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Abstract

A virtual element discretisation for the numerical approximation of the three-field
formulation of linear poroelasticity introduced in R. Oyarzia and R. Ruiz-Baier,
(SIAM J. Numer. Anal. 54 2951-2973, 2016) is proposed. The treatment is extended
to include also the transient case. Appropriate poroelasticity projector operators are
introduced and they assist in deriving energy bounds for the time-dependent discrete
problem. Under standard assumptions on the computational domain, optimal a priori
error estimates are established. These estimates are valid independently of the values
assumed by the dilation modulus and the specific storage coefficient, implying that
the formulation is locking-free. Furthermore, the accuracy of the method is verified
numerically through a set of computational tests.

Keywords Biot equations - Virtual element method - Time-dependent problems -
A priori error analysis
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1 Introduction

The equations of linear poroelasticity describe the interaction between intersti-
tial fluid flowing through deformable porous media. This problem, often referred
to as Biot’s consolidation problem, has a wide range of applications in diverse
areas including biomechanics, groundwater management, oil extraction, earthquake
engineering, and material sciences [7, 37, 38].
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A variety of numerical methods has been used to generate approximate solu-

tions to Biot’s consolidation problem. Modern examples include high-order finite
differences [25], conforming finite elements [43], mixed finite element methods [29],

nodal and local discontinuous Galerkin methods [30, 47], finite volume schemes [8],
and combined/hybrid discretisations [23, 24, 33]; we further point out [14] where the
authors present a polygonal discretisation based on hybrid high-order methods. These
schemes are constructed using different formulations of the governing equations
including primal and several types of mixed forms.

In this paper, we propose a virtual element method (VEM) using a three-field for-
mulation of the time-dependent poromechanics equations. We base the development
following the formulation proposed in [34, 35] and [45] for the stationary Biot system
and extend the discrete analysis to include the quasi-steady case.

Although the VEM is relatively recent, it has been already applied to a large
number of problems; for instance, Stokes, Brinkman, Cahn-Hilliard, plate bending,
Helmholtz, and parabolic problems have studied using VEM in [3, 5, 6, 11, 13, 18,
20, 22, 46, 50, 51], whereas a coupled VEM-finite volume formulation for the Biot
equations has been proposed in [23]. Recently, VEM has been also developed in [49]
with another three-field formulation (seen in [53]) for the Biot equation. Advantages
of VEM include the relaxation of computing basis functions (of particular useful-
ness when dealing with high-order approximations), and the flexibility of computing
solutions on general-shaped meshes (for instance, including non-convex elements).
In addition, one works locally on polygonal elements, without the need of passing
through a reference element; see, e.g., [1, 9, 10, 41]. In principle, this further simpli-
fies the implementation of the building blocks of the numerical method. We observe
that in complex simulations like phase change, fluid-structure interaction, and many
others the geometrical complexity of the domain is a relevant issue when PDEs have
to be solved on a good-quality mesh; hence, it can be convenient to use more general
polygonal/polyhedral meshes.

Here, we consider a pair of virtual elements for displacement and total pressure
which is stable. This pair, introduced in [5], can be regarded as a generalisation of
the Bernardi-Raugel finite elements (piecewise linear elements enriched with bub-
bles normal to the faces for the displacement components, and piecewise constant
approximations for total pressure; see, e.g., [27]). On the other hand, no compatibil-
ity between the spaces for total pressure and fluid pressure is needed. Therefore, for
the fluid pressure, we employ the enhanced virtual element space from [3, 10, 51],
which allows us to construct a suitable projector onto piecewise linear functions. All
this is restricted, for sake of simplicity, to the lowest-order 2D case, but one could
extend the analysis to higher polynomial degrees and the 3D case, for instance con-
sidering the discrete inf-sup stable pair from [11] for the Stokes problem. The main
difficulties in our analysis lie in the definition of an adequate projection operator that
allows treating the time-dependent problem. To handle this issue, we have combined
Stokes-like and elliptic operators that constitute the new map, here named poroelastic
projector. We derive stability for semi-discrete and fully discrete approximations and
establish the optimal convergence of the virtual element scheme in the natural norms.
These bounds turn to be robust with respect to the dilation modulus of the deformable
porous structure (which tends to infinity as the Poisson ratio approaches 0.5), and of
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the specific storage coefficient (reaching very small values in some regimes); there-
fore, the method is considered locking-free. A further advantage of the proposed
virtual discretisation is that it combines primal and mixed virtual element spaces. In
addition, this work can be seen as a stepping stone in the study of more complex cou-
pled problems including interface poroelastic phenomena and multiphysics (see, for
instance, [4, 26, 52]).

We have arranged the content of the paper as follows. Section 2 is devoted to the
definition of the linear poroelasticity problem, and it also contains the precise def-
inition of the continuous weak formulation using three fields, and presents a few
preliminary results needed in the semi-discrete analysis as well. In Section 3, we
introduce the virtual element approximation in semi-discrete form. We specify the
virtual element spaces, identify the degrees of freedom, and derive appropriate esti-
mates for the discrete bilinear forms. The a priori error analysis has been derived
in Section 4, with the help of the newly introduced poroelastic projection operator.
The implementation of the problem on different families of polygonal meshes is then
discussed in Section 5, where we confirm the theoretical rates of convergence and
produce some applicative tests to gain insight on the behaviour of the model problem.
A summary and concluding remarks are collected in Section 6.

2 Time-dependent linear poroelasticity using total pressure
2.1 Strong form of the governing equations

A deformable porous medium is assumed to occupy the domain §2, where £2 is
an open and bounded set in R? (simply for sake of notational convenience) with
a Lipschitz continuous boundary d2. The medium is composed of a mixture of
incompressible grains forming a linearly elastic skeleton, as well as interstitial fluid.
The mathematical description of this interaction between deformation and flow can
be placed in the context of the classical Biot problem, written as follows (see for
instance, the exposition in [48]). In the absence of gravitational forces, and for a
given body load b(¢) : 2 — R? and a volumetric source or sink £(¢) : £2 — R, one
seeks, for each time ¢ € (0, ffna1], the vector of displacements of the porous skeleton,
u(t) : 2 — R2, and the pore pressure of the fluid, p(z) : 2 — R, satisfying the
mass conservation of the fluid content and momentum balance equations:

1
or(cop +a divu) — —div(k(x)Vp) = ¢,
n
—div(k(divu)l + 2ue(u) — oth) = pb in £2 x (0, tfinall,

where « (x) is the hydraulic conductivity of the porous medium (the mobility matrix,
possibly anisotropic), p is the density of the solid material, n is the constant viscos-
ity of the interstitial fluid, ¢ is the constrained specific storage coefficient (typically
small and representing the amount of fluid that can be injected during an increase
of pressure maintaining a constant bulk volume), « is the Biot-Willis consolida-
tion parameter (typically close to 1), and p and X are the shear and dilation moduli
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associated with the constitutive law of the solid structure. The total stress
o =x(divu)l +2pe(u) —apl

includes a contribution from the effective mechanical stress of a Hookean elastic
material, oo = A(divu)l + 2ue(u), and the non-viscous fluid stress represented
only by the pressure scaled with «. As in [35, 45], we consider here the volumet-
ric part of the total stress ¥, hereafter called rotal pressure, as one of the primary
variables. This property allows us to rewrite the time-dependent problem as:

— div(2ue(u) — ¢ 1) = pb, 2.1

o? o .
co+— )orp— -0 — —div(kVp) = £,
A A n
Y —ap+Adive =0 in 2 x (0, fipall,
which we endow with appropriate initial data:
p©) =p° u© =u’ ing2x{0},

(which, in turn, can be used to set the initial condition for the total pressure v (0)),
and mixed-type boundary conditions in the following manner:

u=0 and EVp -n =0 on I x (0, tfinall, (2.2a)
n

(2ne@) —y I)n=0 and p =0 on X x (0, tfinall, (2.2b)

where the boundary 02 = I' U X is disjointly splitinto I" and X where we prescribe
clamped boundaries and zero fluid normal fluxes; and zero (total) traction together
with constant fluid pressure, respectively. Homogeneity of the boundary conditions
is only assumed to simplify the exposition of the analysis.

2.2 Weak formulation

In order to obtain a weak form (in space) for Eq. 2.1, we define the function spaces:
V =[HN2)? Q:=HL(2), Z:=L*(2).

Multiplying (2.1) by adequate test functions, integrating by parts (in space) whenever
appropriate, and using the boundary conditions (2.2) lead to the following variational
problem: For a given ¢t > O, find u(¢) € V, p(¢t) € Q and ¥ (¢) € Z such that

aj(u,v) +b1(v,y) = Fv VYveV, (2.3a)
a(0:p, q) +ax(p,q) — ba(q, 9¥) = G(q) Vg € O, (2.3b)
bi(u,d) +ba(p,¢) —az(y,¢) =0 V¢ € Z, (2.3¢)

where the bilinear forms a; : VXV - R,ay : Ox Q0 - R, a3 : Z x Z — R,
b1 :VXxZ—R,by: QxZ — R,and linear functionals F : V — R, G : Q — R,
are given by the following expressions:

ai(u,v) := 2u/ e(m):e(), bi(v,¢):= —/ ¢ divo,
Q Q
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F(v) := /;Zpb-v, (2.4)
2
G(q) = fgﬂq, a(p,q) := <c<>+a7>/9pq,
1
ax(p,q) = ;/QKVP'V%

1
ba(p, §) = %/qub, a3V, §) :=X/Qw¢.

2.3 Properties of the bilinear forms and linear functionals

We now list the continuity, coercivity, and inf-sup conditions for the variational forms
in Eq. 2.4. These are employed in [45] to derive the well-posedness of the stationary
form of Eq. 2.1.

First, we have the bounds:

ai(u,v) < 2plle@)llolle(@)llo=Cllull1llvll: forallu,veV,
bi(v, ¢) < || divololi¢llo=Cllviili¢lo forallv e Vand ¢ € Z,

Kmax

K
a(p,q) < —=Iplhlqli < Ipliliglh forall p,q € Q,

1
ba(q, ) < %Ilqllolkﬁllo, a3(¥. @) =+ [1¥lloll¢llo  forallg € Qand . ¢ € Z,

F@) < plibliollvlii,  G(g) = lIlloligllo forallv e Vandg € Q,
along with the coercivity of the diagonal bilinear forms, i.e.,
ai(v,v) =2ule)3 > Clv|} forallv e V,
ag.q) =gl forall g € 0,
a3(¢.¢) = %uqsné forall ¢ € Z,
and the following inf-sup condition: there exists a constant 8 > 0 such that
b1(v, ¢)

p > Bllpllo forall¢p € Z.
vzoev vl

The solvability of the continuous problem is not the focus here, and we refer to
[48] for the corresponding well-posedness and regularity results.
3 Virtual element approximation
3.1 Discrete spaces and degrees of freedom
In this section, we construct a VEM associated with Eq. 2.3. We start denoting by

{Tn}n a sequence of partitions of the domain £2 into general polygons K (open and
simply connected sets whose boundary d K is a non-intersecting poly-line consisting

@ Springer



2 Page6of37 Adv Comput Math (2021) 47:2

of a finite number of straight line segments) having diameter 4 ¢, and defined as mesh
size h := maxgeT;, hk. By Ng we denote the number of vertices in the polygon K,
Ng stands for the number of edges on dK, and e is a generic edge of 7. For all
e € 0K, we denote by n% the unit normal pointing outwards K and by #% the unit
tangent vector along e on K, and V; represents the ith vertex of the polygon K.

As in [9], we need to assume regularity of the polygonal meshes in the following
sense: there exists C7 > 0 such that, for every 4 and every K € 7Ty, the ratio between
the shortest edge and /g is larger than Cy; and K € 7}, is star-shaped with respect
to every point within a ball of radius C7hk.

Denoting by P, (K) the space of polynomials of degree up to k, defined locally
on K € Ty, we proceed to characterise the scalar energy projection operator HZ :
HY(K) - P (K) by the relations:

(VUITEq —q),Vr)ox =0,  PY(ITgq —q)=0, (3.1)

valid for all g € HY(K) and r € P;(K), and where (-, -)o.x denotes the Lz-product
on K, and

PY(g) = /aqus.

If we now denote by M (K) the space of monomials of degree up to k, defined
locally on K € 7T, we can define, on each polygon K € 7y, the local virtual element
spaces for displacement, fluid pressure, and total pressure, as:

—Avy, — Vs =0in K,

Vi(K) :
n(K) div vy, € Py(K)

{vh € [H'(K)1? : vplak € BOOK), {

for some s € L%(K)} ,

0n(K) := {qn € H'(K) N C°3K) : gnle € Pi(e), Ve € 3K,
Agnlk € Pi(K), (TTYqn — qn, mg)o.x = 0¥my € Mi(K)},
Zp = Po(K), (3.2)

where we define
B(OK) 1= {vy € [COOK)I* : v, - t5 € Pi(e), vyl - n% € Pa(e), Ve € 0K ).

It is clear from the above definitions that the dimension of Vj(K) is 3N¢, the
dimension of Qy(K) is N¥, and that of Z,(K) is 1. Note that the virtual element
space of degree k = 1, introduced in [1], has been utilised here for the approximation
of fluid pressure. This facilitates the computation of the L>-projection onto the space
of polynomials of degree up to 1 (which are required in order to define the zero-
order discrete bilinear form on Qj(K)). Next, and in order to take advantage of the
features of VEM discretisations (for instance, estimation of the terms of the discrete
formulation without explicit computation of basis functions), we need to specify the
degrees of freedom associated with Eq. 3.2. These entities will consist of discrete
functionals of the type (taking as an example the space for total pressure):

(D)) : Zpk — R; Znk > ¢ — Di(9),
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and we start with the degrees of freedom for the local displacement space V,(K):

— (Dyl) The values of a discrete displacement vj, at vertices of the element;
—  (Dy2) The normal displacement v, - n% at the mid-point of each edge e € 0K.

Then, we precise the degrees of freedom for the local fluid pressure space Qj(K):
— (Dy) The values of g, at vertices of the polygonal element.

And, similarly, the degree of freedom for the local total pressure space Zj,(K):

— (D;) The value of ¢, over K.

It has been proven elsewhere (see, e.g., [1, 5, 9]) that these degrees of freedom are
unisolvent in their respective spaces. We also define global counterparts of the local
virtual element spaces as follows:

Vi ={v, eV v € Vi(K) VK € Ty},
On ={qn € O : qnlk € On(K) VK € Tp},
Zy :=1{bn € Z:pnlx € Zn(K) VK € Tp}.

In addition, we denote by NV the number of degrees of freedom for V, by N¢
the number of degrees of freedom for Qy, and by dof; (s) the rth degree of a given
function s.

3.2 Projection operators

Besides (3.1), we need to define other projectors. Regarding restricted quantities, and
in particular, bilinear forms restricted locally to a single element, we will use the
notation BX (-, -) = B(-, )| for a generic bilinear form B(-, -). Then, we can define
the energy projection Hﬁ( Vi(K) — [Py (K)]2 such that

alK(Hi{v —v,r)=0 forallve V,(K)andr € [P(K)]%

mK(Hﬁ(v —v,r)=0 forallr € ker(alK(-, ),
where
Nk

m& @, r) = Nl > w(Vi) - r (Vo).

K =1

Then, using the degree of freedom (D, 1), we can readily compute the bilinear form
m& (v, r) forall r € ker(aX (-, -)) and v € V,,(K).
Next, for all v € V;,(K) let us consider the localised form:

af (v,r) = f e(v):e(r) = —f v - div(e(r)) +/ v- (e(ryng)ds.
K K 9K
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One readily sees that div(e(r)) = 0 and &(r) is constant for all r € [P (K)T2.
Therefore, the other term can be simply rewritten as [12]:

/8K v-(e(r)nf) ds= Z {(e(r)n?< - t%) /(v t5)+(e(r)n - n%) /(v . n‘}()} .

ecdK
3.3)
We can compute the first term on the right-hand side of Eq. 3.3 using the degree of
freedom (D, 1) in conjunction with the trapezoidal rule, whereas for the second term
it suffices to use the degrees of freedom (D,1) and (D,2) together with a Gauss-
Lobatto quadrature. Thus, IT% is computable on V,(K).

We now define the L2-pr0jecti0n on the scalar space as H(1)< : LZ(K) — Pi(K)
such that:

(Mgq —q.r0x =0, g€ L*K),rePi(K),
and we can clearly verify that Hl(éqh = Hth, Yan € Q.

Finally, we consider the Lz-%rojection onto the piecewise constant functions,
%% : L2(K) — Po(K) and H%° : [L2(K)]> — [Po(K)]%, for scalar and vector
fields, respectively. We observe that the latter is fully computable on the virtual space
Vi(K) [13].

3.3 Discrete bilinear forms and formulations

For all uy,, v, € V,(K), and pp,qn € Qn(K), we now define the local discrete
bilinear forms:

ai (un, o)l = af Mup, W) + S§ (I = M)up, (I = i)vp).
a (pan)lx = af (1Y pu, MR q) + S (= A0 pas (= M) )
& (pns an)lxc = a5 (T pu, M) + S5 (4 = ARpn (4 = Ma)

where the stabilisation of the bilinear forms S]K(o, ), SzK(o, ), Sé((o, -) acting on the

kernel of their respective operators IT6,, IT Ig, I7 IO(, is defined as:

NV
SE@n, o) = oY dofi(up)dofy (), up, vp € ker(IT%):
=1
N@
oy dofi(p)dofi(qn).  pu.qn € ker(ITY):;
=1

SX(pn qn)

N@
S§ (pn. qn) = ot area(K) Y _ dofi(pr)dofi(qn),  pn.qn € ker(ITY),
=1

respectively, where UlK , O'2K , and 0({( are positive multiplicative factors to take into

account the magnitude of the physical parameters (independent of a mesh size). For
example, in our numerical tests, presented in Section ref sec:results , we have chosen
olK , 02K and o(f as the mean values of the eigenvalues of the matrices generated from
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the bilnear forms aX (IT&uy,, [TEvy), aX (1% py, M qy) and (@)2 (T pr, TR qn),
respectively (see also [11]).

Note that for all v, € V,(K), gn € Qn(K), these stabilising terms satisfy the
following relations (see, e.g., [5, 12]):

axal (v, vp) < SK(wp, vi) < a*af (v, vp),
C*af(lih,%) < SZK(Qh»Qh) < Z*af(%,%),
Ceax (qn, qn) < S&(qn, qn) < *aX (qn. qn), (3.4)

where ., a*, &y, £*, Ly, C* are positive constants independent of K and hg. Now,
forall uy, vy, € Vi, pn, gn € O, the global discrete bilinear forms are specified as:

at(up.v) = Y af . vp)lk.  as(pu.qn) = Y a5(pn.qn)lk.

KeTy KeTy

@ (> qn) =Y @ pnan)lk,  bi(n, ¢n) = Y bf (wp, ¢n),
KeTy, KeTy

as(Yn, dn) = Y a¥ Y dn),  balan, ¢n) =Y b3 (qn. dn).
KeTy KeTy

In addition, we observe that:

ba(prdi) == Y /Kph¢h ==y fKn%pm. (3.5)

KeTy, KeTy,

On the other hand, the discrete linear functionals, defined on each element K, are

Flop)|x = p/ by(-,1) - vy, vy € Vi
K

G"anlx = [ tan e O
K
where the discrete load and volumetric source are given by:
b DIk = b, 1), (Dl = TIREC, D),

In view of Eq. 3.4, the discrete bilinear forms a{’ G, ), &’2“ (-,-) and aél (-, -) are coercive
and bounded in the following manner [5, 9, 51]:

ay (up, wp) = min1, o} 2 [le )l for all uy € Vi,
h . Kmin 2

ay (qn, qn) > min{l, &y} IVanlls for all g, € Op,

~] N = az 2

a, (qn, qn) = min{1, ¢} (Co + T) llgn o for all g, € Qp,

ay (up, vy) < max{1, o} 2u |le@p)llolle(@n)llo  for all wy, vy € Vi,

Kmax

al(pn, qn) < max{l, c*} IVpulloll Vanllo  forall py, g € Qn,

2
- ~ o
% (pn, qn) < max{l, £*} (m + 7) lprllolignllo  forall py, gn € Qp.
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Moreover, by using definitions of the operators IT (I)(’O and IT%, we may deduce that
the following bounds hold for the linear functionals:

F"(v) < plibllollvallo for all v, € Vy,
G"(qn) < I1€llolignllo for all g, € Q.

We also recall that the bilinear forﬂm b1 (-, -) satisfies the following discrete inf-sup
condition on V, x Zj: there exists 8 > 0, independent of /4, such that (see [5]):

by(vp, ¢p)

> Bllgnllo forall ¢y € Zy. (3.6)
wuoev, llvall

The semi-discrete virtual element formulation is now defined as follows: For
all 1 > 0, given uy(0), py(0), ¥4(0), find wp € L0, trnatl, Vi), p €
L*((0, trinat, @n)» ¥ € L*((O, trina], Zp) with 8, py € L2((0, ffinatl, Qn), 8% €
L2((O, tinall, Zp) such that:

alp, vp) + b1 (v, Yn) = F"(vy) Vup € Vi, (3.72)

an @ pn» qn) + a(pu, qn) — ba(qn, dyn) = G"(qn) Van € On, (3.7b)
by(un, én) + ba(pn, ) —az(Yp, ¢n) = 0 Vo € Zp.  (3.7¢)

The following result will be used for proving the stability and establishing the error
estimates for the semi-discrete scheme without employing Gronwall’s inequality. For
a detailed proof, we refer to [37, Lemma 3.2].

Lemma 3.1 Let X(t) be a continuous function, and consider the non-negative
functions F (t) and D(t) satisfying, for constants Co > 1 and C| > 0, the bound

t
X2(t) < CoX*(0) + C1 X(0) + D(1) + f F(s)X(s)ds, V1 €l0, trinal.
0

Then, for each t € [0, tfnal, there holds:

t
X (1) §X(0)+max{cl +/ F(s)ds, D(t)l/z}. (3.8)
0

Note that squaring both sides of Eq. 3.8 and using Cauchy—Schwarz inequality,
we can rewrite Eq. 3.8 in the following manner:

t
X(1)? < X(0)2+max{C12 +/ F(s)? ds, D(t)}. (3.9)
0
Now, we establish the stability of Eq. 3.7.

Theorem 3.1 (Stability of the semi-discrete problem) Let (uj(t), pn(t), ¥n(t)) be
a solution of Eq. 3.7 for each t € (0, tfinal. Then, there exists a constant C > 0
independent of cy, A, and h, such that

Km

. t
- / IV pr(s) 113 ds (3.10)
n Jo

1 lle@r)I3 + coll prI3 + In 11 +
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2 1 t
< c(mw(uh(O))n% + (Co + %)nph(mn% + anhm)n% + /0 18:b(s) 113 ds

t
+ sup IIb(t)||%+/O||e<s)||gds)_

tE[O»tﬁnal]

Proof. Following [37], we can differentiate (3.7c) with respect to time and choose
as test function ¢, = —;,. We get

—b1(0rup, Yin) — b2(0; pu, Yn) + a3 (0 ¥n, Yrn) = 0.

Then, we take g5, = pj in Eq. 3.7b, v;, = 9,u;, in Eq. 3.7a and add the result to
the previous relation to obtain:

al up, dun) + by dup, Yi) + @r (3 pu, pr) + a(p, pr) — b2(pn, divn)
—by(Dun, Y1) — ba(@ pn, Yi) + a3 ¥n, ¥i) = F"(dup) + G"(pp).

Using the stability of the bilinear forms ah( ), aé’( -), and S0 (-, -) as well as the
definition of the discrete bilinear forms b (-, -) (cf. (3.5) and h( -), we readily have:

Kmin

|| (wn)llg + _||Ph||o IV pallg + III/thI%K
2 dr '

2dt

§ C ’ (a (HO ) UO ) SK ( 1 UO 9 1 UO
)\' t Kph b Kph 0. 0 ( K) [phv( K)ph)
K

- ((n,%ph, ook + (0 (TEpa). v, K))
< F'@up) + G" (pn). (3.11)

Rearranging terms on the left-hand side gives:

co d
2 d ||€(uh)||o Fmin ||Vm.||0 E”Ph”%
+X > <(3t(011_[(1)<l7h — V), @y pr = ¥n)) &
K
0‘2 d 0 0 h h
+ 5 —S&(UI =1 pi, (I =T pi) ) S F"@Beun) + G" (p),

and after exploiting the stability of Sé( (-, -) and integrating from O to ¢, we arrive at:

2
1l @n ()G + coll pr )15 + “7 Z I — 1T pr (D 1lg «

+- Zn(cxn pr— YOI g + f IV pi(s)11G ds

< M||€(uh(0))||o + coll pr (O[5
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2 1
+“7 U = T)pnOIG ¢ + 5 > @I T p = ¥ OG ¢
K K

t 1t
+C<,0/0 Z(b(s),n‘}éoa,uh(s))wds+/0 Z(E(s),n,%ph(s))“ds)
K K

=T =T

Then, integrating by parts (with respect to time) and applying the Korn, Poincaré,
and Young inequalities imply that

7 = p Y (), AR un®), ¢ — (B, A, @), ¢ )
K

t
_p/O 3 (@b (s). MG up(s)),  ds
K
< nle@p@)I§+ Cip <£||b(f)||% + [16(0)[lolle(un(0)]lo

t
+/0 19:b(s)llolle (un(s))llo dS) .

In turn, the bound for 7> follows from the Cauchy-Schwarz, Poincaré, and Young
inequalities in the following manner:

t
no= [ . Mmoo ds
K

n

Kmin

t t Ko t
5/0 1) lollpr(s)llods < C2 /OIIE(S)II(%dSJr mr;n/o IV pa ()l ds.

2

Thus, we achieve:

2
1lle@n)G + coll pa@®IIG + “7 SN =T pa15 ¢
K

Kmin

2n

1 t
+ > @I pr — v OG5 x + fo IV pi ()G ds
K
2
< ulle@n )13 + coll pr(O) 13 + “7 D IU =T prO)5 ¢
K

l t
+ XKI I (eIT ph — Yi) O[5 ¢ + C( fo ()1l ds + (nb(z)u%

t
+||b(0)||0||€(”h(0))||0+/0 ||3tb(5)||0||€(”h(s))”0ds>>~ (3.12)

Let X2(¢) denote the lower bound in the inequality (3.12) and choose Cyp = 1,
Ci = ClbO)lo. F(t) = Clla:b(®)]lo, and D(t) = C(Ib{®) 13 + [31£(s)II3 ds) in
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Lemma 3.1. Then, Eq. 3.9 enables us to write:

1elle @) + col pr 1 + “72 DI =T a1
K
LS @ — v OIR g + m/tnvph(»‘)”%ds

A X ’ 277 0

< wlle@rO)IIG + collpr(O)1G + “72 I =T pa )15 ¢
K
+% > @Iy p — v O[5 x + 16O + 15O)IIG
K

t
+ fo (€)1 + 19:b()15) ds. (3.13)
On the other hand, the discrete inf-sup condition (3.6) along with Eq. 3.7a gives:

(F"(vp) — af un, vi)) <C(Ibllo + le@n)llo). (3.14)

[Vrllo<  sup

w0ev, lvall

And then note that inequality (3.13) together with Eq. 3.14 concludes the proof of

Eq. 3.10. Moreover, we observe from Eq. 3.12 that the generic constant C appearing

in Eq. 3.10 is independent of cg, 1. Therefore, the proved stability remains valid even

with cg — 0, A — o0. |
The energy estimates (3.10) help us in obtaining the following result.

Corollary 1 (Solvability of the discrete problem) The problem (3.7) has a unique
solution in V, x Qp X Zp, for each t € (0, tfinall-

Proof. Let up (1) := Y0 Ui0&, pr(@) == Y05 Pi@xjs vn(t) = YN 21
()@ where &(1 < i < NV), x;(1 < j < N2), (1 <1 < NZ, where N?
coincides with the number of elements in 7;,) are the basis functions for the spaces
Vi, On, Zj, respectively. Then, Eq. 3.7 can be written as the following system of
first-order differential equations:

00 0 U(t) Al 0 BI U(r) F(1)
0A2 -B2||PO)|+] 0 A2 o POl=GoH|. (3.15
00 0 Z(t) Bl B2 —A3) \Z(1) 0

=A =B

In view of the classical theory of linear systems of differential equations, (3.15)
possesses a unique solution if the matrix A + B is invertible (see also [53]). To
achieve this, we first rewrite the following problem corresponding to the matrix
A+ B: For (L", Lg, Lé’) eV, xQ,xZ,findu, € Vi, pp € On, qn € Zy such
that

al (up, vp) + by (v, Yp) = L (vy) Yo, € Vi, (3.16)
@ (pns qn) + a(pn, qn) — ba(qn. ¥n) = Lh(qn) Van € Qn,  (3.16b)
bi(up, én) + ba(pn, dn) — a3, on) = L§(¢h) Vo € Zp.  (3.16¢)
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Now, the unique solvability of Eq. 3.16 (and the invertibility of the matrix A + B)
can be established by showing that the homogenous counterpart of system (3.16) has
only the trivial solution. Setting to zero the functionals defining the right-hand side
of Eq. 3.16, i.e., L"(vy) = L%(gn) = L%(¢n) = 0, and choosing v, = up, ¢y =
Y, qn = pn in Eq. 3.16, we readily obtain the following bounds by proceeding in
the similar fashion (using the coercivity of a{’(~, 9, aé‘(~, -), Young’s inequality and
definition of @2 (-, -), b2(-, -), @’ (-, -)) as in the proof of Eq. 3.10:

Kmin

wlle @l + —=1Vpul§ <0,

and hence an application of the Poincaré and Korn inequalities together with the

inf-sup condition of by (-, -) yields u, = 0, p, = 0 and ¢, = 0. ]
Next, we discretise in time using the backward Euler method with the constant

step size At = tgina/N and denote any function f att = 1, by f”. The fully discrete

scheme reads:

Given u2, p,(q), w,?, and fort, =nAt,n=1,...,N,findujy € Vp,

py € Qnand ¥ € Zj, such that for all v, € Vi, gy € Qp and ¢y € Zy

af (ujy, vp) + b1 (vw, i) = F" (), (3.17a)
al (py. qn) + Atdy (pj. qn) — b (qn. ¥y}) = AtG""(qn)

+a; (pZ_l, qh) — b (qh, w,’f“), (3.17b)
bi(uy,, on) + ba(py, dn) — az(Yy, dn) =0, (3.17¢)

where for all v, € Vj, and ¢, € Qp, we define

F" )|k o= p / by(t") - vp,  GM(gn)|k = f Ch (™).
K K

With the aim of showing the stability and convergence of the fully discrete scheme,
we provide first the following auxiliary result. A proof, sketched below, follows
similarly as in [36, Lemma 3.2].

Lemma 3.2 Let X,,, 1 <n < N be a finite sequence of functions with non-negative
constants Cg, C1 and finite sequences D, and G,, such that

n
Xp < CoX§j+Ci1Xo+Dy+ Y _G;X; foralll <n<N.
j=1

Then, there holds

n
Xy S Xg+max{CT+Y G3, Dy foralll <n <N. (3.18)
j=1

Proof. 1t is sufficient to show that the relation holds for n, which is the smallest
integer such that X;,, = max;<;<y X;. There can be two possibilities, namely either
i) C1Xo + Z};l GjXj < Dy, or (ii) D, > C1Xo + Z?:l G;X;. In case (i),
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the bound (3.18) trivially holds. In case (ii), using the upper bound X, and Young’s
inequality yields:

A

n n
X%_CoX%-}-Z C1X0+ZGJ'XJ' < | CoXo+2 C1+ZGJ' Xn
=1 j=1
2

1 - 1,
5 | Coxo+2 Ci+) G + 5 X

IA

=1

Now taking the common term of X ,% together and squaring the remaining terms on
the right-hand side completes the proof. (]

Theorem 3.2 (Stability of the fully discrete problem) The unique solution to prob-
lem (3.17) depends continuously on data. More precisely, there exists a constant C
independent of co, A, h, and At such that

n
. .
wlle @i ig + coll PG + s 15 + (AD) j; PN AZA:
j=1

a? 1 .
< C<u||e<u2>||3 + <Co + 7>||p2||% + an,?né + max 1573
0<j<n
n . . T
+ a0 Y (18,713 + 1£713) + (ar)? /0 1913 ds), (3.19)
Jj=1

with b* := b(-, t*) and €¢ == €(-, t*), fork =1, ..., n.

n—1

Proof. Taking v, = uj —u;  in Eq. 3.17a gives
al@lul — w4 by — w7y = F @l —up . (3.20)
A use of Eq. 3.7c for the timestep n, n — 1 and setting ¢, = —;/, (3.17¢) becomes
— by —uy ) = bap = pi U Fas — vy = 0. (32D
Adding Eqgs. 3.21 and 3.20 readily gives
af fy, wy —wy ™) + a3y — vy i) = bapy — P W)
=F"" ) —uh, (3.22)
and choosing g, = pj in Eq. 3.17b implies the relation
a (Pl — Pyt P+ Aray (pf, i) = ba (P, v — v~ = At GM (p). (3.23)
Next, we proceed to adding Egs. 3.22 and (3.23), to get
af (ufy, wjy —wy™ ") + At a3 (py, pi) + a3y — T U
+ay (pjy — Ph ' ) = ba(py — P Vi) — bapp g = ¥
= F"" ) —u)™ Y + A Gh (o).
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Repeating a similar argument as the one used to obtain (3.11), together with the
inequality:

G = fi b = 2(||f 15— 14 15) (324)

for any discrete function fh] , j=1,...,n, we arrive at
"
5<||e<u',1>||3 — le@] Y 3) + (Anmn ||Vp,’z||%

1
+5 Zco(nn,%phn“ TR pj~ ||0 x)
1
+5 <Co + ) Z(n(z — )il — 1 =T o 15 1)
1 _ _
+5r Z(||anKph —Uilgx — NI ph ™ = v MG )
K

S (AN (p by, Arup)o.o + (L), ppo.2),

where we have denoted A; f;(t,) = w for any time-space discrete
function f;,. Summing over n, we obtain:

n
u Kmi j
5(||e(uz>||% — lle@I) + (Ar) ‘; PASAR
j=1
+= Zco<||nKph||o,K — TR PG k)

1
+2(Co+ )Z(M(l PG x — I = TR ARG £)

Z(nankp,, Yillo x — Ty pj — v 15 &)

n
< p(An) Z(b;,, Ay + (A Y (. piog -
j=1 j=1

=1 =/
Using the equality:

Z(fh Fleh =g — e =Y el — g 7h. (3.25)
j=1

for any discrete functions fhj , g{;, j = 1,...,n, along with Taylor expansion,
Cauchy—Schwarz, Korn’s inequality, and generalised Young’s inequality gives:

n
J1 = p((bz, uo.o — (b)), udo.o — Z(bf, - b‘;i_l, ui,_l)o,.(z>
=1

n
= p((b", ulo.e — b)), uoo — At 2(311);]1, u£71)0,9
j=1
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n t )
+/§ ([ e=t-ouburds.ui™) )

rj—1
" ,
= wlle@plly + 7 le@pli + Clp, 1) max 16715
0<j<n
" j tj 5 \1/2 i
+C()(An Y (1670 + (a0 [ b I3ds) " )lew; lo.
j=1 fi-1

Another application of Young’s inequality yields:

n n
T2 < Co(n, kmin) (A1) Y 1167115 + (A,)ZL; P VAT
j=1 j=1

The bounds obtained for Ji, Ja, H(I)( and use of Lemma 3.2 imply

n
. _
wlle @G+ coll pj I + (A1) j‘7 pAZAR (3.26)
j=1

2
o , 1
+(5) 00 = IRk + 3 Y eI Pl = v G &
K K
< @®)|2 o>\ g, 1o b2
S ulle u, ||0 + (CO + 3 )”Ph”o + A”Wh“o +OI;1]?‘;(” I ||()

+(An) Y 1¢1lG (3.27)

j=1

n ' T
+A0 (D197 1+ (An) /0 19:b(s) 3 ds ).
j=1

An application of Eq. 3.6 together with Eq. 3.17a yields

Iy llo < CIB™ llo + lle @) llo)- (3.28)

Finally, the bound (3.26) together with Eq. 3.28 concludes (3.19). ([l

It is worth pointing out that the proof is particularly delicate since the stabilisa-
tion term requires a careful treatment in order to guarantee that the bounds remain
independent of the stability constants of the bilinear form as (-, -).

Corollary 2 (Solvability of the fully discrete problem) The problem (3.17) has a
unique solution in Vi, X Qp X Zj.

Proof. 1t is sufficient to show that the homogeneous linear system corresponding
to Eq. 3.17 has only a trivial solution, since Vj, Qp, and Zj, are finite-dimensional
spaces, and this can easily be shown by proceeding analogously to the proof of
Corollary 1. O
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4 A priori error estimates

For the sake of error analysis, we require additional regularity: In particular, for any
t > 0, we consider that the displacement is u(t) € [H 2(£2)12, the fluid pressure
p(t) € H?*(£2), and the total pressure ¥ (t) € H 1(£2). Furthermore, our subsequent
analysis also requires the following regularity in time: d;u € L2(O, T: [HE2(D)),
d:p e L¥0, T; HX(£2)), ;¢ € L*(0, T; H'(2)), d;;u € L*(0, T; [L*(£2)]?), and
I p, 0y € L2(0, T; L2(R2)).

We start by recalling an estimate for the interpolant u; € Vj of u and p; € Oy,
of p (see [5, 21, 22, 42]).

Lemma 4.1 There exist interpolants u; € Vj, and p; € Qp, of u and p, respectively,
such that

lw —upllo + hlu —usly < Ch*|uly,  |lp = pillo+hlp — pili < Ch*|pla.

We now introduce the poroelastic projection operator: given (u, p, ) € V x Q x
Z, find I" := (L}u, I}'p, IW) € Vi, x Qp, x Zj, such that

at(Iyu, vp) + by (v, Ijy) = ai(u, vy) + by (vy, ) forall vy € Vj, (4.1a)
bi(Liu, gn) = bi(u, ¢n) forall ¢, € Z, (4.1b)
al(I'p.qn) = ax(p. qn) forall gy € Qp. (4.1c)

and we remark that I” is defined by the combination of the saddle-point problem
(4.1a), (4.1b), and the elliptic problem (4.1c); and hence, it is well-defined.

Theorem 4.1 (Estimates for the poroelastic projection) Let (u, p, V) and
(I,i’u, I;‘p, IIZI/I) be the unique solutions of Eqs. 3.7a— 3.7c and Egs. 4.1a, 4.1b,
respectively. Then, the following estimates hold:

A

lw — I'ully + 1Y = Iivllo < Ch(ul+ ), (4.22)
lp = Ipllo+kllp — I plh < Ch|pla. (4.2b)

Proof. The estimates available for discretisations of Stokes [5] and elliptic prob-
lems [10] conclude the statement. O

Remark 4.1 Note that repeating the same arguments exploited in this and in the
subsequent sections, it is possible to derive error estimates of order 4°. It suffices
to assume that u(r) € [H'T(2)1?, p(t) € H'F(2), and ¥ (r) € H*(£2), for
0<s<l.

Theorem 4.2 (Semi-discrete energy error estimates) Let the triplets (u(t), p(t),
Y() € Vx Q x Z and (up(t), pp(t), ¥n(t)) € Vi x Qn X Zj, be the unique
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solutions to problems (2.3a)—(2.3c) and Egqs. 3.7a— 3.7c, respectively. Then, the
following bounds hold, with constants C > 0 independent of h, X, and cy,

Kmin

n

t
wlle(@ — up) )+ 1 — v @13 + fo IV(p — pr)($)I3ds < Ch?.

Proof. Invoking the Scott-Dupont Theory (see [19]) for the polynomial approxi-
mation: there exists a constant C > 0 such that for every s with 0 < s < 1 and for
every u € H'S(K), there exists u; € Py(K), k = 0, 1, such that

lu — turllox +hglu —ugli k < Chi |uliss,x  forall K € . (4.3)

We can then write the displacement and total pressure error in terms of the poro-
elastic projector as follows:

(@ —up) (1) = (u— Liw)@©) + (Liu — up)(0) = ey (1) + e (1),
W =y 0) = (f — L) @) + Uy — yn) (@) = el (1) + ey (1),
Then, a combination of Egs. 4.1a, 3.7a, and 2.3a gives
at(eq . vp)+bi(vh, efy) = (ar(u, vy)—af (up, v))+bi (W, Y—Yn) = (F—F")(vy),
and taking as test function v, = Ble,’j, we can write the relation:
af(ef). drep) + bi(deyy . efy) = (F — F")(9ef). (4.4)
Now, we write the pressure error in terms of the poroelastic projector as follows:
(p—p)(®) = (p— 11 p)O) + Iy p — pn)(t) == e}, (1) + e) (1).
Using Eqgs. 4.1c, 3.7b, and 2.3b, we obtain:
ay (3. qn) + as (e, qn) — ba(qn, dre;))
=ay 1! p. qn) + ax(p. qn) — ba(qn. 1 ¥) — G" (qn)
= @ @1} p. qn) — @3 . qn)) + ba(qn. die,) + (G — G")(gn).
We can take g, = el‘?, which leads to
s (e, en) +al(eh. en) — ba(el. diej)
= @O I)p.eh) — a3 p.e))) + baleh. del) + (G — GM)(ef). (4.5)
Next we use Egs. 4.1b, 3.7c, and 2.3c, and this implies
bi(ey . dn) + balel. i) — as(e)y. dn)
= bi(Iju, ) + b1} p. ¢n) — as(Ly s, dn)
= bi(u, ¢n) + ba(I) p. dn) — as (I, dn) = —ba(el,, dn) + as(ey,. ).

Differentiating the above equation with respect to time and taking ¢ = —6:2, we
can assert that

—b1(dey . ej) —ba(dre)y . ef))+az(diej). ) = ba(dyel,, ef)) —az(dyely. ). (4.6)
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Then, we simply add Eqgs. 4.4, 4.5, and 4.6, to obtain

a{’ (e,‘j, 8te,‘j) + Zzé’(Bteﬁ, e?) + aé‘(e[‘;‘, e?)
+az(drey, ey) — baley, diey) — ba(drey, ef)
= (F — F")(def) + @ @10 p. ef) — ax(dp. ep))
+ba(eh. drey,) + (G — GM)(eh) + ba(drel,. ef)) — az(drel,. ef)).  (47)
Regarding the left-hand side of Eq. 4.7, repeating arguments to obtain alike to
Eq. 3.11. That is,
af (e, drey) +as (de. ef) +ai(en. en) +az(dey,. ely) — ba(el. drey)

—by(dre), e)

h, A A cod 40 ho A A
al(eu,e,,)Jr55|Iepllo+az(e,,,ep)

1 2 0 _A 0 A 2 oK 0 A 0, A
+ Z(a (3:(ITgey), nKe,,)O’K +&*S5 (I = Mg)drer,, (I — My)er)
K

Z

| =
& e

+(drey, ef)o.x —alITgen, dep)ox —a(Tydies, 62)0,K>

2Kmin

n

d d
> C(Malle(e{f)llﬁ +co-llep g + IVenlls

1 d d
+ Z(ORE”(I — I)enlls x + Euan,‘ge;‘ — e{;naK)).
K

Then integrating (4.7) in time and consistency of the bilinear term a (-, -) implies
the bound:

Kmin

t
Ve (s)lI5 ds
nfo PO

1
= D@0~ TR I  + @y — eI &)
K

1lle ey )G+ colle) 15 +

< ulleCeq )G + colle) O

1
+= 22 (P = IR Ol & + @ TRey — e} (O & )
K

t t
+p/0 (b —b")(s5), 3¢5 () ds—i—/o (€= EM(5), e5(9)) o ds

=D, =D,

t
+ /O Z(aé”f(a,u,’:p — pr)(s), €5 () — a5 (3 (p — px)(s), e;‘(s>)) ds
K

=:D3
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t
+f0 (bz(e;‘(s), diel, () + ba(drel (s), elh () — as(dhel, (5), e@(s))) ds

=:Dy

Then we can integrate by parts (also in time), use Cauchy-Schwarz inequality and
Young’s inequality to arrive at

Dy = p<((b—bh)(t),e;‘(t>)o, — (B =" (0), ¢ () o

- /0 (0,8 = B")(5), €} () ¢ dS>

%ne(e;‘(r))né +Ci(p. wh

IA

t
x (mb(m% + 16O 1 llef (0)llo +/0 19:b(s)|1 ||e:,‘(s>||ods>,

where we have used standard error estimate for the L2-projection IT (I){,o onto
piecewise constant functions. Using also Cauchy-Schwarz inequality, standard error
estimates for I7 ,0( on the term D;, Young’s and Poincaré inequalities readily give:

t 1 Komi 13
Dy < Ch /O [£)lley ()]l ds < Cah? /0 |€(s)17 ds + g;“ /0 Ve ()llg ds.

On the other hand, considering the polynomial approximation p, (cf.(4.3)) of p,
utilising the triangle inequality, Young’s and Poincaré inequalities yield:

Ds <C<Co+ )/ Z ||at<1hp P lo.x + 13 (p — pn><s)||01<)
llen (s)llo.x ds

Ch2<60+ )/ 18, p)lalle? ()l ds

Ch (Co-i- >f|atp<s)|2ds+ m‘“/ IV s) 13 ds.

IA

IA

Also,

t
Dy =/0 (2(ep ). thely (5)) + ba(Brep (), € (5)) = az(thel (), e () ) ds

IA

l t
- [0 (a||e,*}(s)||o||ate;(s>||o + (alldrel, () lo + ||ate,§,<s)||o)||e$<s>||o) ds

IA

Ch t A 9 9
n /O(allep(S)llo(l W ()1 + |0 u(s)|2)

+@hldp&)lz + [ 1 + [Bu) e ()]o) ds
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Using Eq. 3.6 and a combination of Egs. 4.1a, 3.7a, and 2.3a, we get

bi(vp, €, (1))

lefllo < sup —— V2
veV) ”vh”l

< C(p hIb®1 + wleley )llo)- 4.8)

Then, the bound of D4 with the help of Young’s and Poincaré inequality becomes

<C (p Yl —b")®)llo.k + une(e;‘(r))uo)
K

C 1
Dy < T6h/o ((@hlip®)lz + 109 (D + 10, 2) (PhIBE)]1 + plle(e ()lo)

h Kmin [*
+o (0 ()1 + [ (s)2)?) ds + g‘—nfo IVey ()1l ds.

Combining the bounds of all D;,i = 1,2, 3,4 and proceeding similar fashion as
we obtained the bounds in Eq. 3.13 (using Lemma 3.1 and Eq. 3.9), eventually allows
us to conclude that

Kmin [
1lle(es )G + colley NG + j; [ IVen ()15 ds
0

2
a 1
< wle(e O + (co+ =) lep O + 5 ey O3

t
+Ch2( sup  [b(1)[T + /O (|b(s)|%+|a,b<s>|%+w<s>|%

1€[0, ffina ]
12 2 2 a’\2 2
+(3) (v R + e B) + (o + ) Blap©R ) ds ).

Then choosing u;(0) := u;(0), ¥ (0) := 1% (0), p;(0) := p;(0) and apply-
ing the triangle inequality together with Eq. 4.8 complete the rest of the proof.
O

Following a similar structure to the proof of Theorem 4.2, we can establish
error estimates for the fully discrete problem. Details on the proof are postponed to
Appendix A.

Theorem 4.3 (Fully discrete error estimates) Let (u(t), p(t), v () e Vx Q x Z
and (uf, py, ¥;') € Vi X Qp X Zj, be the unique solutions to problems

Egs. 2.3a-2.3c and Egs. 3.17a-3.17c, respectively. Then, the following estimates
hold for anyn =1, ..., N, with constants C independent of h, At, A and cyp:

Kmin

flle@(ty) — ubllE + 19 () — w3 + (Ar) , IV (p(ta) — piII3

< C (h* + A). (4.9)

Remark 4.2 1t is well known that an application of Grownwall’s lemma implies an
exponential dependency of the generic constant (appearing on the right-hand side)
on the final time, and the resulting bounds are therefore not very useful for large
time intervals. We stress that by following the approach used in [36, 37] we are
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able to establish convergence and stability for the semi- and fully discrete schemes
circumventing the use of Gronwall’s inequality. A different approach, employed in,
e.g., [17] in the context of poroelasticity problems, is to integrate in time the mass
conservation equation.

5 Numerical results

In this section, numerical tests are conducted to computationally reconfirm the con-
vergence rates of the proposed virtual element scheme and present one test of
applicative interest in poromechanics. All numerical results are produced by an
in-house MATLAB code, using sparse factorisation as linear solver.

5.1 Verification of spatial convergence

First, we consider a steady version of the poroelasticity equations. An exact solution
of the problem on the square domain (0, 1)? is given by the smooth functions:

—cos(2mwx) sin(2wy) + sin(2wy) + sin?(x) sinz(ny)
sin(2x) cos(2mwy) — sin(27x) ’

u(x,y) =<
px,y) = sinz(nx) sinz(ny), Y(x,y) =ap — rdivu.

The body load f and the fluid source £ are computed by evaluating these closed-
form solutions and the problem is completely characterised after specifying the
model constants:

v=03, E.=100, «=1, a=1, ¢=1, n=0.1,
E.v E.

A= =
(1+v)(1 —2v) (2 +2v)

On a sequence of successively refined grids (we have employed for this particu-
lar case, uniform triangular meshes as depicted in Fig. 1a), we compute errors and
convergence rates according to the mesh size and tabulating also the total number

Fig. 1 Samples of triangular (a), distorted quadrilateral (b), and hexagonal (c¢) meshes employed for the
numerical tests in this section
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of degrees of freedom (Ndof). The experimental error decay (with respect to mesh
refinement) is measured using individual relative norms defined as follows:

1/2 12
 (Xkey; lu— O5unli ¢)  (Xker llu— M5unllg )
e1(u) = , eo(u) = ,
lul1, o llello, 2
2 \1/2 2 \1/2
 (Xkeq Ip =T pali k)  (Xker Ilp — I¢ pallg )
e1(p) = . eo(p) = ,
Ipli,e Ipllo,2
2 \1/2
o) : (ke 1 —¥allg ¢)
0 = ,
I llo, 2

and Table 1 shows the convergence history, exhibiting optimal error decay.
5.2 Convergence with respect to the time-advancing scheme

Regarding the convergence of the time discretisation, we fix a relatively fine hexag-
onal mesh and construct successively refined partitions of the time interval (0, 1]. As
in [52], and in order to avoid mixing errors coming from the spatial discretisation,
we modify the exact solutions to be:

X
u(x, y. 1) = 100sin(r) (;iy%

Y(x,y,t) = ap — Adivu,

)7 P(xv)/,l):Sin(l)(x-i-)’),

and we use them to compute loads, sources, initial data, boundary values, and
boundary fluxes. The model parameters assume the values:

k=01, a=1 ¢=0 n=1, A=1x10" p=1 (5.1

The boundary definition is I' = [{0} x (0, 1)JU[(0, 1) x {0}] (bottom and left edges)
and ¥ =002\ T.

We recall that cumulative errors up to ffina associated with solid displacement, and
a generic pressure v (representing either fluid or total pressure), are defined as:

v 12
Eo(u) = (At Z( > lluty) —H%“Z”%,K)) ;

n=1\KeT,

N 12
Eo(v) = (Ar Z( > o) —nzvzna,()) , (5.2)

n=1\KeTy,

respectively. From Table 2, we can readily observe that these errors decay with a rate
of O(At).
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Table 2 Convergence of the time discretisation for solid displacement, fluid pressure, and total pressure,
using successive partitions of the time interval and a fixed hexagonal mesh

At Eo(u) r Eo(p) r Eo(¥) r

.0.5 0.002897 - 0.462768 - 0.398059 -

0.25 0.001362 1.09 0.218179 1.08 0.187834 1.08
0.125 6.5173-10~* 1.06 0.104546 1.06 0.090044 1.06
0.0625 3.1756 - 104 1.04 0.050955 1.04 0.043910 1.04
0.03125 1.5664 - 1074 1.02 0.025123 1.02 0.021683 1.02
0.015625 7.7950 - 1073 1.01 0.012469 1.01 0.010826 1.00

5.3 Verification of simultaneous space-time convergence for poroelasticity

Now, we consider exact solid displacement and fluid pressure solving problem (2.1)
on the square domain 2 = (0, 1)2 and on the time interval (0, 1], given as

—exp(—t) sin(2ry)(1 — cos(2mx)) + M sin(mrx) sin(wry)
u(xs yst) = exléi_[)
exp(—1t) sin(2rx)(1 — cos(2my)) + 5“

p(x, v, 1) = exp(—0)sin(rx) sin(ry), ¥ (x, y,1) = ap — rdiva,

sin(rrx) sin(ry)

which satisfies dive — 0 as A — o0 (see similar tests in [24, 54]). The load
functions, boundary values, and initial data can be obtained from these closed-form
solutions, and alternatively to the dilation modulus and permeability specified in
Eq. 5.1, we here choose larger values A = 1 x 10* and x = 1.

In addition to the errors in Eq. 5.2, for displacement and for fluid pressure, we will
also compute:

N 1/2
E\(u) = (ArZ(Z |u<tn)—H§<uz|%,K)) :
n=1 “KeT,
N 1/2
Ei(p) = (ArZ(Z |p<tn)—n,¥p;:|%,,<)> :
n=1 “KeTp,

We consider here pure Dirichlet boundary conditions for both displacement and
fluid pressure. A backward Euler time discretisation is used, and in this case we are
using successive refinements of the hexagonal partition of the domain as shown in
Fig. lc, simultaneously with a successive refinement of the time step. The cumulative
errors are again computed until the final time r = 1, and the results are collected
in Table 3. They show once more optimal convergence rates for the scheme in its
lowest-order form.

Note from this and the previous test, that a zero-constrained specific storage
coefficient does not hinder the convergence properties.
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5.4 Gradual compression of a poroelastic block

Finally, we carry out a test involving the compression of a block occupying the region
2 = (0, 1)? by applying a sinusoidal-in-time traction on a small region on the top of
the box (see a similar test in [45]). The model parameters in this case are:

v =1049995, E.=3x10" «x=1x10"% a=1, co=1x10"",
E.v E.
n=1, r=—-— pu=-———.
(1 4+v)(1 —2v) 2+ 2v)

For this test, we have employed a mesh conformed by distorted quadrilaterals
exemplified in Fig. 1b. The boundary conditions are of homogeneous Dirichlet type
for fluid pressure on the whole boundary, and of mixed type for displacement, and the
boundary is split as 9§2 := 'y U, UT'3. A traction k(f) = (0, —1.5 x 10* sin(z1))?
is applied on a segment of the top edge of the boundary I'y = (0.25,0.75) x {1},
on the remainder of the top edge I'» = [0, 1] x {1}\I'{, we impose zero traction,
and the body is clamped on the remainder of the boundary I's = 92\ (I"; U I'2). No
boundary conditions are prescribed for the total pressure. Initially, the system is at
rest u(0) = 0, ¥ (0) = 0, p(0) = 0, and we employ a backward Euler discretisation
of the time interval (0, 0.5] with a constant timestep At = 0.1. The numerical results

15000

Fig. 2 Compression of a poroelastic block after t+ = 0.5 adimensional units. Approximate displacement
components (a,b), displacement vectors on the undeformed domain (¢), displacement magnitude (d), fluid
pressure (e), and total pressure (f), depicted on the deformed domain
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obtained at the final time are depicted in Fig. 2, where the profiles for fluid and total
pressure present no spurious oscillations.

6 Summary and concluding remarks

We have constructed and analysed a new virtual element method for the Biot equa-
tions of linear poroelasticity. The finite-dimensional formulation is based on the
virtual element spaces introduced in [5], which can be regarded as low-order and
stable virtual elements, hence being computationally competitive compared to other
existing stable pairs for incompressible flow problems. Both the discrete formulation
and its analysis are novel, and they constitute the first fully VEM discretisation for
poroelasticity problems. Optimal and Lamé-robust error estimates were established
for solid displacement, fluid pressure, and total pressure, in natural norms without
weighting. This was achieved with the help of appropriate poroelastic projection
operators. Numerical experiments have been performed using different polygonal
meshes, and they put into evidence not only computational verification of the conver-
gence of the scheme (where rates of error decay in space and in time are in excellent
agreement with the theoretically derived error bounds) but also its performance in
simple poromechanical tests.

Natural extensions of this work include the development and analysis of higher-
order versions of the virtual discretisations advanced here, the efficient implementa-
tion and application to 3D problems, and the coupling with other phenomena such as
diffusion of solutes in poroelastic structures [52], interface elasticity-poroelasticity
problems [4], multilayer poromechanics [44], or multiple-network consolidation
models [37].

Regarding the time discretisation, we have adopted an implicit and monolithic
approach, as one enjoys unconditional stability. However, for large-scale 3D prob-
lems, perhaps a more efficient strategy would consist in using operator splittings,
where smaller and better conditioned sub-systems are solved iteratively (see, e.g.,
the monograph [28] and the references therein). For Biot’s consolidation problem
and related linear and nonlinear poromechanical systems, the literature contains sev-
eral advanced techniques based on distinct block separations such as undrained split
(where the solid motion is resolved for a given fluid pressure) followed by an update,
or the converse fixed-stress approach (where the total volumetric stress is considered
given during an elliptic pressure solve) [2, 15, 16, 31, 32, 39, 40]. For the three-field
formulation written in terms of total pressure, even if this latter splitting would be
quite convenient, still the updating of the solid sub-model would involve the solu-
tion of a saddle-point system for displacement and total pressure. In any case, if the
fixed-point maps defining the operator splitting method are contractive then the sta-
bility and convergence of the iterative process would make the resulting approach an
appealing method.

Acknowledgements We thank the valuable comments by two anonymous reviewers, whose suggestions
led to numerous improvements to the manuscript.

@ Springer



2 Page300f37 Adv Comput Math (2021) 47:2

Funding This work has been partially supported by CONICYT (Chile) through projects FONDE-
CYT 1170473, FONDECYT 1180913, CMM, project ANID/PIA/AFB170001, and CRHIAM, project
ANID/FONDAP/15130015; by the HPC-Europa3 Transnational Access Grant HPC175QA9K; and by the
Department of Science and Technology (DST-SERB), India through MATRICS grant MTR/2019/000519.

Appendix 1: Proof of Theorem 4.3

As in the semi-discrete case, we split the individual errors as
w(ty) —ul = (u(ty) — L'u(ty)) + (Ilut,) —ull) == Ey" + Eq™",
Y(t) = Y = (W () = Iy () + Ty () — ) = Ey" + Ep",
p(ta) = P = (p(ta) — I p(t)) + (L p(ta) — ) := E" + Ep™".

Then, from estimate (4.2a) and following the steps of the proof of Theorem 4.2,
we get the bounds:

IEZ" I < Ch(lu(tn)l2 + 19 @)h) < Ch(lu(©0)]2 + ¥ (O

HIowl Lo, 2Ry T 10V 10,011 (20): (A.l2)
1ES" o < Ch(u©)2 + [ O + 19l 11 0, (2020

HIV 10,1, 1 (2)))5 (A.1b)
LEL" 11 < CRUpO)a + 10:pllL10.4,: 2(52))- (A.lc)

From Eqgs. 4.1a, 3.17a, and 2.3a, we readily get:
all (Ef", vp) + by (vn. Ejy") = F"(vg) — F"" (vy,). (A2)

We then use Egs. 4.1b and 3.21, and proceed to differentiate (2.3c) with respect to
time. This implies

bi(ES" — Eg" Y ) + ba(En" — Ep" ' ) — as(Ey™" — Ej™ ' gy)

= b1 ((W(ty) — u(tn—1)) — (ADu(ta). $1) + b2 (I p(tn) — I p(ta_))
—(A1); p(tn), $n)
—a3 (I (tn) — Ijr(ta=1)) — (ADB VY (tn). P1)- (A3)

After choosing v, = Ef" — Ef" ' inEq. A2 and ¢, = —E}

» " inEq. A.3 and
adding the outcomes, we readily get:

h —1 A, A,n—1 A, s n—1 A,
af (B B —Ef" ™) +as (B —Ey"™  Ey™) —by(Ep" —Ep"~ Ey™)
= p(b(tn) = b}, Ej" —Ef" 1o 0 —bi((u(ty) — u(ty—1) — (ADdu(ty), E;™)

—by (I} p(t) = It p(ta—1)) — (ADD; p(t), Ejp™)

+as (Y (tn) — IW (1) — (AN (1), ER™). (A.4)
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Next, and as a consequence of using Egs. 4.1c, 3.7b, and 2.3b with g5 = E;\’”,
we are left with

A (Ep" — Ep" "' Ep") + Atdy(Ep" Ef) — by(Ep" Ey™" — E,;)’"‘l)

= At(U(ty) — €3 EN™o. + @) p(ty) — I plta—1). )" (A5)
—a((ADd; p(tn), Ep™) + ba(Ep™", (A Y — (I (1) — I (1))

If we then add the resulting (A.4)—(A.5) and repeat the same arguments used in
deriving (3.11), we can assert that

a3(EAn_E$n 1 E:;n)—bz(EAn EAn 1 E1p )

An A, An—=1\ | ~h/pA, An—1 pA,
—by(Ep" Ep" — Ep" )+ ay(Ep" — Ep" L EQT)

1
= (A1) (co(AtE;?’”, Ep™og + 5 ) @I =M ER", (=TT Ey ™o x
K
A A
— (@R Ep" — Ey™), alTREQ" — Ew’")o,,()>,

The left-hand side can be bounded by using the inequality (3.24) and then
summing over n we get:

n
. N
wlleEg™" G + coll Ey ™ 1l5 + (A1) “; > IVEL 115
j=1

+A/M Y (a2||<1 — IEN" I3 x + lalIREp" — El)”" ||3,K)
K
< ulleELFONG+ ol Ep N5+ (1/2) )
K

x (a2||(1 — TENOIG x + lled TR ENO — E$’0||(2)7K>

n
. 1 .
+Y o)) —b). En — Eg'” >og+ZAr<w, — 0. Ep o

=:L =:L>

=D b)) —utj—) = (ADduty). Ey7)

=:L3

= ba(Uhp()) — Ik p(tj-1)) — (ADd p(t)). EyyT)
j=1

=:Ly4

@ Springer



2 Page320f37 Adv Comput Math (2021) 47:2

+ Y a3 (U () — Iy -) — (A8 (). EyY)

j=1

:=Ls

+ Y @A pa) — Il p@i—D. EpY) — ax((A08, p(1)). EpY))
j=1

=Lg

+ Y ba(Ep (And iy — Uly ) — 1w

j=1

=L7

We bound the term L with the help of formula (3.25), the estimates of projec-
tipn n 9(’0, applying Taylor expansion, and using generalised Young’s inequality. This
gives

Ly = p(((b—bp)(ta), ELF™0.0 — (b — by)(0), EF)o.0

=S An(Ab - b)), Ed ' o.2)

j=1

IA

2
2 P P
S leEt M IE + Co(ZhlbO)h nlle(EdDllo + 2h? max b))}
2 no o 1=j=n
", ‘ 172 '
Hanhy o |18+ (Ar / |anb<s>|%ds> lle(Ea"Nlo).
j=1 lj-1

Then, the estimate satisfied by the projection 17 10( along with Poincaré and Young’s
inequalities yields:

N

Kmin

n n
Ly < C2 Y (ADREAHLIVE, o < C2 Y (An——h2|eap1}

Jj=1 J=1

n
Kmin A j,2
+an=g ;uw,, I3.

The discrete inf-sup condition (3.6) implies that
1Ey " lo < CRIBUpI + leEa ) o). (A6)

Applying an expansion in Taylor series, together with Eq. A.6, the Cauchy-
Schwarz, and Young inequalities, enables us to write

n , 172 .
Ly =C Y (@0 [ lowu@)3ds) " bl + le(Edllo).
j=1 '
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Then, after using the estimates of the projection [ 1}91 (4.2b), (A.6), and applying
again Cauchy-Schwarz inequality, we get

Ly=Cs )3 (13 = p;-0) = Pt = pE-)lo + () = pltj-1)
j:

—(A02ptplo) 147 lo

o i 1/2 i 1/2
sc-> |7 ((Ar) f |8,p<s>|%ds> + <(Ar)3 / ||anp(s)||%ds>
j=1 tji—1 t

j—1

o
<I1E llo

a - tj 12 L V2
=c=y(m (mo / |a,p<s>|%ds> + ((Az>3 / ||anp<s>||%ds)
j=1 Lj-1 !

-1
x (ohlb(t + le(Edlo)

The stability of a3 (-, -) and the proof for the bound of L4 gives

C/M) Y AR ) — Iy (ti-1))

Ls <
j=1
—( AN @ llo(ehlbt)] + lle(Eq)llo)
n i 1/2
<camy | n ((Ar)/ <|atu(s>|§+|atw(s>|%)ds>
fj—1

j=1
‘ 1/2
+ ((At>3 / ' ||a,,¢(s>||%ds>
tj_]
< (ohlb()]1 + e(Eq o).

The polynomial approximation p, for fluid pressure, consistency of the bilinear
form &é’ (-, +), stability of the bilinear forms a (-, -), &é‘ (-, -), and the Cauchy-Schwarz,
Poincaré and Young’s inequalities gives

Lo = 3 (@Wkpp = 1pa;-0) = (pr (1)) = a1, Ep)
j=1

+ar((pr (1)) — patj—1) — (p(t;) — p(tj—1)), En?) + @ ((p(t))
—p(tj-1) = (A3 (), Ep))

< o+ )5 ({0 [ o)
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L
+<(At)3 /t |

j—1
2

2
= C(eot+ =) (10122020 + AP 120 12020)
- A L2(0.1a: H*(£2)) L2(0.12:L7(£2))

1/2 A
19k p ()3 ds ) >||VE,;’||O

n
Kmin A j2
+AzW Z IVE,”|3.
j=1
The continuity of b (-, -), the bound derived for the term L5 and using the Young’s
inequality, gives

A

Ly < %Z AN (1) — Lyt — Iy @) ol Ep llo
j=1

IA

(Y (P01 01y + 10 2 )
A L>(0.ta; H' (£2)) L?(0,1,;[H2(52)1%)

+(At)2||aw||iz(oywz(m)>

n
oo A
+(Ar) g““ S IVELR .
n o
In turn, putting together the bounds obtained for all L;’s, i = 1, ..., 7, using the
Young’s inequality and Lemma 3.2 concludes that

n
o o
wlleCELIG + col Ep 6 + (AN=T2 D IVER I
j=1

< c(une(E;“*O)n% + (co+ & /MIECIG + (1 /MIERIG
+(1 +At)h2 max [b(1;)|2
0<j=<n

n
+R2 ALY (1b(t))]T + (ADIBIT + 1LE)IT) + (AR 19:b ] 20,5, 111 )
j=1
2 2 2 2 2
+(At) ((CO +O{ /)\') ”a”p”Lz(O,z,,;Lz(Q)) + ”a”u||L2(0,t,,;[L2((2)]2)
+F”anwlle(O,l‘n;Lz(Q)))
2 2
20 2 o 2
+h (F”atwan(O,tn;Hl(.Q)) + ﬁ”8tu”L2(0,tn;[H2(-Q)]2)
+co + a2/x>2h2||atp||iz(0,tn;,,z(m))).

And finally, the desired result (4.9) holds after choosing ug = uy(0), W}? =
11%0(0), p2 := p;(0) and applying triangle’s inequality together with Eqs. A.la—
A.lc,and A.6.
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