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ARTICLE INFO ABSTRACT

Keywords: We present a finite element discretization to model the interaction between a poroelastic structure and an elastic
Biot-elasticity transmission equations medium. The consolidation problem considers fully coupled deformations across an interface, ensuring continuity
Mixed finite element methods of displacement and total traction, as well as no-flux for the fluid phase. Our formulation of the poroelasticity

Divergence-conforming schemes
A priori error analysis

A posteriori error analysis
Operator preconditioning

equations incorporates displacement, fluid pressure, and total pressure, while the elasticity equations adopt a
displacement-pressure formulation. Notably, the transmission conditions at the interface are enforced without
the need for Lagrange multipliers. We demonstrate the stability and convergence of the divergence-conforming
finite element method across various polynomial degrees. The a priori error bounds remain robust, even when
considering large variations in intricate model parameters such as Lamé constants, permeability, and storativity
coefficient. To enhance computational efficiency and reliability, we develop residual-based a posteriori error
estimators that are independent of the aforementioned coefficients. Additionally, we devise parameter-robust
and optimal block diagonal preconditioners. Through numerical examples, including adaptive scenarios, we
illustrate the scheme’s properties such as convergence and parameter robustness.

1. Introduction

In a variety of engineering and biomedical applications, poroelastic bodies are either surrounded or in contact with a purely elastic material.
Examples include filter design, prosthetics, simulation of oil extraction from reservoirs, carbon sequestration, and sound insulation structures. From
the viewpoint of constructing and analyzing numerical methods, recent works for the interfacial Biot/elasticity problem can be found in [4,5,25-27].
These contributions include mortar-type discretizations, formulations using rotations, and extensions to lubrication models. In this work we focus on
H(div)-conforming discretizations of displacement for the transmission problem, in combination with a total pressure formulation for both the elastic
and poroelastic sub-domains. Divergence-conforming methods with tangential jump penalization for elasticity were already proposed in [32]. Their
counterpart for Biot poroelasticity equations (in the typical two-field formulation) has been introduced in [33,47,48], while a much more abundant
literature is available for Brinkman flows (as well as coupled flow-transport problems) in [16,17,30,35]. The extension to interfacial porous media
flow has been addressed in [18,19,24,34]. In general, such types of discretizations offer appealing features such as local conservation of mass, and
the ability to produce robust and locking—free schemes. These types of schemes are required because of the large number of parameters upon which
robustness is targeted (especially in the limits of near incompressibility and near impermeability).
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As regularity of the solution is not always available (due to possibly high contrast in material parameters, domain singularities, etc), we are
also interested in deriving a posteriori error estimates which allow us to apply adaptive mesh refinement in the regions where it is most required. A
coupled elliptic—parabolic a posteriori error analysis for Biot poroelasticity and multiple network poroelasticity is available from the works [1,22,38].
On the other hand, robust estimates for the elasticity—poroelasticity coupling have been obtained only recently, for enriched Galerkin methods in
[26], and in [5] for rotation-based formulations.

Here the analysis is carried out considering two examples of fluid pressure approximation: either continuous or discontinuous piecewise polyno-
mials. For the DG case we use a classical symmetric interior penalty (SIP) method. In all cases the proposed formulation is robust with respect to
material parameters that can assume very small or very large values, including the extreme cases of near incompressibility, near impermeability, and
near zero storativity. This parameter independence in the stability of the discrete problem is critical in the a priori error bounds, in the derivation of
a posteriori error estimates, and in the design of robust preconditioners.

Finally, we design optimal preconditioner that are robust with respect to parameters. The preconditioner is block-diagonal and its definition
relies on the stability properties of the proposed numerical scheme, i.e., it consists in a discretization of the continuous Riesz map (see [30,37] for
similar approaches). The definition of the pressure block is motivated by [42], where a robust preconditioner for the interface Stokes problems with
high contrast is proposed.

The remainder of the paper has been structured as follows. Section 2 is devoted to the description of the interfacial problem, it states boundary
and transmission conditions, and there we give the continuous weak formulation. The discrete problem in two different formulations is defined in
Section 3. The stability and solvability of the H(div)-conforming methods is addressed in Section 4. Residual-based a posteriori error estimators are
constructed and analyzed in Section 5. The operator framework and definition of a norm-equivalent preconditioner is addressed in Section 6, and
numerical methods that confirm the properties of the proposed methods are collected in Section 7.

2. Problem statement
2.1. Preliminaries

Standard notation on Lebesgue and Sobolev spaces together with their associated norms will be adopted throughout the presentation. For s > 0
and a generic domain @, the symbol H*(®) denotes the usual Sobolev space equipped with the norm || - |4 and seminorm | - | . The case
s =0 is understood as the space L2(%). Boldfaces will be used to denote vector-valued spaces, maintaining the same notation as scalar spaces for
the norms and seminorms. For a Banach space V, we will use the symbol V' to denote its dual space. We also recall the definition of the space
H(div,®) := {v € L%®) : dive € L%®)}, which is of Hilbert type when endowed with the norm ||v||iiv’® = ||v||(2)@ + || div vll(z)@. The symmetric
gradient of a vector field v is a tensor field denoted as e(v) = %(Vv + Vv'). As usual, throughout the paper the notation A < B will abbreviate the
inequality A < CB where C is a generic constant that does not depend on the maximal mesh sizes 4 nor on the sensitive parameters of the model,
in particular the Lamé parameters on each subdomain (and will proceed similarly for A > B). The constants in the inequalities will be specified
whenever necessary from the context.

2.2. The transmission problem

Following the problem setup from [25,26], let us consider a bounded Lipschitz domain Q C RY, d € {2,3}, together with a partition into non-
overlapping and connected subdomains QF, QF representing zones occupied by an elastic body (e.g., a non-pay rock, in the context of reservoir
modeling) and a fluid-saturated poroelastic region (e.g., a reservoir), respectively. The interface between the two subdomains is denoted as X =
QP N 0QE, and on it the normal vector n is assumed to point from QF to QF. The boundary of the domain Q is separated in terms of the boundaries
of two individual subdomains, that is 0Q :=T* UTF, and then subdivided as the disjoint Dirichlet and Neumann type condition as I'* :=T" uT,
andTF ;= F‘IE) U 1“]15\], respectively. We assume that all sub-boundaries have positive (d — 1)-Hausdorff measure.

In the overall domain we state the momentum balance of the fluid and solid phases on the poroelastic region, the mass conservation of the total
amount of fluid, and the balance of linear momentum on the elastic region. In doing so, and following [4], in addition to the usual variables of
elastic displacement, poroelastic displacement, and fluid pressure, we employ the total pressure in the poroelastic subdomain, and the Herrmann
pressure in the elastic subdomain. For given body loads B : QF - RY, bE(r) : QF - RY, and a volumetric source or sink ZP(r) : QF — R, one seeks
for each time ¢ € (0, 4,11, the vector of solid displacements uf : QF — R of the non-pay zone, the elastic pressure ¢F : QF — R, the displacement
uP(t) : QF - RY, the pore fluid pressure p¥(¢) : QF — R, and the total pressure ¢ (¢) : QF — R of the reservoir, satisfying:

—div2uPe@®) — o1 = b° in QF x (0, tpi s (2.1a)
a? p_a, p_ 1. p P - oP
<c0 + F)atp - Fa,(p - Zle(KVp )=¢ in Q° X (0, #gp ], (2.1b)
@ —ap® + AP diva’ =0 in QF x (0, tp; ], (2.10)
—div2uFe®) — oFI) = bE in QF x (0, 151, (2.1d)
@+ 1B diviE =0 in QF x (0, 1411 (2.1e)

Here £(u®), e(u®) denote the tensor of infinitesimal strains in the elastic and poroelastic structures, respectively, x(x) is the hydraulic conductivity of
the porous medium, # is the constant viscosity of the interstitial fluid, ¢, is the storativity coefficient, « is the Biot-Willis consolidation parameter,
and uF, AE and uP, AP are the Lamé parameters associated with the constitutive law of the solid on the elastic and on the poroelastic subdomain,
respectively. The poroelastic stress 6 = ¢ — ap’I is composed by the effective mechanical stress AP(divuP)I + 24P e(wP) plus the non-viscous fluid
stress (the fluid pressure scaled with «). This system is complemented by the following set of boundary conditions

=0 and 2vpP.nl'=0 on T X (0.t (2.2a)

= A

2uPe@®) - " Nin" =0 and pF=0 on Th X (0.t ] (2.2b)
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ufF =0 on T2 X (0.t (2.20)
2uFe@®) — oF1InT =0 on I'Y, X (0, 7fip . (2.2d)

Here, the partition I P.=T ‘; urll lz)v denotes the sub-boundaries where we impose essential (i.e., u? = 0) and natural boundary conditions (i.e.,
on' =0) corresponding to equation (2.1a). For ease of notation, we note that, in this definition, we are assuming that the essential and natural
sub-boundaries corresponding to equation (2.1b) (i.e., the ones where we impose p* =0 and VpP - nl’ = 0, respectively) match the natural and
essential sub-boundaries associated to (2.1a), respectively. However, in general, this does not have to be case, and one may choose separately the
partition into essential and natural for each of these two equations separately.

Along with the previous set of boundary conditions, the system is also complemented by transmission conditions in the absence of external forces
(derived by means of homogenization in [41]) that take the following form

uf =uF, [Z,upe(up) - (pPI]n = [ZMEe(uE) - (pEI]n, EVpp -n=0 onZXZXx(0,pals (2.3)
n

which represent continuity of the medium, the balance of total tractions, and no-flux of fluid at the interface, respectively. An advantage with respect
to [4] is that here we can use the full poroelastic stresses to impose the transmission conditions. We also consider the following initial conditions

P£0)=0, uF0)=0 in QF.

Homogeneity of the boundary and initial conditions is only assumed to simplify the exposition of the subsequent analysis, however the results
remain valid for more general assumptions. We also note that non-homogeneous boundary conditions are used in the numerical experiments.

2.3. A weak formulation

The paper focuses on the spatial discretization and therefore (even if numerical tests later on will address the time-dependent case) we will
restrict the forthcoming analysis to the steady case. Such a formulation can arise, for example, after a backward Euler discretization of the time
derivative in the mass conservation equation with constant time step At, and then rescaling that equation with the time step setting Af =1. Let us
next define the function spaces

VE . =H! @F)={veH' QY :v| =0}, VP :=H (@QF)={veH'(QP): v|+ =0},
FD D FD D

QP ::H'F]],V(Qp): (H'(©@P) : q"|ril =0}, ZF:=L*@QF), ZP:=L*@D).

Multiplying (2.1b) by adequate test functions, integrating by parts whenever appropriate, and using the boundary conditions (2.2c)-(2.2d), leads to
the following weak formulation: Find u’ € VP, uF € VE, pP € QF, F € ZE, P (t) € ZP such that

2" (e "), 6@ oar = (@, diveX ) gr = (120"6@") = Wi, V¥ ) = (B, 07 )g gr,

@ v oar —aP® w ) gp + AP (W, divu")y op =0,
c+a_2(PP _ @, p p LovP voP _Yvond? — (PP
ot 7P P >q )ooP P (.9 ogr + U(K P ,Vq )oop 7I<K P ng yr=(".q )0.oP >

H E
2B (™), e@")) or — (0", dive®), e — ([2uFe@®) — "1 ,vE)rf; = (b",05) g5,
((PE, WE)O’QE + AE(WE, div uE)O’QE =0.

Note that we can simply define a global displacement u € V := H}D (Q) (through continuity of the medium in (2.3)) such that u|gp = u® and

u|ge = uF; as well as a global pressure (it is the total pressure on the poroelastic medium and the elastic hydrostatic pressure on the elastic subdomain)
@ €7 :=12(Q) such that ¢| QP = ¢" and ¢| QF = @F. Similarly, we define the body load b € L%(Q) composed by b| oF = b and blgr = bF, and also
the global Lamé parameters y and 4 as y|gp = uP, 4 QP = AP and HlgE = uE, QE = AE. We also multiply the weak form of the mass conservation
equation by -1. The steps above in combination with the second and third transmission conditions in (2.3), yield: Find u € V, p* € QP, ¢ € Z such
that

a,(u,v) + bi(v,p)= F(v) Yvey, (2.4a)
—a,(p*.q") - a, (. ")+ by(d". 9) = G(¢") V¢° e, (2.4b)
biwy)+ b w) - aspw)= 0 VyeZ (2.40)

where the bilinear forms a; : VXV >R, a, : 0 x QP 5> R, a3 i ZXZ—->R, b : VXZ-R, by : 0P X Z - R, and linear functionals F : V - R,
G : O = R, adopt the following form

a;(u,v) :=2(uem),e®)) o by, y) 1= —(y,dive)) g, F@) :=(b,v)y g,
2 1
a(p°.q") 1= <Co + %)(p‘iq")o,gp, a, (. q") = ;(Kw",vm,gp, (2.5)
1
by (0" w) = %(p‘iw")o,gp, a3(@.y) = (o vha G(q") =", q")pqr.
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2.4. Properties of the continuous weak form and further assumptions

The variational forms above satisfy the continuity bounds

ay(u,v) < [[V2ue@llpollV2ue@)llgq S 1V2uull ollV2uvll o,

. 1
bi(w,y) < |l divellgallwlloe SITV2uvllh ol ——=wllo -

V2u
K K
s ") S [V o £ 9 o

- / a? a? 1 1
a(p°.q") < || (Co + F)pPHO,QP” <Co + F)qPHO,QPa az(@,w) < || ﬁ(ﬂno,g”ﬁwno,g,

o 1
b2<qP,w>S||—Pq"||o,gp|| Wlogr.  F@) Slblloglvllhe.  G@) <128 Mlogr g llogr-

v E

forallu,v eV, w,p €Z, p*,q" € QP. There also holds coercivity of the following diagonal bilinear forms

K 1
a1 (0,0) 2 |[V2ue@)I5 o 2 1V200ll] |a2(qP,qP)|z||\/;Vq"||gﬂp, ag(w,u/)znTwng,Q,
’ A

forall v eV, ¢* € Q, w €Z, and the following inf-sup condition (see, e.g., [23]): There exists & > 0 such that
sup by(w,y)
vznev IVllq

2¢lwllog Vy €Z. (2.6)

Details on the unique solvability of the continuous problem can be found in [25,27], or, for the steady case with rotation-based formulations, in
[4,5] (but in those references the analysis assumes that the pay-zone poroelastic subdomain is completely confined by the elastic structure).
Similarly to the relevant inf-sup condition (2.6), we have that for each ¢, € L%(Q) with @olage = (pg € L*(QF) and @olar = (pg € L2(QP), we can
find vf eH'; (QF)and v) eH!, (QF), where H', (QF)={v:veH! (QF)andv|y=0}and H', (Q")={v:veH!, (QF)andv|; =0}, such
ko o rEo g o e

that
(divef, ofogr > Car /HEINGEIZ e V2HEIVEE o < 1/V2HE 0§ llo e,
(divep, efogr = Car /W INOHI2 pos V2HPIVELllogp < 1/V26P I 0f llo -
Hence, there exists v, € V such that vj|ge = vg and vy|gr = vg. Moreover we have

b, (v, ~
1. @) ZC”L‘IJOHO,!L

sup ——
0£veV ||/ 2uv||| o \V2u

or, following also [42], we can write

b (v, -
1. 20) ZC”LQ’O”O,Q»

sup —————
00eV ||/ 2ue®) g0 Vau

for a positive constant C independent of y.
3. An H(div)-conforming finite element approximation

We denote by { :Thp }, and { fThE} » sequences of triangular (or tetrahedral in 3D) partitions of the poroelastic and elastic subdomains QP and QF,
respectively having diameter /g, and being such that the partitions are conforming with the interface X. We label by K~ and K™ the two elements
adjacent to a facet (an edge in 2D or a face in 3D), while A, stands for the maximum diameter of the facet. By §, we will denote the set of all facets
and will distinguish between facets lying on the elastic, poroelastic, and interfacial regions &, = é’}:‘ U 65 U é’}zl

For a smooth vector, scalar, or tensor field w defined on 7, w* denote its traces taken from the interior of K* and K™, respectively. We also
denote by n* the outward unit normal vector to K*. The symbols {{-}} and [-] denote, respectively, the average and jump operators, defined as

{w} = %(w_+w+), [won] :=w on” +w'on"), 3.1)

for a generic multiplication operator ®, which applies to interior edges, whereas for boundary jumps and averages we adopt the conventions

f{w}} =w, and [w © n] = w © n. The element-wise action of a differential operator is denoted with a subindex h, for example, V,, V, will denote

the broken gradient operators for scalar and vector quantities, respectively and &,(-) = %(V,, . +(Vh-)T) is the symmetric vector broken gradient.
Let P, (K) denote the local space spanned by polynomials of degree up to k > 0, and let us consider the following discrete spaces

V), :={v, €H(div;Q) : v, | € [P (K] VK €T, vh-n|r%Ur%=o},
QP :={q) €Q” : gyl EP41(K) VKETFY, (3.2)
Z, ={w, €Z: ylx EPLK) VKET,},

which, in particular, satisfy the so-called equilibrium property
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divV,=7Z,. (3.3)

Note that in this case V, is the space of divergence-conforming Brezzi-Douglas—Marini (BDM) elements [15], and it is not conforming with V. Its
basic approximation property, locally on K € 7,,, is that for all v € H*(K), there exists an interpolant v; € V,(K) such that

2
||V—1’1||0,K+hK|V—1’1|1,K+hK|V—U;|2,KSh}(|v|5,1<’ 2<s<k, (3.4)

see, e.g., [15,17,35].
3.1. Formulation with continuous fluid pressure

The Galerkin finite element formulation then reads: Find (u,,, plh), o) EV, X QZ X Z,, such that:

al(uy,,vy) + by, @)= F(v,) Vv, €V, (3.52)
—a,(p.qy) — ay(p).q}) + by, @) = G(q;) Vg, €Q). (3.5b)
by (up, yp) + bz(Pz, vp) — az(@p, pp) = 0 VYy,eZ, (3.5¢)

where aq‘(-, -) is the discrete version of the bilinear form a,(:,-) and it is defined using a symmetric interior penalty from [35] (see also [34] for its
use in the context of poroelasticity)

al(uy, vy) 1= 2(ue (), €40y 0 — 2 z ({ nen@p) ), vy @ nlYo, + (e @)}, [u, @ ),

e€8,, Ul
+2 ) <ﬂ[[uh®nﬂ [vh ®nl)o, +2 ) —<u [uy ® . [v;, @ n])o. (3.6)
€8, Uy \6> he eefE

where [') =T ]1)) U F% denotes the part of the boundary where Dirichlet conditions are imposed on displacement, f, > 0 is a parameter penalizing the

(tangential) displacement jumps (and also serving as a Nitsche parameter to enforce the tangential part of the displacement boundary condition)
so that the bilinear form ai’(-, -) is positive definite, and 4° = max{uE, uF}. Now we write down the above weak formulation (3.5) in the following
compact form: Find (uh,pi, @p) EVy X Qz X Zj, such that
P . P _ P P P
My, (up, s @ps Vs @y W) = F(0p) + G(qy,) V(. q,,wp) €V, X Q) XZy,

where the multilinear form is defined as
Mh(ul'an’ PpiVps QZ, W) = ai‘(uh, vp)+ by (v, (Ph)—‘iz(l’l;, l]:)—az(l’l;, 45)

+by(ay. @)+ by (W wy) + by(Ph . w) — as(@y.wp)

Continuity and coercivity also hold for the modified bilinear form ai’(-, -), but they do over the discrete space V,, and with respect to the following
mesh-dependent and parameter-dependent broken norms

lowll2.5, = Z H\/_fh("h)n 2 2/4— v ® g, + Z 2ﬂoh— Ivs @ nlfs,..
€8, Ul \EF ecsr
loall? 5, = || V2n v,,))m +[lvalls, for all v, € H!(7,), (3.7)

||vh||27h = ||vh||1 gt Z h2 |\/_v|2K for all v, € H*(T),),

KeT,

where, for a generic s > 0, the broken vectorial Sobolev spaces are defined as

H'(7,) = {v, eL*(Q) : v,|x €H'(K), K €7, }.

Thanks to the discrete version of Korn’s inequality [14, eq. (1.12)], the norms above are uniformly equivalent over the appropriate spaces. Similarly,
for the present choice of finite element spaces, a discrete inf-sup condition for b,(:,-) holds naturally in the discrete norm ||-|; 7, when we do not
have a weighting with the space-dependent parameter y (cf. [35]). However, combined with the arguments in Section 2.4, we can assert that there
exists & >0, independent of 4 and of y, such that

@) 5 gy L

su _— Willog Yy, €EZy,.
vpnev, vl \V2u

3.2. Formulation with discontinuous fluid pressure

Consider now the spaces
V,, i={v, eH(div:Q) : v, |x [P (K)]Y VKET, wvy- nlpe e = 0}, =8
3.8
bi={q, eLXQ") 1 qplg €P 1 (K) VKETY},  Z,:={y, €Z :yylx EP(K) VKET,}.

The formulation in this case reads: Find (uy, PZ’ e eEV, X (NQZ X Z,, such that:
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al(u,,v)) + by, @) = F(v,) VYv,€V,, (3.92)
—a)(ph.qf) - al(ph.qp) + by(ar. @) = G(q}) Va, € QP (3.9b)
by wp) + by(Pywy) — a3(@pwp) = 0 Yy, €7, (3.90)

where ag(-, -) is the discrete version of the bilinear form a,(-,-) and it is defined using a symmetric interior penalty from, e.g., the classical paper [6]

st (snatot), - 3, ({5t} i), ({50l o), )

eeéful‘%
'HLP Kimp P 3.10
+ Y [ppnl. laynl ) (3.10)
T Ne \ 1 0.
eeéhUFD !

where f,p >0 is a parameter that penalizes the pressure jumps. If f,p is sufficiently large, this yields the coercivity of the bilinear form aé‘.

Next, and as done for the case of continuous pressure approximation, we write down the compact form of the above weak formulation (3.9):
Find (. p}, @) € V), X Q) X Z), such that
Mh(uh Pha Phs thqhvlllh) =F@,)+ G(qh) V(vy, qh v, €V, X Qh XZp,
where
M, (. Py 04V G wy) = @ (U 0y) + by (V. ) =820} q})—al (D). 7))

+by(@y @p) + by (U W) + by () W) = a3(94. Wh)-
4. Unique solvability of the discrete problems and a priori error estimates
4.1. Well-posedness analysis for formulation (3.5)

We proceed by means of a Fortin argument and consider the canonical interpolation operator I, : V — V,, such that

bi(w—,v,0,)=0 Vo, E€Z, (4.1a)
vl x SChH ™ |v|, x VKET, (4.1b)

where C is a positive constant which depends only on the shape of K and 1 <7<k + 1 (see, e.g., [13]).
Using the trace inequality and property (4.1b), we have the following bound in one of the norms from (3.7)

lo=T1,0ll, 5 <llvll.5 YveV.
Moreover, we have
IM,2ll, 5, < Cllell, g,

With these properties satisfied by the operator II,, we can use the continuous inf-sup condition to readily show that there exists £ > 0 such that
a discrete inf-sup condition for the bilinear form b;:

by (v, @p) by, @) b, pp) by(v, @p)
_—> —_—= - bn) o L ————>¢ll—=wullog Yo, EZ,.
vevi\i0} IWllg, ~ meevivor ITavllg vewvioy Ip2llg, — C vevvioy IV, \/

We are now in a position to establish a global inf-sup condition.

Theorem 4.1. For every (uh,pi, @R €V, X Q; X Zy, there exists (vh,qE,y/h) eV, x Q; X Z;, with |||(vh,q£,y/h)||| < |||(uh,plh),(ph)||| such that
My, Dy @0 a0 2 g o oI
where

2 2
il Il

1
N@ps @y widll? == loa]l2 5, + I Enwhng,gﬁﬁnwh ag I3 g + coll g ll5 g + 11~ thnm (4.2)

\/_Wh”OQ
Moreover, we have that
M P . P < P P
wWhs P @3 Vs @ W) | S @, 2y @)@ g wi I,
for all (uh,p];a @n)s W, q; Wp) €V X QE XZp.

Proof. Let (u, pi, @) €V, X QZ X Z,, be arbitrary. Using the definition of the multilinear form M, we easily obtain
€1
M, (uy, Ph,(ﬂh,vh,o 0)_ah(uh,vh)+b](vh Qp) = <f— ) l— (phll()g "uh”*jh’
€1 \/2 ”

where we have used Young’s inequality for a given €; > 0. Selecting v =u,,, ¢* = —plh) and y = —¢;, we have
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My (. py. o ps =Dy —@p) = @' (o) + Gy (. P) + ar (P p}) = 265D @) + a3(@p- @)
> Gyllull 5, + collpplly oo + 1/ A5 M@l o +1/27 10 = ap 5 o
+ COllph”O’Qp + ”K/"Ivl’h”o’gp'

Then we can make the choice v=u,, + 6,v),, ¢* = —pz and y = —g,,, leading to

M, (uy. py . @pop, + 81V =Py —@p)
= My (up. ph. op.wp. —0h. —0p) + 6, My, (uy. Py @1, 05,.0,0)

2 P2 E 2 P P2
> Collupl?, + ol 2 g + 1/ 2 @n 2 oo +1/4% gy = ap? 2

2
|

€]
+cllPpII o + 1 /m(VBIZ o + 61 (é——)ll \/_q)hnm 515 lull. 5,

> (C ks ) lupll? 5, + collPpllg e + 1/ 25N @4l e + 1/ A% l0n = app ) op
P2 2
+ollP I e + I/nCVEDIIG oo + 61 (é - —) I \/_q)hnm
Assuming the values ¢; =1/ and 6; = C, /¢, we then have

1 .
My, Dy @iV Gy W) > 5 min {C8.C } . p o)l
and the first part of the proof concludes after realizing that
@ as WP = @y, + 8,0, =pj, @I < 21w, P @I

For the continuity property, it suffices to apply Cauchy-Schwarz inequality and the definition of M. []

Lemma 4.1. Let (ii, j*, @) be a generic triplet in V, X% QZ X Zy,. Then the following estimate holds

1/2
=y p = 1} 0 = @ S = . p° = 57,0 — ¢>|||+<Zh V2 - u>|2,<> :

KET,
Proof. Directly from triangle inequality we have

(w = up.p— Py 0 — @Il < llw — i, p° — 3. @ — @Il + @ — up,. 5° = pf. & — @Il

Since (u —uy,,p— p];, - €V, X QZ X Zy,, from Theorem 4.1 we can assert that there exists (vh,qg,u/h) eV, x QE X Z;, with

@ qp - wll S @ —up.p— P50 — @I,
such that

@ — wp. B° = Py @ — @II* S Myt — . 5° = pf. & — @13 vy 41 W)-

Then we can simply appeal to the properties of M, to obtain

@ — up, B° = P} — @I S My, 5. @3 0445 wi) — My (uy. . 00 4 W0h)
SMya—up’ - "¢ — o:vp.q,.v)

s (lw-ap" -5 0=l

1/2
+( D hil\@(u—an;x) )|||<a—uh,ﬁ"—p‘;,cb—qohnn. O

KET,
4.2. Well-posedness analysis for formulation (3.9)
Proceeding similarly to the proof of Theorem 4.1, we can establish the following result.

Theorem 4.2. For every (uh,pz, @) €V, X (NQE X Z},, there exists (vh,qz,y/h) ev, x (N)Z X Z, with |||(vh,qz,y/h)||| < |||(uh,pz,(ph)||| such that

~ . 2
My, Dy 03 0p 4 wi) 2 My, ph . oI,
where
l@,. qp.wll2 = v ||2 +II—1 I3+ |I 2 LII agp i op +eollgpll? op +llay 112
hsqh’ll/h . h s, @Wh O,Q L% ()QE 7P vy — qh 0.0P 0 qh 0.0P qh QP

and
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RS O [T N St [l
KeFThP ee@ﬁ e

|+
In addition, we have

| My, Py @0 @ wid)| S My oy @)L @ g wi)l-

Lemma 4.2. Let (it, i, @) be a generic triplet in V,, x (31; X Zj,. Then the following bound holds

1/2
i = wyp = P @ = o)l Sl —,p° = 5, 0 — ¢>|||+(Zh 1V 2u(u - u>|2K)

Kegy,

12
+<Z;h2|(p ol ) :

Keg,
Proof. Similarly to the proof of Lemma 4.1, we obtain
Colll@ = uy. ° = P @ = @2 < M@ = up. 5 = b @ = 0130 G W)
< M@, 5°. @3 vy, l)Z, vy — Mf,(“fpl’? Ppi Vs 457 vh)

<Mya—up” - "0 - oivp. 45 w)

1/2
Shiw-a,p" = 5,0 - Pl + ( > hiwzu(u—a)@,K)

KeT,

12
+ ( > hile- ¢I2K> @~y 5° = b @ = @l

KET,

where we have used Theorem 4.2 in combination with triangle inequality. []

Theorem 4.3. Let (u, p¥, ) and (uh,pi,(ph) be the unique solutions of the continuous and discrete problems (2.4) and (3.9), respectively. If u € VN
H2(Q), p© € Qn H*2(QP) and ¢ € Z n H*1(Q) with k > 0 then

1 2
= uy. 0" = .0 — <ﬂh)|||*5hk“<|v “|k+29 I +/1—E||(PE||,(+LQE+ llo” ”k+1QP

1 2
—all
\/2—/4 k+1,Q

2
+<c0+—>||p I 100 + 115V ||k+mp>

Proof. Combining Lemma 4.2 with the approximation results of H(div)-conforming spaces (3.4) leads to the stated result. []

Remark 4.1. If instead of (3.8) we employ RT} X Q; X Q, (k > 1) on rectangular meshes (where RT, is the Raviart-Thomas finite element space
and Q, is the discontinuous finite element space of degree k), then the a priori error estimates from Theorem 4.3 are modified as follows

1
@ —uy, p° = B0 = @)l S hk<|v2uu|i+l,g + ollia+ g 10" ge + ||<a [

1
l—
V2u
<c0+—>||p ||29p+||—Vp ||k+lgp>

The estimate results from using the approximation properties of the corresponding finite element family on quadrilateral meshes.

Remark 4.2. Consider the following norm for (v, qZ, v,) EV) X (N)l; X Zp,

p 2 . 2 1 2
oy af w2, 2= [loal 5, + I =vlia 3 E Il g + 5 Il g + (o + >||qh||mp + 1512 -
To establish the equivalence between || - |||, and ||| - |||, in Vj X (NQE X Z;, we need to prove that
(770 ) [ 1177 (4.32)
@y 5 @M S Mt By @) (4.3b)

Using the Cauchy-Schwarz inequality readily implies (4.3a), whereas (4.3b) holds whenever j—i €1[0,9¢(/10).

Similarly, for (v, q}}?, v, EVy, X Qi X Z;, we can establish an equivalence between the norm ||| - ||| defined in (4.2) and
oy, @ w2 = o]l +1I \@whnm L2 ge + 7 I o + (o + %5 >||qh|| ar IV g
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5. Residual-based a posteriori error analysis

In this section we derive robust a posteriori estimators for the two families of mixed finite element approximations, and show reliability and
efficiency independently of the sensible model parameters. The error estimates are obtained in a similar fashion as in, e.g., [5]. Firstly, we discuss a
posteriori error estimation for formulation (3.5).

5.1. Definition of the bulk and edge residuals
First we define the local elastic error estimator ® and the elastic data oscillation YK for each K € VhE as
n? h B, uE
_ K H
O := o IRFIZ .+ D e IREIG, + D, = —Iuy @nlI5, +

ecdK ecdK he

1 E)2
— IR llg
ETE
2

h
Y2 ._ _K | pE _ pE|I2
YK ‘T TE ”b _bhHO,K’
U
where f E € L2(QF) is a piecewise polynomial approximation of f£. Moreover, the element-wise residuals are

RE := (b +divQu®e)) — oD}, RS :={divu, + (45 oh )k,

and the edge residual in the elastic subdomain is defined as

1

s[Cutew)) — @yDn], e€&TH\T,
Rl := (QuPe@) - ofDn),  eeTk,

0 e€E Ff).

Next, we define the poroelastic local error estimator ¥, for each K € EThP, as

2

h h B’

2 ._ CKRrP|2 z P2 z ult P 2 P2 P2 Z P2

\y]( .= P ||R1 ”0,K+ ;”Re”(),e'i' h ”[[uh®n]]e||()’e+pd”R2”0,K +,01||R3||0’K+ Pz||Re||oqe,
H ecok M e€odK e e€dK

where the elemental residuals assume the following form
RY = (B} +diveu"e)) — o} D) .

R :={divul + (4P)7' b — a(AP) 1) )k,
RY :={s) — (co + (") p) + a(A") oy + 17" divik(Vp), — p@)]} k.

and the edge residuals are defined as

, H@uPe@d) — fhn], e &ITH\T ) k(o — pg) - ml, e€8ITH\T
R, := ((2/4P£(u£) - (pZI)n)e e€e FE’V . Ry =9 'k(Vp, — pg) - n), e€e F}l)) ,
0 ee Fll)) 0 ee F?v

with the scaling constants taken as

py i=min{(co+a’Qu" + A7) hink™ Y py i=nkT hey py = (DT QU+ A0 THTL
On the other hand, the poroelastic oscillation term adopts the following specification

Y = WO =15 + pulls” = spllg «-

Next we recall that 63( and ‘I’i are the elasticity and poroelasticity estimators, respectively. Let us define the interface and total estimators as
follows

2. - 2 s 2 L Pubo 2 =2 . 2 2 2
AL = + i IR NG + Rk IR I, + ==y @ nL NG, B i= Y O+ Y Wi+ X AL
€ KeTE Ke7? ecE’

where
Ry := {Quew)) - ofDn - Qi eup) - oD}, Ry := (k&7 (Vp) — pg) - n).
In addition we define the global data oscillations term Y as
vi= Y %+ ¥ 1
KeT,nQE Keg,nQP

where TK and ?K are the local data oscillations for elasticity and poroelasticity, respectively.
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5.2. Reliability estimates

My, D} @i Op )W) 1= @y v) + by (U @) + @y (P q7) + ax(ph. q)
+by(qh @p) + by (ywy) + by(Ph . wy) — as(@p.w).

Moreover, the following relation holds
h ~h
a\(up,vp) = a,(up,vp) + Ky (up, vp), (5.1)
where the last term on the right-hand side is the consistency contribution and it can be written as

Ky(up,vp) :=-2 Z ({uenp) . v, @ nl)o. + ({nen@p) )} [y, @ nldo,e)-

e€8, Ul

Theorem 5.1. For every (u, p*, p) € Vx QF X Z, there exists (v, q",y) € Vx QP x Z with ||(v, ¢°, w)lll S lll(, p¥, )|l| such that

M. o:v.4" w) 2 . p°, o),
where the triple norm is defined in (4.2).

Next, the H(div)-conforming displacement approximation is decomposed uniquely into uj, = uj + uj, where u; € V; and uj € (VZ)l, with
u, =u,—u; €V,
Lemma 5.1. There holds
1/2

.
up

Buk Buko
G| X Folwy@nllg, + Y ==, LI,
AN ecsr ¢

*,T -

Proof. It follows straightforwardly from the decomposition u, = u; + u} and from the facet residual. []

Theorem 5.2 (Reliability for the transmission problem). Let (u, P, @) and (u n» pg, @y,) be the solutions of the weak formulations (2.4) and (3.5), respectively.
Then the following reliability bound holds

@ = wy, P = P 0 = @Il < Cg E+ Y,
where C, > 0 is a constant independent of the mesh size and of the delicate model parameters.

Proof. Using triangle inequality, we have

l(u = uy. p° = Py 0 — @Il < = . p° = .0 — @)l + Il 0, O]l (5.2)
Since (u — uz, P - pz, Q- €VX QP x Z, then from the stability result in Theorem 5.1, we have
Colllu = ul. p° = ph. o0 — @II* < M (u — us. p° = Py .0 — @) (0. 4" w)), (5.3)
with [|v, ¢, w)lll < Cylll — w5, p* = pj. @ — @p)lll. Moreover, we have
My —u. o7 = b 0 — ) (0.4" w))
= M, ((u—u,.p° = pb. 0 — 0): (V. q° .w)) + M, (), 0,0; (v, 4", y))

<SMy(u—uyp° = p.o—0p): . " yv) + ‘

.
u,

s

P
 lw.a” il

< F@)+G@) = My pp o) 0.6 ) + |

.
u,

P
o il
Then, we can employ the following identity
F,v) + G(I,q") - M\h((u —u,,p* —Plh)a @ = @p): L. 1,47, 0) — Ky (u,, 1,v) =0,

to arrive at

My(u—u.p" = PP 0 — 0); 0.4" w))
SF-1,0)+ 6" = 1,d") = My (uy. 0. 90,); 0 = L,v, 6" — 1,8, w)) + K (. T,v) +

.
up

M@, q" w)lll.
*,Tp

Using integration by parts and the Cauchy-Schwarz inequality, gives

M, (= u. = b0 — 0): . 6", ) < CE+ D@, ¢ wlll. (5.4)
And then it suffices to combine (5.2), (5.3) and (5.4) to prove the desired assertion. []
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5.3. Efficiency estimates

For this step we follow the classical inverse estimate approach from [45], which necessitates an extension operator plus volume and edge bubble
functions. For sake of clarity, each of the residual terms constituting the a posteriori error indicator is treated separately.

5.3.1. Efficiency estimates for elastic error estimator
For each K € 7),, we can define the interior polynomial bubble function b which is positive in the interior of K and zero on dK. From [45], we
can write the following results:

1/2 —
lollox S IIbK/ vlogs  lbgvllogx Slollox, — IVOx0llox S kg lwlloks (5.5)

where v is a scalar-valued polynomial function defined on K.

Lemma 5.2. The following bound for the local vectorial estimator in the bulk elasticity sub-domain holds true:

2RVl kS (WE) 2 hiclIB® = b llo &k + WE) M l0® = @ llo.k + @D W ~ufllo k. K €T,
Proof. For each K € 7;,, we can define {|g = (ME)‘lh%(RII‘:bK. Using (5.5) gives

A P THIRTIG ¢ S / Ry - (1) g RYbg) = / RY-¢.
K K

Note that {bF + div(2uEe®) — @, 1} = 0| . We subtract this from the last term and then integrate using ¢|,x =0

W W IRTIG < / (b = b%) - ¢ 2" / ew” —uj) -V - / @ =@V L.
K K K
Then we proceed to apply Cauchy-Schwarz inequality, which readily implies
R B IRTIG ¢ S 2107 = Bllo x + @) P hic IV @® = up)llo x + WH) ™ hicllo® = @ llo k)
' 2IVE Nk + W21 o 0.
We can complete the proof using the following result
W' 218Nk + W2 H g ok S W' 2AVE Nk + R 1Nl )
S W2 r g o x

=hguE 2 IRE 0 k. O

Lemma 5.3. The following bound holds true for the local scalar estimator in the bulk elasticity sub-domain:

1 -
IR llox S5 lle = @pllox + V2uEIV@—upllok. K €T
wTE

Proof. Consider K € ThE Using the relation div ul; + (AB)~1pE =0 k> it holds

B
T IR Mok = | 7
ETE \”_E+,1_E

1 . . _
= - - || div uE —divu® + (4F) ](gaﬁ - (pE)IIO’K
\w+r

SGE 2o - @ullox + V2HEIV@ —upllokx. O

| divaf + (A5 ol Nl x

Let b, be the edge polynomial bubble function on e which is an interior edge (or interior facet in 3D) shared by two elements K and K’.
Moreover, b, is positive in the interior of the patch P, formed by K U K’, and is zero on the boundary of the patch. Then, we can conclude the
following estimates from [45]:

1/2 1/2 -1/2
lalloe SN0 alloes Nbeallok S lalloes  IVO Dok Shz Pllgllo, VYK € P, (5.6)

where ¢ is the scalar-valued polynomial function which is defined on the edge e.

Lemma 5.4. With regards to the edge contribution to the local estimator on the elastic sub-domain, we have that

(Y o TIRENE )2

e€oK
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S 2T PhIBE = Bl x + W52 105 = @ llo x + a1 = uf g -
Kep,

Proof. For each e € &, we introduce ¢, = (4F)! h,REb,. Then, the estimates (5.6) give

R IRENG, S / RE - (™ 'h RED,) = / RE-¢,.
e e

Using the relation [(2uFef) — ¢FDn], = 0 implies

/ [Qu"(euy) — @) - (@), — ") - n], - ¢, = / Qu"(e(u)) — e@®) + V(py — 0") - £,

KePp,

/(2/4 (uh _uE) VCE""((p;, 4 )V Ce

KeP,

where integration by parts has been used element-wise. Recalling that {bE + div(2uFe(uF) — oFI)} = 0|, we have

—||RE||08~ > / (bE—bE>~ce+2uE/(uE—uE>-Vce+/((p§—<p';)V~c /RE Ce
X KeP,

KePp, X

From the Cauchy-Schwarz inequality we can conclude that

heIREIS S D (W2 lIBE = B llo & + ()72 110" = @l llg k + V0" = Vil [l )
KeP,

D UVE Mok + WD PRI Mo k).
And the rest of the desired estimate follows from the following bound

1/2

W2 NVE Mok + WP Mok S WD PRMNE Mok = he' W IRE . O

Lemma 5.5. The elastic local bulk a posteriori error estimator satisfies

1/2

Z x| s Z (—” b* bE||0K+—||fP —opllox + —

IV (u® -~ uE)||o K>
Kegf KeTE vV HE vV uE

W

Proof. Combining Lemmas 5.2-5.4 implies the stated result. []

5.3.2. Efficiency estimates for poroelastic error estimator

Lemma 5.6. The first vectorial contribution to the local bulk poroelastic error estimator satisfies the following bound
hu IR llo.k S W52 hil1B® = By llo x + (W 110” — @pllo.x + l1u® —uplo &

Proof. It proceeds similarly to Lemma 5.2. []

Lemma 5.7. The second scalar contribution to the local bulk poroelastic error estimator satisfies the following bound

2
p IR ok SO 211k — o = aloh = PDllok + V2ZUP IV — )l -

Proof. The constitutive relation div uP + (AP) Ll — a(AP)~1pP =] x implies that
1 2
VIR ok = ol divad + (AP of — (AP pPllg ¢
172
=)l dive - diva® + P (@f = oF = aph — P)llok

S llg) — oF —a(ph = POl + V2P IV@—upllo k. O
Lemma 5.8. The third scalar contribution to the local bulk poroelastic error estimator satisfies the following bound

D' IRE ok S ) 2 N1sP = shllo.k + (o) 11p° = Phllo.k + (/&2 IVE® = p)llox

+ /25720 = @ +ap® = D)o k-

Proof. For each K € 7, we define w|x = p; R3bg . Then, invoking (5.5), we conclude that

PIREIZ ¢ / R (o Roby) = / Ro.
K K
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Using the relation s — [c, + a2(AP) PP + a(AP) 1P + 1 div[x(VpF — p8)1k =0 in the last term and then integrating with w|;x =0, we can assert
that

D IRSIG ¢ 3 / (s = sD o+ (co)™! / @ - o+ / kV@' = p) - Vo
K K K

+a()™! /((pp - @) +a(p” - p))o.
K

Then, Cauchy-Schwarz inequality gives

PUIRSNG x S PN = spllox + [eol 2116 = By llo.x + &2 112V (" = p)llo &
+ 200" = @) + ad® = Pl k) (/O IVl i + (p1) ™ D0l k-

And the proof follows after noting that

<§>‘/2||Vw||0,K +() ook S (?th; lollo.x + 2, ol ) S 00~ ll@llox =) IRE llp k. O

Lemma 5.9. The edge contribution to the local poroelastic error estimator satisfies the following bound

(D RTINS )M

ecdK

S D WY P hi I = B llo e + WY 110" = @pllg ke + @) V@ = u)llo 4.
KeP,

Proof. The proof is conducted similarly to that of Lemma 5.4. []
Lemma 5.10. There holds:
1/2

DV S D (W 2Rkl = By llo x + WP 0" = @) llo x + DIV = U)o )
Kegy? Kegy?

(D' 211" = sy llo.x + o) 211" = pillo x + (/O IVGT = p})llo x
+1/257 1l = @ + a@® = ppllo k) -
Proof. The results follow after combining Lemmas 5.6-5.9. []

5.3.3. Efficiency estimates for interface estimator

Lemma 5.11. There holds:

172
(Z ho(F +MP>-1||RZ||§,L,>

e€X

SO X @ P hglb = Bl + i 0" - @l g + P PIVAEE — Uil k)
¢€X  KeP,nQE

Y @Y gl = Bl + i = @bl + D) IV~ o) ).
KeP,nQP

Proof. Foreachee é’f', ¢, is defined locally as ¢, = (uF + u*)~1h,Ryzb,. Using (5.6) gives

he(u® + 1)) IRz N5, S / Ry - (W* + 4" hRyb,) = / Ry L.
e e

Integration by parts implies

/ Qut(ewy) — e@™) = (@), — @")Dn - £, — Qu" (e(u})) — e@®)) — (@}, — 0")Dn - £,

KeP,nQE

= Y / @iv2u®(e(u)) — e@™)) + V(o) = 9") - ¢,
K
- 3 et - ewtn - k- obi s v,
KeP,nQEF ¥

-y / (divu® (e(u)) — @) + Ve, —o") - ¢,
K

KeP,nQP
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- / Qu(e(up) — @) + (@], — ")) : VE,.

KeP,nQP ¥

Note that b + div(2uPe(@®) — pPT) = 0| and bE + div(2uFe(uF) — pFI) = 0| ;. Then, we can assert that
ME o IRsIZ, s D / (b —b%)-¢, - / 21" (e(uy) — @) : V¢, + / - PV ¢
KeP,nQE g e
Y [wer ¥ [Re

+ Y / (b, —b")- ¢ - / 2P (e(u)) — e@®)) 1 V¢, + / w, —PHV-¢|.
K

KeP,nQP X

KeP, mQE KeP, nQP

Applying Cauchy-Schwarz inequality gives

h,
T R s D E«zuErlﬂhKnbE—b‘;uo,K+(2uE)—1/2||<pE—(p‘,$||o,K+(2;4)1/2||e<u*;f)—e(uE>||o,K)x
KeP,nQ

(@uB21VE ok + @205

+ ) (@ PR IB = Bl + @uD) N0 = @ llg k + @) e — el )%
KeP,nQP

WOV ok + WD 2RI o k)
And as a consequence of the bounds
1/2 _
QU2 IVE llox + U RMNE ok S D2 RMIC 0k S B2 HE + WD) IR g e
_ 1/2 —
QY 2IVE o x + e PRI ok S @D PRMIC 0 & S Y P HE + 1D IR o e
the desired estimates hold true. []

Theorem 5.3 (Efficiency). Let (u, p*, ¢) and (uy,, pZ, @y,) be the solutions of the weak formulations (2.4) and (3.5), respectively. Then the following efficiency
bound holds

E < Cops(llu = up. p° = pjr. 0 — o)l + Y,

where Cg¢; > 0 is a constant independent of h and of the sensible model parameters.
Proof. The bound results from combining Lemmas 5.5, 5.10 and 5.11. []

Remark 5.1. To introduce a posteriori error estimation for formulation (3.9), we modify the proposed estimator for formulation (3.5). Specifically,
we add one extra jump term for discontinuous fluid pressure so that the modified a posteriori error estimator is as follows:

—~2
=2 . 2 2
Bz Y Op+ Y W+ YA (5.7)
Kegf KegP eegf
with

—2 prk
Vi =+ )
ecoK ¢

IPhnlel .

where Oy, W and A, are defined in Section 5.1. The proposed a posteriori estimator (5.7) is also reliable, efficient and robust. The idea of proofs
of reliability and efficiency is similar to the a posteriori estimation associated with formulation (3.5).

6. Robust block preconditioning

Building upon the analysis results in Sections 3 and 4, our goal now is to construct norm-equivalent block diagonal preconditioners for the
discrete systems (3.5) and (3.9) that are robust with respect to (e.g., high interface contrast in the) physical parameters and mesh size A.
To this end, we begin by writing system (2.4) in the following operator form 7% = ¢, with ¥ = (u, p*, 9), § = (F,G,0), and

A0 @
m=lo -¢ @& | 6.1)
B, By, -C,

where the prime indicates the adjoint operator. The block operators in 777 are induced by the respective bilinear forms as:
Ay V=V, (A w),v) i=a,(u,v)= /2/45(14) : e(v),
Q

186



S. Badia, M. Hornkjol, A. Khan et al. Computers and Mathematics with Applications 157 (2024) 173-194

B, : V-7, (B,@),y) :=b1(v,u/)=—/y/divv,
Q

B, : QP =7, (B(p").w) :=b2(pp,u/)=/ %ppw,
QP
2
e QP = QY. (€. d") 1= a (" 4" + (0", q") =/ <<co + %) pPe" + %VPPVqP> ,
QP
1

Cy:iZ-7, (Cyp)y)=aydw) = z/fpu/.

Q

Similarly, the discrete systems (3.5) and (3.9) can be cast, respectively, in the following matrix block-form:

ﬂlh 0 ,(81 uh F ﬂ]h 0 CB; uy F
0 —¢ @ ||p|=|G| and | 0 ¢, @) ||p;|=|G| 6.2)
(81 ,(32 —02 @p 0 (.81 _(/32 —62 Pp 0
—— ——
=:my =77,

where 171, and fﬁh are induced by the multilinear forms M, and M, > respectively, and
Top V= Vi (Ayp(uy).vy) i=al(uy. ),

!/ ~
C Q= Q. (Cl()).ay) i=ay(py.qp) + ab(p).q)).

Next, and following [37] (see also [31, Remark 5] and [30]), a preconditioner for the linear systems in (6.2) can be constructed from the discrete
version of the continuous Riesz map block-diagonal operator. This latter continuous map is defined as follows:

P:VXQPXxZ—> (VxQP x2z),
-1

[, ! 0 0 2udive , 0
pel 0 et 0 ol o (Co+Z)1-divEw) 0 , ©.3)
0 0 et 0 0 (% L

Note that, when comparing the previous expression with the main block diagonal of (6.1), C, is replaced by GT, which contains the additional term

ﬁ. Furthermore, we define the discrete weighted space X, . :=V, X QZ X Z;, which contains all triplets (u,,, pI;, @;,) that are bounded in the discrete

weighted norm || - |||, and, similarly, X, ., :=V, X (NQZ X Zj,, with the norm ||| - |l,., in the discontinuous fluid pressure case. Here the subindex e
represents all weighting parameters (u, ¢y, @, 4, k, ).

Note that the discrete solution operator 777, (and also 777,1 for the case of discontinuous pressure) is self-adjoint and indefinite on X, . (resp. on
X ), .+)- The stability of this operator in the triple norm has been proven in Theorem 4.1, which implies that it is a uniform isomorphism (see also
Theorem 4.2 for the case of discontinuous pressure and using the norm ||| - |||, ). Based on the discrete solution operators and the Riesz map (6.3), we
have the following form for the discrete preconditioners:

2278 ) 0 LA, 0 0
Py, = 0 [e,17! 0o |, %= 0 [Cipl™! o |, (6.4)
0 0 [ 0 0 (el

where .7, 1 is defined as follows:

. A 2
A 2 V= Vi (Aipug),op) 1= Y 2u(ey) e+ Y, #h

KeTp e, Uy, ¢

([u, ® n], [v, ® n]),,

i.e., the operator defining the || - ||*,7h norm.

The preconditioners @h,f/;h represent self-adjoint and positive-definite operators. They can be thus used to accelerate the convergence of the
MINRES iterative solver for the solution of the symmetric indefinite linear systems (3.5) and (3.9), respectively. A suitable norm equivalence result
(see, e.g., Remark 4.2) implies that the matrices in (6.4) are indeed canonical block-diagonal preconditioners which are robust with respect to all
model parameters. In addition, and owing to the discrete inf-sup conditions stated in Section 3, we can state that the discrete preconditioners are
also robust with respect to the discretization parameter A. This will be confirmed with suitable numerical experiments in Section 7.5.

7. Representative computational results

In this section we perform some numerical examples that confirm the validity of the derived error estimates. All of these tests were conducted
using the open source finite element libraries FEnicCs [2] (using multiphenics [10] for the handling of subdomains and incorporation of restricted
finite element spaces) and Gridap [9] (version 0.17.12). Gridap is a free and open-source finite element framework written in Julia that combines
a high-level user interface to define the weak form in a syntax close to the mathematical notation and a computational backend based on the Julia
JIT-compiler, which generates high-performant code tailored for the user input [44]. We have taken advantage of the extensible and modular nature
of Gridap to implement the new methods in this paper. The high-level API in Gridap provides all the ingredients required for the definition of
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Table 7.1
Example 1. Error history and effectivity indexes for polynomial degrees k =0, 1,2, going up to T’ = 1. Discretization
with continuous Biot fluid pressure.

k  DoF e(u,p’, @) rate e, (u) rate  e(p") rate  e(p) rate eff(8)
81 5.84e+03 * 2.61e+02 * 1.22e+00 * 8.24e+03 * 1.35e-01
296 2.63e+03 1.15 7.84e+01 1.73 4.30e-01 1.51 3.71e+03 1.15 1.22e-01

0 1134 1.28e+03 1.04 2.51e+01 1.64 1.91e-01 1.17 1.81e+03 1.04 1.19e-01
4442 6.36e+02 1.01 6.94e+00 1.85 9.25e-02 1.05 8.98e+02 1.01 1.18e-01

17586 3.17e+02 1.00 2.90e+00 1.26 4.5%-02 1.01 4.48e+02 1.00 1.18e-01
69986 1.59e+02 1.00 1.83e+00 1.03 2.29e-02 1.00 2.24e+02 1.00 1.18e-01

204 1.36e+03 * 6.05e+01 * 3.36e-01 * 1.92e+03 * 6.60e-02
774 3.45e+02 1.98 3.15e+01 0.94 8.67e-02 1.95 4.86e+02 1.98 6.92e-02
3018 8.85e+01 1.96 8.51e+00 1.89 2.15e-02 2.01 1.24e+02 1.96 6.96e-02

11922 2.22e+01 1.99 2.04e+00 2.06 5.38e-03 2.00 3.13e+01 1.99 6.97e-02
47394 5.57e+00 2.00 4.95e-01 2.04 1.35e-03 2.00 7.84e+00 2.00 6.98e-02
188994 1.40e+00 2.00 1.23e-01 2.01 3.37e-04 2.00 1.96e+00 2.00 6.99e-02

383 2.75e+02 * 5.29e+01 * 3.58e-02 * 3.81e+02 * 5.85e-02
1476 3.25e+01 3.08 6.35e+00 3.06 3.09e-03 3.54 4.50e+01 3.08 4.32e-02
5798 3.73e+00 3.12 4.37e-01 3.86 3.74e-04 3.05 5.22e+00 3.10 3.96e-02

22986 4.52e-01 3.04 2.93e-02 3.90 4.65e-05 3.01 6.38e-01 3.03 3.85e-02
91538 5.61e-02 3.01 1.92e-03 3.93 5.81e-06 3.00 7.92e-02 3.01 3.82e-02
365346 7.02e-03 3.00 2.20e-04 3.13 7.26e-07 3.00 9.90e-03 3.00 3.83e-02

the forms in (3.5) and (3.9), e.g., integration on facets in §,, I}, and é’f and jump/mean operators in (3.1). It also provides those tools required
to build and apply the block diagonal preconditioners in (6.4). In the future, we plan to leverage the implementation with GridapDistributed
[8] so that we can tackle large-scale application problems on petascale distributed-memory computers. For the sake of reproducibility, the Julia
software used in this paper is available publicly/openly at [7]. Except for the preconditioning tests collected in Section 7.5, all sparse linear systems
are solved with UMFPACK for the Julia codes or with the Multifrontal Massively Parallel Solver (MUMPS) [3] otherwise.

7.1. Verification of convergence to smooth solutions

We manufacture a closed-form displacement and fluid pressure

"y ( sin(z[x + y])

cos(z[x2 + yz])> , PP =sin(zx + y)sin(zy),

which, together with ¢f = ap? — AP divu, ¢F = —AE divu, constitute the solutions to (2.1). For this test we consider the unit square domain Q = (0, 1)
divided into QF = (0, 1)x (0.5, 1) and QF = (0, 1) X (0,0.5) and separated by the interface £ = (0,1) X {0.5}. The boundaries are taken as I“]IE) = 0QF \Z
and I’ 11)) =0Q\TE, which implies that a real Lagrange multiplier is required constraining the mean value of the global pressure to coincide with the
exact value. The parameter values are taken as follows

a=1, uF=10, £=2.10%, uf=20, AE=10%
=1, k=1, g=1, y=1 p,=pp=25-10"**"
We note that the stress on the interface X is not continuous. As a result, we must add the following term:
Y (fwh. [Cuew) - @hn]), .,
eeé"zl

to the right-hand side of (3.5) and (3.9) evaluated at the exact solution. We must also include additional terms for non-homogeneous Neumann and
Dirichlet boundary conditions.

For the discretization using continuous fluid pressure approximation, errors between exact and approximate solutions are computed using the
norms

e@,p",¢) 1=l —up p* — .o —opll, e, :=llu—upll, g,
K 1 1
o) 1= (o + o /AONIP" = pilloar + S IVAGE = Plloor. e(@) := o= ullogs + -5 lo—oslloar.
while for discontinuous pressure approximations the following norms are modified

e..p’.9) =l —u. p" = p.0— ol e.(P") 1= 11" = Pl I, op-

The experimental rates of convergence are computed as

r =log(e(,/&.,)log(h/M)] ™,

where e, & denote errors generated on two consecutive meshes of sizes 4 and %, respectively. Such an error history is displayed in Tables 7.1-7.2. In
these cases we note that uniform mesh refinement is sufficient to obtain optimal convergence rates of ©(h**!) in the corresponding broken energy
norm (we also tabulate the individual errors in their natural norms). These results are consistent with the theoretical error estimates derived in
Theorem 4.3.
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Table 7.2
Example 1. Error history and effectivity indexes for polynomial degrees k =0, 1,2, going up to T = 1. Discretiza-
tion with discontinuous Biot fluid pressure.
k  DoF e.(u,p’,p) rate e, (u) rate e, (p") rate  e(@) rate  eff(§)
97 5.84e+03 * 2.61e+02 * 6.94e-01 * 8.24e+03 * 1.25e-01
369 2.63e+03 1.15 7.84e+01 1.73 3.57e-01 0.96 3.71e+03 1.15 1.22e-01
0 1441 1.28e+03 1.04 2.51e+01 1.64 1.81e-01 0.98 1.81e+03 1.04 1.19e-01
5697 6.36e+02 1.01 6.94e+00 1.85 9.14e-02 0.99 8.98e+02 1.01 1.18e-01
22657 3.17e+02 1.00 2.90e+00 1.26 4.66e-02 0.97 4.48e+02 1.00 1.18e-01
229 1.36e+03 * 6.06e+01 * 1.48e-01 * 1.92e+03 * 6.60e-02
889 3.45e+02 1.98 3.15e+01 0.95 4.19e-02 1.83 4.85e+02 1.98 6.93e-02
1 3505 8.85e+01 1.96 8.51e+00 1.89 1.09e-02 1.94 1.24e+02 1.96 6.97e-02
13921 2.22e+01 1.99 2.03e+00 2.06 2.79e-03 1.97 3.13e+01 1.99 6.98e-02
55489 5.57e+00 2.00 4.95e-01 2.04 7.43e-04 1.91 7.84e+00 2.00 6.98e-02
417 2.73e+02 * 5.29e+01 * 2.46e-02 * 3.78e+02 * 4.06e-02
1633 3.24e+01 3.07 6.35e+00 3.06 2.94e-03 3.07 4.49e+01 3.07 4.02e-02
2 6465 3.72e+00 &1 4.37e-01 3.86 3.69e-04 2.99 5.22e+00 3.10 3.95e-02
25729 4.52e-01 3.04 2.94e-02 3.89 4.84e-05 2.93 6.37e-01 3.03 3.85e-02
102657 5.63e-02 3.02 7.81e-03 3.10 5.91e-06 2.97 8.16e-02 3.01 3.84e-02
=4 T T T T T T T 0.25 T T
T Youg. ——eff(E) uniform — mild
Tell [ ®
B CR ey T &~ ef£(Z) adaptive - mild
‘‘‘‘‘‘‘‘ Ty s b eff(E) adaptive+smoothing — mild
"V\ . -%~=.=_;.Q -@ eff(Z) uniform — contrast
\‘\ N N ‘A 02 -[# eff(E) adaptive - contrast 1
N * . ££(Z) adaptive+smoothing — contrast
) V\ \\\ ol Q\‘\\ ef£(2) ve-+smoothing — con
10° F N, E LAY
V\Vlk \‘\ 0.15f 4
N \
%
Y ‘\‘\* ) Q‘
Yo
No¥ o1k i
N
\, ’ 4
ol \\7 | 100} N 1 ) B
(' -DoF /2 —7C -DoF~1/2 N 0.05k Li-- A o
-©-C - DoF ! -6-C -DoF ™! A B Bk TSl
e(u,p’, ¢) uniform e(u,p", ¢) uniform 9 q
=7-e((u,p", p) adaptive —&-e((u,p’, p) adaptive
—+ e((u,p, ¢) adaptive + smooth 7 -/ e((u,p", p) adaptive + smooth 7
T T T T 0 L L L
10* 10* 16‘) 10* 10* 1&') 10° 10* 10

DoF

DoF

DoF

errors with mild parameters errors with high-contrast parameters effectivity indexes
Fig. 7.1. Example 2. Error decay for the convergence test on an L-shaped domain using mild (left panel) and high-contrast (center panel) elastic parameters,
comparing in each case the convergence of uniform mesh refinement, adaptive mesh refinement, and adaptive mesh refinement with smoothing step. The right

panel shows the robustness of the a posteriori error estimators by comparing the effectivity indexes. In all cases we take k = 1.

The robustness of the a posteriori error estimators is quantified in terms of the effectivity index of the indicator

e££(8) = (e, ) + e(pD)? + e(@)H)/?/E,

(or ef£(B) = (e, (m)? + e,(p)? + e(9)?)'/2 /E in the case of discontinuous fluid pressures) and eff is expected to remain constant independently
of the number of degrees of freedom associated with each mesh refinement. In both tables the effectivity index is asymptotically constant for all
polynomial degrees. This fact confirms the efficiency and reliability of the estimator. Similar results are also obtained even when the Poisson ratio
in each subdomain is close to 0.5.

7.2. Verification of a posteriori error estimates

To assess the performance of the proposed estimators, we use the L-shaped domain Q = (—1,1)% \ (0, 1)?, the interface is zig-zag-shaped and
going from the reentrant corner (0,0) to the bottom-left corner of the domain (—1,—1), and the porous domain is the one above the interface. We
consider manufactured solutions with high gradients near the reentrant corner

(= xR A (= P2
u=10 <(<x —x 2+ =y

with (x,,y,) = (0.01,0.01). We employ adaptive mesh refinement consisting in the usual steps of solving, then computing the local and global
estimators, marking, refining, and smoothing. The marking of elements for refinement follows the classical Dorfler approach [21]: a given K € 7}, is
marked (added to the marking set 777,, C 7;,) whenever the local error indicator Zy satisfies

D, Ex=¢ ) E,

Keny, KET,

) s PP == x P+ =y,
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Fig. 7.2. Example 2. Initial meshes for poroelastic and elastic subdomains, and meshes after 2 and 7 steps of adaptive refinement guided by Z (top). The bottom
row shows, at the finest level and for the case without mesh smoothing, the approximate global displacement, Biot fluid pressure, and the cell-wise value of the a
posteriori error indicator. Here we use k = 1.

where ( is a user-defined bulk density parameter. All edges in the elements in 777, are marked for refinement. Additional edges are marked for the
sake of closure, and an additional smoothing step (Laplacian smoothing on the refined mesh to improve the shape regularity of the new mesh) is
applied before starting a new iteration of the algorithm. When computing convergence rates under adaptive mesh refinement, we use the expression

r(, = —2log(e(,/¢.,)[log(DoF /DoF)] .

We set the following parameter values ¢, = 0.01, @ = 0.5, 1 =0.01, k = 1073 and consider two cases for the Young and Poisson moduli: first
EE =10, EF =100, vE = 0.495, v* = 0.4, and secondly larger contrast: EE = 1000, E® = 10, vE = 0.499, vP = 0.25. Moreover, we only use the
polynomial degree k = 1, §, = 500, and ¢ = 10~". For this case we consider continuous fluid pressure approximations. The error history is presented
in the left and center panels of Fig. 7.1. There we plot the error decay vs the number of degrees of freedom for the case of uniform mesh refinement,
and adaptive mesh refinement with or without a smoothing step, and using the mild vs high contrast mechanical parameters. For comparison we also
plot an indicative of the orders ©(h) and ©(h?) (thanks to the relation DoF~!/¢ < h < DoF~ /¢, in 2D we take C DoF~!/2 and C DoF~!, respectively).
We note that for high contrast parameters, the performance of the three methods is very similar. However, as the mesh is refined, for roughly the
same computational cost, the two adaptive methods render a much better approximate solution. Another observation is that the effectivity indexes
(plotted in the right panel) have a slightly higher oscillation than in the adaptive cases, but overall they do not show a systematic increase/decrease.
We also show samples of adaptive meshes in Fig. 7.2. The a posteriori error indicator correctly identifies and guides the agglomeration of elements
near the zones of high gradients (the reentrant corner), plus the zones where the contrast occurs (the interface corners). The figure also portrays
examples of approximate solutions together with the value of Zg locally.

7.3. A simple simulation of indentation in a 3D layered material

We now consider the punch problem (the drainage of a body by an induced compression loading [20,36]). The full domain is Q = (0,50)° mm?,
and it is equi-separated into elastic and poroelastic subdomains by a diagonal plane. The elastic moduli, hydromechanical coupling constants, and
fluid model parameters are

EF =50kN/mm?, EP=210kN/mm? F=03, ’=0.499,
a=085, ¢;=0.1, x=10"mm, 5=10">kN/mm?s.

A normal surface load is applied on a quarter of the plane y = 50 mm, near the corner (0, 50, 50), where the traction has magnitude 60 N/mm?2. On the
three planes x =0, y =0, and z = 50 mm we prescribe zero normal displacement u - n = 0 together with an influx condition §VpP -n=-1.7 mm/s,
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Fig. 7.3. Example 3. Meshes on the deformed domain after 1, 2, and 4 steps of adaptive refinement guided by E. The bottom row shows, at the finest level, the
approximate displacement and total pressure on both subdomains, as well as the convergence of the global a posteriori error estimator.

and on the remainder of the boundary we set stress-free conditions for the solid phase and zero Biot pressure. Fig. 7.3 shows the deformed
configuration after a few steps of mesh adaptation, which clearly illustrates the jump in material properties. The meshes are more densely refined
near the interface, indicating that the estimator captures correctly the error in these regions. The bottom plots suggest a difference in compliance,
as observed across the interface, the deformations are more pronounced in the elastic domain. Note that the method guided by the a posteriori error
estimate is particularly effective in capturing high solution gradients (of global displacement and of global total pressure). The rightmost panel of
the figure also shows, in log-log scale, the decay of the global error estimator E vs the number of degrees of freedom, for comparison we also plot

1
an indicative of the mesh size, for 3D, C DoF™ 3, which confirms that the estimator converges at least with ©O(h) to zero. Note that we are using here
the lowest-order method k = 0 with continuous fluid pressure approximation, and the mesh agglomeration parameter is chosen as ¢ = 0.02.

7.4. A test with realistic model parameters (application to brain multiphysics)

The Biot-elasticity system described in this paper is useful in a range of applications. We show here, as an example, how it can be used to calculate
the displacement in a system consisting of the wall of a penetrating vessel and the interstitium surrounding it. A proper network of vessels is shown
in [28,39], but we will do a simplified 2D illustration. Here, the vessel is T-shaped with the interstitium in a surrounding box. The boundaries are
divided into Dirichlet and Neumann boundaries for both the vessel wall and the interstitium domains. The bottom boundary of the vessel wall and
the top and bottom boundary of the interstitium have Dirichlet boundaries while the side boundaries for both the vessel wall and interstitium have
Neumann boundaries. The mesh is shown in Fig. 7.4 (top left). The displacement is driven by a pressure wave along the inside of the vessel wall,
represented as a sinus wave with a period of one second and a maximum value of 1 kPa. The value is taken from [46] where the intraventricular
intracranial pressure is reported to be mostly in the range 0.1-1 kPa. The vessel wall for rats is reported to be between 3.8 and 5.8 um and the
diameter of the vessels is reported to be 43 and 63 um [11]. We choose the vessel to have a diameter of 50 pm while the vessel wall has a thickness of
5 um in this example. The Lame parameters in the interstitium are 4 = 1 kPa and A = 1 MPa in our example. This is in the range of u = [590,2.5-10°]
Paand 4=[529,1.0-10!!] Pa given in [43]. In the vessel wall, they are chosen to be 1 MPa and 1 GPa respectively, which is similar to the reported
ranges of y =[3.3-10%,8.2-10°] Paand 4=[3.0-10%,3.4- 10'2] Pa given in [12,43]. Additionally, the permeability is 100 nm? in the interstitium
which within the ranges of 10 to 2490 nm? presented in [29,43]. We use mixed boundary conditions as follows

2uFe@®) - o"TIn?" =0 on T (7.1a)
u"=0onT} (7.1b)
2uPe@®) - o"TIn**" =0 onT%, (7.1¢)

191



S. Badia, M. Hornkjol, A. Khan et al. Computers and Mathematics with Applications 157 (2024) 173-194

6.6e-02

0.06

—0.05

r_traction — 004

ﬂ
- B
—0.02

7 0.01
0.0e+00

Fig. 7.4. The solution of the Biot-elasticity system on a T-vessel domain. A) shows the domain with boundaries. The dark blue is the vessel wall and the lighter blue
is the interstitium. The top and the bottom of the interstitium domain and the bottom of the vessel wall domain are Dirichlet boundaries, while the sides of both the
interstitium and the vessel wall are Neumann boundaries. B) shows the displacement after 0.10 seconds (top), 0.25 seconds (bottom left) and 0.40 seconds (bottom
right).

Displacement (mm)

A e e e o B E

1
E(KVPP . n,qP)mP =0on I“g (7.1d)
u’=0onTP, (7.1e)

where F]’f] and l"lb; is the Neumann and Dirichlet boundaries for the vessel wall and F§ and FII; is the Neumann and Dirichlet boundaries for the
interstitium. The previously mentioned pressure wave is described by

E E
2uEe@®) — oFNn% = g(Hn®* on Tyacrions (7.2)

where Tiacion iS the inside of the vessel wall and g(¢) = 10° - sin(2z¢). The simulation runs over 0.5 seconds which encompass a full expansion and
contraction of the vessel wall by the pressure sine wave.

We time discretize the transient problem using Crank-Nicolson’s method with a constant time step A7 =0.01 seconds, and solve the problem
at each step with a sparse direct solver. From the solution, Fig. 7.4, we observe that the pressure wave causes the displacement to spread through
the vessel wall and into the interstitium. As the pressure wave goes back to zero, the displacement in the interstitium relaxes back to zero as well.
The maximum displacement is 66 um. This displacement is quite large considering the maximum arterial wall velocity is 18-25 um/s in mice, as
reported in [40].

7.5. Evaluation of preconditioning robustness

We thoroughly evaluated the robustness of &, in (6.4) for a wide span of physical parameter-value ranges of interest, different mesh resolutions,
H(div)-conforming approximations for the displacements (in particular, BDM and Raviart-Thomas), different rectangular domain shapes, and elastic
and poroelastic rectangular subdomain shapes. Overall, our results confirm an asymptotically constant number of MINRES iterations with mesh
resolution even with material parameters that exhibit very large jumps across the interface (e.g., we tested up to 3 orders of magnitude jumps in
u and A), and/or very small or very large values (e.g., k € [1073,1073,10771 m?; A, u €[1,103,10°,10°] Pa), including the extreme cases of near
incompressibility, near impermeability, and near zero storativity. We note, however, that the value of the penalty parameter f§, has to be chosen
carefully (typically via numerical experimentation), as it can have a significant impact on preconditioner efficiency.

For conciseness, in this section, we only show results for the particularly challenging (and realistic) combination of physical parameter values
corresponding to the problem in Section 7.4. We use the upper part of the domain in this problem, namely the rectangular domain Q = [0, 0.25] X
[0.17,0.25], with elastic subdomain spanning the thin stripe [0,0.25] X [0.17,0.1705]. As usual, the poroelastic domain is defined as the complement
of the elastic domain. We used a triangular uniform mesh generator parametrizable by the number of layers of triangles in the thinner dimension of
the elastic domain, which we refer to as #. Note that 2 = 0.05/#. We tested in particular with three mesh resolutions corresponding to ¢ = 2,4, 8.
We solve problem (3.5) with the known manufactured solution described in Section 7.1. We report results only for BDM with k = 0, although we
stress that the number of iterations obtained for Raviart-Thomas with k = 1 were very similar to those reported herein. The preconditioned MINRES
solver is used in conjunction with %, in (6.4), and convergence is claimed whenever the Euclidean norm of the (unpreconditioned) residual of the
whole system is reduced by a factor of 10°. The action of the preconditioner was computed by LU decomposition in all cases. As an illustration
of the challenge at hand, for # =2, f, = 20, the condition number of the unpreconditioned system (3.5) is approximately as large as 1.25 x 10?°
(as computed by the cond Julia function). By a suitable scaling of the system, this large number could be reduced to 1.25 x 104 (i.e., by 12
orders of magnitude). In particular, we scale (2.1a) and (2.1d) with 1/ max(yP, ,uE) and solve for the scaled pressures (pP'E «— (pP’E / max(yP, ,uE) and
PP« pP/max(uP, uF); see also scale parameters function in [7] for full details. We stress that, while the number of preconditioned MINRES
iterations to solve the original and scaled systems was almost equivalent in all cases tested, we observed a much more reliable behavior of the error
curves for the scaled equations, in particular, under the assumption of a relatively coarse fixed residual tolerance. Thus, in the sequel, we report
the errors we obtained in the presence of such an scaling. Finally, in order to study the dependence of the number of iterations and error on the
penalization parameter f,, we tested with different values of g, € [10,5000].
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Fig. 7.5. Number of preconditioned MINRES iterations versus number of degrees of freedom for different values of g, (left) and versus g, for different values of
mesh resolution ¢ (right).
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Fig. 7.6. Error in the displacements (left), fluid pressure (center), and global pressure (right) versus p, for different values of mesh resolution Z.

In Fig. 7.5 (left), we report the number of preconditioned MINRES iterations versus number of degrees of freedom. While the value chosen for g,
has an impact on the number of iterations for fixed mesh resolution, we can observe nevertheless an asymptotically constant number of iterations
with mesh resolution for most of the values of g, tested. This can be better observed in Fig. 7.5 (right), where we report the number of iterations
versus f, for different values of mesh resolution #; the number of iterations to achieve convergence is approximately constant with mesh resolution
except for values of §, within [50,200]. In order to have a more complete picture, in the curves labeled as “solver = pminres” in Fig. 7.6, we report
the errors in the displacements (left), fluid pressure (center), and global pressure (right) versus f,, obtained with the preconditioned MINRES solver.
As a reference, in the curves labeled as “solver=1u” in Fig. 7.6, we report the corresponding errors obtained with a robust sparse direct solver
(UMFPACK). We can observe that the value of f, has an impact on the error obtained, particularly noticeable in the case of the preconditioned
MINRES solver; only for the smallest value of §, = 10, the accuracy of the sparse direct solver can be matched for all unknowns. We have checked
that, as expected, as we use finer residual tolerances, the error curves for the MINRES solver become closer to those obtained with the sparse direct
solver (at the price of some more iterations).
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