,and 0 < ¢y < 1in T. Similarly, ¥.|7 € Po(T),
supp(W.) C w, == UT' € Tp:e € ET)H}, Yo = 0on dT\e,and 0 < ¢, < 1
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in w,. We recall (also from [39]) that, given k € N U {0}, there exists an extension
operator L: C(e) — C(T) that satisfies L(q) € Pr(T)and L(q)| =g Vq € Pr(e).
A component-wise application of L will be also considered. Additional properties of
¥r, ¥, and L are collected in the following lemma (see [39]).

Lemma 4.6 Given k € N U {0}, there exist c1, ¢a, c3 > 0, depending only on k and
the shape regularity of the triangulations (minimum angle condition), such that for
each triangle T and e € E(T), there hold

1/2
gl 7 < c1llvy*q 13 7 Vg € Pu(T),
1/2
g3, < calliveql3, Va € Pele),
1/2
and Y. L@)3 < eshellqld, Vg € Pele).

The following classical result which states an inverse estimate will also be used.

Lemma 4.7 Let k,I,m € N U {0} such that | < m. Then, there exists c4 > 0,
depending only on k, [, m and the shape regularity of the triangulations, such that for
each triangle T there holds

\qlm.r < cahs gl Vg € Pe(T).

The following lemmas provide the corresponding upper bounds for each term defin-
ing O7.

Lemma 4.8 There exists C > 0, independent of h and v, such that for each T € T,
there holds

1
rotu, — —wyp

NG

hi

2 2 h2 2
T
<C{lu- uh”oj + —=lo— wh”oj .
0.T v

Proof First, from Lemma 4.6 and then, using that /v rotu — @ = 0 in  (see Theo-
rem 2.3), integration by parts and the Cauchy—Schwarz inequality, we get

o on )
=y (/T vr (rot up — %wh) rot(u, — u)
¢ fpoen ) o)
=t ([ cunt (v (rotus = = n) ) - -0

1 1
+ /T vr (rot u, — ﬁwh) ﬁ(w — wh))

2
=c
0T

1 2
rotu, — —wyp

NG
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<c ( curl (WT (rot up — %wh))

+ ” vr (rot u, —

lw —unllo,r
0,7

lo — wnllo,r
0,7 «/_

Since Y7 (rotuy, — ﬁwh) is a polynomial on each T € 7j,, from Lemma 4.7 we have

)

’

0,7

1
< C4h;1 H vr (rot up — ﬁwh)

1
vr (rot up — ﬁwh)

which completes the proof. O

1,T

Lemma 4.9 There exists C > 0, independent of h and v, such that for each T € T,
there holds

2 2 2
helllw - 21§, < € D~ (lu —unlgr + o — opl5 7).

T ew,

Proof 1t follows by a combination of the arguments in the proof of [17, Lemma 6.2],
and Lemma 4.8. O

Lemma 4.10 There exists C > 0, independent of h and v, such that for each T € T,
there holds

hi |l rot(f — oup — veurdwp)[§ 7 < Cllu — up|i§ 7 + vl curl(w — wp)ll§ 7
+h3 || rot f — Ph(rot £)115.7)

where 771 is the L*>(T)?- orthogonal projection onto Py(T)?, for | > k, with respect to
the mnerproduct (f.&o.r = fT Yrf-gforeach f, g € L2(T)2

Proof Adding and subtracting PIT (rot f), and using the triangle inequality we obtain

| rot(f — oup — /v eurlop) |5 7
< 2(|[rot f — Pl (rot f)I[5. 1 + [P} (rot f) — rot(oup — /v curl wpy)|Ig 1)
= 2(||rot f — Pr(rot )57 + |Pr(ot(f — oup — /v eurlwp))[[§ 7)-

Next, from Lemma 4.6, we get

P} (rot(f — oup — /v eurlwp))II§ 7
< ||W1/2P1T(r0t(f —oup — Vv eurlwp)|[§ 7
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= / Y Pr(rot(f — oup — /v eurl wp))Ph(rot(f — ouy — /v eurlwy))
T

= / YrPh(rot(f — oup — /v eurlwp)) rot(f — ouy — /v eurl wy),
T

where we have used the fact that PIT is the L? (T)2-0rth0g0nal projection onto [; (T)2.
Then, since rot(f — ou — /v curl w) = 0 in © (see Theorem 2.3), the proof follows
by integration by parts, the Cauchy—Schwarz inequality and Lemma 4.7. O

Lemma 4.11 There exists C > 0, independent of h and v, such that for each T € T,
there holds
hill f — oup — /v eurloy — Vpul§ ¢
< C(hgllu —upll§ r +hzvl curl@ — op)llg 7 + 1P = Pl 7
+ 3 f = Pr(OIG2)-

where PZT is defined as in Lemma 4.10.

Proof The estimate follows after combining the arguments used in the proof of [17,
Lemma 6.3] and the proof of Lemma 4.10. O

Lemma 4.12 There exists C > 0, independent of h and v, such that for each T € T,
there holds
helll(f = oup — /v eurlwy) - 1],
<C D (lu—upl§ r + vilcurl(@ — o) 5 7 + ILf = Pr(HIG.s

T cw,

+hlf = PR,
where 751T is the usual L%(T)?-orthogonal projection onto P;(T)? with [ > k.

Proof Adding and subtracting Pl f), followed by a use of triangle inequality yields

h3/2||[(f —oup —veurlwy) - t]]o.¢

< kI =PI - Alloe + P NP (f = oun — /v curlwp) - Ello.e.
(4.13)
The first term in the right hand side can be bound using the local trace inequality as

follows:

172

R ICE =P ) - tllo.e

<2 (n DTN =P Pllor +02 DN -PHIr |- @14

T ew, T ew,e
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Now, we denote &, := f — ouy — /v curl w,. From Lemma 4.6, integration by
parts, and the fact that Vp = f —ou — /v curl @ := & (see Theorem 2.3), we bound
the second term in the right hand side of (4.13), as follows

P &) - 113, < e *[Ph(an) - 1113, = / Ve L(IPh (&) - (D[P (&) - 1]

= ( /T P (€n) - curl (Y L([P7 (&) - 11))

T ew,

+ /T weu[ﬁé@h)-t])rotﬁé(sh))

= ( /T (Pr(&n) — &) - curl (Y L(PL (&) - 1))

T ew,

+ /T We L([Ph (&) - t]) rot 759(5;») ,

where we have also used that Vp € H(rot; 2). Therefore, a direct application of
Cauchy—Schwarz inequality and Lemma 4.7 implies that

Py En) - 15, < D (W7 1P E) — O)llo.r

T ew,

+ [ tot Ph & llo.7) 1Y LAPY (&) - tDllo.7-

Using that 0 < v, < 1 and applying the third estimate of Lemma 4.6, we get

I LAPER) - Dllo.r < e *LAPLER) - tDllo.r < Ch!*1[PL &) - oz

and hence, we obtain that

NP5 @) - lllo.e <he’ D (W PR &) — Ello.r + Il Tot Ph(En)llo.7)-

T ew,
Therefore, using the fact that 4, < hr, we deduce that

he'> 1Py En) - 1lloe < D (IPhER) — Ellor + hr || rot PhEn)llo.r).

Tew,

Now, repeating the arguments used in the proof of Lemma 4.10 allows us to prove
that

Il tot P (&) lo,r < b7 I1PL (&) — Ello.-
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From the above inequality and the Cauchy—Schwarz inequality, we obtain that

he*NPLE) - Alloe < C D U = Pr(Hllor + lle — wpllo.r

T ew,
+/v| eurl(w — wp)llo.7)- (4.15)
Thus, the proof follows combining (4.13)—(4.15). O

We end this section by observing that the required efficiency of the a posteriori
error estimator 6 follows straightforwardly from Lemmas 4.8—4.12. In fact, from the
estimates previously proved, we have that there exists C > 0, independent of & and
v, such that

I’l2
2 2 2 2 2
- <C (Ilu — v tllo —onlli o + 1P — pully o + > lo—wnllp g

+ D = PR O +hE1f = PROR L+ 1f = PROIG 1

TeTy

+ h%If - 759<f>|%,T) : (4.16)

First, we note that %Ha) — wp ||%,Q clearly corresponds to a higher order term.
Moreover, if f € H*T2(T) and PZT is the LZ(T)z-orthogonal projection onto IP’k+2(T)2
with respect to the inner product (f, g)o.r := fT Yrf-g, and 751T is the L2(T)?-
orthogonal projection onto Py 4»(T)?, for each T € 7;,, we obtain

DU =P + b7 f = Pr O + 1 = PrOIGr

TeT,
+hEIf = Pr(OI 1

2 2 2
< CP D flIR o
TeT,

which corresponds to a higher order term as well. This inequality and (4.16) finalize
the proof of Theorem 4.2.

5 Numerical results
In what follows, we present four numerical examples illustrating the performance of
the FE methods described in Sect. 3, and which confirm the theoretical error bounds.

Individual errors are denoted by

Eo(@) = [lo —wpllo,@, E1(@) = llo —wplli,Q,  Ediv(@) = |l — uplladiv;o)
Eo(p) == llp — pnllo.e-
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In the numerical tests, we study the accuracy of the discretization by observing
these errors on successively refined non-uniform partitions of Q2. Convergence rates
are defined as usual

_ log(E()/E())

re .
log(h/h)

6.D

where E and E denote errors associated to two consecutive meshes of sizes h and /.
The linear systems arising from the discrete formulations (3.4) and (3.21) have been
solved using the multifrontal massively parallel sparse direct solver MUMPS [5].

5.1 Test 1: mesh convergence with respect to the Bercovier-Engelman solutions

As numerical validation of the convergence properties of our method, we first consider
Q= (0,13 and T = 9Q, v = 0.01, ¢ = 0.1, and choose the data f, b, wy so that
the solution of the problem is given by the Bercovier—-Engelman functions [11]

w(x,y) = /v256[x%(x — 1)2(6y*> — 6y + 1) + y*(y — 1)?(6x% — 6x + 1)],

_(—256x%(x — D?y(y — D@2y — 1) _
u(-x» )’) - ( 256y2(y _ I)Zx(x _ 1)(2X _ 1) ) ) p(x, )’) - ()C - 1/2)()7 - 1/2)7

which are smooth in €2. Table 1 summarizes the convergence behaviour of two mixed
finite element families corresponding to k = 0 and k = 1. Both mixed methods
associated to different polynomial degrees attain optimal rates of convergence of order
O (h*+1) for vorticity in the H! (€2)-norm, for velocity in the H(div; £)-norm, and for
pressure in the L?(£2)-norm as predicted by the theory. In addition, we observe that the
vorticity wy, converges with order O (h**2) to w in the L2 (2)-norm. The last column of
Table 1 illustrates that the velocity is practically divergence free for all refinement steps,
and for both k = 0 and k = 1. Approximate solutions computed with a RT; — P, — P4
family on a mesh of 134,162 elements and 67,700 vertices are provided in Fig. 1. The
same convergence rates have been observed on a set of additional tests with decreasing
viscosity (down to v = 1e—20), confirming the robustness of the method with respect
to v. The case of varying ¢ is postponed to Test 3, below.

5.2 Test 2: flow past a cylinder

Our next example focuses on the simulation of steady channel flow around a cylinder
and confined between two parallel plates. The radius of the cylinder is R = 0.1, and
the length and height of the channel are L = 0.82, H = 0.41, respectively. The
geometry and setting of the problem allows to consider the two-dimensional domain
Q = (0,L) x (0, H)\Br(xc, yc), where Br(x., y.) is the disk of radius R centered
in (x¢, y.) = (0.2,0.2) (see Fig. 2). There we also sketch the boundaries, where we
specify the following data. On I' (left, top, bottom and “cylinder surface” boundaries)
we set normal velocities and vorticity as
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Table 1 Test 1: convergence history for the mixed RTy — P — Py (top rows) and RT| — P, — Py (bottom
rows) FE approximations of velocity—vorticity—pressure according to the Bercovier—Engelman test, on a
sequence of non-uniformly refined triangulations of the unit square

d.of. Egiv@m)  rgiv(w)  Ep(w) rolw)  Ej() ri(@)  Eo(p) ro(p)  lldivaeglleo,@

Error history for RTg — Py — P approximations (k = 0)

11 2.816e—0 — 1.171le+1  — 7.936e+1 — 1.233e—1 — 5.110e—27
33 1.473e—0 0.8677 9.079e—0 0.5678 4.924e+1 0.7222 7.608e—2 1.0752 2.213e—15
125 1.027e—0 0.9478 4.895e—0 1.8057 3.623e+1 0.8241 4.244e—-2 1.0527 6.753e—15
195 7.984e—1 0.9856 2.874e—0 2.0287 2.053e+1 1.0381 3.264e—2 1.0340 1.598e—14
377 5.452e—1 09960 1.254e—0 2.1692 1.368e+1 1.0613 2.232e—2 0.9949 4.865¢—14
885 349le—1 1.0366 4.832e—1 2.1912 9.459e—0 1.0379 1.565e—2 1.0846 1.476e—13
2639 1.986e—1 0.9920 1.404e—1 2.0412 8.882e—0 0.9763 8.948e—3 0.9843 7.647e—13
8787 1.076e—1 1.1039  4.022e—2 2.0552 6.447e—0 1.1026 4.926e—3 1.0762 1.549e—12

31,541 5.625e—2 09783 1.007e—2 2.0843 3.246e—0 1.0331 2.623e—3 0.9849 5.485e—12
122,475 2.888¢—2 1.0167 2.83le—3 2.0223 1.727e—0 1.1055 1.545¢-3 0.9720 9.687e—12

476,513 1.455e—2 1.0204 7.130e—3 2.0410 8.687e—1 1.2017 7.259e—4 0.9888 4.924e—11
Error history for RT; — P, — Py (discontinuous) approximations (k = 1)
29 2.037e—0 — 1.071e+1  — 5.546e+1 — 4.448e-2 — 3.613e—28
97 8.957e—1 1.9661 2.376e—0 3.1880 3.219e+1 2.0806 2.039e—2 1.9885 3.523e—17
393 4.110e—1 19248 7.120e—1 3.3876 1.612e+1 1.9287 1.037e—2 2.0876 2.859¢e—16
621 1.534e—1 2.0382 1.557e—1 3.1441 6.016e—0 2.0396 3.096e—3 2.0499 5.66le—16
1217 7.236e—2 1.8284 5.219e—2 29762 290le—0 1.9819 1.408e—3 2.0610 2.149e—15
2889 3.334e—2  2.0766 1.740e—2 3.0983 1.429e—0 2.0492 6.878e—4 2.0672 1.775e—14
8693 1.048e—2 1.9708 2.683e—3 29615 4.302e—1 19823 1.914e—4 19855 5.200e—14

29,101 3.280e—3 2.0245 4.721e—4 3.0260 1.395e—1 2.0165 9.32le—5 2.0152 1.420e—13
104,777 8.630e—4 2.0143 7.06le—5 29863 3.542e—2 1.9522 4.706e—5 2.0217 6.420e—13
407,549 2.379¢e—4 2.0244 9.75le—6 3.0523 9.493e—3 2.0306 2.429e—5 2.1863 1.708e—12
1,586,993  6.20le—5 2.0179 2.428e—6 2.9974 2.37%e—3 2.0197 1.728e—5 2.0389 3.962e—12

0 on Leirc,
u-n=>b-n, withb(x,y) = (4“max};§§1_y)’0)t on Ftopv Ibots Tiefts
0 on lejre,
© = oo(x, y) = /v roth = _4*/5“111;;2“’ =29 on Tyep. Foors Tets

and on X (right boundary) we set zero tangential velocities and zero pressure

dumaxy(H — y)

t
u-t=a-t=0, Withu(x,y):( 2 ,0), p = po(x,y) =0.

We choose umax = 1.5, v = le—4, 0 = 0.01 and the approximate solutions
obtained on a triangular mesh of 157,798 elements and 79,499 vertices (representing
474,594 degrees of freedom for the lowest order RTy — Py — Py family of finite
elements) are presented in Fig. 3. In the lack of a known exact solution, we compute
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. . 000 0.4 0.8 1.21.53
wey) O SEedl AZaZ® ey “ORSLLE I2aZ™

-0.506 -0.2 “HOIHHHI(I).2 0.499 -0.247 -0.1 ““O”H“HO.I 0.248
wy, (z,y) 7 — Py (2,y) e —

Fig. 1 Test 1: approximated velocity field and velocity magnitude (fop), vorticity (bottom left), and com-
puted pressure (bottom right) with a RT| — P — Py family for the Bercovier—-Engelman solutions to the
generalized Stokes problem with & = 0.1, computed on an unstructured mesh of 134,162 elements and
67,700 vertices

the L°°-norm of the velocity, and errors in different norms and on successively refined

grids, with respect to a reference solution obtained on a highly refined mesh. These
are reported in Table 2.

5.3 Test 3: The lid-driven cavity flow
In this example, we perform the classical lid-driven cavity test where we model the

steady flow of an immiscible fluid in a box. The domain is again the unit square
Q = (0, 1)? and we consider an unstructured mesh with 81,738 elements. We first fix

@ Springer



Analysis of a mixed scheme for the Brinkman problem 809

1_‘top (L,H)
r Fcirc
left >
Q
(0,0) Lot

Fig. 2 Test 2: sketch of the geometry employed in the simulation of steady flow past a cylinder

1 2 1 2
, L L
u, (z,y) — |y, (z,y)| — —

0.0166 27 0.0166 27

0,246 000 0012

o) e bl (5.0) T

0 0.0152

Fig. 3 Test 2: approximated velocity field and velocity magnitude (fop), vorticity (bottom left), and com-
puted pressure (bottom right) with a RTy — P} — P( family for the steady flow past a cylinder

o = le—4, v = 0.001, and take I" as the bottom, right, and left boundaries, and ¥
is the top lid of the domain. In this test the boundary conditions are not covered by
the present analysis: on I we set u - n = 0, whereas on X we set u - t = 1, however
the approximate velocities, pressure and vorticity (displayed in Fig. 4) remain stable
and corner singularities are well resolved. Moreover, to assess the robustness of the
method with respect to the choice of o, we run several tests keeping fixed v = 0.001
and varying o over several orders of magnitude. Plots of streamlines for each case are
depicted in Fig. 5, confirming the stability of the approximations in all cases.
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Table 2 Test 2: experimental convergence of the mixed RTy — P; — P FE approximation of the steady
flow around a cylinder with respect to a reference solution (ur, wr, pr) computed on a highly refined grid

dof.  h Ediv(ur)  rdgiv(ur) Eg(wr)  rolwr) Ej(wr)  ri(er) Eo(pr)  ro(pr)  ldivagle.o

102 04124 1.50le—1 — 2.534e—0 — 9.087e+1 — 4.28%-3 — 7.851e—16
378 02052 8.222e—2 0.8697 1.172e—0 1.1057 4.667e+1 0.8829 2.362e—3 0.9636 2.068e—15
1248 0.1098 4.580e—2 0.9371  4.292e—1 1.6572 3.023e+1 0.7598 7.702e—4 1.7908 3.311le—15
4836 0.0679 2.388e—2 1.3553 1.137e—1 2.6180 1.56le+1 1.2168 3.69le—4 1.5325 6.577e—15
19,200  0.0369 1.253e—2 1.0581 3.274e—2 2.0997 7.989¢e—0 1.0428 1.821e—4 1.1769 1.360e—14
76,050 0.0194 6.385e—3 1.0518 7.355e—3 2.1846 4.253e—0 0.9592 9.24le—5 1.0242 2.686e—14
302,298 0.0092 3.643e—3 0.7587 1.519e—3 2.1315 2.673e—0 0.8239 5.176e—5 0.7745 5.372e—14

ur (@) -0.207 0.985 ENC) -0.353 0.353

-20 -10 23 1?| 004 002 Ruu om® 004
214 634 Pn (y) -0.0419 0.0419

W, (wvy)

Fig. 4 Test 3: approximated velocity components (fop), vorticity (bottom left), and computed pressure
(bottom right) with a RTg — [P} — P family for the lid-driven cavity test
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o=10 a=1000 =100000

Fig.5 Test3: computed streamlines for different values of o, obtained with a RTy— P — Py approximation
of the lid-driven cavity test

5.4 Test 4: Flow into a backwards facing step

Another classical benchmark test for Stokes and Navier—Stokes problems is the back-
wards facing step. In this example, the geometry consists on a channel of total height
2H and length 9H, with a backwards facing step of height is H = 1, where the
reentrant corner is located at (H, H). No external forces are applied, whereas bound-
ary data are set as follows: at the inlet region (left boundary) we impose a Poiseuille
inflow (normal) velocity # - n = umax — %(y — %H )2 and a compatible vorticity
wy = /vy — %H ), where the maximum speed of the inflow is upax = 0.125. At
the outlet (right face) we apply a constant pressure po = 0, and on the remaining
segments conforming 92 we impose slip velocity conditions (z - n = 0) and zero
vorticity wg = 0. We generate an unstructured mesh consisting of 226,462 triangles
and 113,202 vertices, and the model parameters are chosen to be 0 = v = 0.0001.
Approximate solutions obtained with a BDM; — P, — P family are reported in Fig. 6,
where some expected phenomena well-documented in the literature (including corner
singularities, fluid recirculation zone, and vortex generation), can be observed.

5.5 Test 5: a posteriori error estimation

We close this section by numerically testing the efficiency of the a posteriori error
estimator (4.1) and applying mesh refinement according to the local value of the
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(D

004 003 ooz 001 0
riin s i AT
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-0.0438 0.000976
o ozs oo 0.1 012
lun(z,y)] 2.760-06 0125
—')
“ou0me e 00 0008 0,01 e 0
wy, (z —_—  — 2 — o
n (2,9) Py (2,) ~0,000276 9.066-05

Fig. 6 Test4: velocity components (fop panels), velocity vectors (middle left), zoomed velocity streamlines
on the left bottom part of the channel (middle right panel), vorticity (bottom left) and pressure distribution
(bottom right), computed with a BDM — P, — [Py approximation for a generalized Stokes flow into a
backwards facing step

indicator. In this case the convergence rates are no longer defined as in (5.1), but we
consider instead

1y i OBEQ/EC)
—1 log(N/N)
where N and N denote the corresponding degrees of freedom at each triangulation.

We recall the definition of the so-called effectivity index as the ratio between the total
error and the global error estimator, i.e.,

e = {[Eav@))* + [E\ (@) + [Eo(p)}'/?, 1= llog(i off = o
—5 log(N/N) 0

Here we employ RT( approximations for velocities, piecewise linear elements for
vorticity, and piecewise constant approximations for the pressure field. The compu-
tational domain is the nonconvex L-shaped domain = (—1, 1)?\(0, 1), where
problem (1.1) admits the following exact solution

_(—7 sin(x) cos(wy)
u(x,y) = ( 7 cos(mwx) sin(mwy)

l_xZ_yZ 1_x2_y2
y) = - dx dy,
POV = R G =P /g<x—c>2+(y—c)2 Y

) . o, y) = =2J/vr?sin(ry)sin(rx),

satisfyingu -n = 0O and @ = wp = O on I' = 92 (and therefore falling into the
framework where the a posteriori error analysis of Sect. 4 is valid). Model parameters
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Table 3 Test 5: convergence history, free-divergence of velocity, and effectivity indexes for the mixed
RTy — P; — Py FE approximations of velocity—vorticity—pressure computed on a sequence of quasi-
uniformly (top rows) and adaptively (bottom rows) refined triangulations of the L-shaped domain

N Ediy(u)  rgiv@) Ej() ri(@)  Eo(p) ro(p)  Ildivapllo e r eff

Quasi-uniform refinement

27 9.4684 — 74914 — 19.264 - 1.286e—13 95.575 — 0.0319
89 7.1809  0.2829 71.114 0.1309 15.141 0.8235 1.650e—12 91.156 0.2298 0.2346
345 6.3070  0.5458 67.170 0.1064 13.437 0.1762 6.378e—12 87.651 0.1650 0.2052
1385 23319  1.4317 45.111 0.4444  11.373 0.2398 1.23le—11 75.445 0.2444  0.2005
5319 0.3390  2.8662 18.272 2.5519  7.3739  0.6441 1.835e—11 39.570 1.4108 0.0152
20,939 0.1558  1.1341  3.2963 24995 3.7692 09794 2.766e—11 15.009 0.8998  0.0046
83,439  0.0784 0.9940 1.8476  0.7893  2.2085 0.7733 3.213e—11 3.6979  0.8955 0.0021
333,761 0.0390 1.0058 1.0706  0.8005 1.5945 0.6212 3.575e—11 2.3391  0.7018 0.0011
Adaptive refinement
27 9.4684 — 74.914 - 19.264 - 1.288e—13 95.572 - 0.8580
101 6.4598  1.0749 65.148 0.7039  16.022 0.8304 1.270e—12 86.174 0.6935  0.9063
299 4.7259  1.0835 47.022 0.4617 11.427 0.6229 1.025e—11 73.122 0.4641 0.9166
539 1.4307 1.0555 31.104 1.5012  7.7878  1.3013 1.932e—11 41.711 1.4631 0.8968
1109 0.9852  1.0340 19.285 1.7014  3.7583  1.0196 2.891le—11 19.670 1.6791 0.8877
4375 0.4745  1.0645  9.3464  1.0555 1.8146  1.0609 3.520e—11 9.5326  1.0557 0.9132
25953  0.1899 1.0283  3.7487  1.0262  0.6908  1.0848 3.758e—11 3.8164  1.0283 0.9021
180,903 0.0709  1.0144  1.4005 1.0141  0.2694 0.9696 4.897e—11 1.4272  1.0126  0.9031

are setto o = 0.1, v = 0.01, ¢ = 0.05 and we notice that the pressure is singular
near the reentrant corner of the domain and so we expect hindered convergence of the
approximations when a uniform (or quasi-uniform) mesh refinement is applied. Such
a degeneracy of the optimal convergence rates is indeed observed from the first rows in
Table 3. In contrast, if we apply a classical adaptive mesh refinement procedure (here
based on an equi-distribution of the discrete error indicators, where the diameter of
each element in 7y, ,, which is contained in a generic element T’ € 7y, in the new step
of the algorithm, is proportional to the diameter of 7' times the ratio 07 /0T, where 0r
is the mean value of the estimator over 7y, see also [1,24,39]) from the bottom rows
of Table 3 we observe a recovering of the optimal convergence rates as predicted by
the theory and a more stable effectivity index associated to the global error indicator.
The resulting meshes after a few adaptation steps are reported in Fig. 7. We observe
intensive refinement near the reentrant corner of the domain and a slight refinement
near the zones of high vorticity and velocity gradients. Approximate solutions rendered
on a fine mesh of 45,789 triangles and 28,765 vertices are presented in Fig. 8, where we
can observe well-resolved profiles for all fields. As in Test 1, we have also performed a
series of simulations considering a very small viscosity (down to v = 1e—20). Again
the method performs well, the accuracy is maintained, and the effectivity indexes
remain stable.
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T

0 2

4 6

Fig.7 Test5: snapshots of four grids adaptively refined according to the a posteriori error indicator defined
in (4.1)

6 Concluding remarks

In this work, we have presented a mixed finite element method for the discretization
of the vorticity—velocity—pressure formulation of the Brinkman equations. The key
features of the proposed method are the liberty to choose different inf-sup stable
finite element families, the direct and accurate access to vorticity without invoking
any kind of postprocessing, the exactly divergence-free approximation of the velocity
field, the proposed scheme has a computational cost which is comparable with those
of other low-order schemes, and a natural analysis in the framework of the classical
Babuska—Brezzi theory. We derived optimal convergence rates (and robust with respect
to viscosity) in the natural norms. An a posteriori error analysis has been carried out,
and some numerical tests have been presented to confirm the theoretically predicted
decay of the error, and to illustrate the robustness, reliability and efficiency of the
proposed method. We consider these capabilities as of great interest and foresee the
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Fig. 8 Test 5: approximated velocity components (top), vorticity (bottom left), and computed pressure
(bottom right) with a RTy — P} — P family on an adaptive mesh for the L-shaped domain

application of the same framework in the study of some extensions, including: (a)
the three-dimensional case, and (b) the coupling with Darcy flow and with transport
phenomena.

Regarding (a), the same analysis carried out here applies if the structure of the
embeddings can still be placed in the framework of Theorem 2.1. This is actually
the case if the vorticity @ (in 3D, a vector field) would live in H(curl; 2) (see
e.g. the trace properties and Green formulas satisfied by the curl operator collected
in [31, Sect. 2.3]). Therefore, according to the problem formulation the poten-
tial function curl @ would be uniquely defined if we restrict the vorticity space to
Hy(curl; Q) = {v € H(curl; 2): v x n = 0 on I'}. The stability of the Galerkin
approximation (here relying on Theorem 3.1) will then require that the curl of the finite
element space for the approximation of vorticity be a subset of the space of velocity
approximation. Therefore local edge elements of Nédélec type and Raviart-Thomas
elements could be used for vorticity-velocity (see for instance, the recent augmented
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formulation of Brinkman equations coupled to Darcy flow introduced and analyzed
in [2]). Nevertheless, the case of Dirichlet boundary data for velocity cannot be ana-
lyzed using the same tools without compromising the regularity of solutions and the
convergence of the mixed approximations, as discussed in [9] for the approximation
of the vector Laplacian, and in [38] for Brinkman equations.

With respect to generalization (b), we point again to [2], but we have in mind fully
mixed approximations with different interface conditions between the viscous and
porous domains.
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