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compatible piecewise discontinuous pressures, whereas Lagrangian elements

sedimentation.

1 | INTRODUCTION AND PROBLEM FORMULATION
1.1 | Scope
We are interested in numerical schemes for coupled equations that model the sedimentation of small particles under the

effect of salinity of the fluid. The governing model (e.g., [14, 26]) of coupled incompressible flow and double-diffusion
transport is

dou+u-Vu=div(v(c)Vu) — 1/p,)Vp + (0/pm)g, divu =0, (1.1a)
O;s+u-Vs=(1/Sc)As, Jc+ (u—uvpe,)- Ve = (1/(zSc))Ac, (1.1b)
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posed on a spatial domain Q ¢ R%,d = 2ord = 3, where t € (0, tonq] is time, u is the fluid velocity, v is the concentration-
dependent viscosity, p,, is the mean density of the fluid, p is the fluid pressure, p is density, g is the gravity acceleration,
s is the salinity concentration, and c is the concentration of solid particles. The Schmidt number Sc = v, /%, is assumed
relatively small, for example, Sc = ((10). Finally, «; is the diffusivity of salinity, v, is a reference viscosity in the absence
of solid particles, T = x/x., where x, is the diffusivity of solid particles, and e, is the upward-pointing unit vector. A
linearized equation of state p = p,,(as + Bc¢) is assumed. The particles are assumed to settle at a constant dimensionless
velocity vp,.

Recent finite element and related schemes for double-diffusive flows include refs. [6, 8, 13, 16, 17, 24, 28]. The solvabil-
ity analysis for the continuous and discrete problems usually follows energy and fixed-point arguments; this is also the
approach of ref. [12]. The discretization in space uses an interior penalty divergence-conforming method for the flow equa-
tions (here, Brezzi-Douglas-Marini (BDM) elements of degree k > 1 for u and discontinuous elements of degree k — 1
for p, cf. [7, 22]), combined with Lagrangian elements for s and c. This treatment extends that of ref. [13] to the transient
case. The proposed method also features exactly divergence-free velocity approximations ensuring local conservativity
and energy stability, and the error estimates of velocity are pressure-robust. The chosen time discretization is the back-
ward differentiation formula of degree 2 (BDF2), which for k = 2 gives a method of order 2 in space and time. Existence
of discrete solutions follows by a fixed-point argument (cf. [13]), and the error analysis adapted from refs. [2, 8]. We herein
summarize the analysis of ref. [12] and present two new numerical examples, namely one accuracy test and a simulation
of salinity-driven sedimentation.

For salinity-driven sedimentation many flow features (e.g., plumes) are clustered near high gradients of concentra-
tion [14, 24]. This motivates adaptive mesh refinement guided by a posteriori error indicators [17, 25]. Most literature
on residual-based a posteriori error estimators for flow-transport couplings is focused on the stationary case (e.g. [1,
3-5, 18, 27]). None of the (few) analyzes for the time-dependent case (e.g. [9, 10, 23]) applies to divergence-conforming
approximations to (1.1).

The a posteriori error analysis we advance here is of residual type. The approach hinges on a decomposition of the
discrete solution into a conforming and a non-conforming contribution, along with a reconstruction technique. The error
analysis is divided into three parts. In the first part, we present the error estimator for the steady coupled problem. In
second part, we extend the a posteriori error estimation to the semi-discrete method, and finally we present the a posteriori
error estimator for the unsteady coupled problem. For the sake of simplicity, we restrict the latter analysis to the backward
Euler method.

1.2 | Preliminaries, additional assumptions, and weak formulation

Let Q be an open and bounded domain in RY, d = 2,3 with Lipschitz boundary I' = dQ. We denote by LP(Q)
and W"P(Q) the usual Lebesgue and Sobolev spaces, write H'(Q) = W"?(Q), and denote the corresponding norm
by Il llra (- lloq for HO(Q) = L*(Q)). The space L3(Q) denotes the restriction of L*(Q) to functions with zero
mean value over Q. For r > 0, we write the H"-seminorm as | - |, o and denote by (-,-)q the usual inner product in
L*(Q). Spaces of vector-valued functions are denoted in bold face, that is, H'(Q) = [H’(Q)]d, and we use the vector-
valued Hilbert spaces H(div; Q) := {w € L*(Q) : divw € L>(Q)}, Hy(div; Q) := {w € H(div; Q) : w - nzg = 0 on 0Q}
and Hy(div®; Q) := {w € Hy(div; Q) : divw = 0 in Q}, where n;, is the outward normal on dQ. We endow these spaces
with the norm ||w||§iv’Q = w||§,Q + || div wll(zm. We denote by L¥(0, tenq; W™P(Q)) the Banach space of all L’-integrable
functions from [0, t.,q] into W™P(Q).

As in, for example [18], we assume that viscosity is a Lipschitz continuous and uniformly bounded function of c.

For simplicity of presentation we restrict the weak form to the homogeneous Dirichlet boundary conditions u = 0, s =
0, and ¢ = 0 on 8Q. Furthermore, we define the spaces V' := {w € L*(0, teng; H)(Q)) : d,w € L*(0, tenqL*(Q))}, Q" :=
L*(0, teng; L3(Q)), and M := {s € L*(0, tena; Hy(Q)) : 8,5 € L*(0, teng; L2(Q))}. For ease of presentation we furthermore
assume that velocity, pressure, concentration and salinity solutions belong to V!, Q', M, and M, respectively. Testing each
equation in (1.1) against suitable functions and integrating by parts gives the following weak formulation: Find (u, p, s, ¢) €
Vix Q' x M! x M' such that u(-,0) = u, € Hy(div’; Q), s(-,0) = 0, ¢(-,0) = 0in Q and

(81, ) + a;(c;u,v) + ¢, (w;u, V) + b(v, p) = F(s,c,v) Yo € Hy(Q), b(u,q)=0 VgeL}(Q),

(1.2)
1

@5, P)a + ax(5,9) + ¢ (w35,0) =0, (9ic, Pl + (e, ) +er(u —vpez;6,9) =0 Vo, p € Hj(Q)
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for a.e. t € [0, tenql, where for all u, v, w € H;(Q), g € L3(Q), and ¢, % € H}(Q), the variational forms are defined as

a;(c;u,v) = (v(c)Vu,Vv)Q, ey (w;u,v) = ((w- V)u,v)g, F(s,c,v):= ((as + fo)g, v)Q,

b(v7 Q) = _(l/pm)(q’ div v)Q’ a2(§0a ¢) = (1/SC)(V¢7 Vw)ﬂ’ c2(v; P, ¢) = ((U ) V)gD, ¢)Q

1.3)

1.3 | Stability of the continuous problem

The variational forms (1.3) are continuous for all u,v, € HS(Q), q€e LS(Q), and ¢,9 € Hé(Q), that is, there exist con-
stants C, and C, such that |a;(-, u, v)| < Callullyallvllya, lax(e, )| < C‘a||go||LQ||¢||LQ and similar estimates for b, c¢;,
and c,. The Poincaré-Friedrichs inequality [|¢[loo < Cplelyq for all ¢ € Hé(Q) implies the coercivity of a, and also,
for a fixed concentration, that of a;. By the characterization of the kernel of b(:,-), we can write X :={v € Hé(Q) :
b(v,q) =0 Vge L(Z)(Q)} ={ve Hé(Q) : divo = 01in Q}, and an integration by parts reveals that ¢;(w; v,v) = 0 and
c,(w;p,0) =0 for all w € X,v € HY(Q), p € H(Q). It is well known that the bilinear form b(-, -) satisfies the inf-sup
condition

b(v,9)
UGHS (\{0} llvll 1,Q

> ¢llqlloq  forall g € Lj(Q).

For v € WH*®(Q) and ¢ € W*®(Q), one can show that there exists a constant Co, > 0 with lvll1,0 < Cxllvllwieoq) and
lella £ Coll@llwieoq)- The previous results imply the following lemma (see [12, Lemma 1.1]).

Lemma 1.1 (Stability). If g € L®(0, teng; L*(Q)), uy € L*(Q) and sy, ¢y € L*(Q), then, for any solution u, s, c of (1.2) and
fort € (0, tengl, there exists a constant y > 0 such that

Nl r20.0m ) + ISllzzcmay + lellzzonm@y) < ¥ (1uolloq + lsolloq + licolloq)

where y might depend on 7y, 7, S¢, p, P, Cp, 191lc0,00 @ B, and t.

2 | FINITE ELEMENT DISCRETIZATION AND A PRIORI ERROR BOUNDS
2.1 | Preliminaries and Galerkin method

We discretize Q ¢ R¢ by a family 7, of regular partitions into simplices K (triangles in 2D or tetrahedra in 3D) of diame-
ter hg. We label by K~ and K™ the two elements adjacent to a facet e (an edge in 2D or a face in 3D), while h, stands for
the maximum diameter of e. Let &, denote the set of all facets and &, = 8;1 U 82 where 8;1 and 82 are the subset of inte-
rior facets and boundary facets, respectively. If v and w are smooth vector and scalar fields defined on 7, then (v*, w*)
denote the traces of (v, w) on e that are the extensions from the interior of K* and K~, respectively. Let n), n; be the
outward unit normal vectors on the boundaries of two neighboring elements, Kt and K, sharing e. We also use the nota-
tion (w, - n,)|, = (w* - n))|,, {v} := (v~ +v")/2, {w} := (W™ +w")/2,[[v] :=(v™ —v"),and [w] := (w™ — w™). For
boundary jumps and averages, {v} = [v] = v and {w} = [w]] = w. Finally, V, denotes the broken gradient operator.
For k > 1 and a mesh 7, on Q, let us consider the finite-dimensional discrete spaces (see e.g. [11])

V) i={v, €H(div; Q) : vylx € [P(K)]Y VK ET); vp-nsq =00ndQ},
V} = {v; € L*(0,teng; Vi) : ;0 € LX(0, tena; Vi) }

Q= {an €LY(Q) : qulx €Pua(K) VK E Ty}, Q) 1= L0, tena; Qn),

My, = {s, €C(Q) : splx € P(K) VK €Ty}, My 1= My NHy(Q),

M;l’o = {Sh € LZ(O’ tend;Mh,O) : atsh € LZ(O’ tend;Mh,O)}’
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which, in particular, satisfy div V;, € Qy, (cf. [22]). Here P;.(K) denotes the local space spanned by polynomials of degree
up to k and V, is the space of divergence-conforming BDM elements. Associated with these spaces, we state the following
semi-discrete Galerkin formulation for problem (1.2): Find (uy, py, Sp, cp) € V;l X QZ X M;l o X M;q o such that

Bun, vp)o + al(cps uy, vy) + (wps wy, vy) + bV, py) = Fsp, cp,vp) Yo, € Vi,

b(uy,qn) =0 Vaqn, € Qn,  (OrSn, Pnda + xS, Pn) + c2(Up; Sppn) =0 Vo, € My, 2.1

Bchs Ynla + (1/D)az(cn, ) + co(up — vpesscn, Pp) =0 VP, € My,

The discrete versions of the variational forms ai‘(-; -,-)and cil(-; -, +) are defined using a symmetric interior penalty and an
upwind approach, respectively (see, e.g., [7, 22]), where a, > 0 is a jump penalization parameter:

i) = [ o)V Vb + Y ( PEIVaun} - Toy]

ec&y

T Tl + 52561 - o] ) 0 2

oy vy) - / (W, - Vyuy - vy dx+ Y / ((we nollw] - o} + 1 neu[uh]]-[[vh]])ds.

eeé"

We partition the interval [0, t.,q] into N subintervals [t,,_, t,] of length At. We use the implicit BDF2 scheme where all
first-order time derivatives are approximated using the centered operator

S, (") & (1/AD)DU) ™, where Dy™*! 1= 3yntl —4yn 4 yn-l (2.3)
and for the first time step a first-order backward Euler method is used (not detailed here; see [12, Section 2.2]). The resulting

set of nonlinear equations is solved by an iterative Newton-Raphson method with exact Jacobian. Hence for 1 <n <
N —1, the complete discrete system is given by

%(Duzﬂ, Uh)Q = %At(—ai‘(czﬂ; uZ“, v,) — cf(ufjrl Z“ v,) — b(vy, p”“) + F(SZ+1, CZ+1, vy))
Vv, € Vy,
b(u*™,q,) =0 Vg, € Qy, 24
%( spten) %A t(—ax(sp ™t on) — (Ui st o)) Yo € My,
| ) 2 1 n+l n+l n+l
g(Dch Pn)g = §At(—;a2(ch Pn) — (™ —vpessey, ,z,bh)> Y, € My

2.2 | Properties of the discrete problem

We introduce for r > 0 the broken H" space H'(7,) := {v € L*(Q) : v|x € H"(K), K € T},}aswell as the mesh-dependent
broken norms

lol2 = D IVA@IIZ, ) + 2 L

KeTy,

+lol2, Yo e H'(T), o2, =Ivl?, + X K2lvl,, YveHXT),

ol . 2= lIvl13, g,
KeTy,
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where the stronger norm || - ||, 7, is used to show continuity. From the inverse estimate |w|, x < C hlzl |w|, g forallK € 7y,
w € [P (K)]? it can be seen that this norm is equivalent to || - ll1,7;, on V7, (cf. [7]). Finally, adapting the argument of
[21, Proposition 4.5], we get the following version of the discrete Sobolev embedding: for r = 2, 4 there exists a constant
Cemb > 0 with

Il ) < Cemplivllyy, Yo € HY(T)). (2.5)

With these norms, we can prove continuity of the trilinear and bilinear forms of the variational formulation, see [7,
Section 4].

Lemma 2.1. The following properties hold: Iai‘(-,u, v)| < Cllullyz, lIvlly,7, for all u € H*(T;), veV,, |ai‘(-,u, v)| <
C‘a||u||1’7h||v||1’7h forallu,v € Vy, and |b(v,q)| < C‘bllvllLTh lIgllo.q for allv e H'(T3), g € L*(Q). Moreover, for all w €
H'(T;) and ¢, € H'(Q), there holds |cx(w; ¢, )| < Cllwlly 7, I9ll1.ol$ll 0.

Moreover, for 1,7, € HY(Q), u € C(7;,) N H}(Q) and v € V), there holds

(2.6)

lal (i, 0) — al' (2w, 0)| < Cripllyr -

where the constant CLlp > 0 is independent of & (cf. [13]).
Letw e HO(dIV Q) and let us introduce the jump seminorm

=y / o - el g 1P .

eef‘

Then, due to the skew-symmetric form of the operators ci’ and c,, and the positivity of the nonlinear upwind term of c;‘,
ci’(w; uy, uy) = |uh|,%l,’upw > 0 for all uy, € Vv, and c,(w; ¥y, ¥y) = 0 for all P, € M;,. Moreover, we have the following
relation, which is based on (2.5) and follows by the same method as in ref. [21]: for any w;, w,, u € H?(7},) there holds

h . h . ~
e} (wisu, V)] — o) (wos u, V) < Cellwy —ws Iy 7, vl 7, lully7, YO E V. 2.7)

We also have F(,$,v) < Cy([[$llo,0 + lI$llo,0)lIVlloq forallv € V. .
Finally, we recall from ref. [22] the following discrete inf-sup condition for b(-, -), where ¢ is independent of h:

b(vy, qp)

> {llgnlloa  Van € Qp. (2.8)
v, eV, \{0} ”vh”LTh

2.3 Stability and solvability (existence of a discrete solution)
Applying the previous estimates we may prove the following theorem (see ref. [12] for details).

Theorem 2.2. If (u”“,pzﬂ, s "+1) E V), X Qp X (M 0)? is a solution of (2.4) with initial data (u }11) and
(u0 0, 0) then the following bounds ( plus an analogous inequality for c;,) hold, where C;, C, are lndependent of h and At:

n n
112 1 2 J2 J+12 2
ey ™M1 g + 20 — w13 + D IAwy 5 o + D% At ™I+ Z Atlul 2,
& &

u ,upw
2 012 12 1 012
<Ci(lspl2 ¢ + 12sh = SN2 o + lleplI2 o + l12¢) = chlI2 o + Nl 112 o, + 12, — ufl12 ), 2.9)
n
1 1 Jj J+1 0
Isp 5 g + 1255 = 7  + D% IS I +2At||s 12 < Ca(lisylig o + l12s) = spli2 )

j=1
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Note that, in contrast to the linear case, the stability result and the existence of a discrete solution do not guarantee, in
general, uniqueness of solution.

Theorem 2.3 (Existence of a discrete solution). Assume that min{a,, &,/7} > CJ% /(2&,). Then problem (2.4), with initial

2, sg, 62) (where (u}l, s}l, c}ll) is obtained from (uz, Sg, cg) by a backward Euler method), admits a (not

necessarily unique) solution (uZH, pZ“, SZ+1, cZ“) E V), X Qp X Mg X M.

11 .1
data (uh, Sps ch) and (u

The proof of Theorem 2.3 is conducted in ref. [12] using a fixed-point argument that employs Brouwer’s fixed-point
theorem in the form given by ref. [20, Corollary 1.1, Chapter IV].

2.4 | A priori error estimates

The results summarized in this section follow from standard arguments applicable to the approximation and error
bounds for isolated solutions. For this we require to assume the uniqueness of discrete solution. Let us then denote by
1, : H*(Q) - M,, the nodal interpolator with respect to a unisolvent set of Lagrangian interpolation nodes associated
with M,,. Furthermore, IT,u denotes the BDM projection of u, and £, p is the L?-projection of p onto Q). Under usual
assumptions, the following approximation properties hold (see ref. [22]):

llu — Tpully 7, < C*hMullisra.  lle = Tncllig < C*RMlellis.a
s = Zpsllio < C*A¥Isllks1.0. 1P — Lrpllog < C*R*|Ipllkq- (2.10)

The following development follows the structure adopted in ref. [2]. We begin with a property of the discrete bilinear
forms and the continuous variational formulation.

Lemma 2.4. Assume that u € L*(0, teng; H*(Q)), 0,u € L*(0, teng; L*(Q)), p € Q' and s,c € M. Then fora.et € [0, tengl,
we have

O;u,v)q + a?(c; u,v) + cf(u; u,v) + b(v,p) = F(s,c,v) YveEV,, bu,q)=0 VqeEQ,,
1
(alsi GD)Q + aZ(S’ go) + CZ(u; S, GD) = 0, (atca ZP)Q + ;GZ(C’ zp) + CZ(u - Upez; c, Zp) =0 qui lp € Mh,O‘

Proof. Since we have assumed that u € H*(Q), integration by parts yields the required result. See also ref. [7]. The third
and fourth equations are a straightforward consequence of properties of the continuous weak form. O

Since for the following theorems we will assume the exact ¢ and s belong to H*(Q), we have ¢, s € C(Q). Now we
decompose the errors as follows:

u—w, =E,+& =@-uw+{u—-u,), p-—py=E,+&,=(p—Lyp)+(Lyp—pp)
s—sp=E;+&=0G6—-1p,5)+Tps—sp), c—cp=E.+& =(c—TIyc)+ (Tpe—cp).

Assuming that u) = IT,u(0), s) = 1,5(0) and ¢ = 7,c(0), we also use the notation E;; = (u(t,,) — I,u(t,)) and &}, =
(IMyu(t,) — uZ), and similar notation for other variables. Since for the first time iteration of system (2.1) we adopt a
backward Euler scheme, a dedicated error estimate is required for this step.

For brevity, in the following two theorems we do not precisely state the regularity assumptions on u and its time
derivatives, p, s, and c, but refer to Theorems 2.4 and 2.5 in ref. [12] for details.

Theorem 2.5. Let (u, p, s, c) be the unique solution of (1.2) under the assumptions of Section 1.3, and (uy, py, Sn,Cr) be a

solution of (2.4). There exist positive constants C}l, Csl, Ccl, independently of h and At, such that, for ¢ = c,s,

I€alln A 1€} 112
\ x 2 12 13,2k 4 pro. At 2 132k 4
— 1 70‘a||§u||1’7h + Atlgulu;,upw < Cu(h™™ + At?), — t Taa”§¢”1’g < Cy(h™ + AL,
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Theorem 2.6. Under certain additional regularity assumptions on u and its time derivatives of up to third-order there exist
constants C,y, > 0, independent of h and At, such that, forallm +1 < N,

IERHIG o + 11280+ — E0IIE , + Z IAERNZ , + Z Atao €13, + Z MG s

m
< C(At + R+ )y ALIEHE

n=1

Note that Theorems 2.5 and 2.6 require a smallness assumption on the velocity solution of the continuous problem. The
assumption is needed due to the coupling through the viscosity with the balance equation of concentration. If such depen-
dency is removed, for instance when a constant viscosity value is used, the smallness assumption is no longer required.
Theorems similar to Theorem 2.6 also hold for £; and &, in place of £, but are not written out here, see ref. [12, Theorems 2.6,
Theorem 2.7].

Theorem 2.7. Under the same assumptions of Theorem 2.6 (and its versions for & and &) there exist positive constants y,,
¥s and y. independent of At and h, such that, for a sufficiently small At and all m + 1 < N, there hold

m 1/2
+1 +1 2 +1 +1 2 k
<II§”‘ o F 26 = &llg o + Z(I|A§$I| + At 16,711, + ALIS n+1’upw)> < vu(ALF +H),

m 1/2
<||§§”“||§, +REMT = &2 0+ D (IAEIZ , + Ataanﬁy“uig)) < 75(AP + KF),
n=1

and the same inequality with s replaced by c. Moreover, if p € L®(0, tonq; H*(Q)), we have

m 1/2
<Z Atllp(ta) = pp I, > < 7p(AL% + hF).
n=1

3 | A POSTERIORI ERROR ANALYSIS

We next proceed to derive and analyze a posteriori error estimators. We split the presentation into three cases of increasing
complexity, starting with an estimator focusing on the steady coupled problem. To outline the three steps (of increasing
complexity) of the a posteriori error analysis in ref.[12], we first consider the following coupled problem in weak form that
is a stationary version of (1.2): find (u, p,s,¢) € H} x L? X H} x H, such that

a;(c,u,v) + c;(u;u,v) + b(v, p) = (f,)g0, b(u,q) =0
a (s, ) + eo(w;8,9) = (f1, o0, (1/D)az(c,¥) + c;(w—vpezse,9) = (f2,¥loq

(3.1)

for all v € Hj(Q), g € L}(Q), ¢ € Hy(Q), and § € H}(Q), respectively, where (as + fc)g = (0/pm)g = f € L*(Q), and
f1, f> are taken as constant. The discrete counterpart of this problem can be formulated as follows: find (uy,, py,, sp,cp) €
Vi X Qp X My X Mpgsuchthatforallv € Vi, q € Qp, ¢ € Mo and ¢ € My, respectively,

al(ch’ uy, v) + cl(uh; Up, v) + b(v, p) = (fh’ v)O,Q’ b(uh’ ‘J) =0

ay(sp, §) + (upssp, @) = (f1, 9o, (1/D)ax(cn, P) + cr(uy —vpez;cn, P) = (f2,Poqo-

(3.2)

The a posteriori error estimator is based in the computation of the following element-wise and facet-wise residuals:

= {fn + div(v(c,)Vu,) — uy - Vi, — (0m) "' Villx,
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Rig :={f1+ Sc'As, — wy, - Vspllk, Ryk = {f2+ (tSc) 'Acy, — (u, — vpe,) - Veyllk, (3.3)

R, := %[[&I —v(cp)Vupnll, Ry, := L[[(Vsh) ‘nfl, Ry, := [((zSc)~'Vey,) -n]] fore e &, \T
Pm 2Sc

and R, = R;, = R, := 0fore € I'. The corresponding element-wise error estimator is then
Wy i=Wp + W +9 , where W = hi(IRkllg g + IR kNG + IRk &)

1
W= 3 (IR, + IRl + Roel,), W3, = s llTugli,.
ecoK ecoK ¢

These quantities define the global a posteriori error estimator ¥ : = (ZKeTh lI’IZ<)1/ 2 for the nonlinear coupled steady
problem (3.2), for which one can eventually prove that it is reliable and efficient [12]:

Theorem 3.1 (Reliability). Let (u, p,s,c) be the unique solution to (3.1) and (wy, py,Sp,cp) @ solution to (3.2). Let
2 -

0, @, & W = N0l + 11112 + I o + P12 - Il oo < M, lisllco < M and llcllay < M for sufficiently small M,

then |||(w — up, p — pp, S — sp. ¢ — cplll < C(¥ + ||.f — fullo.q), where C > 0 is a constant independent of h.

Theorem 3.2 (Efficiency). Let (u, p, s, ¢) be the unique solution to (3.1) and (uy,, py, Sp, c,) a solution of problem (3.2). Then
there exists a constant C > 0 that is independent of h such that

1/2
¥ < C<|||(u—uh,P — P, S—spc—ceplll + < D héllf—hll&) )

KeT,

Let us now turn to the transient problem, for which we utilize the following semi-discrete formulation, where d;uy, 9,5y,
and J;c;, appear on the right-hand sides as in the so-called elliptic reconstruction approach (cf. [15]): find (i, py, €4, Sn)
€ CO1(0, teng; Vi) X C%0(0, teng; Q) XCO1(0, teng; M) XCO1(0, tong; My o) such that
a; (cp, iy, V) + c;(uy; @y, v) + b(v, p) = (f,v) YveV,, b(i,q) =0 VYqeQ, (3.4)
@ 8p, P) + co(up; 8p, @) = (f1. ), (1/D)ax(@h, ) + co(uy —vpez; 8, P) = (f2,9) Vb, 9 € My,
where f = (as;, + fcp)g — duy € LX(Q), f1 = —0;s, € LX(Q), f, = —d,c;, € LX(Q).

By (2.1), (uy, pn»>cn» Sy) is also a discrete solution of (3.4) for each ¢t € (0, t.pq]. But, since the discrete weak formulation

(3.4) is well-posed, we also conclude that (i, py, Cn, S,) = (Wy, pn,ch, Sp) for each t € (0, tonq]. We may now define the
following semi-discrete error indicator:

e2:

lend Lend
2 2 2 2 2 2
|M@M¢wqwm+wmmﬂyl Wm+l 02t + max 02, o
3.5

02 := Y hllldull2,, ©2:= Y hllulliZ,.

868}1 eeé‘h

where W is the global a posteriori error estimator for the steady problem (3.3) and we now replace f and f;, f, by f as
given in (3.4). For this a posteriori error estimator we can establish the following reliability result.

Theorem 3.3 (Reliability). Let (u, p, s, c) and (uy, py, Sk, Ci) be the solutions to (1.2) and (3.4), respectively. If u, s and c
satisfy the bounds

22l zoo 0,1 g io)) < My ISllzeo,rgizo@) <M llellzeo(o, gz <M (3.6)
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for sufficiently small M, then there exists C > 0, independent of h, such that

1/2

Lend
1/2
(llewll? + llells + llecll3) "~ <Ck, K := <®2+/ ||f—fh||(2m dt> ,
0
19:ex + V(P — Pllr2(0,t0g:m-1) + 19c€slI 120,60, 0:1-1) + 18s€c 120,10, 0:1-1) < CK,

, 2 . 2 fend 2 2 ._ 2 lend 2
where we define [[D11% := V120, o)+ Jo™ IO deand IBI = 1912 ooy + Jo ™ 1912 o .
Finally, the result for the a posteriori error analysis for the fully discrete problem, but limited to the simpler case of
backward Euler time discretization, can be formulated as follows. For each time step k (1 < k < N), we define a global in
space time indicator & by &), := (Ei L+ B2+ Ei 3)1/2, where

k2
=2 .z k ko k=112 ~—2 k -1 -1 2 ~—2 k -1 2
22, o=t = Pl R — I, + ke R — TR, ),
=2 . P~ k k—1112 =2 . ~ k k—1112
dk,l = 7:k”Sh - Sh ” s ':'k,3 = Tk“ch - Ch ” s

where I¥ is generic data transfer operator which depends on the specific implementation [19]. We may now define the
cumulative time and spatial error indicators

[1]

N N

2. N =2 2 N 5 (v2(gk Ak kK 207kk—1 Tk k=1 k=1 k-1

._Zuk, Y ._Zrk(Yk(uh,ph,sh,ch)+Yk(I w, LIy s el ), (3.7
k=1 k=1

terms Yi are constructed with the a posteriori error estimator contributions defined as in the steady case (3.3), but at a

given time step k. That is, Yi(u’;l, p’h‘ , s’h‘, c’h‘) = Y12<,k + Yez,k + Yik with

2 e K2 k2 k 2 k 2 2 . k2 k 12 k 12
Vi = R (REIG ¢ + IR 15 + IR G ) Yoy = D he(IREIG, + IRY 5, + IRSIG..),

eeoK

Y7, o= ) ke IugTG

ecdK

the residual terms are not written out here; they are similar to the stationary case but include time differences.

Theorem 3.4 (Reliability estimate). Let (u, p, s,c) be the solution of (1.2), and (uy, py, Sh, i) the corresponding discrete
solution. If u, s and c satisfy the bounds (3.6), then the following reliability estimate holds:

lend 1/2
(/O [eZll 7 + llecly o + llezll o] dt)
N
+ 2 (18:€% + V(p = pidllzace -1y + 19eedllrag, 1) + 1€l a-1c2))
k=1

1/2

N-1
- 1. u, 1 1
< C<a2 +Y? + S e Olg o + 31O o + 5 1et O o + Y Ny, — Ik+1u,§,,||§,g+®2>
k=1

4 | NUMERICAL TESTS

In Example 1, a known analytical solution is used to verify theoretical convergence rates of the scheme. We focus on
the lowest-order method with k = 1 and choose t.,q = 1 and Q = (0,1)?. We take the parameter values v = exp(—c),
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TABLE 1 Example 1. Experimental errors and convergence rates for u,,, p;, s, and c;, for the lowest-order method (k = 1).

DoFs h At e, rate ey, rate e rate e, rate
59 0.7071 0.5000 1.15e+01 — 1.36e+02 — 8.46e-02 — 1.71e-01 —_

195 0.3536 0.2500 5.14e+00 1.16 5.73e+01 1.25 5.44e-02 0.64 1.17e-01 0.54
707 0.1768 0.1250 2.16e4+-00 1.25 2.09e+01 1.46 3.08e-02 0.82 6.75e-02 0.80
2601 0.0884 0.0625 9.50e-01 1.19 8.00e+00 1.38 1.63e-02 0.92 3.60e-02 0.90
10499 0.0442 0.0312 4.37e-01 1.12 3.28e+00 1.29 8.38e-03 0.96 1.86e-02 0.95
41475 0.0221 0.0156 2.08e-01 1.07 1.42e+400 1.21 4.24e-03 0.98 9.45e-03 0.98

salinity s concentration ¢ salinity s concentration ¢ salinity s concentration ¢ salinity s concentration ¢
=0 t=0 t=3 t=3 t=5 t=5 t=17 t=7

—20

—40

_eol [ ] L1 | L1 L1 [
600 20 400 20 400 20,400 20,400 20,400 20,400 20,400 20 ,40

FIGURE 1 Simulation of salinity s and particle concentration c at times ¢ = 0 (initial datum), t = 3, 5, and 7.

p=pm@s+pc),a=1,8=1,p,=15¢g=0,-1),Sc=1,7=0.5, v, = 1, and a, = 50. Following the approach of
manufactured solutions, we prescribe boundary data and additional external forces and adequate source terms so that the
closed-form solutions to (1.1) are given by the smooth functions

u(x,y,t) = (cos(zrx) sin(ry) sin(t), — sin(7rx) cos(zy) sin(t))T, p(x,y,t) = cos(x + y) sin(x — y)sin(t),

c(x,y,t) = (0.54+0.5cos(m(x + y)/2)) exp(—t), s(x,y,t) =(0.5+ 0.5sin(zw(x —y)/2)) exp(—t).

As u is prescribed everywhere on 9Q, for sake of uniqueness we impose p € LS(Q) through a real Lagrange multiplier
approach. To verify the a priori error estimates, we introduce the discrete norms

1/2 1/2
)

laalll 7, = (AtQUb 2 4+ 112 0) 75 il = (A2 o+ + 12N 2 )
The corresponding individual errors and convergence rates are e, = [Nl — uylll 07, e = lp — prlll 008 = [Ils = splll 01
ec = |llc —cplll,; and rate = log(e.)/&.))log(§ /¢ )7L, & = {h, At}, where e, & denote errors generated on two consecutive
pairs of mesh size and time step (h, At), and (h, At), respectively. For At = \/Eh and the scheme (2.4), the results in Table 1
confirm that the rates of convergence are optimal, coinciding with the theoretical bounds anticipated in Theorem 2.7.

In Example 2 we illustrate the model and the proposed method by simulating salinity-driven flow motivated by the treat-
ments in refs. [14, 26]. We consider a rectangular domain of dimensions L, = 40 and L, = 300 and the initial solid-particle
concentration profile s(x, y) = Ag exp(—y?/c?) + A, sin(x) with initial amplitudes A, and A, and width o (see Figure 1).
For the velocity field, we use a non-slip boundary condition on all four walls and choose At = 0.1. Since simulations at
low density ratios are costly because of the large Reynolds numbers of fingering convection (cf. [26]), we choose an initial
density ratio Ry = asg /B¢y, ~ 4 and simulate a tall, thin domain. Apart from the specifications above, we set A, = 2.86,
Ay =0.5,0=0357v=10"kg/m? g =9.8m/s? Sc = 7.0, 7 = 25, v, = 0.04m/s, & = —2.0, and § = 0.5. According to
[26] a linear fingering instability occurs provided 1 < R, < 7, hence the instability shown in Figures 1 and 2 is expected.
For this test an adaptive refinement is applied guided by the estimators in (3.7).
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velocity ||u||  pressure p velocity u velocity u
t=2 t=23

t=6

140 = .

120 = —

100 = -

80

60

40

0 20 , 40 0 20 , 40

velocity u velocity w
t= t="17

—40

T
|

—60

—100

—120

—140

0 20,400 20, 40 0 20 ; 40 0 20 , 40

FIGURE 2 Simulated norm of velocity ||u|| and pressure p on the whole computational domain (left) and line integral convolution plots
of the simulated velocity field w at t = 2, 3, 5, and 7 (right).
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