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Abstract

The sedimentation of a suspension is a unit operation widely used in mineral pro-
cessing, chemical engineering, wastewater treatment, and other industrial applications.
Mathematical models that describe these processes and may be employed for simula-
tion, design and control are usually given as nonlinear, time-dependent partial differ-
ential equations that in one space dimension include strongly degenerate convection-
diffusion-reaction equations with discontinuous coefficients, and in two or more di-
mensions, coupled flow-transport problems. These models incorporate non-standard
properties that have motivated original research in applied mathematics and numerical
analysis. This contribution summarizes recent advances, and presents original numer-
ical results, for three different topics of research: a novel method of flux identification
for a scalar conservation law from observation of curved shock trajectories that can
be observed in sedimentation in a cone; a new description of continuous sedimenta-
tion with reactions including transport and reactions of biological components; and
the numerical solution of a multi-dimensional sedimentation-consolidation system by
an augmented mixed-primal method, including an a posteriori error estimation.

1 Introduction

1.1 Scope. The sedimentation of small particles dispersed in a viscous fluid under the
influence of a (mostly gravitational) body force is a process of theoretical and practical
interest that appears as a controlled unit operation in mineral processing, wastewater treat-
ment, the pulp-and-paper and chemical industry, medicine, volcanology, and other areas
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where a suspension must be separated into a clarified liquid and concentrated sediment.
The authors are involved in the development and the mathematical and numerical analysis
of models that describe these processes and may be employed for simulation and control
in industrial applications. This contribution provides a survey of some recent advances
in this area, which is related to nonlinear, time-dependent partial differential equations
(PDEs).

1.2 Two-phase flow models of sedimentation. Sedimentation models for these appli-
cations should predict the behaviour of a given unit on relatively large temporal and spatial
scales, while microscopical information such as the position of a given particle is of lit-
tle interest. These considerations justify representing the liquid and the solid particles as
superimposed continuous phases, namely a liquid phase and one or several solid phases.
Since gravity acts in one dimension and computational resources for simulations are lim-
ited, spatially one-dimensional models are common. The continuous sedimentation of a
suspension subject to applied feed and bulk flows, hindered settling and sediment com-
pressibility can be modelled by a nonlinear, strongly degenerate parabolic PDE for the
solids concentration � = �(z; t) as a function of depth z and time t (Bürger, Karlsen,
and Towers [2005]). This PDE is based on the solid and liquid mass balances, and its
coefficients depend discontinuously on z.

To introduce the two-phase flow setting, we let � denote the total solids volume fraction
and vs and vf the solids and fluid phase velocity, respectively. Moreover, vr := vs�vf and
q := �vs+(1��)vf are the solid-fluid relative velocity (or drift velocity) and the volume
average velocity of the mixture, respectively. Then the conservation of mass equations for
the solid and the mixture can be written as

@t� + r �
�
�q + �(1 � �)vr

�
= 0; r � q = 0:(1-1)

A constitutive assumption is introduced to specify vr (see below). In one space dimension,
the model (1-1) is closed with q (i.e., q in one dimension) given by feed input as a function
of t and by operating input and output flows as a piecewise constant function of z, while in
two or three space dimensions, additional equations such as the Navier-Stokes equations
need to be solved for the components of q. In one space dimension, the simplest complete
model is based on the kinematic assumption Kynch [1952] that vr is a given function of �,
or equivalently, that the hindered settling function vhs(�) = (1 � �)vr(�) is given. Then
the evolution of � in a column is given by the scalar conservation law

@t� � @xf (�) = 0; 0 < x < 1;(1-2)

with the nonlinear batch flux density function (Kynch [ibid.])

f (�) = �vhs(�):(1-3)
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vector
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Q volume bulk flows
pL substrate percentages

vector
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RX particle reactions vector
RL substrate reactions
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W concentration of water
δ Dirac delta function
γ one inside SST,

zero outside

Figure 1: (a) An ideal secondary settling tank (SST) with variables of the feed in-
let, effluent and underflow indexed with f, e and u, respectively (Bürger, Diehl, and
Mejı́as [n.d.]). The sludge blanket (concentration discontinuity) separates the hin-
dered settling and compression regions. (b) Subdivision into computational cells.
(c) Nomenclature.

Here, x denotes height, x = 0 is the bottom of the column, and x = 1 the meniscus
of the suspension. The initial and boundary conditions are �(x; 0) = �0 for x 2 (0; 1),
and �(0+; t) = 1 and �(1�; t) = 0 for t > 0. If f has exactly one inflection point, this
problem has three different qualitative solutions, depending on the value of �0 (see Bürger
and Diehl [2013]). Recent references to the background of (1-2), (1-3) include Betancourt,
Bürger, Ruiz-Baier, Torres, and Vega [2014] and Diehl [2012].

1.3 A model PDE with rough coefficients. Continuous sedimentation is the process
where gravity settling occurs in a large tank which is continuously fed with a suspen-
sion and from which a clarified liquid at the top and a thickened slurry at the bottom are
withdrawn. For a tank with constant cross-sectional area this process can in one spatial
dimension be modelled by the following PDE:

@t� + @zF (�; z; t) = @z

�

(z)@zD(�)

�
+ s(t)ı(z):(1-4)
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Here, the total flux function F (�; z; t) = q(z; t)� + 
(z)f (�) contains the piecewise
constant bulk velocity q(�; t), which has a discontinuity at the feed inlet depth z = 0. The
source term is the product of the suspension feed flux s(t) and the delta distribution ı(z).
The characteristic function 
 equals 1 inside the tank and 0 outside. Hence, F (�; �; t) has
three discontinuities, namely at z = 0 and at the bottom (z = B) and top ( z = �H ) of
the SST (Figure 1). The batch flux density function is given by (1-3) where vhs can be
given by the Richardson-Zaki expression

vhs(�) = v0(1 � �)nRZ ; nRZ � 2;(1-5)

by the Vesilind expression vhs(�) = v0 exp(�rV�), rV > 0, or its correction

vhs(�) = v0
�
exp(�rV�) � exp(�rV�max)

�
; rV > 0;(1-6)

or the formula (Diehl [2015])

vhs(�) = v0/
�
1 + (�/�̄)r

�
; �̄; r > 0;(1-7)

where v0 > 0 is a constant that in (1-5) and (1-7) denotes the settling velocity of single
particle in unbounded fluid, and �max in (1-6) denotes a maximum solids concentration
(see Diehl [ibid.] for references). Moreover, sediment compressibility is modeled by the
degenerating diffusion term that involves the integrated diffusion coefficient

D(�) =

Z �

0

�Xvhs(s)�
0
e(s)

g(�X � �L)
ds;(1-8)

where �X and �L denote the constant solid and fluid mass densities and � 0
e is the derivative

of the so-called effective solid stress function �e = �e(�) that satisfies

� 0
e(�) =

d�e(�)
d�

=

(
= 0 for � � �c,
> 0 for � > �c,

(1-9)

where �c denotes a critical concentration above which solid particles are assumed to form
a porous network capable of supporting solid stress.

Thewell-posedness of themodel described hereinwas established and numerical schemes
were developed in Bürger, Karlsen, and Towers [2005]. It has meanwhile been extended
in various directions, including reactive settling (Bürger, Careaga, Diehl, Mejı́as, Nopens,
Torfs, and Vanrolleghem [2016] and Bürger, Diehl, and Mejı́as [n.d.]; see Section 3). Its
usefulness for practical simulations (Bürger, Diehl, and Nopens [2011]), however, de-
pends critically on that one can reliably identify the material specific model functions f
and �e for the given material. The function f is usually identified via a batch settling
experiment in a cylindrical vessel, but as we show in Section 2, this can be done more
efficiently by a settling test in a cone.
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1.4 A multi-dimensional model of sedimentation. In Section 4 we turn to the de-
scription of sedimentation processes in a multidimensional setting. We assume that the
viscous fluid is incompressible so its mass and momentum balances are governed by the
Navier-Stokes equations with variable viscosity, and the mass balance of the solid phase is
described by a nonlinear advection-diffusion equation. Consequently, while in one space
dimension one needs to solve only one scalar PDE such as (1-4) for the solids volume frac-
tion �, in several space dimensions we are faced with a system of PDEs that form coupled
transport-flow problem for the computation of �, the velocity field q, and a pressure p.

The mathematical difficulties associated with such a problem include highly nonlin-
ear (and typically degenerate) advection and diffusion terms, strong interaction of the q

and � fields via the Cauchy stress tensor and the forcing term, nonlinear structure of the
overall coupled flow-transport problem, saddle-point structure of the flow problem, and
non-homogeneous and mixed boundary conditions. These complications affect the solv-
ability analysis of the model, the construction of numerical schemes, and the derivation
of stability results and error bounds.

We are also interested in the construction of accurate, robust and reliable methods for
the discretization of the model equations, and special emphasis is placed in primal-mixed
finite element formulations, meaning that at both continuous and discrete levels, the flow
equations possess a saddle-point structure involving the Cauchy stress as additional un-
known, whereas the formulation of the advection-diffusion equation is written exclusively
in terms of the primal variable, in this case �. Such a structure yields stress approxima-
tions without postprocessing them from a low-order discrete velocity (which may lead to
insufficiently reliable approximations). In Section 4 we review some recent developments
on these lines.

2 Flux identification via curved shock trajectories

2.1 Model of sedimentation in a vessel with varying cross-sectional area. The batch
settling of a suspension of initial concentration �0 in a vessel that occupies the height
interval x 2 [0; 1] and that at height x has the cross-sectional area A(x) can be described
by the initial-boundary value problem

@t

�
A(x)�

�
� @x

�
A(x)f (�)

�
= 0; 0 < x < 1; t > 0;

�(x; 0) = �0; 0 < x < 1; �(0+; t) = �max = 1; �(1�; t) = 0; t > 0,
(2-1)

where we assume that 0 � f 2 C 2 such that f (0) = f (1) = 0, with a single maxi-
mum at �̂ and an inflexion point �infl 2 (�̂; 1], such that f 00(�) < 0 for � < �infl and
f 00(�) > 0 for � > �infl. Furthermore, we assume that A(x) is invertible with A0(x) � 0.
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Figure 2: Schematic of settling of a suspension in a cylinder (top) and in a cone
(bottom).

Specifically, we assume that

A(x) =

�
p + qx

p + q

�1/q

for 0 � x � 1(2-2)

for constants p � 0 and q � 0 (p2 + q2 ¤ 0). Of particular interest is the case p = 0

and q = 1/2 that corresponds to a full cone, while p > 0 and q = 1/2 refers to a trun-
cated cone. Cones are widely used for routine tests in sanitary engineering, where they
are known as “Imhoff cones” (�Bürger, Careaga, Diehl, Merckel, and Zambrano [n.d.]).
The recent contribution by Bürger, Careaga, and Diehl [2017] related to (2-1) is the con-
struction of explicit solutions to this problem. The basic difficulty associated with (2-1)
is that characteristic curves and iso-concentration lines do not coincide. Furthermore, our
solution handles functions f that have one inflection point, while the solution to (2-1) by
Anestis [1981] was reduced to f (�) = �(1 � �).

The practical interest in solving (2-1) for settling in a cone is illustrated in Figure 2: it
turns out that in the conical case, the concentration � beneath the suspension-supernate in-
terface gradually increases, so that the velocity of descent of that interface decreases, while
in the cylindrical case that concentration and velocity are constant. As a consequence, that
velocity of descent depends on a whole interval of �-values and corresponding flux val-
ues f (�). It is therefore possible to reconstruct the function � 7! f (�) on a whole
interval, which may be as large as (�0; �max], where �0 is the initial concentration, from a
single batch test, while the cylindrical case permits only to obtain one point (�0; f (�0))
in addition to (�max; f (�max)), so a separate test has to be performed for each initial con-
centration.
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2.2 Solution of the initial-boundary value problem. The reconstruction is achieved
through the exact solution of (2-1) by the method of characteristics wherever � is smooth,
combinedwith the solution of the ordinary differential equations for the suspension heighth
as a function of time t . The method of characteristics (see Holden and Risebro [2015]), ap-
plied to the PDE in (2-1)written in quasilinear form @t��f 0(�)@x� = (A0(x)/A(x))f (�),
yields that we may choose t as a parameter along characteristics, and that for a non-
characteristic initial curve (x; t; �) = (�; �; '), the quantities x = X(t) and � = Φ(t)

satisfy the characteristic equations

X 0(t) = �f 0(Φ); t > � ;

X(�) = �;

Φ0(t) =
�
A0(X)/A(X)

�
f (Φ); t > � ;

Φ(�) = ';

fromwhich we already read off thatA0 > 0 impliesΦ0 > 0, i.e. the concentration increases
along characteristics. For A given by (2-2) we get the characteristic system

t � �

p + qx
= f (q)

Z �

'

dΦ
f (Φ)1+q

;
f (�)

f (')
=

�
p + q�

p + qx

�1/q

:(2-3)

For ' = �0 specified at initial time � = 0, the first equation in (2-3) yields

 (x; t) :=
t

p + qx
= f (�)q

Z �

�0

dΦ
f (Φ)1+q

=: Q(�):(2-4)

Thus, the solution � = �(x; t) for small times is implicitly given by the relation

 (x; t) = Q(�);(2-5)

where Q is invertible in closed form only in exceptional cases. However, (2-5) informs
that the curves of constancy of  in an x versus t plot are those of �, and for a (truncated)
cone (q = 1/2), these are straight lines that intersect at x = �p/q.

The integral in (2-4) cannot be evaluated in closed form in general, but this is possible
for the following case treated in Anestis [1981]:

f (�) = �(1 � �/�max); q = 1/2:(2-6)

Here we emphasize that our treatment (Bürger, Careaga, and Diehl [2017]) is based on
integrals with respect to �, while that of Anestis [1981] is based on integrating over values
of f . This is the key insight that allowed us to handle flux functions having an inflection
point.

Of course it is well known that the projected characteristics t 7! x(t) for a quasi-
linear first-order PDE may intersect after finite time and give rise to discontinuities. If
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Figure 3: Construction of the entropy solution of (2-1) for (2-6) with �max = 0:66,
�0 = 0:35, and a truncated cone with p = 1/18.

�+(t) ¤ ��(t) are solution values adjacent to a curve t 7! xd(t), then these must satisfy
the Rankine-Hugoniot condition

�x0
d = S(��; �+) := (f (�+) � f (��))/(�+

� ��)(2-7)

and the entropy jump condition

S
�
u; ��

�
� S

�
�+; ��

�
for all u between �+ and ��.(2-8)

Definition 2.1. A function � is an entropy solution of (2-1) if � is a C 1 solution of (2-1)
everywhere with the exception of a finite number of curves xd(t) 2 C 1 of discontinuities.
At each jump, �˙ := �(xd(t)

˙; t) satisfy (2-7) and (2-8).

Our approach is based on piecing together solutions � = �(x; t) in smooth regions,
where these are defined by (2-3), along with trajectories of discontinuities that satisfy
(2-7) and (2-8). The entropy solution defined here is also the unique entropy solution
in the sense of Kružkov-type entropy inequalities (Holden and Risebro [2015]). Such a
solution may be used to provide exact reference solutions to test numerical schemes.

We illustrate in Figure 3 the construction for the case (2-6), for which the integral in
(2-4) is available in closed form andQ is invertible, as considered in Anestis [1981]. The
characteristics are upwards-bent curves, and the straight lines  = const: intersect at
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x = �p/q = �1/9. These lines carry �-values ranging from �0 = 0:35 to �max = 0:66.
The characteristic area is enclosed by two convex curves that separate the suspension from
the clear liquid region (� = 0) and the sediment (� = �max) from the suspension, and
which intersect at some time to form a stationary solution.

The construction of an entropy solution for a function f having an inflection point is
more involved; see Bürger, Careaga, and Diehl [2017, n.d.] for full details. We here only
provide those preliminaries that permit stating the final results in self-contained form.

To classify the generic cases that may arise for a function f with exactly one inflection
point �infl, we introduce the operations � 7! �� and � 7! ���:

�� := sup
˚
u > � : S(�; u) � S(�; v) 8v 2 (�; u]

	
for � 2 [0; �infl],

��� := inf
˚
u < � : u� = �

	
for � 2 [�infl; �max].

The generic cases are then those of a low (L), medium (M), and high (H) value of �0 in
terms of comparisons with �infl and ���

max, see Figure 4.
Let us first consider a truncated cone (q = 1/2, p > 0). The solutions are illustrated

in Figure 5. In each case an upper discontinuity x = h(t) is defined for 0 � t � t3,
where t3 is the time at which the solution becomes stationary, and in Cases L and M a
lower discontinuity x = b(t) emerges from x = 0 at t = t1 > 0, and may cease to
exist at a time t2 or merge with h(t) at t = t2:5. Regions I, IIa, etc. (denoted RI, RIIa,
etc.) contain qualitatively different smooth solutions. The following theorem is proved
in Bürger, Careaga, and Diehl [2017].

Theorem 2.1. Assume that A is given by (2-2) with p; q > 0 or p > 0 and q ! 0+.
Then the entropy solution � = �(x; t) of (2-1) is piecewise smooth and has a descending
shock h(t), which is strictly convex for 0 < t < t3. Moreover:

(i) A discontinuity b(t) rises from x = 0 if and only if 0 < �0 < �infl (Cases L and
M). It is a shock for 0 � t < t1, a contact for t1 � t < t2, and strictly convex for
0 � t < t2. Here h and b are smooth, except if t2 = t2:5 (i.e., h and b intersect);
then h0 jumps at t = t2:5. If t2 < t2:5, then b(t) dies at t = t2.
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(ii) @t� > 0 and @x� < 0 (weakly) except for � = 0 for x > h(t) and � = �max in
RIII; and if q = 0, then @t� > 0 and @x� = 0 in RI.

(iii) In RI, �(x; t) = Q�1( (x; t)).

(iv) RIIa = ¿ if �infl � �0 < �max (Case H) or if P (�infl) � 0 and �G < �0 <

�infl. Otherwise, � > �infl in RIIa, and strictly concave characteristics emanate
tangentially from b(t) for t1 � t � t2.

(v) RIIb = ¿ if �0 � ���
max (Case L). Otherwise RIIb is filled with concave characteris-

tics emanating from (x; t) = (0; 0) with initial values in (��
0 ; �max) in Case M, and

in (�0; �max) in Case H.

Note that Theorem 2.1 does not cover the case of a full cone, that is, q = 1/2 and
p = 0. In fact, it is not entirely straightforward to take the limit p ! 0+ in the proof
of Bürger, Careaga, and Diehl [2017] since a singularity arises at (x; t) = (0; 0) even if
no singularity is created for p > 0. For the identification problem, the case p = 0 is of
interest since full cones are common laboratory equipment, and more importantly, for the
following reason. The conversion of the curve (t; h(t)) into a portion of the flux, that is,
into pairs (�; f (�)) on a certain �-interval is possible for 0 � t � t2:5 Bürger, Careaga,
and Diehl [2017, n.d.]. However, the time t2:5, that is the moment of merger of b(t) and
h(t), may be hard to be detect. Fortunately, for p = 0 it turns out that t2:5 = t3 (under
some mild conditions), and therefore the entire curve h(t) may be used for all times for
flux identification. The following theorem is proved in Bürger, Careaga, and Diehl [n.d.].

Theorem 2.2. Assume that A is given by (2-2) with p = 0 and q > 0. The entropy
solution � = �(x; t) of (2-1) is piecewise smooth and satisfies (i) and (ii) of Theorem 2.1.
If f 0(�max) < 0, then t3 < 1 and � � �max in RIII, which is bounded by the upper shock
curve x = h(t) and the line x = `(t) := �f 0(�max)t . If f 0(�max) = 0, then RIII = ¿.
Furthermore, we define P (�) := Q0(�)

qf (�)q�1 , and have the following.

(i) Independently of �0: If P (�infl) > 0, then the solution is continuous in 0 � x �

h(t), t > 0, without a bottom discontinuity b(t). (See Figure 6.)

(ii) If �0 � �infl (Cases L and M) and P (�infl) � 0, then the solution has both dis-
continuities, where b(t) is a straight line originating from the bottom, having the
constant � = �G just above it, where G(�G) = 0 and we define the function
G(') := S('; '�) + 1

qQ(')
.

2.3 Solution of the inverse problem and curved trajectories. Let us now come back
to the inverse problem. We assume thatA(x) is given by (2-2) withp; q � 0, that the intial
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concentration �0 is given, and that the flux is unknown but has the following properties:
f 2 C 2 is a nonnegative function with f (0) = f (1) = 0, one maximum �̂ and one
inflection point �infl 2 (�̂; 1] such that f 00(�) < 0 for � < �infl and f 00(�) > 0 for
� > �infl. Then the inverse problem can be formulated as follows (see Figure 2):

Given the interface trajectory [tstart; tend] 3 t 7! h(t), find the portion of
� 7! f (�) corresponding to the interval of adjacent �-values.

(IP)

The idea to solve (IP) is based on the representation of the explicit solution according to
Theorems 2.1 and 2.2. In Bürger, Careaga, and Diehl [ibid.] the solution of (IP) is given as
a parametric explicit formula for the flux. If h(t) is not provided in closed algebraic form,
for instance if only pointwise experimental data are available, then a suitable decreasing
and convex approximation can be generated by solving a constrained least-squares ap-
proximation (quadratic programming) problem; see Bürger, Careaga, and Diehl [n.d.] and
Bürger and Diehl [2013].

To elucidate a relation between curved shock trajectories and the functional form of
the nonlinear flux, let us consider for the moment the cylindrical case A � const:, for
which the identification problemwas handled in Bürger and Diehl [2013]. Then, the upper
discontinuity x = h(t) is initially a straight line; see Figure 2. For a medium large initial
value �0 2 (���

max; �infl), a rarefaction fan emerges from (x; t) = (0; 0). After this wave
has met the upper discontinuity h(t) at t = tstart, the latter becomes convex for some
t 2 [tstart; tend]. Kynch [1952] presented a graphical procedure for obtaining f in the
interval [��

0 ; �max] (the ‘tail’). Diehl [2007] showed that Kynch’s graphical procedure can
be written by representation formulas; namely the tail of f can be expressed as a function
of the curved discontinuity h and its derivative h0. This is a solution of the inverse problem
of obtaining (the tail of) the flux function f given the solution of (2-1) with A � const:.
It is interesting to note that Kunik [1993] presented a representation formula for the global
solution of (2-1) withA � const: for a monotone initial value function �(x; 0) = �init(x),
0 � x � 1. In the special batch-sedimentation case where �init � �0, Kunik’s formulas
relate the curved discontinuity h as a function of the flux function f in precisely the same
way as Diehl’s formulas relate f as a function of h. To elucidate this symmetry, we denote
the concentration just below the curved discontinuity by

�h(t) := �(h(t)�; t) for tstart � t � tend;(2-9)

where �h is an increasing C 1 function that maps [tstart; tend] to [��
0 ; �max]. In the rest of

this section, we restrict h and f to these respective intervals. Evaluating the formula
x/t = �f 0(�(x; t)), which describes the slope of characteristics within the rarefaction
wave, and inserting (2-9) we obtain

h(t)/t = �f 0(�h(t)) for tstart � t � tend:(2-10)
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On the other hand, the jump condition (2-7) for x = h(t) implies that

�h0(t) = f (�h(t))/�h(t) for tstart � t � tend:(2-11)

Note that replacing h by f and t by �h in any of the formulas (2-10) and (2-11), the other is
obtained. In fact, defining �(t) := h(t) � th0(t) and Φ̃(�) := f (�) � �f 0(�), we obtain
the following dual representation formulas Bürger and Diehl [2013]:�

�; f (�)
�
=

�
H�0/�(t)

��
1;�h0(t)

�
for tstart � t � tend;(2-12) �

t; h(t)
�
=

�
H�0/Φ̃(�)

��
1;�f 0(�)

�
forH�0/�(tstart) = ��

0 � � � �max;(2-13)

where (2-12) was derived by Diehl [2007] and (2-13) by Kunik [1993]. Both f and h are
decreasing, strictly convex and C 2 functions (on the intervals of interest). Since both �
and Φ̃ are invertible, explicit representation formulas may be obtained:

f (�) = ��h0
�
��1 (H�0/�)

�
for ��

0 � � � �max;

h(t) = �tf 0
�
Φ̃�1(H�0/t)

�
for tstart � t � tend.

2.4 Anumerical example. Weare currently applying the newmethod of flux identifica-
tion to synthetic and experimental data (�Bürger, Careaga, Diehl, Merckel, and Zambrano
[n.d.]). We show in Figure 1 the numerical solution to a problem of flux recognition. The
flux function f (�) defined by (1-3) and (1-6) with rV = 5 was used to produce the up-
per discontinuity by solving the corresponding jump condition ODE numerically. From
the ODE solution, discrete data points were obtained and used to fit a piecewise cubic
polynomial function h(t). This function is then used in the explicit parametric formula
(see Bürger, Careaga, and Diehl [n.d.]) for the flux. With sufficiently many data points,
containing hardly any noise, many subintervals can be used and a portion of the flux iden-
tified accurately.

3 Reactive settling

3.1 Introduction. Models of continuously operated settling tanks form a topic for well-
posedness and numerical analysis even in one space dimension due to the spatially dis-
continuous coefficients of the underlying strongly degenerate parabolic, nonlinear model
PDE (1-4). Such a model was recently extended (Bürger, Careaga, Diehl, Mejı́as, Nopens,
Torfs, and Vanrolleghem [2016] and Bürger, Diehl, and Mejı́as [n.d.]) to multi-component
particles that react with several soluble constituents of the liquid phase. The fundamental
balance equations contain the mass percentages of the components of both phases. The
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equations are reformulated in Bürger, Diehl, and Mejı́as [n.d.] as a system of nonlinear
PDEs that can be solved by an explicit numerical difference scheme. The scheme itself is
not described in this contribution since space is limited. It combines a difference scheme
for conservation laws with discontinuous flux, similar to that of Bürger, Karlsen, and
Towers [2005], with numerical percentage propagation for multi-component flows (Diehl
[1997]).

3.2 Mathematicalmodel. Themain variables are explained in Figure 1. The unknowns
are X , L, pX and pL as functions of z and t . The solid and fluid densities, �X and �L,
are assumed constant. The model keeps track of kX particulate and kL liquid components
(kL � 1 substrates and water), whose concentrations are collected in vectors C and S

along with W , or equivalently, percentage vectors pX and pL:

C = pXX =

0BB@
p
(1)
X
:::

p
(kX )
X

1CCAX; pLL =

0BB@
p
(1)
L
:::

p
(kL)
L

1CCAL =

�
S

W

�
=

0BBB@
S (1)

:::

S (kL�1)

W

1CCCA ;
wherep(1)

X + � � � + p
(kX )
X = 1 andp(1)

L + � � � + p
(kL)
L = 1. The governing system of equa-

tions can be formulated as follows:

@tX + @zFX = ı(z)
XfQf

A
+ 
(z)R̃X (X); FX := Xq + 
(z)

�
f (X) � @zD(X)

�
;

@t (pXX) + @z(pXX) = ı(z)
pX;fXfQf

A
+ 
(z)RX ;

L = �L(1 �X/�X );

@t (p̄LL) + @z(p̄LL) = ı(z)
p̄L;fXfQf

A
+ 
(z)R̄L; FL := �L

�
q �

FX

�X

�
;

p
(kL)
L = 1 �

�
p
(1)
L + � � � + p

(kL�1)
L

�

(3-1)

for z 2 R and t > 0, along with suitable initial conditions. The convective flux func-
tion FX contains the spatially discontinuous bulk velocity q(z; t), the hindered-settling
flux function f given by (1-3) and the sediment compressibility function D by (1-8).
Moreover, p̄L = p̄L(z; t) is a vector of components of the liquid phase formed by the
first kL � 1 components of pL. The reaction term vectors are denoted by RX and R̄L,
and lastly R̃X is the sum of all components of the vector RX .

The model (3-1) may include a full biokinetic Activated Sludge Model (ASMx; see
Henze, Grady, Gujer, Marais, and Matsuo [1987]) at every depth z within RX and R̄L,
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and is based on the idea that hindered and compressive settling depend on the total particu-
late concentration (flocculated biomass) X modelled by the first equation. The particular
formulation (3-1) has two advantages. Firstly, for a numerical method with explicit time
stepping such as the one advanced in Bürger, Diehl, and Mejı́as [n.d.], the new value ofX
is obtained by solving the first equation in (3-1) only. Then pX is updated by the second
equation of (3-1), etc. Secondly, this formulation yields the invariant region property of
the numerical scheme (see Bürger, Diehl, and Mejı́as [ibid., Theorem 4.1]), which states
that the solution stays in

Ω̃ :=
˚
U 2 RkX+kL+2 : 0 � pX ;pL � 1; 0 � X � Xmax;

�L � rXmax � L � �L; p
(1)
X + � � � + p

(kX )
X = 1; p

(1)
L + � � � + p

(kL)
L = 1

	
(vectors in inequalities should be interpreted component-wise), provided that the spatial
meshwidth and the time step satisfy a suitable CFL condition.

We have no proof that an exact solution of system (3-1) stays in Ω̃ if the initial datum
does since the well-posedness (existence and uniqueness) analysis of the model is not yet
concluded, and a suitable concept of a (discontinuous) exact solution is not yet established.
However, it is reasonable to expect that an exact solution of (3-1) should also assume val-
ues within Ω̃. To support this conjecture, wemention first that the invariant region property
proved in Bürger, Diehl, andMejı́as [ibid.] holds uniformly for approximate solutions, and
therefore will hold for any limit to which the scheme converges as discretization param-
eters tend to zero. This standard argument has been used for related models in Bürger,
Karlsen, Risebro, and Towers [2004], Bürger, Karlsen, and Towers [2005], and Karlsen,
Risebro, and Towers [2002]. With the properties of the reaction term here, namely that
R̃X = 0 if X = 0 or X = Xmax, the invariance property of the numerical scheme follows
by a monotonicity argument (Bürger, Diehl, and Mejı́as [n.d., Lemma 4.3]). The conver-
gence of that scheme with a reaction term being a function of X only (and utilizing that
it is zero for X = 0 or X = Xmax) can be established by modifying the proof in Bürger,
Karlsen, and Towers [2005].

3.3 Numerical example. To specify the function f given by (1-3), we utilize (1-7)
with volume fraction � replaced by the equivalent local density X and the parameters
X̄ = 3:87 kgm�3 and r = 3:58. The function D that describes sediment compressibility
is specified by (1-8), where we choose �e = 0 for X < Xc and �e(X) = ˛(X � Xc) for
X > Xc with ˛ = 0:2m2 s�2 and Xc = 5 kgm�3. The velocity q is defined in terms of
the given bulk flows as

q(z; t) =
1

A
�

(
Qe(t) = Qf(t) �Qu(t) for z < 0,
Qu(t) for z > 0,

where A = 400m2.
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We use a reduced biological model of denitrification, distinguishing kX = 2 particu-
late components with concentrations XOHO (ordinary heterotrophic organisms) and XU
(undegradable organics), and kL = 4 liquid components, namely the substrates SNO3

(nitrate), SS (readily biodegradable substrate) and SN2 (nitrogen), and water, such that
pXX = C = (XOHO; XU)

T and S = (SNO3 ; SS; SN2)
T. The reaction terms are then given

by

RL = XOHO

0BBBBBB@
�
1 � Y

2:86Y
�(S )

(1 � fp)b �
1

Y
�(S )

1 � Y

2:86Y
�(S )

0

1CCCCCCA ;
RX = XOHO

�
�(S ) � b

fpb

�
;

�(S ) := �max
SNO3

KNO3 + SNO3

SS

KS + SS
;

where �(S ) is the so-called growth rate function. (Values of constants are given in the
caption of Figure 9.) The resulting summed reaction terms are

R̃X = (�(S ) � (1 � fp)b)XOHO; R̃L =

�
(1 � fp)b �

�(S )

Y

�
XOHO:

We choose the volumetric flows Qf and Qu and the feed concentration Xf as piecewise
constant functions of t (see Figure 8), and let pX;f and pL;f be constant.

The whole simulation is shown in Figure 9. The initial steady state is kept during
two hours of the simulation. There is a sludge blanket, i.e., a discontinuity from a low
concentration up to X = Xc. At t = 4 h, the step change of control functions causes a
rapidly rising sludge blanket that nearly reaches the top of the SST around t = 5:8 h, when
the control variables are changed again. The fast reactions imply that the soluble NO3 is
quickly converted to N2 in regions where the bacteria OHO are present, which is below
the sludge blanket.

4 A multi-dimensional sedimentation model

4.1 Coupled transport-flow problem. Consider an incompressible mixture occupying
the domain Ω � Rd , d = 2 or d = 3, and that the velocities q and vr are as defined in
Section 1.2. Following Bürger, Wendland, and Concha [2000] and discarding quadratic
terms for the filtration velocity, we may recast the governing equations as follows (cf.
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Ruiz-Baier and Lunati [2016]):

div q = 0;

@t� + div(�q � b(�)k) = div(�(�)r�);

@t q + q � rq �
1

�
div

�
�(�)"(q) � pI

�
= Q(�)(@t vr + q � rvr)

+ Q(�)vr � rq + gk;

(4-1)

where � = ��X + (1 � �)�L is the local density of the mixture, Q(�) = ��1(�X �

�L)�(1 � �), and b(�) is the Kynch batch flux density function, i.e., b(�) = f (�) in
the notation of Sections 1.2 and 1.3, where we assume that this function is given by (1-3),
(1-5) with nRZ = 0. The coefficient functions �(�) := (dD(�)/d�)/�X (see (1-8)) and
�(�) := (1 � �)�3 account for compressibility of the sediment and mixture viscosity,
respectively.

The primal unknowns are the volume average flow velocity of the mixture q, the solids
concentration �, and the pressure field p. Next we proceed to recast (4-1) in mixed form,
also making the assumption that the flow regime is laminar: Find the Cauchy fluid pseudo-
stress � , the velocity q, and the volume fraction � satisfying

(4-2)
(�(�))�1� d = rq; @t q � div � = f �; div q = 0 in Ω;

e� = #(�)r� � �q + b(�)k; @t� � dive� = g in Ω:

This system is supplemented with the following boundary conditions:

q = qD; � = �D on ΓD; �� = 0; e� � � = 0 on ΓN(4-3)

along with the initial data q(0) = q0, s(0) = s0 in Ω � f0g. Here (�)d denotes the
deviatoric operator, k is a vector pointing in the direction of gravity and f 2 L1(Ω),
qD 2 H1/2(ΓD), g 2 L2(Ω) are given functions.

Even if problems with the ingredients mentioned above have successfully been sim-
ulated numerically by many techniques (see e.g. Betancourt, Bürger, Ruiz-Baier, Tor-
res, and Vega [2014], Khalili, Basu, Pietrzyk, and Jørgensen [1999], Ekama, Barnard,
Günthert, Krebs, McCorquodale, Parker, and Wahlberg [1997], and Rao, Mondy, and Al-
tobelli [2007]), the study of mathematical properties of (4-1) and the rigorous analysis
of discretizations is still an open problem in the general case. The parabolic regulariza-
tion approach has been exploited in Bürger, Liu, and Wendland [2001] to address the
well-posedness of (4-1) for a large fluid viscosity. Its formulation in terms of Stokes
flow and the steady coupling to compression effects has been recently studied in Alvarez,
Gatica, and Ruiz-Baier [2015]. That contribution assumes that the nonlinear diffusivity
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depends on the concentration gradient, which is also done, for instance, for reacting non-
Newtonian fluids Bulı́ček and Pustějovská [2014]. More general viscosity and diffusivity
functions were analyzed in Alvarez, Gatica, and Ruiz-Baier [2016b], but still assuming
non-degeneracy of the diffusion term. Models of sedimentation-consolidation are similar
in structure to Boussinesq- and Oldroyd-type models, for which several mixed formu-
lations have been analyzed (see Colmenares, Gatica, and Oyarzúa [2016], Farhloul and
Zine [2011], and Cox, Lee, and Szurley [2007] and references cited in these papers). Aug-
mentation of the formulation, as done in Alvarez, Gatica, and Ruiz-Baier [2015, 2016b],
simplifies the analysis of continuous and discrete problems associated to (4-2)–(4-3).

4.2 Finite volume element schemes. The dominance of convection in the diffusive
transport equation in (4-1) suggests the use of finite volume (FV)-based discretizations.
In turn, finite element (FE) formulations are more suitable for error analysis by energy
arguments and for setting up mixed formulations. Finite-volume-element (FVE) schemes
retain properties of both FV and FEmethods. Their construction hinges on defining fluxes
across element boundaries defined on a dual partition of the domain (see Bank and Rose
[1987] for details and Quarteroni and Ruiz-Baier [2011], Kumar and Ruiz-Baier [2015],
and Wen, He, and Yang [2013] for recent applications in incompressible flows). Variants
of FVE schemes have been employed for reactive flows (Ewing, Lazarov, and Lin [2000]),
variable viscosity flows (Calgaro, Creusé, and Goudon [2008]), sedimentation equations
in axisymmetric form and including mild (pointwise) degeneracy (Bürger, Ruiz-Baier, and
Torres [2012]), incorporating convective terms and using a conforming approximation in
primal form (Ruiz-Baier and Torres [2015]), defining discontinuous discretizations for
velocity-pressure and concentration (Bürger, Kumar, and Ruiz-Baier [2015]), also in the
case of porous materials (Bürger, Kumar, Kenettinkara, and Ruiz-Baier [2016]).

4.3 A posteriori error estimation. Mesh adaptivity guided by a posteriori error esti-
mates has a considerable potential in sedimentation-consolidation problems. Exploiting
intrinsic differences in spatio-temporal scales, adaptive methods have been developed for
the 1D case (Bürger, Ruiz, Schneider, and Sepúlveda [2008]) using multiresolution tech-
niques, whereas the a posteriori error analysis for general coupled viscous flow-transport
problems has only been addressed in Alvarez, Gatica, and Ruiz-Baier [2016b], Braack
and Richter [2007], and Larson, Söderlund, and Bengzon [2008], and Alvarez, Gatica,
and Ruiz-Baier [2017] in a specific application to sedimentation processes in porous me-
dia. In Alvarez, Gatica, and Ruiz-Baier [ibid.] efficient and reliable residual-based a pos-
teriori error estimators for augmented mixed–primal FE schemes for stationary versions
of (4-2)–(4-3) are proposed, and a generalization to the transient case can be defined as
described below.
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Given an element of the FE mesh K 2 Th, we denote by Eh(K) the set of its edges
not sharing any boundary segments, and let EΓD

h
(K) denote the set of edges of K lying

on the boundary ΓD. The unit normal vector on each edge is �e := (�1; �2)
T, and let

se := (��2; �1)
T be the corresponding fixed unit tangential vector along e. We let [[v ��e]]

be the corresponding jump across e. Then we define the approximate flux vector ase� h :=

#(�h)r�h � �hqh � b(�h)k and define an element-wise local error indicator associated
to a semidiscretization of (4-2)–(4-3) as follows:

�2K :=kf �h � (@t qh � div� h)k
2
0;K +



rqh � (�(�h))
�1� d

h



2

0;K

+ h2Kkg � (@t�h � dive� h)k
2
0;K + h2K



curl �(�(�h))
�1� d

h

� 

2

0;K

+
X

e2E(K)

he

�

q
(�(�h))

�1� d
hse

y

2

0;e
+ kJe� h � �eKk20;e

�
+

X
e2EΓD (K)

kqD � qhk
2
0;e

+
X

e2EΓN (K)

heke� h � �ek
2
0;e +

X
e2EΓD (K)

he





dqD

dse

� (�(�h))
�1� d

hse





2

0;e

:

A global residual error estimator can then be defined as � := f
P

K2Th
�2Kg1/2, which has

resemblance to the first residual-based indicator proposed in Alvarez, Gatica, and Ruiz-
Baier [2017], and which has been shown to be efficient and reliable.

4.4 Numerical example. Let us consider a zeolite suspension in a secondary clarifier
unit, where domain configuration and dimensions are taken from the Eindhoven WWTP
(see Figure 10), and whose geometry is precisely described in Bürger, Kumar, and Ruiz-
Baier [2015]. A numerical simulation using axisymmetric discontinuous FVE schemes for
primal formulations has been developed in Bürger, Kumar, and Ruiz-Baier [ibid.]. We use
the model parameters of that study, but here stating the set of equations in mixed form (4-2)
and employ a lowest-order mixed-primal scheme as the one proposed in Alvarez, Gatica,
and Ruiz-Baier [2016b]. A backward Euler method is used for the time discretization
setting a fixed timestep of ∆t = 5 s and the system is evolved until tfinal = 12000s. The
device features a feed inletΓin and a peripheral overflow annular regionΓofl. A suspension
is injected through Γin with constant velocity q in = (0; 0:17)T and having a concentration
of � = 0:08. On Γout we set qout = (0;�1:5e6)T and on Γofl we impose zero normal
Cauchy stresses; and on the remainder of @Ω we prescribe q = 0 and no-flux conditions
for �.

The remaining parameters are chosen as � 0
e(�) = (�0˛/�

˛
c )�

˛�1, �0 = 0:22Pa, ˛ = 5,
ˇ = 2:5, �L = 998:2 kg/m3, �X = 1750 kg/m3, �c = 0:014, �̃max = 0:95, v1 =

0:0028935m/s, g = 9:8m/s2, and D0 = 0:0028935m2/s. The physical bounds for
the concentration imply that the stabilisation parameters needed for the augmented mixed-
primal FE method take the values �1 = 0:256 and �2 = 0:25.
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We implement an adaptive mesh refinement strategy according to the a posteriori error
indicator � , which we invoke at the end of each time step. The marking-refining algorithm
is based on the equi-distribution of the error indicators in such a way that the diameter of
each new element (contained in a generic elementK on the initial coarse mesh) is propor-
tional to the initial diameter times the ratio �̄h/�K , where �̄h is the mean value of � over
the initial mesh (Verfürth [1996]). On each time step we then solve the coupled set of non-
linear equations using a fixed point method, stopping the Picard iterations when a residual
tolerance of 1e-6 is attained. Inside each fixed-point step we solve the discretized mixed
Stokes equations with a preconditioned BiCGStab method, and a nested Newton solver
is employed for the nonlinear transport equation using the same value for the residual
tolerance as stopping criterion and the same solver for the corresponding linear systems.

Figure 11 (top rows) presents snapshots of the numerically computed concentration
profiles on a surface line integration visualization of the velocity field. We observe ve-
locity patterns avoiding the skirt baffle and the accumulation of sediment on the bottom
of the tank. The sequence of refined meshes indicates that the a posteriori error estimator
identifies the zones of high concentration gradients and marked flow features. A cluster
of elements is formed near these particular zones.

4.5 Ongoing extensions. The theory exposed above still does not cover the analysis
of flow coupled to degenerate elliptic or parabolic equations, that is when the diffusivity
vanishes for all concentrations below a critical value �c , invalidating the fundamental as-
sumptions of strong ellipticity and monotonicity that permits the derivation of solvability
and stability of continuous and discrete problems. Then the classical tools employed in
the continuous analysis as well as in the construction and analysis of the associated nu-
merical method (Alvarez, Gatica, and Ruiz-Baier [2015, 2016b,a], Bürger, Kumar, and
Ruiz-Baier [2015], Bürger, Kumar, Kenettinkara, and Ruiz-Baier [2016], Bürger, Ruiz-
Baier, and Torres [2012], and Ruiz-Baier and Torres [2015]), need to be extended. Part
of such a theoretical formalism has been around for many years in the context of hyper-
bolic conservation laws (cf. Andreianov, Karlsen, and Risebro [2011] and Berres, Bürger,
Karlsen, and Tory [2003] and the references therein), but has not yet been exploited in
multidimensional models of sedimentation. These developments will need to encompass
entropy solutions, low-regularity finite element discretizations, discontinuous FVE, and
non-conforming methods. It is also left to investigate the performance of a posteriori error
indicators developed for FVE schemes applied to (4-1), where sample preliminary studies
include the case of convection-reaction-diffusion (Lazarov and Tomov [2002]).
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Figure 5: Solutions of (2-1) in a truncated cone (q = 1/2, p > 0) with f given by
(1-6): (a) Case L, rV = 4, �0 = 0:04, p = 1/18; (b) Case L, rV = 4, �0 = 0:1,
p = 1/3; (c) Case M, rV = 5, �0 = 0:12, p = 1/6; (d) Case H, rV = 4:7,
�0 = 0:43, p = 9:5. The solid blue curves are discontinuities.
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Figure 7: Flux identification via settling in a cone with �0 = 0:1 from synthetic
data of the discontinuity x = h(t). The number of subintervals is that of cubic
polynomials used for the h-curve. The true flux is shown in dashed and the identified
fluxes in solid red.
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Figure 9: Simulation of reactive settling (denitrification) in an SST under vari-
ations of Qu, Qf and Xf (see Figure 8). Constants are standard in ASM1
(Henze, Grady, Gujer, Marais, and Matsuo [1987]) or arise in a strongly re-
duced model (Bürger, Careaga, Diehl, Mejı́as, Nopens, Torfs, and Vanrolleghem
[2016]): b = 6:94 � 10�6 s�1, fp = 0:2, KNO3 = 5:0 � 10�4 kgm�3, Xmax =

30 kgm�3, (the maximum solids concentration), �max = 5:56 � 10�5 s�1, v0 =

1:76 � 10�3ms�1, �X = 1050 kgm�3, �L = 998 kgm�3, g = 9:8m s�2 (accel-
eration of gravity) and Y = 0:67 (yield factor).
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Figure 10: Settling tank from Eindhoven WWTP.
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Figure 11: Example: Mixed-primal FE approximation of � at t = 200 s, t = 4000 s,
and t = 12000 s, and corresponding adapted meshes refined using the a posteriori
error estimator � .
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