A NITSCHE METHOD FOR NAVIER-STOKES/GENERALIZED
POROELASTICITY INTERFACE PROBLEMS

APARNA BANSAL*, NICOLAS A. BARNAFIT!, DWIJENDRA NARAIN PANDEY#, AND
RICARDO RUIZ-BAIERS

Abstract. We consider a time-dependent coupled Navier—Stokes/generalized poroelastic flow
problem and propose a unified and monolithic finite element discretization based on implicit time
stepping. To handle the fluid-structure interface we employ a Nitsche-type formulation. The resulting
discrete problem is shown to be well-posed using the theory of differential-algebraic equations (DAESs)
and the Banach fixed-point theorem. We prove stability and derive a priori error estimates for the
fully discrete scheme. The stability and convergence of the method are ensured by a properly
chosen penalty parameter independent of the mesh size. Numerical tests are presented to confirm
the theoretical convergence rates and to illustrate the ability of the method to capture the coupled
dynamics accurately.
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1. Introduction. Modeling the interaction between incompressible free-fluid
flow and flow through deformable porous media—commonly termed fluid—poroelastic
structure interaction (FPSI)—has attracted significant attention in recent years. This
multiphysics phenomenon arises in diverse applications across the geosciences, biome-
dicine, and industrial engineering, including groundwater movement and contaminant
transport in deformable fractured aquifers, hydraulic fracturing, blood flow in arter-
ies, interfacial transport within the eye or brain, the design of artificial organs, and
the performance of industrial filtration devices.

In the free-fluid region, motion is typically governed by the Navier—Stokes equations,
while the poroelastic medium is modeled by the generalized poroelasticity system,
which may be derived from linearized poro-hyperelasticity. These two flow regimes are
coupled through physical interface conditions: continuity of normal velocity, balance
of normal stresses, balance of contact forces, and, for tangential flow components,
the Beavers—Joseph—Saffman slip-with-friction condition. This formulation gener-
alizes classical coupled free-fluid/porous-medium models such as the Stokes—Darcy
system [17, 22, 25, 26] and extends concepts from fluid-structure interaction (FSI)
frameworks [8, 24] to account for fluid flow within a deformable porous matrix.

The mathematical and numerical analysis of FPSI problems has been addressed in
a growing body of literature, particularly for the Stokes—Biot coupling, where the
Stokes system models the free-fluid and the Biot equations describe the poroelastic
medium. Early and recent contributions have established the well-posedness, stability,
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and error estimates for various discretization strategies in coupled Stokes-Biot and
related fluid—poroelastic interaction problems. These include mixed finite element
formulations for nonlinear and non-Newtonian models [1], Lagrange multiplier tech-
niques [3], fully coupled Biot—Navier—Stokes schemes [4], and Nitsche-based partition-
ing approaches [12], as well as operator-splitting schemes for multilayered poroelastic
structures [13, 18, 19]. Stabilized and hybridizable discontinuous Galerkin meth-
ods have been developed for improved numerical robustness [20]. Extensions include
the treatment of nonlinear geometric effects in poroviscoelastic structures [30], total-
pressure approaches for interfacial flows in ocular fluid dynamics [33], porohyperelastic
coupling [35], and non-matching interface meshes [36].

Beyond the typical Stokes—Biot model, more general FPSI frameworks have incorpo-
rated nonlinear fluid models, non-Newtonian rheologies, anisotropic or heterogeneous
permeability, and nonlinear poroelastic constitutive laws, motivated by applications in
vascular biomechanics, tissue engineering, and geomechanics. These studies highlight
the complex interplay between free-fluid dynamics and the poroelastic response, and
underscore the need for robust, physically consistent, and computationally efficient
methods capable of handling the wide parameter regimes encountered in practice.

To enforce interface constraints in a finite element FE discretization, two main
schemes have been developed. The Lagrange multiplier formulation is conceptually
straightforward: it enlarges the discrete system by introducing additional multiplier
fields and requires the satisfaction of inf-sup conditions to guarantee stability. In con-
trast, the Nitsche approach enforces interface constraints weakly through a penalty or
stabilization parameter, without introducing extra unknowns. The Nitsche method,
first proposed by J. A. Nitsche [31], is a consistent boundary-penalty technique for
weakly imposing Dirichlet conditions in the variational formulation. As a result, the
algebraic system remains symmetric (or skew-symmetric) and positive definite when-
ever the underlying operators are elliptic, yielding better-conditioned linear systems
and more efficient solvers. Moreover, the Nitsche formulation facilitates the treatment
of non-matching or locally refined meshes at the interface, since no mortar spaces or
multiplier interpolations are required. The stability of the scheme requires only a
mesh-independent penalty parameter v > 0, thereby avoiding the need for introduc-
ing additional variables requiring further inf-sup stability conditions, as is necessary in
Lagrange multiplier methods. Finally, because Nitsche’s method integrates naturally
into standard finite element assembly routines, it greatly simplifies implementation
in existing software libraries. These features make the Nitsche scheme an attrac-
tive, robust, and computationally efficient alternative for coupled fluid—poroelastic
simulations. Several studies have applied the Nitsche scheme to FSI [14, 15] and
Stokes—Darcy problems [21, 37, 38]. Moreover, a Nitsche-based framework for the
coupled Stokes—Biot problem was developed in [12, 27]. In this work, we employ the
Nitsche scheme to enforce continuity of the normal velocity across the interface.

We present mathematical and numerical analyses of the fully dynamic Navier—
Stokes—generalized poroelastic system, adopting the Brinkman model for fluid flow.
This formulation ensures mass conservation within the porous domain and accounts
for viscous effects in a manner consistent with thermodynamic principles [7]. The gen-
eralized poroelastic model—referred to as the linearized porohyperelastic model—was
initially studied by Chapelle et al. in [16], offering a more accurate alternative to the
classical Biot model, especially in thermodynamically consistent settings involving
variable porosity. More recently, a Stokes—generalized poroelasticity model was in-
troduced in [6], where continuous and discrete formulations were analyzed using a
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Lagrange multiplier approach. The present work extends the analysis in [16, 6] by in-
corporating a nonlinear convective term in the fluid region and employing the Nitsche
method to weakly enforce the continuity of normal velocity across the interface.

The remainder of the paper is organized as follows. Section 2 introduces the no-
tation, preliminaries, and mathematical model. Section 3 discusses the weak formu-
lation of the continuous model. Section 4 presents the Nitsche formulation for the
time-dependent model, establishes its well-posedness using the theory of DAEs and
the Banach fixed-point theorem, and provides a stability analysis. Section 5 analyzes
the fully discrete scheme, including well-posedness, stability analysis, and error esti-
mates, and explicitly derives the dependence of these estimates on the stabilization
parameter . In Section 6, we provides numerical examples to validate the theoretical
results. We conclude in Section 7 with a summary of our results and outline possible
extensions.

2. Multiphysics formulation of the model problem.

2.1. Notation and preliminaries. Throughout this manuscript, we utilize the
classical Sobolev spaces L?(2) and H'(), equipped with their respective norms
| ®lr2(2) and || ® || g2 (). The L2-inner product is denoted by (e,e), and, for any
arbitrary Hilbert space H, the duality pairing with its dual space H' is represented
by (e,e)p . We follow the convention of denoting scalars, vectors, and tensors
by a, a, and A, respectively. We further define the Bochner spaces LP(0,T;X)
and L*°(0,T; X) for any Banach space X, with norms given by (fOT |2(s)]|% ds)*/
and esssupye (o 1) [2(s)llx, respectively. Weak time derivatives are considered in
WkP(0,T; X), defined as {x € LP(0,T;X) : Dz € LP(0,T; X) for all n € N,a < k},
where 1 < p < oco. For simplicity, C' denotes a generic positive constant independent
of the mesh size h but possibly dependent on model parameters. We also use € for
arbitrary constants (with different values in different contexts) arising from Young’s
inequality. Inequalities with constants independent of h are denoted by < or 2, omit-
ting the constants. Homogeneous boundary conditions are assumed for the analysis,
as suitable lifting operators are known [29]; non-homogeneous conditions are treated
in Section 6.

2.2. Governing equations. Let us consider a bounded Lipschitz domain Q C
R?, with d € {2,3}, together with a partition into non-overlapping, connected sub-
domains Qg and p, representing regions occupied by a free fluid governed by the
Navier—Stokes equations and a poroelastic material governed by a general, thermody-
namically consistent, linearized poro-hyperelastic system, respectively. The interface
between the two subdomains is denoted by % = 0Qs N dQp. The boundary of the
domain €2 is separated according to the boundaries of the two individual subdomains,
that is, 9Q = I's UT'p. The free fluid region g is governed by the Navier—Stokes
equations, with fluid velocity u? and fluid pressure p® as main unknowns:

pf(')tu§ -V. a?(u?,ps) + u? . Vu? = fqg in Qg x (0,77, (2.1a)
Voui=0 in Qg x (0, 7], (2.1b)
where 5(u§) = %(Vu? + (Vu?)T) denotes the strain rate tensor; U?(u?,ps) =

2use(uf) — p°L, stress tensor; fg : (0,7] — L*(Qs), external load; jz, fluid vis-
cosity, and py, fluid density.

The poroelastic region Qp is governed by the linearized poro-hyperelastic model,
which includes viscoelastic properties. The primary variables are the relative fluid
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velocity uf, interstitial pressure p¥, solid displacement y%, and solid velocity uf.
Furthermore, we adopt the notation o’?, 0'?, and oF to denote a?(u?,ps), 0‘1;(’11,71? +

ul pP), and of (yT,p"), respectively. The resulting model is then defined as

pré(Ouy +0ul) = Vo —p'Vo+ ¢*nuy —0(ul +ul) = 2p;0fp,  (2.22)
(1= @)K 0ip" +0(V-yl) + V- (¢uy) = p;'0,  (2.2b)
prodeuy + ppdyuy =V -0 =V o] — 0w — bu; = ppfp +piofp,

(2.2¢)
pput = ppoiyt,  (2.2d)

in Qp x (0,7, where p, = ps(1—¢)+ ps¢ denotes the density of the saturated porous
medium. Equation (2.2a) expresses the conservation of momentum for the fluid phase
(a generalized Stokes law with the Brinkman effect); equation (2.2b) represents mass
conservation; equation (2.2c) is the conservation of total momentum; and the last
equation relates the solid displacement and velocity. We note that the fourth equation
is multiplied by p, to maintain the symmetry of the block operator problem. The
relevant parameters are given by: ¢ = ¢(x), porosity; py, ps, fluid and solid densities,
respectively; 7, fluid viscosity; s, permeability tensor; fp : (0,T] — L?(Qp), external
load; 6 : (0,T] — L?(Qp), fluid source/sink; K, bulk modulus; and A, y,, Lamé
parameters. The parameters ps, pf, i, Ap, tip are assumed to be positive constants.
Let us now define two stress tensors in the poroelastic sub-domain as

ol (u, +ug,p") =2upde(uy) + 2upde(dyy) — ¢p'LL (2.3a)
ol (yh . p") = 2upe(yy) + AV -y T— (1 - ¢)p"L (2.3b)

This system is complemented by the following set of boundary conditions, where we
set I'p = FE U Fg

uj=0 on TIsx(0,7], y,=0 on Ipx(0,7] (2.4a)
u, =0 on TIEx(0,7], ofnp=0 on Iy x(0,7] (2.4b)

To avoid restricting the mean value of the pressure, we assume that [['X| > 0. We
also assume that 'S is not adjacent to the interface %, i.e., dist(I'¥,¥) > s > 0.
The interface conditions on the fluid—poroelastic interface ¥ consist of mass conser-
vation (2.5a), balance of normal stresses (2.5b), and balance of contact forces (2.5c¢).
Conditions (2.5d)—(2.5e) together represent the Beavers—Joseph—Saffman (BJS) slip
condition modeling tangential friction, with (2.5d) involving both fluid and solid ve-
locities, and (2.5¢) involving only the poroelastic fluid velocity on X:

uf ns+ (Ot +ul) mp=0 on Tx(0,7T], (25a)

—(a?ns) ‘ng = —(U?np) -mp on X x (0,77, (2.5b)

o'?cns + Ul;np +ofnp =0 on X x (0,77, (2.5¢)

—(o%ns) - 75 = pramss \/E(u? — ) Tp;  on Lx(0,T],  (2:5d)
—(Ufc)np) ST = /.LfaBJS\/EUI: ST on X x (0,77, (2.5¢)

where ng and np are the outward unit normal vectors to 2g and (p, respectively,
T¢,1 <j<d—1,1is an orthogonal system of unit tangent vectors on ¥, we denote
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Z; = (kTy,) - Trj, and apys > 0 is a friction coefficient. We further set initial
conditions in the following manner

u?‘(wvo) = Ufyo(ilt), uf(w,O) = UT-,O(:I’)? yls:)(wv 0) = ys,O(w)v

PO(x).

ul (2,0) = uso(x), p"(x,0)=p

Assumptions
(H.1) ¢ is such that ¢,1/¢, (1 — ¢) and 1/(1 — ¢) belong to W*"(Q) with s > d/r,
see [7, Lemma 13] and there exist constants ¢ and ¢ such that 0 < ¢ < ¢ <

Py Ps 1
o< ot < 1 a.e. in Q.

(H.2) 6 represents a fluid sink.
(H.3) The permeability tensor is symmetric and positive-definite, i.e.,

Je>0 2Tk e > cz|> Va e R
From these assumptions, we obtain ellipticity properties to be used in both the well-

posedness analysis and the energy estimates.

3. Continuous analysis. We consider the following functional spaces (endowed
with the standard norms) as

Vf = {’U,? EHl(Qs) :u?:Oon Fs}, Wf = LQ(Qs),
V,={u, e H'(Qp):u; =00nTP}, W,:=L*Qp),
V,={yl eH'(Qp):yL =0o0nTp}, W, :=L*Qp).

We now define, for all u§7v§ € Vyu,v € H(Qp),yY, wh € Vg, the following

bilinear forms related to the Navier—Stokes, Brinkman, and elasticity operators:

af(uf, v}) = (2use(uf), e(v]))as,  af(u,v) = 2upée(u),e(v))ay,

aSP(yS, wf) = (2/*‘p€(ysp>7€(w§))ﬂp + O‘;DV ) yE’ V- w§>QP’
C(u?,u?,v?) = (u? . Vu?,v?).

Also, for all v € Vi, ¢° € Wy, w7 € V,, ¥ € Wy, wl € VI, w, ¢ € Wy, we define
the following bilinear forms:

bS(,U?7qS) = _(v 'U?‘, qS)7 b?(vf7qP> = _(v ((b'U,,l?), qP)7
bl;’(wsP’qP) = _(v wI:a qP)7 mE(w7§) = (§w7 §).

Integration by parts in (2.1a), (2.2a) and (2.2c) leads to the interface term
Iy = —(o%ns,v})s — (ofnp,wl)s — (oL np, wt)s — (o np, v))s.
Using the interface conditions (2.5b)-(2.5¢), we obtain

In—— / (o3 (us, p¥)ms)ms(ns - v + np - oF + mp - wF) ds
>

P P S S P
—L(UfnP)Tf,j(Tf,j 'vr)ds_/z(o'fnS)Tf,j<Uf_ws)'TfJ ds

= br (v}, o7, wiiub, p°) + br(uf, w), 0yl 0%, —°)
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+ aBJs(U]Su Oyt v?, wy) + beys(uy; vy ),

together with the definitions

aBJS(ufvys 7'Uf> Z/ HraBJS ( ?v - yf) 'Tf,j("J?f - ’wf) -Ty,5ds,

beis(u Z/MfaBls 7wy Ty () Ty ds,

bF(U]Sc,Uf,UJE;U§c,pS) = —/ (QﬂfE(’uJSc) —p°T)ngng(ng -v? +mnp vl +np-wh)ds.
by

We use a shorthand notation for trial and test functions & = (u? S ul pP oyl ul),
= (vf, ¢>,vF, ¢", wh, vY) and denote the corresponding product space as

X:=V;xW;xV,x W, xV, x W,

Furthermore, we define the bilinear forms E, H : XxX — R, which contain all terms
with and without time derivatives, respectively:
E(0i&,Y) = m,, (atufa Uf) + M p(0ruy Wy ) +my, (Opul , wh) +my 4 (Opuy, vy
+ My, (Ous, v)) — my, (Brys , v ) + ay Y (0t vy) + a?(@tyf,fwf)
— mo Oyl 7w1;) —mg Oyt vr) + apys(0, Oy ; ’U% wy)
+0r(0,0,0:y% 150}, —¢%) + (1 — )’ K 00", ¢" )ap — b5 (Ot . 47),
H(Z,9) =m,, (ul,v )+af(uf,vf)+af( P aw?) +af (yF, w )+af(u ,ob)
+ 0% (0%, p%) + 05 (wy, ") + 0 (0, p7) = mo(uy, wy) —mo(uy,v;)
+ Mgz (uy, vy ) + bp(v?7 ol wt; u?7ps) + CLBJS(U?,O' UJSc, w?)
- bgs (5 07) + br(uS, wP, 0608, —%) — bF (uF,qP) — b5(u, ),
L(&,2,9) = C(u?,u§7/v?),
whereas the right-hand side terms are denoted by the form F, given by:

F(g) = (fS’(v?)QS + (pfdj.fpvv?}“)) + (pprvwlsD) + (TS7qS) + (p;laaqp)

First, we multiply (2.1a)—(2.1b) and (2.2a)—(2.2d) by their respective test functions,
apply integration by parts, and impose the boundary conditions (2.4a)—(2.4b). The
balance of normal stress, the BJS conditions, and the conservation of momentum
(2.5b)—(2.5e) are then naturally incorporated into the derivation of the weak formula-
tion, while the conservation of mass (2.5a) is enforced strongly. Hence, the continuous
weak formulation reads: for ¢ € (0,77, find &(t) € X, with u}-ns+(drys +uy) -np =
0, and subject to the given initial conditions, such that

E(0:2,9) + H(Z,9) + L(Z, 2, 9) = F(¥), (3.1)

for all § € X. We further define

d—1

2 s ,P..,S
y§|BJS -:aBJS(ufvyfauf>ysh Z:ufaBJS”Z /( ys) Tf,j||g,2,
7j=1

’U,S*



NITSCHE METHODS FOR NS/POROELASTICITY INTERFACE PROBLEMS 7

d—1

2 —1/4
|l | L = beas(uy;vh) = > ppoms||Z; Ml 715116 5
j=1

Given that the primary objective of this study is to analyze the discrete formulation
using Nitsche’s method, we do not present the continuous analysis, which can be
found in the recent work [6].

4. Discrete weak formulation with Nitsche. Suppose that 7;LS and 7,0 are
shape-regular, quasi uniform partitions of Q2g and Qp, respectively, each consisting of
affine elements of maximal diameter h. The two partitions may be non-matching at
the interface 3, where the (d—1)-dimensional diameter of a face on ¥ is denoted by hg
and &y represents the faces lying on the boundary 3. To discretize the unknowns in
the Navier—Stokes and generalized poroelasticity problems, we define X ;f ={q €
C(Q): qlk € P(K) YK € Ty}, where Py (K) is the space of polynomials of degree
k > 1 on each K. With these definitions we then set up the following discrete spaces:

Vi =V [XEY Wy, = WrnXE, Vi, = V0 [xF]7
Vo =Van X W =W nxE W= won [xf])
The global velocity and pressure spaces are defined as

Vi o= {Th = (055, v wis) € Vin X Vi X Vi),
W= {qn = (dhrar,) € W X Wy}

The semi-discrete weak formulation reads: find &, (t) € X, such that
E(ata_éhvgh) +I_{(£ha’!—jh) +L<£h7£hagh) = F(:'_jh)7 v:’jh € Xha (41)
where
E(0y&h, §y) = E(0:Zn, 4y) + cr (0,0, 0% 13 03, 1 wh 1) (4.2a)
tLh,Yp tLh, Yn TV U, 0tYs ns Vfhs Up s Ws.n)s
H(:i}w :l_jh) = H(fh, gh) +cr (U?h, UrP,ha 0; Ujsf,h» Uf,hv wf,h)' (4.2b)
The conservation of mass is enforced weakly using the Nitsche parameter v, i.e.,
cr (u?,h, Uf,h»yf,m 'U]S’,hvv}:ha wf,h)
g
= /E E(ns . u?h +np - uf’h +np - 8ty£h) (ns . vfé’h +np - v}ih +np - wih) ds,

and the initial conditions u?’h(O), uih(O), yf’h(O), pP(0), uf_’h(O) are suitable approx-

imations of ufo, Ur,0, ¥s,0 pF0, and Ug 0, Tespectively.

4.1. Existence and uniqueness of semi-discrete solution. The existence
and uniqueness of the solution is proved in two steps:

1. We introduce the set Kj, :== {'U?-,h €Vin: Vo] ,lloes < ﬁ”fs”o,ﬂs} :

where Sy, Ky > 0 are the Sobolev and Korn’s constants, respectively and
define the discrete fixed-point operator as

jh : Kh — Kh, szc,h — jh(wlsﬂh) = u?h, (43)
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where, for a given w$ 7h € Kn, the function u$ Fh denotes the first component
of the solution to the linearised version of problem (4.1), given by fixing
wf,h € Vy in the nonlinear form, such that

S S S S S S
c(wf,hvuf,havf,h) = ('wf,h : V'u’f,hvvf,h)v

and then prove the well-posedness of the resulting Oseen/generalised poroe-
lasticity problem.
2. Next, we show that the discrete fixed-point operator J, admits a fixed point.

First, we show that the Oseen/generalised poroelasticity system is well-posed. To
prove the existence of a solution, we employ the theory of differential-algebraic equa-
tions (DAEb) [10].

S P
Let {¢uf7z =1 {¢u7 K z 1 {¢y5,z =1 {(bpf 1Ji=1 {¢pp, =1 and {d)u )i z:l be bases
of Vin, Vin, Ven, Wep, Wy p, and Wy, respectlvely We write the linearized

version of problem (4.1) in matrix form. For this we introduce, for 1 < 4,5 < k, the
notation

Me = mE(Qbf,ja (b*Pi) Af = af(d’if,yd’if,i)a AJF; = al;(d’f,j,ébf,i),
AL =l () 5. by, B =15(e5, 5050, ADS =ans(0,6) ;; 0,0) ),
BY =05 (¢, 0pa)s By =b5 (b, 5 0p0), AR =apis(¢, 5,0 0,0, ,),
A} = apis(#5, 5,05 by, 4,0), AL = apis(dy,, 5, 0; b, 4, 0),
Byr =br(¢), ;,0,0; ¢}, ,,0), B,r=0br(0,9} ;,0;¢}, ,0),
Bor =br(0,0,¢, ;; ¢, ,0), Cpr=br(ey, ;,0,0; 0,0 ,),
Cor =br(0,,, ;,0:0,07,), Cor =0br(0,0,¢, ;0,05 ,),
Nipr = CF(¢>uf 10,0 ¢uf $0,0), Nypr=cr(0,¢), ,,0;0,¢, ,.0),
Nisr =cr(0,0,¢, :0,0,¢, ;). Npr= cF(¢u”,0 0; 0,4, ,,0),
Nisr = cr(¢S,,,0,050,0,¢7 ), Nysr = cr(0,08 5,0, 5 ,,0,0),
N;s,r = cr(0, ¢u »0; 0,0, ¢yg,) Nesr = Cr(0,07¢557j§ ¢§f,iv ,0)
Nsr,r = CF(0707¢y57j; 07¢ur,i7 )» C= C(“’?,ha(ﬁif,m ¢if,j)~

)

For the sake of the forthcoming analysis, we use 8tyz , instead of u! in the poroelas-
tic region. Therefore we can rewrite the weak formulation (4.2a) in the DAE system
form as

Mo, & (t) + NZE,(t) = L(t), (4.4)
where

Fus, My, 0 (ARIS)* +N5f r+ B 0 0 0
]-'ur 0 Mp 3 M 9+.A +NST1" Mpf¢ 0 0

| T Mo | © Myys AZS+ A% + M o+ Nesyr M, 0 0

- o | —| o 0 M,pp 0 0 0 ’

Fye 0 0 (Cor)* 0 0 0
Fo 0 0 —(BY)* 0 0 Mgu_ye
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AS+ AYS + B5p + Brr + Nysr +C Nefr + B p 0 0 BS+Cir O

By +Nprr AP+ Mg+ Mgz + Nppr +ABS 0 0 Cor B}

N_ AR + Ber + Nysr AR+ M_g+ Noor AP0 Cor  BP
0 0 0 M, 0 0

=(B%)* + (Cpr)* (Cpr)* 0 0 0 0

0 —(Bf)” 0 0 0 0

We readily note that the matrix M + N yields a generalized saddle-point structure of
the form

A BT
M+ N-=
-B C )’
with
M, + A} + AFS + Bip + By + Nigr +C Nepr+ By (AP + Nopr + Bi r 0
A — Byr + Ny AL+ Mg+ Mgz + Nopo + My Mg+ A} + Nor Mo
AR 4+ Bor + Nys e AF 4+ Mg+ Nosr + My A+ ABS 4+ AV + Mg+ Noar - M,
0 0 My, M,,
BS + Crr O
C r BP 0 0
BT — P, C =
Cor k| 0 Mp_gp
0 0 K

We now prove an auxiliary estimate that will be used in our subsequent analysis.
For this we employ the trace, Holder, and Young inequalities. Let u;, € HY(Q), g, €
L?(2). Then we have:

2up(e(un)n -,y -n)s < 2up > lle(un)nllosllun - nlos

Ecéyx
hgd, hit
<2up Y (Folen)ld g + 55 llun - 3 5)
E€€s 1
" 1
<&Chuslen)fo+ = Y —lun-nllge  (45a)
é hg
Ee€s
(gmun-n)2 < Y llanllo.e lun - nlos
Eec€s
C2r62 1 12
> oSk + 55 Do 3 llunnfE . (4.5b)
KeTh iy 2E€52 B

LEMMA 4.1. Under Assumptions (H.1)~(H.3) and Zz| fsllo,os < 1, the linear oper-
ator A is continuous and elliptic for any given w?h c K.

Proof. From trace, Cauchy—Schwarz, Young inequalities, and (4.5a), it follows that
there exist constants C¢, Cs, Cr., Cgys > 0 such that

a?(“?‘,ha v?,h) < CfHu%h Il,QsHU]S”,h”LQm

1,00 w4 ll1,00

a?(yzha U’E,h) - me(ysp,hvwf,h) < CS”yih

a]l?(ul:,h’vf,h) - m9(u£hv’0rp,h) + mﬁ(u}ihavﬁh) < CrHuf,hHl,Qp ||”rP7h||1,Qpa

and

apys(uf . ul ;05,08 ) + bess(uy ;s v))
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Lae + vy lL00),

< Cris([[uf pllias + 1wl yllnee + o) (105 4 llLes + 105,
TH s
bf(v?,h’ Uf,hv 'U’f,m U?,h: 0) < C||U§,h||1,ﬂs (T;||v§,h‘ns+ vf,h'nP+ wlsj,h'nPH%,E) :

S P P .,S P P YEf S P P
er (W} by Wy s Ys 3 VF o Uy W ) < CihE |utp, - mp + e +yg - npelor

x |[v ), - me 4+ vpy, e+ wly, - nelo,p.

For the nonlinear term, we apply the Cauchy—Schwarz, Sobolev, and Korn’s inequal-
ities to obtain

S S S : S S S
C(wf,hvu’f,hvvf,h) < S?Kfnvwf,h,”&fls HVUf,h| Oﬂs”V’vf,hHOﬂS

¢ S s
< i [V us g llo0sl| Vg,

0,Qs»

and thus, the operator A is continuous.

On the other hand, we use Sobolev, Korn’s inequalities [11] and the assumptions in
Section 2.2, to arrive at the bounds

S8 .S S .S .S
ay (v}, V1) + (W3, VG, VT )

3C
S8 .8 s .8 .8 s
> |a} (v} 5, 07 )| = le(WF ,, 05 4,05 5)| > T”vf,h”%ﬂs»

af(wy p,wy ) —me(wyy,, wy ) > Cllwg i o,
0 (V] 107 R) = Mo (V] 407 0) + M2 (V] 4007 0) = Cllolal g
aBJS(”}Sf»U’spé U?u wl) + bpys(vy;vl) > /ifOZBJSKI;;f(\U? —wy 35 + vy [B1s),
bF(UJS”,h’vf,me,h; ’Ujsf,ha 0)
> Celoalto. +¢7 Y (05 -ns ol me +wl - nelf o)
Ee€s

S P P .,S P P TEf .S P P 2
cr (V) Uy s W 5 VF jy Uy s We py) > CTE V55 - ms + v, np +wg g, e |5 ks

therefore showing that A is coercive. O
LEMMA 4.2. The operator B and its transpose BT are bounded and continuous.
Proof. For all §;, = (U?h,vih,wsh,) €V, and G, = (q5.q") € @), and using trace,

Cauchy—Schwarz, Young’s inequalities and (4.5b), we have

<B(ﬁh>7§h> = (v : v?,h?qlsz) + (v . w§h7qs> + (V : (¢U7P,h)7 q}lj)
+ / q,%(ns . 'ujsc,h + np ~v£h + np -'wl.:)h)ds
Y
Ct 0o

S S
N ”vf,hHiQs + ||Usp,h||?,szp + ||UEh||%,£2p + ||‘111:H(2J,Qp + Z 5 ||qh||(2),K
KeT,

1 It
+ 35, > E(Hns'U?,h||%,E+||nP'UEhH(QLE_'_an'wsp,h”%,E)' 0
Ecés

The next results help to establish the Ladyzhenskaya—Babuska—Brezzi (LBB) condi-
tion for the B block.
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LEMMA 4.3. There exists a constant () > 0 such that

. b5 (v s ai) + b5 (vr g 4iy) + 05 (wl ), a)
inf  sup

GEWR 5,eV, 1Bn v, ll@nllw,

> & > 0.

Proof. This is proven by using the usual inf-sup condition for the Stokes problem
[9] and the weighted inf-sup condition in [7, Lemma 14]. d

LEMMA 4.4. There exists a constant £2(2) > 0, such that

(B(¥1), qn)

= > &2,
Unllv, |gnllw,

inf  sup
mEWR 5,V

where
N S;,S S PP P P, P P
(B(Wh), Gn) = b (v} 5, q,) + by (Vy s qr) + bg (W 5 q1)
P P
+ Cfl‘(v?,h’ @) +C (Vs @) + Cs,r(wg p, )
Proof. The term bp(v?hwf,h, wzh; O,QE) is defined as
S P P S\ . S s P S P S
br (V5 1y Uy gy W 3 0,4,) = Cro(VF 4y @) + Cpr(Vr s @) + Cor (Wi g5 1)
= /qub(ns "U?,h + np mfﬁ + np -wsh)ds.
Consider the discrete space associated with the strong imposition of the mass balance
across the interface
Vo ={vn € Vp:ng ~v§7h+np ~vf,h+np owih =0 on X}.

This space naturally yields that bl"(/l)?-,h, vih, wf’h; 0,q5) = 0 for all vj, € V}, 0, 50 we
obtain

<B("-7h)’ Jh> bS(v?,ha q}Sy,) + blf)(vrl?,ha Q}lj) + bl:(wls:’,ha Q}]j)
sup ~——22 = sup ~
0+£5,eVho IUnlv, 0#51E V.o |n v,
> &illgnllw,  Vah € W,

by virtue of Lemma 4.3. Now, we can use this space to derive a lower bound as follows

B(64), ¢n B(Un), ¢n » »
sup M > sup M = &lldnllw,  Van € Wi,
o£,evy  Unllv, 0£5,eVio  |[Unllv,
which concludes the proof. O

Before presenting the proof of existence and uniqueness of a solution to the discrete
problem (4.4), we require some additional results.

We denote the bilinear forms associated with the matrices A, B, and C by ¢ (e, e),
¢B(e,e), and ¢c(e,e), defined on (Vi, x W, 1) x (Vi x W, ), Vi, x Wy, and Wj, x Wy,
respectively. For a given w% n € Ky, we write

- T -,
» . Up Uy,
pa(w}y; (Gn,ul ), (G, v5,) = (.8 | A, ¢ ),
’ ’ ’ vs,h us,h
. i S T~
¢B(Tn, Pn) = T, BPh,  dc(Ph, ) = @ Chi-
By identifying functions in the FE spaces with algebraic vectors of their corresponding

degrees of freedom, we note that ker(¢a ) = ker(A), ker(¢g) = ker(B), and ker(¢pc) =
ker(C). Also, for ¢gr(qn,¥r) = ¢B(¥n, ), we have that ker(¢pgr) = ker(B7T).
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LEMMA 4.5. Under Assumptions (H.1)-(H.3) and & ||fslloos < 1, the bilinear
forms ¢a(e,e), op(e,e) and pc(e, o) satisfy

ker(¢a) Nker(¢s) = {0}, ker(éc) N ker(dpr) = {0},

or any given w5, € K. Moreover, ¢a(e,e) and ¢pc(e,e) are positive definite an
' ShEKn M d tive definite and
semi-definite, respectively.

Proof. Lemma 4.1 implies the coercivity of ¢a (e,e) and ker(¢a) = {0}, hence the
first statement of the lemma follows. We next note that ker(¢gr) consists of g, € Wy,
such that

¢BT ((j’h,’l_)'h) =0, Vv, € V.

Therefore, the inf-sup condition from Lemma 4.4 implies that ker(¢gr) = {0}, which
gives the second statement of the lemma. The positive semi-definiteness of ¢c(e,e)
is straightforward. ]

Now, we are in position to establish the well-posedness of the fixed-point operator J.

LEMMA 4.6. Under Assumptions (H.1)~(H.3) and & | fsllo.os < 1, if the matrices

A and C are positive semi-definite and ker(A) Nker(B) = ker(C) Nker(BT) = {0},
then the matriz M + N is invertible for any given w%h € Ky.

THEOREM 4.7. Under Assumptions (H.1)-(H.3) and &5 || fs
that satisfy

00 < 1, for any @, ¢

3—2(c + 1), Cy
4 )
where ¢ € {~1,0,1} provided that v > (¢ + 1)(€};)™", there exists a unique solution
(u?,hvp}sw uf,hvpgv y?h? uls:),h) € Wl’oo(or T5 V) x L0, T; Wg ) x Wl"oo(ov T;Vyp)
XWL(0, T; W, 1) x Whe(0,T; Vg ) x WHe(0,T; Wy 1) of the weak formulation
(4.4), for any given 'szf’h e Ky,.

Proof. The matrix F has no zero rows, which implies that the system has no al-
gebraic constraints. Hence, the initial data can be chosen to satisfy the prescribed
boundary conditions. In particular, the initial values

P,
ujsf,h(o) = Uy,0, Urp,h(o) = U0, yf,h(o) =Ys0 Plij(o) =Dy 0, usP,h(O) = Us,0

are consistent and do not lead to any incompatibility issues. Furthermore, owing
to Lemma 4.6, the matrix M + N with s = 1 is invertible. According to the DAE
theory (see [10, Theorem 2.3.1]), if the matrix pencil s M+ N is nonsingular for some
s # 0 and the initial data are consistent, then the system (4.4) admits a solution.
Consequently, [10, Theorem 2.3.1] guarantees the existence of a solution to the weak
semi-discrete formulation (4.4).

To show uniqueness, we assume that there are two solutions satisfying these equa-
tions with the same initial conditions. Then, we readily have that their difference
(ﬁ§c7h,ﬁ2,ﬁﬁh,ﬁﬁ,gfyh,ﬁih) satisfies (4.4) with zero data. By setting

s s,P P_ P P -S 8§ ~P P 4~-P ~P
(’Uf,h’qh7vr,h7qh’ws,h7vs,h) = (uﬁhvph»ur,mph’atys,h’us,h)’
in (4.4) and using the well-known inequality

- (Eaa a) - (Sba b) < Q(ECL, b) < (gaa a) + (Eba b)? (46)
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we derive the following weak form of the energy balance

1 - - 1P ~
§8t<(ﬂfujsf h’uff B+ (ps(1— p)at Ug js U Ph)ﬂp + (L= ¢)> KBy, B )ew
+(Vpro(u 7h+ush pro(u 1h+uah (%pd@ih)ﬁ@ih))%

+ ()‘ V- ’gs h» V- 'g/s h QP) + uf,h - 8tgs,h’BJS + (2Mf5('&?’h); E(ﬁ?:h))ﬂs

- Z / 14+¢)(2ure(u ]Sc’h)ns ng)(nsg - ufh—i—np N h—i—np dTySh)d
Eeés

- R 2
(P Ay, B )an + / L (s - @jp+np -y, + e digy,)” ds
Ecés

~P 2
+ "u’T;h’BJS + (st”,h : vuf,h’uf,h) =0.

By invoking assumptions (H.1)-(H.3), applying Lemma 4.1 together with the trace,
Young’s, and Cauchy—-Schwarz inequalities, employing the estimate

pr ol + uf 30, 2 o1 6 (31F 5 0 = TF 10,
and then integrating in time over (0, t] for arbitrary ¢t € (0, 7). This readily gives

~P ~S ~
||us,h||Loe(o,T;L2(Qp)) = ||Uf,h||L2(0,T;H1(QS)) = HpEHLW(O,T;L?(QP)) =0,
~p - P
195 nll©.rm @) = 1y pllL2 0,122 (00)) = 0-
Finally, we use the inf-sup condition (4.4) for py,pl together with (4.4) to obtain

(B3, B5,)|lw,, < 0. This implies [|55 || o (0,7;12(05)) = 0. Hence, the solution of (4.4)
is unique, and equivalently, the fixed-point operator [} is well-posed. 0

The subsequent theorem establishes the well-posedness of Nitsche’s scheme (4.1).

THEOREM 4.8. Under Assumptions (H.1)-(H.3) and &5
that satisfy

~
<1, for any €, €}

3—-2(¢+ l)E’fCtr -
4 )
where ¢ € { 1,0, 1} pmvided that v > (¢ + 1)(’6})‘1 there exists a unique solution
(u§7h7p§b’ 7h’ph7y5 ho U ) WIOO(O T; th)XLOO(O T th) Wl)oo(ovT;Vﬁh)
xW1oo(0,T; W, 1) x VV1 (0, T; V) x Whee(0,T; Wy 1,) of the weak formulation
(4.1).

Proof. According to the relations provided in (4.3), we aim to establish the well-
posedness of the variational formulation (4.1). To this end, we employ Banach’s
fixed-point theorem by demonstrating that the operator [J, admits a unique fixed
point in the set Kj. The validity of the assumption &5 [fsllo.q < 1 as shown in
Lemma 4.7, ensures that 7, is well-defined.

Let w¥, j,, wY, j,, u}y . uy,, € Ky be given, such that u}, , = Ju(w}, ;) and
u?z,h =T (w§2,h)' Then, by the definition of Jj, the following identities hold for

= (S S P P P P > (8 S P P P P
Thl = (ufl,h7ph17ur1,h7ph1’ysl,h’“sl,h)? Th2 = (uf2,h’ph27ur2,h7ph27y52,h7us2,h) €
Xhl

(Zn1,9p) = (atwhlayh) +H($h1,yh) +C(wf1 h’ufl hvvf n) = F(4p),

s
Wy
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Aps.  (Zn2,Yy) = E(atﬂ_fhza '!_jh) + H(ﬂ_fhz, ?_jh,) + c(w?lh,u?lh,v?h) = (),

Weo h

for all y,, = (v§7h7qi,vﬁh7q,f,w?mvih) € Xy,
By adding and subtracting appropriate terms, we can derive the following;:

= = — S S S S —
Aw?l,h (xhl - th’yh) =-c (wfl,h - wf2,h;uf27halvf7h) Vyh € Xy. (47)

Given that wy; € Ky, and using (4.7) along with the coercivity of the bilinear forms
established in Lemma 4.1, we can deduce:

30 ; . ijs” , (CEhl - :BhZa gh)
— [|UF1 — Uro S sup 7 7
4 || f1, f2, ||1,Qs 045, €Xs, ”th

—C (w%,h - w?z,m u?‘Q,h? 'Ujsf,h)
= sup -
04, X, 9l

< SiEG [wiin = wianll g, 42l o -

which together with the fact that ujsczyh € K}, allows us to assert the bounds

3C 1
T ||’u’§1,h - uJSIZ,hHLQS S 6”-f||07QS Hw§1,h - w?Q,hHLQS )

1
[ iy —ufanll, o, < 3 [w$1 )~ whanll, g -

In turn, these steps establish that 7, is a contraction mapping. Hence, ujsc’h € Ky
is the unique fixed point of J, and &1 € Wh(0,T;Vyy) x L>®(0,T; Wy) X
Whee(0,T; V) x Whe(0,T; W, 1) x WHe(0,T; V) x WHe(0,T; Wy 1) is the
unique solution of (4.1). |

5. Fully discrete formulation. For the time discretization we employ the back-
ward Euler method with constant time-step 7, T = N7, and let t, =n7, 1 <n < N.
Let d,u™ := 77 Y(u™ — u™!) be the first order (backward) discrete time deriva-
tive, where u™ =~ w(t,). The fully discrete problem reads: given u(},h = u?)h(O),

U?,h = uf:h(O , Oh = yzh(O), plg’o = pE(O), and ugh = uih(O), find &, € Xh, such

87

Yy
that for 1 < n < N, there holds

= 1_.71 — r7/ =n — S
E(;mhvyh)+H(xh»yh)+(uf

_ 1
n—1 S, S — -n—1 -
P Vet = F ) + BCET ), (6.)
for all y,, € )Zh and where F™ stands for the evaluation of F' at time t,,. The method
requires solving at each time step the algebraic system

LX = F, (5.2)

where L := %M + N. The tilde notation on the right-hand side vectors signifies that
they include contributions from the backward Euler time discretization.

1 <

THEOREM 5.1. Under Assumptions (H.1)—(H.3) and Hu?:ZHLQS < QSéifo;’ <

n < N, the fully discrete scheme (5.2) admits a unique solution.

Proof. Consider the matrix obtained from (5.2) by scaling the matrix M by X and
adding it to N. This resulting matrix has the same structure as M + N, which is
shown to be nonsingular in the proof of Lemma 4.5. Therefore, the scaled matrix is
nonsingular, and so is the matrix in (4.4). d
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5.1. Stability analysis of the fully discrete scheme. In the following lemma,
we discuss the stability analysis of fully discrete problem. We will make use of the
discrete space—time norms, where I = (0,7))

N N
n 2
H¢||122(1;X) = TZ 16" 1% ||¢||12°°(I;X) = max [l¢"[%, \¢|l2(1;BJS) = TZ [Pl5s -
n=1

0<n<N
n=1

LEMMA 5.2. Under Assumptions (H.1)-(H.3) and ||'uS wlhias <
for any €}, €} such that

s
W, 1<n<N\,

(3=2(1+¢)é C — &) >0,

=

where s € {~1,0,1} provided that v > (s + 1)(€;)", there ewist constants 0 < ¢ < 1
and C > 1, uniformly independent of the mesh size h, such that

Pn 2
™k |Bys

N
)+7‘22

a1 o) +ch

S,N P,N P,N PN P,N
[y 5.0 + 1w [50e + 1Ysh [Tae + 12,7 1500 +llug 150, + v

N
2
S, P, P, S, P,
RO (A IR e P Pl PR A

Pn Pn
(ld-uf +lldeug 18 0 + ldeyy 113 op + lldepy, ™

S, — S, P, P,

(”ufZH%QS + Z hE1||"S ‘ uf,Z +np - ur,i? +mnp - dTst?H(%,E) S exp(7) {
FEeés

[ ull Qs + [uy,

P,0
+||y3h||fnp+||17 6.00 + Ul lld 0 + 1Fp(0)llg 0

+CTZ||fs Moas +er TZ 1Fp (1B p + 10CEE 0p + lI7s ()15 5)

n=1
o3 e fE, ]
n=1
More precisely, we have
¢ < min {i(g —2(1+6)& Coe — &), 7 — (s + 1)(%)1} . > (@)

Sn  Sn P P,y -
Proof. We choose (vfc’h,q,sl,vih,q,lz,wzh) (uf;i,phn,u”?,ph vdry, ') in (5.1),
apply (4.6), and use the following identity [, <"d-¢" = 3d-[ls" 118 op +3711drs™ I3 0 -
With this we readily obtain the energy inequality

d S P — P
é(ﬂfllufjﬁllﬁ,os +ps(1 = O)ug ) I8 0 + (1= 0K~ Ip, ™

P, P,
+2upH€(y5;7)ll(2mp NIV -y e+ proll(ug +urh)||onp)
+5 ( +ps(1 = D)lldruy 5 ap + (1= 0K Hldrp, " (15 0

P,n P.n
+2upHd ey, ) + A=V -y HO,QP +prolldr (wgy +u, )G )

2
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P.n 2
mh |Bss

P, P, S, S,
+ (R ) u ap + upe(uyy) e(uyy))as

P’I’L2
—|—‘u —d;y.; ‘
f.h s |55

_ Z / 1+§(2,uf.r-:(ufh)ns ng)(ns - ufh+np uTh +np - dTysh)d
Ecéx

Ecéx

S,m S, S,
+ (upp ! Vuf}f,u?,h)S(fs(tn),ufﬂ) + (ppfptn), drysy ap

+ (rs(tn), Py s + (rdfp(tn), uy i o + (o7 0(ta), o1, " ern-

Using the trace, Cauchy—-Schwarz, Young’s, Korn’s and Sobolev inequalities, together
with Lemma 4.1 and the estimate pf ¢ [|ul +ub 2, > pr o (%Hufﬂggp fHung’QP),

we then sum over n = 1,..., N and multiply by 7 to obtain

S,N PN PN PN PN
[ p 15,00 + s (8.0 + 1o 17.0s + 128 ™ 1505 + lugy 5.0, +7 > (

N
2 2
P, S, P, P,n 2 2 S, 2
‘ rh BIS + ‘uf}i —dry,y BIS + Hur,fmo,szp) +7 Z(Hdruf,ﬁllms
P
+ [ldru, + ||d7y ||%Qp + ||d7'ph 15 ap T Hd u )

Z 3_21+§€fctr Gf)” +TZZ 1+§

n=1 n= 1E65):

S, P,n
Ins - ul +np w4 np - dey v G g S +||urh||09p
(€)™ TZHfs

P,
e TZ £ p )5 0 + l10( )Il?mp+Hrs(fn)llﬁ,ns)+6172(th"llﬁ,gp

P0
Yo nllT o + 195115 05 + 2,

S,
+ ||phn||%2(ﬂs) + Hu 2 115.00) + TZ ppfp(tn), dry, o) (5.3)

n=1
Next, to bound the last term on the right-hand side we use summation by parts

N-1

TZ fp(tn Tys h) (fp(tN),yi’,fV) - (fP(O)ay(s),h) -7 Z (drfgayf,’f?)

n=1

N-1
€1 1 T P, 1. po
EHy ||%,QP + Tﬂ”fp(tN)H%,Qp + 5 Z ||ys,;?||8,9p + §(||ys,h 5
n=1

N-1
+1Fe (O3 ap +7 D Id-FEI5.0p)- (5:4)

n=1

Finally, applying the inf-sup condition (4.4) to pi ™ and pi " along with (5.1) and

the continuity bounds from Lemma 4.1. Next we sum over n = 1,..., N and multiply
by 7, and combine the result with (5.3)-(5.4). By choosing ¢; sufficiently small and
applying the discrete Gronwall inequality [32], we obtain the desired result. O
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5.2. Error analysis. We now turn to analyzing the spatial discretization error.
Let ky and sy be the degrees of polynomials in Vyj; and Wy, let k, and s, be
the degrees of polynomials in V,; and W, ; respectively, and let k, and s, be the
polynomial degree in V, ; and Wy j,.
Let Qfn, Qpn, and Qs , be the L2-projection operators onto Wy ,,W,, ,, and Wy p,
respectively, satisfying:

(ps - Qf,hp87Q}§)Qs =0 Vq,sl € Wyp, (5.5&)
(" = Qpup” a1 )ap =0 Vg, € W, h, (5.5b)
(UE - Qs,hu}:7v§h)ﬂp = 0 szh S Ws,h' (55C)

These operators satisfy the approximation properties [32]:
1p° = Qpnp®[lo.0s < CYA™* [Ip° |1y 06 O=srsy <sp+1 (5.6a)

Ip"” = Quip”llor < CTR™» [PV |Ir. 0p 0<7s, <sp+1, (5.6b)
||u§ - Qs,huf 0,9p < thrgs Huf Tsg S0P 0<rs, <ss+1 (560)

Next, we consider a Stokes-like projection operator (S, R¢pn) : Vi — Vip X W,
defined for all v? €V;as

Q?(Sf7h’v§,’v§7h) — b?(’ujse,h, Rf,h'ujsf) = a?(v?, v?h) V'ujsc,h € Vi, (5.7a)
b} (Srnv},qy) = bs(v},q5) Vg, € W (5.7b)

The operator Sy, satisfies the approximation property [3, 23]:
[vF — Sravfllias < Cl*hr’“fflllv?\lrkf,ﬂsv L<rg <kg+1. (5.8)
Similarly, let IL, 5 be the Stokes projection onto V., ; satisfying for all v eV,

(VI pof qf) = (V-oF.qh) Vel € Wi, (5.99)
[oF — T, p0F o0 < CFA™ 0 i gpys 1< 7, Shp+1. (5.9D)

Finally, let S; 5 be the Scott-Zhang interpolant from Vg onto V1, satisfying [34]:

lys — Ss,hy1:| 00 th |yf - Ss,hysp|1,9p < OFh™ e ||y s ps 1< g, <kg+ 1.
(5.10)
THEOREM 5.3. Under Assumptions (H.1)-(H.3) and ||uJS£’Z||1ﬂs < ggrhem, 1<n<
: By

N, for any €; and €, that satisfies
1— (§ + 1)/6\/fCtr
2 >0

where ¢ € {—1,0,1}, provided that v > (¢ + 1)(?})71, and under sufficient smooth-
ness conditions for the solution of (4.4), the solution of (5.1) with initial conditions

u?‘,h(o) = Iynugo, uﬁh(O) = L rurp, yih(o) = Tonys0, PL(0) = Quap”®, and
ul ,(0) = Qq s 0, satisfies

s s 2 P_ P 2 P P2
lwf —u}pllise (rr20g)) T 18 — U pllise(rrz@ey) 1P — Pllie(r22000))
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P_.P P_ P P_.P
+ lys — ys,hleoo(I;Hl(Qp)) + |luy — us,thQoo(z;m(Qp)) + |u, — ur,h|122(I;BJS)
s P s P P_ P
+|(u} —dryl) = (uhy, — deys )l mrs) + 1w = wenllEneop)
1-— (§ + 1)/6\,fCtr

(f)”“? - u?‘,h”l%(I;Hl(Qs)) + ||pS _p%HlQ?(I;L?(Qs))
1+¢ Hf
P P2
+lp —PthZ(l;H(Qp)) + <7_ By ) Z he
f Ecés

s s
[(uf —u},) ns + (uy, — “f,h) ‘np +d-(y; — yf,h) : nS||(2J,E

< exp(T) [h%-2(|u 12 )

(LH™ (9p)) T ey ”12(1 H™ T (Qp 1o (I;H ™ T (Qp))

P2
+H“T”l°°(1;H%(Qp +Hat“f”L?(IH”P(Qp)ﬁ”atu’“”m1H o)

+ HatuEHro(l;Hrkp (Qp)) + ||attu ||La<> I;H*p (QP))) h2rss (HUP”F(I;HTSS (2p))

p S
+ Hus ||l2°°(I;H’"Ss (Qp)) + ||atus ||L2(I;HTSS (Qp)) ) h2 b 2(||ys ||loo(] H"s 1 (Qp))
P2 P2
+ Hatys ||Loo(I;H7'ks+l(Q )) + Hatys ”LOO(I;H%S (Qp)) + ||8tys ”Lz LH s T (Qp))
+ [0S |13 y T [T ||Loo(, HE T (p)) T 10y HLoo(z H ()

[ 4
2 (@)

L2(L;H"ks TH(Qp
2
+ W (||p ||zoc(1;HTSp ey T ||3tp ||L2(]-HTSP(QP))) +h ka(

+ Hat f||L2(I _ 1( ))) + h2r€f

P riaaes ey + 7 (190 [ 21 )

+ [0y ||L°°(I;L2(Qp)) + (| Ousruy, ||L2(I;L2(Qp)) + (O ||L2(I;L2(Qp))
+ HaﬁtUEHQLW(I;L?(Qp)) + ||3tttu1:||2L2(1;L2(Qp)) + ||3tty§\|%oc(1;nl(np))

+ Hatty§||2Lz(1;H1(Qp)) + |\5’ttty§||2L2(1;H1(Qp)) + ||6ttpp||2L2(1;L2(Qp))

+ 10uutll L2 (11200 + 10U 120 1.1 00))) |

whereOSrkakf,Ogrsfsz—l—l,OSrkpSkp,OSTSPSSp—Fl,OgrkSSks,
0<rs, <ss+1.

The proof of this result is postponed to Appendix A.

6. Numerical tests. We now present several numerical examples that validate
the accuracy of the derived error estimates. All simulations were performed using the
open-source finite element library Gridap (version 0.17.12) [5], whose high-level API
supports all components necessary for defining the problem, including integration over
facets and separate domains, e.g., &, Qg, and Qp, as required by (5.1).

6.1. Convergence tests against manufactured solutions. The accuracy of
the discretization is verified using the following closed-form solutions defined on the
domains Qp = (0,1) x (0.5,1),Qg = (0,1) x (0,0.5), separated by the interface ¥ =
(0,1) x {0.5}

s ta3 cos(4my) S _ a0 _
uf ( *2t$3 sin(47ry) , D= t (1 Sln(4ﬂ'l‘) S1I1(47'('y))7

p sin?(4my) — ta® cos(47ry) P ta® cos(4my)

tr ( 2 sin? (47y) + 2ta® sin(4my) ) s < —2tx3 sin(4my) )’



NITSCHE METHODS FOR NS/POROELASTICITY INTERFACE PROBLEMS 19

P ( 0.5t223 cos(4my)

s — 223 sin(47y) ) . p" =t*(1 — sin(4rx) sin(47y)).

The synthetic model parameters are taken as A\, = u, = puy = 10, apys = 1, ¢ = 0.1,
k=pp=pr=K=1,0=0.0, v =40, all regarded non-dimensional as we will be
simply testing the convergence of the FE approximations. The model problem is then
complemented with the appropriate Dirichlet boundary conditions and initial data.
These functions do not necessarily fulfill the interface conditions, so additional terms
are required giving modified relations on X:

u?f -ng + (3ty§ + uf) "mp = mlz,exa - (C"S"S) ‘ns = - (O'JF:"P) “np m%,ex?
_ (o-]Scns) Ty = /JfaBJS\/E (U? - 3%!5) “Tf T+ m42,ex7
a?ns + a?np +onp =m3 ., _(O'JP‘)"P) "TE = HFOBISY/ Zjiluf TTrg T M e

and the additional scalar and vector terms miz’ex (computed with the exact solutions
(6.1) entail the following changes in the linear functionals)

W 8l
Do [ g [ b o) one) = [ Jmb ure(unsns
<m2 ex’ vf TfJ>Ev

PP = [ orofend [ b 0F me) (8 oo me)s

P
- <m52,ex7v'r ’ Tfj>27

F(wh) ;:/Q ppfpul + ”h’;fm (@ mp) + (m . wF )y
P

THf
+ <m§),ex’ ’LUS : Tfaj>27 / mZ exq

We generate successively refined simplicial grids and use a sufficiently small (non
dimensional) time step 7 = h x 10~3 and final time 7' = 0.001, to guarantee that
the error produced by the time discretization does not dominate. Errors between the
approximate and exact solutions are shown in Table 1.

6.2. 2D flow in a channel with rigid obstacles between porous layers.
The computational domain is a two-dimensional channel that contains a free-flow
region bounded above and below by porous layers. Three rigid, eye-shaped obstacles
are embedded in the central free-flow region. At the inlet, the free-flow velocity
u}, pore velocity ., and solid displacement ¥ are prescribed by the inflow profile
uin = (545 (0.1 (z2 +0.2) (1.2 — 932))0 49, 0). No-slip conditions are applied on the
surfaces of the rigid obstacles, i.e., u$ 7 = 0. On the exterior walls, uf =0and y¥ =0.
At the outlet, a do-nothing (zero-tractlon) boundary condition is imposed on both
the velocity and displacement fields.

The physical parameters are defined as follows: uy = 0.01, py = 1.0, p, = 1.0,
pp = 1.0336 x 103, A, = 4.9364 x 10*, k =1 x 1073, K =1 x 105, 6 = 0, aps = 1,
¢ = 0.3, and v = 30. The simulation is performed with a time step 7 = 102 until
the final time 7' = 0.1.

Figure 6.1(a) shows velocity streamlines and vectors across the entire domain for
both the fluid velocity u?,h and the porous velocity uf, n- The free flow accelerates
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DoFs, h ||eu§ I rate llewr |l rate lle,s || rate [le,r || rate

111/0.5000(1.79 x 10~*| — |3.91 x1073| - [6.76 x1073| — [1.87x107%| -
43910.2500(2.90 x 107°2.627(2.06 x 1072{0.929|8.86 x 107%|2.932| 3.45 x 10~7 |2.440
1767/0.1250(4.67 x 107%]2.632(4.23 x 107%|2.281(1.07 x 10~*|3.054| 1.55 x 10~% |4.475
711110.0625(9.41 x 1077{2.312(8.84 x 107°(2.258|1.80 x 107°|2.571| 1.16 x 10~° |3.741
28551(0.0312(2.52 x 1077{1.901[1.73 x 1075|2.353|4.85 x 107¢{1.887(2.41 x 10719 |2.269

DoFs, h lleyell rate lewr|| rate

111/0.5000(2.98 x 107%| — |1.08 x 107°| -
43910.2500(1.17 x 107%|1.350|1.67 x 10~%|2.700
1767/0.1250(1.65 x 1077 [2.825|3.10 x 10~ 7|2.424
711110.0625(2.40 x 1078(2.779(6.78 x 107%|2.196
28551(0.0312(4.15 x 107°(2.532(1.64 x 1078 |2.045
TABLE 1

Ezxperimental errors and convergence rates computed at the final time step for wvariables
u?,uf,ps,pp7 yb, and ul wusing the finite element spaces IP’% P 7]P’§ - 7IF’§ %P’%.

S
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25002
<

(c) Solid displacement (d) Solid velocity

Fic. 6.1. Coupled fluid—poroelastic simulation results: (a) free-flow velocity ujscyh and porous
velocity u,lzh (streamlines and vectors); (b) profiles and iso-contours of pressures pi (free flow) and
pY (poroelastic medium); (c) magnitude of solid displacement |yF , |; (d) magnitude of solid velocity

|usPh|. Colorbars indicate magnitudes; streamlines and vectors depict flow or solid motion.

along the main channel and forms recirculation zones behind the obstacles. Higher
pore-fluid velocities occur near obstacle boundaries and along the interface, indicating
regions of enhanced exchange between the free fluid and the porous medium. Fig-
ure 6.1(b) shows the pressures pj in the free-flow region and p! in the poroelastic
medium. The pressure varies along the channel, with a clear difference across the
fluid—poroelastic interface caused by the resistance of the porous matrix. This pres-
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Fic. 6.2. Velocity streamlines (left), pressure profiles (center), and displacement magnitude
associated with flow through a microfluidic chip.

sure difference drives fluid exchange across the interface and influences the motion
of the solid skeleton. Figure 6.1(c) shows the solid displacement magnitude |y1: 5l in
the poroelastic layer. The largest displacements occur near the fluid—solid interface
and behind the obstacles, indicating how the solid deforms in response to the flow.
Figure 6.1(d) shows the poroelastic solid velocity magnitude |uf,|. Most solid mo-
tion occurs near the interface and along obstacle boundaries, cor’responding to areas
of high pressure gradient and strong pore-fluid flow. This indicates strong coupling
between the fluid and the solid.

6.3. 3D simulation of the blood flow through a microfluidic chip with
cylindrical poroelastic obstacles. To demonstrate that our numerical method is
both stable and accurate, we perform a 3D simulation of fluid flow inside a microfluidic
chip [28], with a slight modification to the radius of the obstacles. The chip dimensions
are 2cm X 4.2cm x 0.5cm. On the left side, there is one inlet for blood to enter, and
on the right side, there are two outlets where blood leaves. Similarly, there is a single
inlet on the left for water to flow in and two outlets on the right for water to flow
out. Inside the chip, ten pillars made of poroelastic materials (such as hydrogels or
polymer composites) are arranged in specific positions. Six of these pillars have a
radius of 0.2 cm, and the remaining four have a radius of 0.15 cm. The parameters
are defined as puy = 0.01, p = 1.0, p, = 1.2, p, = 1.0336 x 103, A\, = 4.9364 x 10*,
k=1x10"3, K=1x10% 60 =0, apys = 1, ¢ = 0.3, and v = 30, and their units
are in the CGS system. This problem was solved with a time step of 7 = 1073 and a
final time of 7' = 1. The boundary conditions are as follows: on the inlet,

20(z—0.5)(1.5—2)z(0.7—z
uﬁzuﬁ( (- 05) (15— 2) = >,070>.

0.49

On the lateral walls, the channel top, and the channel bottom (excluding the pillar
hole), ufc = 0. On the outlet, a’? ng = 0. Finally, on the top and bottom of the
cylinder, y¥ = uf = 0. We report in Figure 6.2 the numerical results, showing the
expected behavior of flow through deformable obstacles.

7. Conclusion. A Nitsche-based formulation is proposed for the Navier—
Stokes/generalized poroelasticity model, and the well-posedness of the discrete for-
mulations is proved using DAE theory and Banach fixed point theorem. A priori
error estimates for the fully discrete schemes are derived. Finally, we conduct a series
of numerical experiments to validate the theoretical findings on spatio-temporal con-
vergence. Specifically, we present a two-dimensional simulation of flow in a channel
containing obstacles between a porous substrate, and a three-dimensional simulation
of blood flow through a microfluidic device featuring cylindrical poroelastic obsta-
cles. Further perspectives of this work include the extension to the fully nonlinear
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regime, as well as other types of transmission conditions that would allow for greater
generality in the types of poromechanical problems we can tackle.
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Appendix A. Proof of Theorem 5.3.

Proof. We introduce the errors for all variables and split them into approximation
and discretization errors:

ef = uy" —uyh = (up" = Ly ") + (g™ =) = Xfa+ $
e =" — gyt = (up " = Thpup ™) + (Mepu) ™ = ug ) o= X0, + O,
ey =yl "y = (Yo" = Sanyt ™) + (Sanyt " —Yon) = X + Py
el =l —uly = (ul" = Quaul ™) + (Qepul™ —uly) = X0y + Gl
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ey, =p%" —ph = (05" — Qrap®™) + (Qrap®" —13") = X}pn + S
Cpp = prn - pi’" = ("™ = Qpap”™) + (Qpap™ ™ — pin) = Xpp.h T Ppphe
Denote the time discretisation errors as r,(¢) = d.¢ — 9;¢, for ¢ € {u?"7 ubm ybm,
pP ub ™). Subtracting (5.1) from (3.1) and adding the resulting equations, we
obtain the following error equation
My (dre}, 05 5) +mp,o(drel, wyy) +my, (dreld, wgy) +my,o(d-e), v )
iy gldrel 0) — my, (dref o) + my, (€0.0F,) + aflef. vy) + af(ef wh)
+al(ep,wy ) +ay (e, vy ,,) +af(drey, vy ) + af (dre)), wi ) + bs(v%h, efp)
05 (Wi g e) + f (vp . ep,) — moler, wy ) — mo(el, wy,) —mel(er, vy )
— (el 08) & g (el o) + b (0, o8, wE el eS,) — B (drel, )
— b?(ef, ar) — bs(e}‘, @)+ br(ef, ey, dey; qv?, —q3) + apjs(ef, d-ey; v?jh, wih)
+er(ef,ef,drey; v}, vy, wy ) + beys(er, vy ) + (1= 6)° K~ drepy,, i )ayp

+ (u?n : Vu?’" — u?:ZA -V, v?ﬁ) +& =0,
where the discretisation error is given by

& =myp, (rn(u$), 05 ,) +mp,0(ra(uy), wh ) +mp, (ra(w)), w ) + mp o (ra(uy),
Uf,h) + mﬂf¢(rn(u§)7 vf,h) + a?(rn(yg’), U'rF'),h) + ((1 - ¢)2K_1rn(pp)7 QfFL))QP
— b (ra(y5),4,) + af (ra(yh), wh ) + ass (0,7, (yS); 05, wl ) + br
(07 07 rn(yf), /U?,hv 0) - bF(O7 07 rn(yl;)v 07 q}SL) + CF(07 07 rn(yf), v?,hﬂ /Uf,h’ w;h)'
Settlng v?yh = ¢}l,hav$’h = ¢?7h7w§h = dT¢Z)h7v§’h = ¢?7h7qfsl = ¢?p,h7 and Q}lj =
¢Zp7h7 we conclude that the following terms simplify due to the properties of the
projection operators (5.5b), (5.7b) and (5.9a):
bS n n _ bP n n _ bP n n =0
(Xf,h7¢fp,h) - f(X’r,h7 pp,h) - f(d)r,lepp,h) — Y%
((1 - ¢)2K71dTX;)Lp7h7 ¢Zp,h) =0.

Rearranging terms and using the results above, the error equation becomes

a?((ﬁ}l,hv dFn) + al;((ﬁ?,hv dr oy 1) + a?(‘b;},hv Grp) + al;(qubZ,m brn)

+ay (drdy p dey ) + 0l (D 4, dey 1) + apas(DF b, drdy i BF s dr )y 1)

+ 00 (@ 1y Or s dr by 3 B 15 0) + b0 (7 4y D1 s dr by 13 SPY 1, 0)

+cr (@ s D py ey 1 D 1y Grops dry 1) + M6 (dr by, D5 1)

+mp, (dr@% 1, Ds 1) +Mpro(de s &1 0) +Mp 6 (de @y s @7 1) — mo(Drns D 1)

+((1 - ¢)2K*1dr¢2p,h7 Dpp.n) e — Moy, D5 ) — mo(Py s B )

—mg(@g 1, Orp) + Me2 k(D Drp) + My, (dr@f s @ ) + bBIs(Prp, Prog)
=h+t+D+Ts+Is+Ts+Te+ T+ Ts+ Jo, (A1)

where the right-hand side terms are defined as follows

Ji=— ajsf(X?,m D% 1) +ma(Xrhs Brn) +ma(Xshs Brn) — M2 /n (Xt hs Bron)
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- mpflb(dTX?’hv ¢:}7h) - ml)f(ZS(dTXZ,ha ¢;'l,h) - mpf (dTX?Ju (b?,h)
P P S
- mﬂf¢(rn(ur )7 Qb:},h) - mPf(b(Tn(us )7 ¢:},h) — My, (rn(uf)7 ¢?,h)7
J2 =~ af’)(X:},ha ¢:~l,h) - al;(dTXZ,h’ ¢17},h) - al;(rn(yls))a ¢:},h)7

d—1
Jsi=— Z <MfOéBJS \/E(X?,h —deXyn) T (@ —dr by ) de'>
j=1

d—1
— (1= @)K ("), 60y 10w — > _(ttramisy/ Z; X - T 1 @n - Th Vs
Jj=1

Jui=— bs((ﬁ?,ha XFfp.n) + by (dr Xy 1> Ppp.n) + by (rn(ys), pp.h)s
Ts 1= —af (X p, dr i) ) — ay (X s de®y ) — af (deXih s dr iy 1)
+mo (X7 h> dr @y 1) — M, (dr Xy 1y dry 1) + Mo (X3 s dr by 1)
= 0 (dr @)y 1 Xpppn) = M0 (de X dr )y ) — af (ra(yY), dr by )
— apys (0, Tn(yf)'¢?hadf¢z,h) mpm(rn( ) d ({by h)
—myp, (rn(u), drpy 1) — a5 (ru(yy)), dr 1),
Jo = = br (X} ns Xr s - Xy 05 DF 1 0)
— b (@ s B 1 de by 13 X 0 0) = br(0, 0,70 (41); 1,5 0),
J7 == br (X} ns Xop dr Xy 3 0 9 )
— b0 (@}, B dedy 130, —XFp 1) — br(0,0,7,(y5); 0, 8%, ),
(
(

P

Js :=—cr thaxrh’drxy hv¢fh7¢rh7d d)y h)
*CFOOTTL( )¢fh7¢rh7d ¢yh)

, S, S,
Jo 5:_(uf 'vufn_uf,z ' fha¢fh)
We employ the inequality (4.6) along with the estimate
2 2 2
pr ol drn + Penllog, = rrd (%!|¢?,hHo,QP - H¢Z,h’|o,gp) ; (A.2)

and apply the coercivity properties of the bilinear forms, together with the trace in-
equality, Holder’s inequality, and Young’s inequality, to estimate the LHS of (A.1).
Furthermore, the terms J; through Js are estimated analogously, following the ap-
proach presented in [6].

For the nonlinear error term, we have
S, S,n—1 S,
VUt —w T Vg
S,n S, S,n—1 - - S,
= S(u") - Vup" +uy" V(X + D) + (X 9L - Vg,

where & (uJSc )= u? " uJSc =1 Then, using Sobolev and Korn’s inequalities, and the

assumption ||uf’h||1,gS < 25?%;,, 1<n <N, we get
N N
S, S, S,n—1
TZJQ =1y (up" - Vupt —uyy ufh,¢fh)
n=1 n=1

N
S,n—1
Z(ns "ol 745" lo.oa 167 40,005 + 05" .0
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Sn—1
IVXFnllo0s 07 nllo.aos + [[uy™ [loa,0s VAT 1
0,4,0¢ T ||¢1;,;Ll

0,95 |97 1 llo,4,04

_ S, S,
s Hlo.a0s Vg llo.as 97 4] 0,49 Vg lloos

167 nllo.4.05)

N
M S,n n 14 n n
<Y (BLIS(Va ™ o V65 allas + ZEIVXG alloaas V65 alo.as

n=1

Ia2i n Hr n— n Hr n—1
LIV LR s + BNV lo0s |98 allons + ELIV 5 oo,

IV &7 nllos)
N N “ 34 N
-1
<upr Y IV alisas + 7 IV ey + = T Y
n=1 n=1 n=1

S,n n _
(IVS(uy™")ls.as + VX Fal50s + 1VXF5 3 00)-

By substituting the bounds for J1—7y into (A.1) and choosing €; sufficiently small, we
obtain the desired bound. Next, we apply the inf-sup condition (4.4) with the choice
(qg’", qi’”) = (¢%p.n» Ppp.n)s and use the error equation obtained by subtracting (5.1)
from (3.1). The analysis follows the approach in [6], with the additional approximation
property 7SN ||S(u§”)| 1. < CT2H@tujsf||%z(0,T;H1(Qs)). Finally, combining all the
estimates with the discrete Gronwall inequality [2], the triangle inequality, and the
approximation properties in (5.6a)—(5.6¢), (5.8), and (5.9b)—(5.10) yields the assertion
of the theorem. 0
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