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SUMMARY

This paper addresses the existence and regularity of weak solutions for a fully parabolic model of
chemotaxis, with prevention of overcrowding, that degenerates in a two-sided fashion, including an extra
nonlinearity represented by a p-Laplacian diffusion term. To prove the existence of weak solutions, a
Schauder fixed-point argument is applied to a regularized problem and the compactness method is used
to pass to the limit. The local Holder regularity of weak solutions is established using the method of
intrinsic scaling. The results are a contribution to showing, qualitatively, to what extent the properties of
the classical Keller—Segel chemotaxis models are preserved in a more general setting. Some numerical
examples illustrate the model. Copyright © 2008 John Wiley & Sons, Ltd.
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1. INTRODUCTION

1.1. Scope

It is the purpose of this paper to study the existence and regularity of weak solutions of the
following parabolic system, which is a generalization of the well-known Keller—Segel model [1-3]
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DOUBLY NONLINEAR CHEMOTAXIS MODEL 1705

of chemotaxis:

Oru—div(IVAW) P 2V A ) +div(yuf (u) Vo)

=0 in Q7:=Qx(0,T), T>0, QCcRY (la)
Jiv—dAv=g(u,v) in Q7 (1b)
D) u v
VAP 2a(u)— =0, —=0 onZ7r:=dQx(0,T) (1¢)
an on
u(x,0)=uop(x), v(x,0)=vo(x) onQ (1d)

where QCRY is a bounded domain with a sufficiently smooth boundary 6Q and outer unit
normal #. Equation (1a) is doubly nonlinear, since we apply the p-Laplacian diffusion operator,
where we assume 2< p<oo, to the integrated diffusion function A(u):= foua(s)ds, where a(-) is
a non-negative integrable function with support on the interval [0, 1].

In the biological phenomenon described by (1), the quantity u =u(x, t) is the density of organ-
isms, such as bacteria or cells. The conservation PDE (1a) incorporates two competing mechanisms,
namely the density-dependent diffusive motion of the cells, described by the doubly nonlinear
diffusion term, and a motion in response to and toward the gradient Vv of the concentration
v=uv(x,t) of a substance called chemoattractant. The movement in response to Vv also involves
the density-dependent probability f (u(x,t)) for a cell located at (x,¢) to find space in a neigh-
boring location, and a constant y describing chemotactic sensitivity. On the other hand, the PDE
(1b) describes the diffusion of the chemoattractant, where d>0 is a diffusion constant and the
function g(u, v) describes the rates of production and degradation of the chemoattractant; we here
adopt the common choice

gu,v)=ou—pv, o, =0 2)

We assume that there exists a maximal population density of cells uy such that f(uy)=0.
This corresponds to a switch to repulsion at high densities, known as prevention of overcrowding,
volume-filling effect or density control (see [4]). It means that cells stop to accumulate at a given
point of Q after their density attains a certain threshold value, and the chemotactic cross-diffusion
term yuf (u) vanishes identically when u>up. We also assume that the diffusion coefficient a(u)
vanishes at 0 and uy,, so that (1a) degenerates for u =0 and u =up,, while a(#)>0 for O<u<up. A
typical example is a(u) =¢u(1 —up), £>0. Normalizing variables by & =u/umy, 9=v and f (@)=
f(uum), we have iy, =1; in the sequel we will omit tildes in the notation.

The main intention of the present work is to address the question of the regularity of weak
solutions, which is a delicate analytical issue since the structure of Equation (la) combines a
degeneracy of p-Laplacian type with a two-sided point degeneracy in the diffusive term. We prove
the local Holder continuity of the weak solutions of (1) using the method of intrinsic scaling (see
[5, 6]). The novelty lies in tackling the two types of degeneracy simultaneously and finding the
right geometric setting for the concrete structure of the PDE. The resulting analysis combines the
technique used by Urbano [7] to study the case of a diffusion coefficient a(u) that decays like a
power at both degeneracy points (with p =2) with the technique by Porzio and Vespri [8] to study
the p-Laplacian, with a(u) degenerating at only one side. We recover both results as particular
cases of the one studied here. To our knowledge, the p-Laplacian is a new ingredient in chemotaxis
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1706 M. BENDAHMANE ET AL.

models, so we also include a few numerical examples that illustrate the behavior of solutions of (1)
for p>2, compared with solutions to the standard case p=2, but including nonlinear diffusion.

1.2. Related work

To put this paper in the proper perspective, we recall that the Keller—Segel model is a widely studied
topic, see e.g. Murray [3] for a general background and Horstmann [1] for a fairly complete survey
on the Keller—Segel model and the variants that have been proposed. Nonlinear diffusion equations
for biological populations that degenerate at least for u =0 were proposed in the 1970s by Gurney
and Nisbet [9] and Gurtin and McCamy [10]; more recent works include those by Witelski [11],
Dkhil [12], Burger et al. [13] and Bendahmane et al. [4]. Furthermore, well-posedness results for
these kinds of models include, for example, the existence of radial solutions exhibiting chemotactic
collapse [14], the local-in-time existence, uniqueness and positivity of classical solutions, and
results on their blow-up behavior [15], and existence and uniqueness using the abstract theory
developed in [16], see [17]. Burger et al. [13] prove the global existence and uniqueness of the
Cauchy problem in RY for linear and nonlinear diffusion with prevention of overcrowding. The
model proposed herein exhibits an even higher degree of nonlinearity, and offers further possibilities
to describe chemotactic movement; for example, one could imagine that the cells or bacteria are
actually placed in a medium with a non-Newtonian rheology. In fact, the evolution p-Laplacian
equation u; =div(|Vu|?~%Vu), p>1, is also called non-Newtonian filtration equation, see [18] and
[19, Chapter 2] for surveys. Coming back to the Keller—Segel model, we also mention that another
effort to endow this model with a more general diffusion mechanism has recently been made by
Biler and Wu [20], who consider fractional diffusion.

Various results on the Holder regularity of weak solutions to quasilinear parabolic systems
are based on the work of DiBenedetto [5]; the present paper also contributes in this direction.
Specifically for a chemotaxis model, Bendahmane er al. [4] proved the existence and Holder
regularity of weak solutions for a version of (1) for p=2. For a detailed description of the intrinsic
scaling method and some applications, we refer to the books [5, 6].

Concerning uniqueness of solution, the presence of a nonlinear degenerate diffusion term and
a nonlinear transport term represents a disadvantage and we could not obtain the uniqueness of
a weak solution. This contrasts with the results by Burger e al. [13], where the authors prove
uniqueness of solutions for a degenerate parabolic—elliptic system set in an unbounded domain,
using a method that relies on a continuous dependence estimate from [21], that does not apply to
our problem because it is difficult to bound Av in L (Q7r) due to the parabolic nature of (1b).

1.3. Weak solutions and statement of main results

Before stating our main results, we give the definition of a weak solution to (1), and recall the
notion of certain functional spaces. We denote by p’ the conjugate exponent of p (we will restrict
ourselves to the degenerate case p>2): 1/p+1/p’ =1. Moreover, C,,(0, T, L>(Q)) denotes the
space of continuous functions with values in (a closed ball of) L%(Q) endowed with the weak
topology, and (-, -) is the duality pairing between WLP(Q) and its dual (WP (Q)).

Definition 1.1
A weak solution of (1) is a pair (u, v) of functions satisfying the following conditions:

0<u(x,r)<l and wv(x,)>0 forae. (x,1)eQ071
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DOUBLY NONLINEAR CHEMOTAXIS MODEL 1707

ueCy(0,T,L2(Q)), o,uecl?©,T; W-PQ)), u0)=uo
A(u):/ua(s)dseL”(O,T; whrQ)y)
0

veL®(Qr)NL 0, T; W (Q)NCO,T, L (Q) for all r>1
dvel?0,T:; (H'(Q)), v(0)=uv

and, for all e LP(0,T; WhP(Q)) and € L>(0, T; H'(Q)),

T
f (6tu,(p)dt+/f {|VA(u)|p_2VA(u)—Xuf(u)Vv}~V<pdxdt=O
0 or

T
/ (6tv,l//)dt+d// Vv~Vlﬁdxdt=// g(u, v)ydxdr
0 or or

To ensure, in particular, that all terms and coefficients are sufficiently smooth for this definition
to make sense, we require that f € C 1710, 1] and f(1)=0, and assume that the diffusion coefficient
a(-) has the following properties: a € C'0, 11, a(0)=a(1)=0, and a(s)>0 for 0<s<1. Moreover,
we assume that there exist constants ¢ € (0, %) and y,27;>1 such that

yY10)<als)<y,¢(s) fors€[0,0], yW(d—s)<a(s)<p¥(l—s) forse[l—0o,1] 3)

where we define the functions ¢(s) :=sP1/(P=1 and Y(s) =P/ (P=1) for B> f>0.
Our first main result is the following existence theorem for weak solutions.

Theorem 1.1
If ug,voe L°(Q) with 0<up<1 and vp=>0 a.e. in Q, then there exists a weak solution to the
degenerate system (1) in the sense of Definition 1.1.

In Section 2, we first prove the existence of solutions to a regularized version of (1) by applying
the Schauder fixed-point theorem. The regularization basically consists in replacing the degenerate
diffusion coefficient a(u) by the regularized, strictly positive diffusion coefficient a, (1) :=a(u) +¢,
where >0 is the regularization parameter. Once the regularized problem is solved, we send the
regularization parameter € to zero to produce a weak solution of the original system (1) as the
limit of a sequence of such approximate solutions. Convergence is proved by means of a priori
estimates and compactness arguments. B

We denote by 0;Qr the parabolic boundary of Q7, define M :=|ull0,o,;, and recall the
definition of the intrinsic parabolic p-distance from a compact set K C Q7 to d;Qr as

p-dist(K; 0, Q1) := inf (Ix —y|+MP=2/P |t —5|1/P)
(x,neK, (y,5)€0; 0t

Our second main result is the interior local Holder regularity of weak solutions.

Theorem 1.2 3
Let u be a bounded local weak solution of (1) in the sense of Definition 1.1, and M = ||u||c0, 0 -
Then u is locally Holder continuous in Q7, i.e. there exist constants y>1 and o € (0, 1), depending
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1708 M. BENDAHMANE ET AL.

only on the data, such that, for every compact K C O,

~ o
| = x|+ M PP |1y — gy |VP
lu(xi, 1) —u(x2, ) |<yM p-dist(K-3,07) V(xi,11), (x2,1) €K
- s> Ut T

In Section 3, we prove Theorem 1.2 using the method of intrinsic scaling. This technique is
based on analyzing the underlying PDE in a geometry dictated by its own degenerate structure,
that amounts, roughly speaking, to accommodate its degeneracies. This is achieved by rescaling
the standard parabolic cylinders by a factor that depends on the particular form of the degeneracies
and on the oscillation of the solution, and which allows for a recovery of homogeneity. The crucial
point is the proper choice of the intrinsic geometry which, in the case studied here, needs to take
into account the p-Laplacian structure of the diffusion term, as well as the fact that the diffusion
coefficient a(u) vanishes at u =0 and u =1. At the core of the proof is the study of an alternative,
now a standard type of argument [5]. In either case the conclusion is that when going from a
rescaled cylinder into a smaller one, the oscillation of the solution decreases in a way that can
be quantified.

In the statement of Theorem 1.2 and its proof, we focus on the interior regularity of u; that
of v follows from classical theory of parabolic PDEs [22]. Moreover, standard adaptations of the
method are sufficient to extend the results to the parabolic boundary, see [5, 23].

1.4. Outline

The remainder of the paper is organized as follows: Section 2 deals with the general proof of
our first main result (Theorem 1.1). Section 2.1 is devoted to the detailed proof of existence of
solutions to a non-degenerate problem; in Section 2.2 we state and prove a fixed-point-type lemma,
and the conclusion of the proof of Theorem 1.1 is contained in Section 2.3. In Section 3 we use
the method of intrinsic scaling to prove Theorem 1.2, establishing the Holder continuity of weak
solutions to (1). Finally, in Section 4 we present two numerical examples showing the effects of
prevention of overcrowding and of including the p-Laplacian term, and in the Appendix we give
further details about the numerical method used to treat the examples.

2. EXISTENCE OF SOLUTIONS

We first prove the existence of solutions to a non-degenerate, regularized version of problem (1),
using the Schauder fixed-point theorem, and our approach closely follows that of [4]. We define
the following closed subset of the Banach space L?(Qr):

A ={uel?(07): 0<u(x,)<1 for a.e. (x,t)€ 07}

2.1. Weak solution to a non-degenerate problem

We define the new diffusion term A (s):=A(s)+e¢s, with a.(s) =a(s)+e¢, and consider, for each
fixed >0, the non-degenerate problem

Ortte —div(|V Ae (ue)|P 2V A () +div(f () VUe) =0 in Qr (4a)
Orve —dAve=g(us,ve) in QOr (4b)
Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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DOUBLY NONLINEAR CHEMOTAXIS MODEL 1709

IV Ap ()| P2 (up) 28 =0, P _o on > (4c)
on on
us(x,0)=ug(x), ve(x,0)=vp(x) forxeQ (4d)

With u € 4" fixed, let v, be the unique solution of the problem
0rve —dAve=g(u,ve) in Qr (5a)

0
%:0 on X7, ve(x,0)=v9(x) forxeQ (5b)
n

Given the function v,, let u, be the unique solution of the following quasilinear parabolic problem:

Ot —diV(|V Ay (ue) [P 2V A (1) +-div(yue f (ue) Vo) =0 in O (6a)
9
|VA£(u8)|P—2a8(u£)%:o on Tr,  ue(x,0)=ug(x) for x€Q (6b)
n

Here vp and uq are the functions satisfying the assumptions of Theorem 1.1.
Since for any fixed u € ", (5a) is uniformly parabolic, standard theory for parabolic equations
[22] immediately leads to the following lemma.

Lemma 2.1
If vg e L*®(Q), then problem (5) has a unique weak solution v, € L®(Q7)NL" (0, T; W>"(Q))N
C(0,T;L"(Q)), for all r>1, satisfying in particular

lvellLoo(r) + Ve ||L00(07T;L2(Q))<Ca lve ||L2((),T;H1(Q))<C, [0 ve ||L2(QT)<C (7

where C>0 is a constant that depends only on [vg|lz~(q), &, B, and meas(Qr).
The following lemma (see [22]) holds for the quasilinear problem (6).

Lemma 2.2
If ugelL®(Q), then, for any &£>0, there exists a unique weak solution u,e€L®°(Q7)N
LP(0,T; WhP(Q)) to problem (6).

2.2. The fixed-point method

We define a map ©@: 4 — 4 such that O(u) =u., where u, solves (6), i.e. ® is the solution
operator of (6) associated with the coefficient # and the solution v, coming from (5). By using
the Schauder fixed-point theorem, we now prove that ® has a fixed point. First, we need to show
that ® is continuous. Let {it,,},en be a sequence in 4" and u € 4 be such that u, — u in LP?(Q7r)
as n— 00. Define u., :=0®(uy), i.e. ug, is the solution of (6) associated with u, and the solution
Ve Of (5). To show that u., — ®(u) in LP(Q7r), we start with the following lemma.

Lemma 2.3
The solutions u., to problem (6) satisfy

(i) 0<uen(x, 1)< for ae. (x,1) € Q.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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1710 M. BENDAHMANE ET AL.

(i) The sequence {ucp}nen is bounded in LP(0, T WLP(Q)NL®(0, T; L*(Q)).
(iii) The sequence {ugy}nen is relatively compact in L?(Q7).

Proof
The proof follows from that of Lemma 2.3 in [4] if we take into account that {0;ucp}nenN 1S
uniformly bounded in L?' (0, T; (W7 (Q))). O

The following lemma contains a classical result (see [22]).

Lemma 2.4
There exists a function v, € L2(0, T; H'(Q)) such that the sequence {vg,},en converges strongly
to v in L2(0,T; H'(Q)).

Lemmas 2.2-2.4 imply that there exist up € LP(0, T; W7 (Q)) and v, € L?(0, T; H'(Q)) such
that, up to extracting subsequences if necessary, u, — u, strongly in L? (Q7) and v,,, — v, strongly
in L2(0,T; H'(Q)) as n— 00, so ® is indeed continuous on #". Moreover, due to Lemma 2.3,
O(x") is bounded in the set

Wi={ueLP0,T; W-P(Q)): dueL? (0,T; (WP (©Q)))}

Similarly to the results of [24], it can be shown that # < L?(Q7) is compact, and thus O is
compact. Now, by the Schauder fixed-point theorem, the operator ® has a fixed point u, such that
®(ug) =u,. This implies that there exists a solution (u,, ve) of

T
/ (Grtte, o)t + / / 1V Ae () P2V Au 1te) — ptts f (1) Voe)}- Voo ddr =0
0 Or

T
/(ﬁtvg,lp)dt—i—d// VvE~V¢dxdt=/-/ g(ug, ve ) dxde
0 or or

YoeLP(0,T; W'P(Q) and VyeL?*©0,T; H' (Q)

®)

2.3. Existence of weak solutions

We now pass to the limit ¢ — 0 in solutions (u,v,) to obtain weak solutions of the original
system (1). From the previous lemmas and considering (4b), we obtain the following result.

Lemma 2.5
For each fixed ¢>0, the weak solution (u., v¢) to (4) satisfies the maximum principle

O0<us(x,6)<1l and wv.(x,r)>0 forae. (x,1)eQr 9
Moreover, the first two estimates of (7) in Lemma 2.1 are independent of ¢.
Lemma 2.5 implies that there exists a constant C >0, which does not depend on &, such that

llve ||L°°(QT) +[lve ||L°°(0,T;L2(Q))<C’ lve ||L2(0,T;H' Q) <C (10)

Notice that, from (9) and (10), the term g(u,, v;) is bounded. Thus, in light of classical results on
L’ regularity, there exists another constant C >0, which is independent of ¢, such that

”atl)g ”Lr(QT) + ||Ug ||L’(O,T;W'”(Q))<C for all r>1

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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Taking ¢ = A, (u.) as a test function in (8) yields

T T
/ (atua,A(us))dtJrS/ ((%us,ug)dﬂr// VA (ue)|P dxde
0 0 or

_// 1f weg)Vug - VAg(ug)dxder=0
or

then, using (10), the uniform L°° bound on u., an application of Young’s inequality to treat the
term Vv, -VA.(ug), and defining .7, (s) :=fos A¢(r)dr, we obtain

Jue (x, )2 »
sup A e(ug)(x,t)dx+e sup —dx+ IVA:(ug)|P dxde<C (11)
0<t<T JQ 0<t<T JQ 2 or

for some constant C>0 independent of ¢.
Let peL?(0,T; whr(Q)y). Using the weak formulation (8), (10) and (11), we may follow the
reasoning in [4] to deduce the bound

”61”8”Lp/(()’T;(Wl,p(Q))/)gC (12)

Therefore, from (10)—(12) and standard compactness results (see [24]), we can extract subse-
quences, which we do not relabel, such that, as ¢ — 0,

Ag(ug)—> A(u) strongly in LP(Q7) and a.e.

us—u strongly in LY(Qr) for all g>1

ve— v strongly in LZ(QT)

Vv, — Vv  weakly in LZ(QT) and VA, (u;) — VA(u) weakly in L”(Q7)

VA ()P 2V Ap (ug) — T weakly in L”' (Q7) (13

ve—v weakly in LZ(O, T, HI(Q))

Oiue — d;u weakly in LP' (0, T; (WP (Q))') and 0;v — ;v
weakly in L2(0, T; (H'(Q)))

To establish the second convergence in (13), we have applied the dominated convergence theorem to
Ug = A;l (Ag(ue)) (recall that A is monotone) and the weak-* convergence of u, to u in L*(Qr).
We also have the following lemma, see [4] for its proof.

Lemma 2.6
The functions v, converge strongly to v in L%(0,T; H(Q)) as ¢ — 0.

Next, we identify I'y as IVAu)|P~2V A(u) when passing to the limit ¢ — 0 in (8). Owing to
this particular nonlinearity, we cannot employ the monotonicity argument used in [4]; rather, we
will utilize a Minty-type argument [25] and make repeated use of the following ‘weak chain rule’
(see e.g. [26] for a proof).

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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Lemma 2.7
Let b:R— R be Lipschitz continuous and non-decreasing. Assume u € L>°(Qr) is such that

dueLl? 0, T; (W-P(Q)), bu)eLP©,T; Wh-P(Q)), u(x,0)=uo(x) ae. on Q, with uge
L>(Q). If we define B(u)= [ b()dE, then

_/S(étu,b(u)d))dt:/sf B(u)@tqbdxdt—l—/ B(uo)qb(x,O)dx—/ B(u(x, ) (x,s)dx
0 0 JQ Q Q

holds for all ¢ € 2([0, T]x Q) and for any s € (0, T).

Lemma 2.8
There hold I’y =|VA®u)|P~2VA(u) and VA, (u;) — VA(u) strongly in LP(Qr).

Proof
We define 27 :={(t,s,x): (x,s)€ Q,t€[0, T]}. The first step will be to show that

// i (T1=|Va|P™2Ve)-(VAu)—Vao)dxdsdr=0 VYeeLP(0,T; W'P(Q)) (14)
2r
For all fixed £>0, we have the decomposition
/f i (VA (ue)|P 2V A (1) —|VolP"2Va) - (VA@) —Vo)dxdsdt =11+ L+ I3
2T
I = //L |V Ag(ue) P72V Ag(us) - (VA ) — V Ag (i) dx ds dt
2T
L= // : (VA (ue) P2V A (1) — V0P 72V 6) - (VAg () — Vo) dx ds dr
2T
I3:= //L IVa|P~2Va-(VAg(ug) —VA®u))dxdsds
2T

Clearly, I,>0 and from (13) we deduce that I3— 0 as ¢ — 0. For I;, if we multiply (4a) by
¢elLP,T, W”’(Q)) and integrate over 27, we obtain

T pt
/ / (8tu8,¢)dsdt—/f/ yite f(e)Vue-Vpdxds de
0 Jo 27

+/// IVAg ()P 2V Ap () - Vpdx dsdr =0
27
Now, if we take ¢p=A(u)— A (u.) e LP(0,T; WLP(Q)) and use Lemma 2.7, we obtain

T pt T pt

Ilz—/ / (atuS,A(u))dsdt—i-/ /(Otug,Ag(us))dsdt
0o Jo 0 Jo
+/// yite f(ue)Vue - (VAW) —VAg(up))dxdsde
27

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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T t
=—/ / (8tu8,A(u)>dsdt+/ &ig(ug)dxdt—T/ o ¢ (ug) dx
o Jo or Q

+/// e f(ug)Vue-(VA)—VAg(ug))dxdsde
2r

Therefore, using (13) and Lemma 2.6 and defining .o/ (i) := fou A(s)ds, we conclude that

T T
lim 11:—/ / (5tu,A(u))dsdt+/ /sz(u(x,t))dxdt—T/ o/ (up(x))dx
0 0 0 Q Q

e—0

and from Lemma 2.7, this yields /; — 0 as ¢ — 0. Consequently, we have shown that

e—0

lim // (|VA€(u€)|p_2VAE(u8)—|Va|p_2V0)~(VA(u)—Va)dxdsdt>0
27

which proves (14). Choosing 6= A(u) —A¢ with AeR and € LP(0, T; WP (Q)) and combining
the two inequalities arising from 4>0 and A<0, we obtain the first assertion of the lemma. The
second assertion directly follows from (14). O

With the above convergences we are now able to pass to the limit ¢ — 0, and we can identify
the limit (u, v) as a (weak) solution of (1). In fact, if ¢ € LP(0, T; W7 (Q)) is a test function for
(8), then by (13) it is now clear that

T T
/(&ug,(p)dt—)/ (Oru, )dt ase—0
0 0

// |VA8(u8)|p_2VAg(u8)-V(pdxdt—>// IVAW)|P2VAu)-Vodxd: ase—0
or or

Since h(ug)=u, f (uy) is bounded in L*°(Qr) and by Lemma 2.6, v, — v in L2(0,T: HY(Q)), it
follows that

// xuef(ug)Vve‘V(pdxdt%// qufm)Vv-Vodxdr ase—0
Or Oor

We have thus identified u as the first component of a solution of (1). Using a similar argument,
we can identify v as the second component of a solution.

3. HOLDER CONTINUITY OF WEAK SOLUTIONS

3.1. Preliminaries

We start by recasting Definition 1.1 in a form that involves the Steklov average, defined for a
function we L' (Q7) and 0<h<T by

1 t+h
—f w(t)de if 1€, T —h]
t

wh = ]’l
0 ifte(T—h,T]
Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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Definition 3.1
A local weak solution for (1) is a measurable function u such that, for every compact K C Q and
for all O<t<T —h,

/K{}{5t(uh)(p+(IVA(u)I"_ZVA(u))h~V<P—(Xuf(u)Vv)h~V<P}dX=0 YoeW, P (K) (15)
Xt

The following technical lemma on the geometric convergence of sequences (see e.g. [27,
Lemma 4.2, Chapter I]) will be used later.

Lemma 3.1
Let {X,} and {Z,}, n € Ng, be sequences of positive real numbers satisfying

X1 <CO" (X, 4+ X3 Z,7), Zyn <CY' (X +Z,%7)
where C>1, b>1, a>0 and x>0 are given constants. Then X,,, Z,, — 0 as n — oo provided that

Xo+ 24 <@C)~1H9/op=1+9/5"  Gith g =min{o, K}

3.2. The rescaled cylinders

Let B, (xp) denote the ball of radius p centered at xo. Then, for a point (xo, fp) € R"*!, we denote
the cylinder of radius p and height t by

(x0,70) + Q(7, p) := By (x0) X (fo —7, 1)

Intrinsic scaling is based on measuring the oscillation of a solution in a family of nested and
shrinking cylinders whose dimensions are related to the degeneracy of the underlying PDE. To
implement this, we fix (xo, fp) € Q; after a translation, we may assume that (xg, o) = (0, 0). Then
let £>0 and let R>0 be small enough so that Q(R?~%,2R) C Qr, and define

pi= esssup u, p := essinf u, w:= essosc u=put—pu"

Q(RP~¢2R) Q(RP—¢2R) Q(RP~¢,2R)

Now construct the cylinder Q(agR?, R), where

w\2-p 1
w=(3)

2 P(w/2m)P=1
with m to be chosen later. To ensure that Q(agR?, R) C Q(RP~¢,2R), we assume that
1 p—2 p—1
_=(9> ¢(ﬁ) >R (16)
ap 2 2m

and therefore the relation

essosc u<Lw )
Q(apRP,R)
holds. Otherwise, the result is trivial as the oscillation is comparable to the radius. We mention
that for @ small and for m>1, the cylinder Q(agR”, R) is long enough in the ¢-direction, so that
we can accommodate the degeneracies of the problem. Without loss of generality, we will assume
1
w<d6<s3.
2
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Consider now, inside Q(agR”, R), smaller subcylinders of the form

2-p 1
w) t*<0

rf_ * p _ (= - -
Qr=(0,1")+QdR", R), d—< W (w/H)]P—1"

2
These are contained in Q(agRP?, R) if agR?>—t*+dR?P, which holds whenever ¢(w/2™)<
Y(w/4) and

. ((w/2>2-PRP (@/2)P2R? 0)
S\ U@  plwjzmpr1

These particular definitions of ag and of d turn out to be the natural extensions to the case p>2
of their counterparts in [7]. Notice that for p=2 and a(u)=1, we recover the standard parabolic
cylinders.

The structure of the proof will be based on the analysis of the following alternative: either there
is a cylinder Q’I; , where u is essentially away from its infimum or such a cylinder cannot be found
and thus u is essentially away from its supremum in all cylinders of that type. Both cases lead to
the conclusion that the essential oscillation of u# within a smaller cylinder decreases by a factor
that can be quantified, and which does not depend on w.

Remark 3.1 (See Porzio and Vespri [8, Remark 4.2])

Let us introduce quantities of the type B;R%w "1, where B; and b;>0 are constants that can be
determined a priori from the data, independently of w and R, and 0 depending only on N and p.
We assume without loss of generality that

BiR w1

If this was not valid, then we would have w<C R? for the choices C =max; Bil/b and e =0/ min, b;,
and the result would be trivial.

3.3. The first alternative
Without loss of generality, we assume from now on that y*=1.

Lemma 3.2
There exists vg € (0, 1), independent of @ and R, such that if

(1) € O+ u(x, H)>1—w/2}|<vo] Q| (18)

for some cylinder of the type Q’*, then u(x,t)<1—w/4 a.e. in Q’I;/Z.

Proof
Let uy, :=min{u, 1 —w/4}, take the cylinder for which (18) holds, define
R
R"_E+2n+l’ neNo

and construct the family
0% =(0,")+ Q(dR}, Ry)=Bg, X (tu,1"), ty:=t*"—dR}, neNy

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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note that Q’ — Q Ry2 81— 00, Let {&,}nen be a sequence of piecewise smooth cutoff functions

satisfying

&, =1 in Q ,  &,=0 on the parabolic boundary of Qt*

n R, n+1 Rn

2n+l 2p(n+l) 2p(n+l) (19)

|V5n|< R ) Ogaténg dRp ) |A§n|< RP

and define
w
kp=1— 4 ~ o2 neNjy

Now take ¢ =[(ugp)n —ks1TEP, K=Bg, in (15) and integrate in time over (t,,1) for 1 € (t,, 1*).
Applying integration by parts to the first term gives

t
Fy :=/ Osttn(Ue)n —kal " & dxds
Bg,

1 t
= 5/ / s (([(ue)n — ka1 EL dx ds
Tn BRn

2 [ (- 0-50)

= / ([ — kT8 dixds — 2 f ([ —knli)*EL dx ds
Bg, x{t} 2

2 Bgy x{ta)

t
—% f (o —kal})?E010,E, dx ds
T, J Bg,

) [ (05T

In light of standard convergence properties of the Steklov average, we obtain

1 ! _
Flo Fl = & / (tter —kn 2P drds — 2 / (ltter —knT2E2 10,8, dx ds
2 JBr xi1} 2 Br,,

(=) ([, (=) s
Rn
—p/BRnX{Tn} [u—(l—%)]Jréﬁ_lasindxds) as h—0

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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Using (19) and the non-negativity of the third term, we arrive at

1 p /O 29p(n+l) rt
F*2_/ (o =k ]+)25de——(_) /f b dx ds
) Bg, x{1} o~ Kn n 24 \2 Re ) I, {Uo>kn)

p (@)2 2p(n+1) /t/

“a\a Liu>1—c/ay dx ds

d \4 rRe o Jo, {u=1-w/4)

1 3p so\22P0 D
Sy RSN O Ee A
2'/BR,,><{Z}([uw nlT)7EN dx WAV R ) L Lty >k, ) dx ds

the last inequality coming from u>1—w/4=>u,>k,. Since [u,—k,|"<w/4, we know that

[ty —kn1T)? = (ltteo—knTH) 2P ((tteo — k1 H)7 = (%)H [ty — knTF)P

> (%)2710([%—/@1]*)[7

therefore, the definition of d implies that

1 /w\2-p
Fl* = —<_) / ([u(u_kn]+)p§;€dx
212 B, x(1)
3 w\p 2P0HD g
_2 2P—2(—) 41’—1[/ « dxd 20
2P 1 R Y(w/4) o o L{uw >k, dx ds (20)

We now deal with the diffusive term. The term
t
Fy:= / / @@)?~ VulP72Vu) - V{[(ue)n — ket €} dx ds
T Y Bry,

converges for #— 0 to

t
Fj = / / a@)? " VulP 72V (V (o — k) TEL + puw—ka) TELTIVE,) dx ds
Tn BRn

t
=// a()? &,V (e — k) *|P dx ds + F3
Tn BRn
where we define
t
F2*:=p// a@)P \Vu|P=2Vu-VE, (uy—ky) TEP T dx ds
T Y Bry,

Since V(u¢, —ky)™ is non-zero only within the set {k, <u<1—w/4} and

a)=yY(w/4) on {k,<u<l—w/4}

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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we may estimate the first term of F;' from below by

t
// a()? &,V (e — k) TIP dx ds> [y, (w/4)1P ! / 1€,V (e —ky) TP dxds  (21)
Tn BRn BRn

Tn

Let us now focus on F;. Using that V(uy,—k,)" is non-zero only within the set {k, <u<1—w/4},
integrating by parts, and using (3) and (19), we obtain

t
|F5 <P/ / 1a@) PV (e — k) 1P IV E (e — k) T EP ™ dx ds
Tn J BRy,

u p—1
l———k // &r= 've, v { (/ a(s)ds) }dxds
t J Bg, —1 \Ji—w/ N

t
<ol /21 [ [ 198 00—k 16 T =) 1P s
Rn

p—1
// (/ a(s)ds> (p—DEP2|VE P +E01 A, de ds
0 J B, \J1—0/4 +

Next, we take into account that
u + w
[ awes) <G
1—w/4 4

g b 11
ab<—a" + ifa,b=>0, —-+—=1, &>0 (22)
r r'e" ror

+P

and apply Young’s inequality

for the choices

(Vl —1)lﬁ(w/4)” !

r=p, a=Valo—k)*, b=IVuo—k P and o7 =2 >0
p “(w/2)r!
This leads to
- 1 2p(n+l)
|Fy | < —p[“/zlﬁ(w/z)]” // gk} 4 ds
€
+p— el /1! / | tev k) aras
Bg,
w\ P p(n+l)
+p2<z> !P(w/4)”1 // Lty >hy) dX ds
(p=D25 Yo" onp 200D (1
<o /217 (2) / / Kt 2k A ds
GF T =Dy (o/4)r! 47 RV o Jay,
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t
+(Vf_1—1)w(w/4)"‘1/f3 |,V (e —ky) TP dx ds

1 7p(n+1)
+p( ) Y(o/4HP™ // Loy >k, ) dX ds (23)

Hence, from (21) and (23), and observing that

Y(w/2) P(P—l)_ 4 pﬁz_z!’ﬁz
[w«»m} _<5> N

t 4 p_l
F2*>w(w/4)”*1/ / 16V ey —k) TP drds — | porh | P2
7, J Bg, p(Vp -1)

we obtain

2p(n+l)
< (9) v / / Hiu k) 06 s 24)

Finally, for the lower-order term
t
F3:=/ (uef @)V Y- V[ (o) —ka]TER} dxds
Bg,
we have

t
F3— F3 :=ff quf @)V (Vo —k) P+ pluw —k) " €07V E,) drds
Bg,
t
=ff quf W)Vv-V(ugy—k,) " dxds
Bg,

t
+p// quf @WVv-VE, (uy—k) TPt dxds as h—0
B,
Applying Young’s inequality (22) with
r=p. a=Vly—k)*&. b=uf@e Vv and & =Zy(o/4)'>0

using the fact that (u,, —k,)" <w/4 and defining M := lxuf W)llL(0y), Wwe may estimate F; as
follows:

p t
& ’
e R V01?414, dxds
P Jr, JBg, BR,
+PM/ / IVUI |v5n|)6{un>kn}dXdS
Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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t
< SWtosay! f f IV ey — )&, 17 dx di
Tn BRn

N=p'/p pP t ,
(p/2) // VOl L5,y A ds
P Y(@/4) Jv, J By, ez

w\ P ! pMP/ ! ’
T Y BR, T J BR,

p/
P'e;

applying again Young’s inequality (22) to the last term in the right-hand side, this time with

r=p, a=|V&lw/4, b=M|Vv|, & =y(w/4)>0
Using (19), we obtain

1 t
Fi<ry = su ™ [ [ V)t axas
T Y B,

T2
e [(,,)_,,//,,+ ]// V01 i A
(e |\ p v|? x P
P/',D(CU/4) 2 . J Bg, (e =kn}

w p2p(n+1)lﬁ bl t
+(%) (@/4) —// X dx ds
4 RP 10 J Bx, {uw=>ky}

Additionally, using Holder’s inequality, we may write

! / t 1-1/p
AV [J/4 dxd g \V/ 14 , A+ d
/;n /];Rn | U| A{”u)}kﬂ} S ” U”Ll’ P(Q7) (/‘En | kn, R (O')l g

where |A,‘; R, (0)] denotes the measure of the set

AZ;’Rn (0):={x€Bg,: ulx,o)>k,}

Thus, we obtain

1 t
FE* < o4y / / 10V (s T17 dx
Tn BRn

w pzp(”“l‘l) t
+(—) np(w/4)1’—1// y dxds
4 RP t J Br, {uw=kn}

b (&) """+ p|iwony A ads) e
— v , a g

P4y [ \2 P rrion \ J, 1Ry
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Combining the resulting estimates (20), (24), (25) and multiplying by 2(w/2)P2 yields

2 [
esssup/ ([uw—kn]"')pffl’dxds—i-—/ / |,V (e —ky) TP dx ds
B, x{t} d Jw, Japg,

T <t<t*

P p—1 *
< 3 27724 p?+20P2 P (9)1) ZP(HH)% t ) dxds
X 2p P . p—1 _ 4 RP d /C{uw>kn}

PO D T JBg,

/ * 1=1/p
(@/2)P2MP T p\=P'/p ' .
o <5> TPVl g, /T |4, &, (@] do (26)

Next we perform a change in the time variable putting 7:=(1/d)(t—t*), which transforms
Q(dR? ., R,) into Q’Rn. Furthermore, if we define g, (-, f):=uy(-, 1) and &,(-,£)=¢&,(-, 1), then

defining for each n,
0 _ 1t
An ::/ / X{lzw2kn}dx dt: d [ / X{u(02k’1}dx ds
_Rf; BRn d Tn BRn

we may rewrite (26) more concisely as

—1
p/yg p ((D)P 7 p(n+1)
Vr(QR) 2 4

_ - 3 -
|y —kn) T ENT <24 Zp2P2y pry2rh {,:-71 4 RP
p(y; —D

—p'/p MP' ;o\ (p-2/p
+2|(5) e |5 (5) W(ew/4)l—P=1p
2 p \2

/ 1-1
x||Vv||1£p/p(QT)An /p (27)

where VP (Q7)=L%(0,T; L?(Q)NLP0,T; WP(Q)) endowed with the obvious norm. Next,
observe that by application of a well-known embedding theorem (cf. [5, Section 1.3]), we get

1 w\P -
(F) Ant = kn =k 117 An1 <l o=k 11

2p(n+h) \ 4 p,Q(RY |\ Ry1)
<G —=k) " Eull? g &)
- +z P p/(N+p)
< Cll(itp —kn) 5””VP<Q3§”>A” (28)

Now, applying (27), we get

-1
: (2) ani <2c 3p2”—2+p2+2pﬁz|: P ]p
20t L 4 2 pGY T =1

o\ 2P )
) Tm M
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Loc [(g)—q/P+p:| MmP <9>(p—2)/17¢(w/4)1—p—1/p

plo\2
p’ 1—-1/p+p/(N+p)
X ”VUHLI’/P(QT)AH (29)
Now let us define
A, A,ll/p
=T ni= , neNp
|Q(Ry, Ry)| |BR,|
Dividing (29) by (1/27¢*D)(w/4)?|Q(R). |, Rus1)| yields
3 /yP p—l1
Xoq1 <20 | 20 { = p2r—2 4 p22rh2 P_ilz X +p/(N+p)
2 pGYT =1

-r'/p s p—2
sarene [ (B) " |5 (5) o e

XRNK”Vv”q ) X,’f/(Ner)Z,’,’_l
LPP(Qr)

<P X x2 7z neN

with a=p/(N+p)>0, k=p—2>0 and

3 g 1
y:=2Cmax | = p2P~2 4 p42rh2 p_12 ;
2 pGYT =1

_ p\—P/p M?P ;wN\p-2 o
23 2/1’*1’[(5) +p} > (5)" W= RN 0

(In the choice of k¥ we need the assumption that p is strictly larger than 2.) In the spirit of

Remark 3.1, let us assume that

(%)H (/4] =P~ VPRY]

Therefore, with this assumption we conclude that y is independent of » and R.
Reasoning analogously, we obtain

Zp 1 <2P" (X + 217

Now, let 6 =min{«, x} and notice that if we set vg :=2y_(1+K)/”(2p)_(l+K)/“2, then it follows from
(18) that

X()+Zé+K§2y7(l+K)/a(2p)7(1+K)/02 (30)
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Then, using Lemma 3.1, we are able to conclude that X,, Z,, — 0 as n— oo. Finally, notice that
R,— R/2 and k, — 1 —w/4, and this implies that

H(x, 1) € QUR/2)P, R/2): il (x, ) =1 —/4}|=[{(x,1) € Qt;/gl ulx,n)>1-w/4}[=0
This completes the proof. U

Now we show that the conclusion of Lemma 3.2 is valid in a full cylinder of the type Q(z, p).
To this end, we exploit the fact that at the time level —f :=¢* —d(R/2)?, the function x — u(x, 1)
is strictly below 1—m/4 in the ball Bg/>. We use this time level as an initial condition to make
the conclusion of the lemma hold up to # =0, eventually shrinking the ball. This requires the use
of logarithmic estimates.

Given constants a, b, ¢ with O<c<a, we define the non-negative function

a
(% ifbtess<ht
o=, (s):(l“_ T )Z NarerGoy | PTEEEOTO (31)
a,b,c : _ _
ate— (=l 0 if sShtc

whose first derivative is given by

1
(0, ) (=] b=9£@+o) ifhEesssht(ata) =
0 if ssbtc
and its second derivative, away from s =b=c, is
(0 p.0)" =1(a;, ) }=0
Given u bounded in (xo, )+ Q(z, p) and a number k, define
Hf= esssup |(w—k)*|
(x0.20)+Q(7.p)
and the function
‘Pi(Hlfk, w—h* ) =0t | (), 0<C<Hlfk (32)

Hu‘k,k,c

Lemma 3.3
For every number v € (0, 1), there exists s; €N, independent of w and R, such that

[{x € Bra: u(x,1)=1—w/2°"}|<vi|Bgj2| for all t € (—17,0)

Proof
Let k=1—w/4 and

c=w/2%t" (33)

with neN to be chosen. Let 0<{(x)<1 be a piecewise smooth cutoff function defined on B/
such that {=1 in Bg;4 and |V{|<C/R. Now consider the weak formulation (15) with p=20"
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(un) (@) (up)(P for K =Bga, where ¢7 is the function defined in (31). After an integration in
time over (—f,t), with # € (—f,0), we obtain G|+ G, — G3 =0, where we define

t
Gi :=2/A/ Osfunte™ (up)(@®) (up)(P dx ds
—tJBg2
t
@2 :22/A/B (VAP 2a)Vuyy- Vit (un) (@) n)P}dx ds
—tJBRy2

t
G3= 2/ / Guef @) Vo) Vot un) (@) (un)CP) dx ds
—tJBgp2
Using the properties of the function {, we arrive at

t
= / / Oyto™ ()P dx ds = / o™ ) 207 dx — (o )P dx
—i JBgp B x{r} t

Brjox{—t}

Due to Lemma 3.2, at time —, the function x > u(x, t) is strictly below 1 —w/4 in the ball Bg /25
and therefore ot (u(x, —7)) =0 for x € By /2. Consequently,

G — {oF ))¢P dx — {07 )}?¢P dx

Brjax{t} Brjax{—t}
= / {oT)}?*¢Pdx ash—0 (34)
Bryax{t}
The definition of ka implies that

u —kéH;rk = esssup
O@.R/2)

12"
(e=1+7)

If H ;r =0, then the result is trivial; so we assume H u+ >0 and choose n large enough so that

(0]
<= 35
2 (35)

o +
O<22+n <Hu’k

Therefore, since H; ¢ +tk—u+c>0, the function 0T (u) is defined in the whole cylinder
O(i, R/2) by

+
L S
ot W= Hf +c+k—u
Huyk,k,c ’
0 otherwise
Relation (35) implies that
o)
H' i
wk_ 4 n fore o™ (u)< 6
T Tetk u\z o =2", and therefore 9™ (u)<nlIn2 (36)
k - cC— —
! 4
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in the non-trivial case u>k+c, we also have an estimate for the derivative of the logarithmic
function:

2-p

<
c

2—p W

H;Tk+c+k—u

1

(e w)* P = ‘

With these estimates at hand, we have for the diffusive term:

t
G G3:=2 f/B a0~ [Vul"=2Vu- V{g* (w)(@*) )7} dx ds
—tJ B2

t
= / ) / a@)? " VulP2(1+" @)(eh) )*(P}dxds+ G5 as h—0
—1JBg)
where we define
G5:=2p / ) f a@)? M VulP7*Vu-V{et ) (eh) ()P~} dx dr
—t JBgp2

Applying Young’s inequality (22) with the choices
r=p. a=|Vul”' PN @, b=1@) @'V and e=1

we obtain

t
163 <2p/A/ a )P~ [VulP NV ElgH @)@ty @I du ds

—t BR/2
t

=2 / / a@)?~ ot @) VPP @ @) PP 1Y @) |V dx ds
—i JBgp2
t

<28 / . / a@)?~oT ) |VulP[(e) w)]*(P dx ds
—tJBgp

t
25 / : /B a@? ™o @IVEII@") )PP drds
4 J—1JBR/

22/ / a@)? ot (w)|VulP[(eh) )PP dx ds
—tJBrp2

t
+2(p—1) / / a@)? ot @)|VIIP)(@hY W)~ dxds
—i JBgp2
In face of this estimate, we obtain

t
G5 =2 / ) / a@)? ' VulP[(eh) ()PP dx ds
—iJBgp
t
—2(p—1) / ) f a)?~' ot @)|VP|(@") @)* P dxds
—iJBgp
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t
22[V1lﬁ(w/4)]"_1/ / [VulP[(o™) (u))*¢P dx ds
—f BR/2

t
2 _1)/ / a@)?~ o @)VLP1(@") )PP dxds
—t BR/2

t
> 2 (/41! / A /; IVulP[(g*Y @) 2P du ds
—t R/2

C\’/ o \r2 (! —1
_2(p—1)n1n2<E> (22+n) /_f/;R/zd(u)p X{u>1—w/4}dxds

and, finally,

t
G5 > 20 (/4! / A / IVulP[(@+Y @)PEP dx ds
—t BR/2

C\?/ o \r-2. ool
—2(p—1nlIn2 z (ﬁ) t|Br2|ly2¥ (w/4)]
where we have used estimates (36), (37), the properties of {, and the fact that

N (o/MH<a)<y(w/4)  on the set {u>1—w/4}

(38)

Moreover, from the definition of # and our choice of ¢* (recall that *>d RP? —agRP), there holds

t<agR? = (9)2—;7 R
P(w/2m)p=1

2
Taking into account (39), we obtain from (38) that
t
632t [ [ vulriety P acas
—f Bg)2

Y(w/4) T‘l
d(w/2m)

On the other hand, for the lower-order term, by passing to the limit # — 0, we have

—2(p— DnIn2CP2UHME=P) By 5| [h

G3—G3:=2 f ; f yuf @) Vo-Vul(1+0* @) (@) @)1*("} dxds
—t BR/2
t
+2p / . / quf W)Vo- Vot @)eh) )P~y dxds
—1JBgp

t
< ZM/A/ (140" )" ) PLP|Vul|Vv|dx ds
—tJBrp

t
+2pM/A/ ¢ (l(@") (' VYL@ PP dxds
—tJBgp

(39

(40)
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Applying Young’s inequality (22) to the first term on the right-hand side with

4)P—1 1/p
r=p, a=|Vul, b=|Vv| and &= Y (@/HP
M(1+nlIn2)

and to the second term with
r=p, a=l"H @', b=|Vull@") @PP7" and e=1

we obtain

t
* <2 (w/HP! IVulP[(o™) (u)1?(P dx ds
3 n
—t BR/2

t
+2M// otV w)1* P dxds
—1JBgp

o] (plﬁ(w/4)p‘1

1/(1=p) .t
+ V(1124 P 2
» M(1+nln2)> /—5/19R/2(1+Q @)@ )] P|Vu|P dxds

t
+2M(p—1) / ) / o™ @IVLIVI? [(e7) )]*¢P dx ds
—t BR/Z

Using the estimates (36) and (37) and the properties of {, we then get

t
t

C p=2,
G§<2¢(w/4)1’—1/ / IVulP (@) PP dxds+2Mnin2 = (55-)" 1Byl
—f Bg)2 R \2

i H/(-p) .
p—1 ( py(w/4HP~! » 72-// )
2M tnin2) (557 ) ol” 7 ded
" (M(1+n1n2) I+ () ), BR/zl VI Yjus1-0pay dx ds

C (0] -2 4 ’
+2M(p—nin2— (5577 ) /_ f /B IVOIP Y1 —aoyay dx ds

R/2
Then, applying Holder’s inequality and recalling the definition of 7, we get
L[ 2
£ <2 (/4P / A /B IVul?[(™) () 1PLP dx ds
—tJ bR

+2MCnin2204MC=P) g0y /2) =P | B 1o | RP™!
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4=\ o -2
oM (p—1y | (PP D e ey
M(1+nln2) p R 22+n
<IVoIY ., o, @R 1BR D! =P

In addition, thanks to Remark 3.1, we may estimate

. i\ /(=p)
( & )‘2 p P (/4P JUP -1 <
22+n M(1+nln2) 0 =

-2 I-p
(g e o(2) et

and this finally gives

t
G <2Y(w/4)P~! / / |VulP[(0™) (u)*¢P dx ds+2M CnIn220FMC=P)| Bp |
- Br2

_ ol 1-1/p
+2M(p—1)Cnln2|| U”LPP(QT)|BR/2| 41)

Combining estimates (34), (40) and (41) yields

/ {oT )}?¢P dx ds
Brjax{t}

<2M(p—DCnn2| V|7, o |Brpl' P

A= 20w/ / A /B IVul?[(™) () 1PLP dx ds
—tJ bR

p—1
+2n 2200 E7) B | {MCJr<p—1)c”v§1 [X(Zj/zég)] }

and since y;>1 and n>0, this implies

sup f (H WL dx
Brpax{t}

—1<t<0
_ r 1-1/p
<2M(p—1CnIn2|Voll},, (Bl
_ i Yo/ 717!
2n1n22%P|B MC —1c1”’1w7 42
+2nln | R/2|{ +(p—DCFy, (c/2m) 42)

Since the integrand in the left-hand side of (42) is non-negative, the integral can be estimated
from below by integrating over the smaller set S={x € Bg2: u(x,1)>1 —w/22+"} C Bg/2. Thus,
noticing that

(=1 and {0t W}*>Un@" ")2=m—-1>*(1n2)> on S

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
DOI: 10.1002/mma



DOUBLY NONLINEAR CHEMOTAXIS MODEL 1729

we obtain that (42) reads

{x€Brspa: u(x,n)=1—w/2)|

2Cn|Bgyal | 4o- [ w4 177! :
<—————1277|MC —DHCPY | M(pp—D|Vul?
(1= 1)?In2 i B ey B e A A
for all t€(—#,0). To prove the lemma we just need to choose s; depending on v; such that
s1=24n with
c |, [ Yo/d 7 /
1 2XP | MCH(p—1)CPY T | ——— M(p—-D|Vol?,

since if n21+42/o then n/(n— l)zgoc, o>0. Furthermore, s; is independent of @ because
1 YV
M = (w/HRTPm =wP2=Progmbi=2B> <omb1~25,
P(w/2m) (w/2m)bi/ (=D
The last inequality holds since f,>f;. O
Now, the first alternative is established by the following proposition.

Proposition 3.1
The numbers v; € (0, 1) and s; 3> 1 can be chosen a priori independently of w and R, such that if
(18) holds, then

u(x,t)<1— a.e. in Q(f, R/8)

Q)]
2s1+1

We omit the proof of Proposition 3.1 because it is based on the argument of [5, Lemma 3.3; 7],
and we may use for the extension the same technique applied in the proof of Lemma 3.2.

Corollary 3.1
There exist numbers v, og € (0, 1) independent of w and R such that if (18) holds, then

€88 0SC UKW
Q(t,R/8)

Proof
In light of Proposition 3.1, we know that there exists a number s; such that

esssup u<1—

0G.R/8) 20+

and this yields

)o

In this way, choosing 6g=1—1/2°1*!, which is independent of w, we complete the proof. ]

1
€SSOSC U= esSSsup U — egsinf u< (1 — 5l
OGR/®) oGR8  QUER/ 20
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3.4. The second alternative

Let us suppose now that (18) does not hold. Then the complementary case is valid and for every
cylinder Q% we have

{(x,1) € Q% : ulx,1)<w/2}|<(1—v0)| Q% (43)

Following an analogous analysis to the performed in the case in which the solution is near its
degeneracy at one, a similar conclusion is obtained for the second alternative (cf. [4, 7]). Specifically,
we first use logarithmic estimates to extend the result to a full cylinder and then we conclude that
the solution is essentially away from O in a cylinder Q(z, p). In this way we prove the following
corollary.

Corollary 3.2
Let 7 denote the second-alternative-counterpart of 7. Then there exists o} € (0, 1), depending only
on the data, such that

€SS0SC UKo
Q(t,R/8)

Since (18) or (43) must be valid, the conclusion of Corollary 3.1 or 3.2 must hold. Thus, choosing
o =max{cy, o1} and ° =min{f, 7}, we obtain the following proposition.

Proposition 3.2
There exists a constant ¢ € (0, 1), depending only on the data, such that

€sSS0SC ULow

O(t°,R/8)
The local Holder continuity of u# in Q7 now follows (see, e.g. [5,6], or the proof of [23,
Theorem 2]).

4. NUMERICAL EXAMPLES

In this section, we provide two numerical examples to illustrate how the approximate solutions of
the chemotaxis model (1) vary when changing the parameter p from standard nonlinear diffusion
(p=2) to doubly nonlinear diffusion (p>2). For the discretization of both examples, a standard
first-order finite volume method (see the Appendix for details on the numerical scheme) on a regular
mesh of 262 144 control volumes is used. We choose a simple square domain Q=[—1,1]*> and
use the functions a(u)=eu(l—u), f(u)=(1- u)? and g(u,v)=ou— fv, along with parameters
that are indicated separately for each case.

4.1. Example 1

For the first example, we choose e=0.01, 2 =40, =160, y =0.2 and d =0.05. The initial condition
for the species density is given by

1 for ||x||<0.2

up(x) = i
0 otherwise

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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Figure 1. Example 1: numerical solution for species u, at t =1.0 for p=2 (left), and p =6 (right).

and the chemoattractant is assumed to have the uniform concentration vg(x)=4.5. In a first
simulation, we consider the simple case of p=2 and we compare the result with an analogous
experiment with p =6. We evolve the system until #=1.0, and show in Figure 1 a snapshot of the
cell density at this instant for both cases.

4.2. Example 2

We now choose the parameters ¢=0.5, a=5, f=0.5, y=1 and d =0.25. The initial condition for
the species density is given by

1 for lx—(—0.25,0.25)||<0.2 or [x —(0.25, —0.25)]|<0.2
uo(x)= .
0 otherwise
Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009; 32:1704-1737
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Figure 2. Example 2: numerical solution for species u, at t =0.1 for p=2 (left), and p=6 (right).

and for the chemoattractant

4.5 for x—(0.25,0.25)[<0.2 or [x+(0.25,0.25)[<0.2

vo(x)=
0 otherwise

The behavior of the system for the cases p=2 and p=6 at different times is presented in
Figures 24.

4.3. Concluding remarks
We first mention that, from the previous examples, one observes that even though the numerical
solutions obtained with p =2 differ from those obtained with p>2, the qualitative structure of the
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Figure 3. Example 2: numerical solution for species u, at t =0.5 for p=2 (left), and p=6 (right).

solutions remains unchanged. We also stress that the numerical examples illustrate the effectiveness
of the mechanism of prevention of overcrowding, or volume-filling effect, since all solutions
assume values between O and 1 only. In particular, all examples exhibit plateau-like structures
where u =upy, =1, at least for small times, which diffuse very slowly, illustrating that the diffusion
coefficient vanishes at u =1 (recall the special form of the functions a(u) and f(u): they include
the factor (1 —u), and therefore the species diffusion and chemotactical cross diffusion terms
vanish at u=0 and u =uy=1).

In Example 2, the solution for p =2 has a smoother shape than the one for p =6, which exhibits
sharp edges. These sharp edges do not only appear for ¥ =0 and u =uy,, where one expects them,
due to the degeneracy of the diffusion term and the choice of initial data, but also for intermediate
solution values, as is illustrated by the plots for p =6 of Figures 2 and 3.
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Figure 4. Example 2: numerical solution for species u, at t =2.5 for p=2 (left), and p=6 (right).

APPENDIX

The definition of the finite volume method is based on the framework of [28]. An admissible mesh
for Q is given by a family .7 of control volumes of maximum diameter 4, a family of edges &
and a family of points (xx)xecs. For K € 7, xg is the center of K, &y (K) is the set of edges o
of K in the interior of 7, and &ex(K) the set of edges of K on the boundary 0Q. For all 6 €&,
the transmissibility coefficient is

g
L - ce&im(K), o=K|L
d(xk,xr)
Tg=
& for 0 € Eext(K)
d(xg,0)
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where K|L denotes the common edge of neighboring finite volumes K and L. For K €7 and
o=K|L € &(K) with common vertices (a¢,k.1)1<e<s With I € N\{0}, let T, (T;’ff, for 6 € ext(K),
respectively) be the open and convex polygon built by the convex envelope with vertices (xx, xr)
(xg, respectively) and (a¢ k,1.)1<e<7- The domain Q can be decomposed into

o= | U Txkeful U 725

KeT LeN(K) g€ ext(K)
For all K € 7, the approximation Vjug , of Vu is defined by

uf —uy if o=K|L€&in(K)
Vi u’}( e { '
0 if 6€&exi(K)
To discretize (1), we choose an admissible mesh of Q and a time step size At>0. If M7 >0 is the
smallest integer such that M7 At>T, then t" :=nAt for n€{0, ..., Mr}.
The terms A',’(H,g’,’(H, ,'é“ shall approximate the averages

tn+l t”'H

At|1K| ; /;(A(u(x,t))dxdt, ﬁ/ﬂl /Kg(u(x,t),v(x,t))dxdt
| e+l
ATK] ) /Kf(u(x,t))dxdt
respectively, and they are defined by
A:}(H:A(u;;(ﬂ)’ gnK+1:g(ur;<+1’vnK+1)’ Ir{z+1:f(ur;<+1)

The initial conditions are discretized by

ul ! / ug(x)dx Y ! / vo(x)dx
=— 0 ) =— 0
K70k Jk K70k Jk

We now give the finite volume scheme employed to advance the numerical solution from ¢" to

"1, which is based on a simple explicit Euler time discretization. Assuming that at r=¢", the

. n+1 _n+l
pairs (u, v ) are known for all K €7, we compute (u ", vy ) from

unJrl_un )
— = To|Vh h
K= 5 wlVidk lh VA,
At ceb(K) ' '
+7 gZ(K)ra[(th”K,g)Jru'}gf}é—(th”K,J)_uLfi’]
OES
KIE K = Y Wik ,+IKgk
! ceb(K)
Here |-|;, denotes the discrete Euclidean norm, w™ :=max{w,0}, and w™ :=max{—w, 0}. The

Neumann boundary conditions are taken into account by imposing zero fluxes on the external
edges.
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