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The sedimentation-consolidation and flow processes of a mixture of small particles
dispersed in a viscous fluid at low Reynolds numbers can be described by a nonlinear
transport equation for the solids concentration coupled with the Stokes problem written
in terms of the mixture flow velocity and the pressure field. Here both the viscosity and
the forcing term depend on the local solids concentration. A semi-discrete discontinuous
finite volume element (DFVE) scheme is proposed for this model. The numerical method
is constructed on a baseline finite element family of linear discontinuous elements for
the approximation of velocity components and concentration field, whereas the pressure
is approximated by piecewise constant elements. The unique solvability of both the
nonlinear continuous problem and the semi-discrete DFVE scheme is discussed, and
optimal convergence estimates in several spatial norms are derived. Properties of the model
and the predicted space accuracy of the proposed formulation are illustrated by detailed
numerical examples, including flows under gravity with changing direction, a secondary
settling tank in an axisymmetric setting, and batch sedimentation in a tilted cylindrical
vessel.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

1.1. Scope

The numerical approximation of macroscopic descriptions of sedimentation processes at low Reynolds numbers is needed
in a variety of natural phenomena and industrial processes including wastewater treatment [10,18], mineral process-
ing [50], and gravity currents [48]. The governing partial differential equations typically consist of a nonlinear advection-
reaction-diffusion equation for the scalar solids concentration coupled with the Stokes or Navier-Stokes equations with
concentration-dependent viscosity. The following model can be regarded as a prototype problem of this kind. Consider an
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incompressible mixture occupying the domain © c RY, d =2 or d = 3. Then the motion of the mixture and the evolution of
the solids concentration can be described by the initial-boundary value problem

dp —divik(@)Ve) +u-Vo=V - f(¢) inQx(0,T), (11a)
—div(u(p)e) — pI) —pg=0 inQx(0,7T), (1.1b)
divu=0 inQx(0,T), (1.1¢c)

u=0 onl x(0,T), (1.1d)

$=0 onTl x(0,T), (11e)

$(0)=¢o onQ x {0}. (1.1f)

The primal unknowns are the volume averaged flow velocity of the mixture u, the solids concentration ¢, and the pressure
field p. In addition, wu(¢)e(u) — pI is the Cauchy stress tensor, &(u) = %(Vu + vuT) is the infinitesimal rate of strain,
= u(¢) is the concentration-dependent viscosity, and g is the gravity acceleration. The material specific diffusion function
Kk =k (¢) and the flux density vector f = f(¢) are motivated by a sedimentation-consolidation model [12] that has been
studied extensively in the one-dimensional case. (Precise assumptions on the model ingredients are stated later.) Clearly, the
main challenge for the numerical solution of (1.1) is to handle the coupling between the transport equation (1.1a) for ¢ with
the flow model (1.1b), (1.1¢) that defines u and p. Desirable properties of a numerical scheme for the approximate solution
of this coupled transport-flow problem include mass conservativity, robustness under various ranges of model parameters
and geometry configurations, and amenability to L2 error analysis. For the solution of (1.1) one must resort to a scheme that
combines some of the aforementioned properties. It is the purpose of this paper to advance one such combined or hybrid
method, namely the so-called discontinuous finite volume element (DFVE) method, for the discretization of (1.1).

This method was originally introduced for elliptic equations in [53] (see also [5,52]), and later extended to Stokes equa-
tions in [30,54]. It can be seen as a combination of discontinuous Galerkin (DG) approximations and finite volume element
(FVE) methods, typically regarded as Petrov-Galerkin formulations involving different trial and test spaces (see a review in
[17]). Advantages of DFVE formulations include local mass conservativity, flexibility for choosing accurate numerical fluxes,
smaller dual control volumes (here called diamonds), and suitability for error analysis in the L?-norm. In the formulation
advanced herein the transport equation (1.1a) is tested against scalar piecewise constant functions spanned by a basis asso-
ciated to a diamond dual grid, the momentum equation (1.1b) is tested against vectorial piecewise constants also defined on
the diamond mesh, and the mass conservation equation (1.1c) is tested against piecewise constants defined on the primal
mesh. Integration by parts on each diamond of the dual mesh yields a finite volume scheme (written in terms of fluxes
across dual boundaries). Then, special properties of the lumping operator connecting discrete functions defined on primal
and dual meshes allow us to rewrite the formulation completely in terms of volume integrals on the primal elements, except
for the mass term accompanying the time derivative of ¢ and the right-hand sides of both (1.1a) and (1.1b). In particular,
this implies that the quantities defined on the dual mesh will be accessed only through mass and right-hand side assembly,
which are typically performed just once during the entire solution algorithm.

The analysis of equivalent continuous coupled formulations can be found in [36], where the Faedo-Galerkin method is
employed to establish the weak solvability of the system. Here, the well-posedness analysis of the discrete problem is based
on a cut-off of the velocity combined with the properties of the transfer operator between primal and dual meshes, and
Picard’s Theorem. Next, classical tools consisting of energy-based methods, duality arguments, and elliptic projections are
used to obtain error estimates in the natural norms for all fields.

1.2. Related work

Starting with the seminal work of Cai [13], an abundant body of recent literature is devoted to the analysis of FVE-based
methods for the discretization of Stokes equations. Among these we point out that continuous approximations include,
for instance, pressure-projection and multiscale stabilized methods [34,40,49], whereas nonconforming and discontinuous
schemes include those analyzed e.g. in [16,17,30,54]. Some references address the analysis of continuous FVE methods
for nonlinear elliptic [15,33] and parabolic problems [14]. DG methods have also been introduced for such problems; for
instance, we refer to [25,39] and the references therein for an extensive survey on DG discretizations of nonlinear elliptic
and parabolic problems. Nevertheless, and on the other hand, there are hardly any results available dealing with their DFVE
counterparts.

Continuous FVE approximations (or similar concepts) have recently been introduced for coupled flow-transport prob-
lems. These include, for instance, Crank-Nicolson projection-stabilized methods applied to thermal convection [37], hybrid
methods for general conservation laws [22], and edge-based stabilized methods simulating sedimentation-consolidation
processes in Stokes and Navier-Stokes regimes [11,44]. However, fully discontinuous FVE methods have only been proposed
and studied in the context of porous media flow, where the transport problem is usually less involved and the flow equa-
tions are governed by Darcy-like descriptions [27,28]. Even if the conservation property of FVE methods turns them more
suitable for discretizing computational fluid dynamics problems, to our knowledge, not even the DFVE approximation of the
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nonlinear transport problem alone has been addressed in the literature. We focus our analysis on semi-discrete approxima-
tions (the numerical experiments will be based on a simple backward Euler time advancing scheme), but we stress that the
main results could be readily extended to the fully discrete case.

1.3. Outline

We have arranged the remainder of this paper in the following manner. Section 2 contains some basic notation and we
state the assumptions on the governing equations, present the concept of weak solution and comment on the solvability
of the continuous problem. The DFVE scheme is introduced in Section 3, and we derive optimal error estimates in Sec-
tion 4. Section 5 contains several numerical results illustrating the behavior of the model, while showing the accuracy and
robustness of the formulation.

2. Preliminaries and problem statement
2.1. Notation

By Q c RY, d =2,3 we denote a given open bounded domain with polyhedral boundary I', and denote by v the outward
unit normal vector on I'. Usual notation will be adopted for Lebesgue spaces LP(2) and Sobolev spaces H®(£2) with norm
-Ils,; and adopt the convention HO(Q) := L%(2). By M we will denote the vectorial counterpart of the generic scalar
functional space M. For a time T > 0, standard Bochner spaces are denoted by LP(0, T; H™(2)). As usual, I stands for the
d x d identity tensor, and for any T = (7jj); j=1,....4 and any vector field v = (v;)i=1,.. 4 we denote

,,,,,

d d d
t=(r), w(m=) T, T:i=Y higy, divv=)_dv,
i=1 i,j=1 i=1
T+ + 04T vy -+ Oga
divt = : , Vv= :
01Tg1 + - + 34 Tdd d1vg -+ Ogvqg
By Px(L) we denote the space of polynomial functions of total degree s < k defined on the generic domain L. In what
follows, constants independent of the meshsize will be generically denoted by C.

2.2. Assumptions on the governing equations

We assume that the nonlinear viscosity function w appearing in (1.1b) satisfies

w, ' € Lip(Ry); 30, Umin, Mmax > 0: VS € Ry 1 fhmin < ((S) < Umax: |14/ (9)] < 0. (2.1)

Moreover, the flux f = f(¢) is assumed to be Lipschitz continuous, and the diffusion coefficient kK = x(¢) is a nonlinear
function satisfying

K,k €eLip(Ry); Iy, y2.¥3>0: VXeR: y1 <k(®) <y, |[K'X)| <. (22)

In the context of sedimentation-consolidation models, the function f describes the effect of hindered settling aligned
with gravity, and is usually given by f(¢) = f,(¢)k, where f, denotes the Kynch batch flux density function [9,32] and k
is the upwards-pointing unit vector. The function f}, is given by

_ ) —veoV(p) for0<¢ < pmax.
fb(¢)_{0 for ¢ <0 or ¢ > dmax,

where v, is the Stokes velocity, that is, the settling velocity of a single particle in an unbounded fluid, ¢max denotes a
(nominal) maximum solids concentration, and V (¢) is the so-called hindered settling factor, which can for example be given
by V(¢) = (1 — ¢/¢dmax)™¢, where ngz is a material-dependent exponent [41]. The function ¥ = k (¢) models the combined
effects of hydrodynamic self-diffusion (see [23,24] and references cited in these works) and sediment compressibility [12].
This function is given by

 h(@)l(@)
(ps — ppgP’

where Do > 0 is the constant of hydrodynamic self-diffusion [45], ps and pf are the (constant) solid and fluid mass den-
sities, respectively, and o{(¢) = doe/d¢ is the derivative of the so-called effective solid stress function oe = 0e(¢), which
characterizes sediment compressibility in the case that particles are flocculated. This function is an optional ingredient of
the model, and we assume that oe € C2(R) with o > 0. Furthermore, the forcing term ¢g, where g = gk and g is the
acceleration of gravity, models that the mixture flow is driven by local fluctuations of ¢, and therefore of the density of

Kk(¢)=Do
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the density of the mixture, besides possible inflow and outflow conditions. Finally, as in [11,44], we mention that a suitable
choice of w(¢) is

(@) =0 —/¢max) ", (2.3)
where the parameter ¢~»max is a second (nominal) maximum concentration. If we set q;max > ¢max, then (2.1) is indeed
satisfied.

2.3. Weak formulation

Multiplication by adequate test functions and integration by parts over © and using divu = 0 yields the following weak
formulation to (1.1): For 0 <t < T, find (u(t), p(t), ¢ (1)) € H) () x L3(22) x H} () such that

(0ch. ) + A, ;) + C(p. @;u) — (V- f($).9) =0 Vo € Hy(RQ),
Au,v; ¢)—b(v,p)—d(¢p,v)=0 Vve HE,(Q),

bu,q)=0 Vqel*(Q), (2.4)

and ¢(0) = ¢ ae. in Q, where H}(Q) := {v e H/(Q) : v|[r =0}, L3(Q) :={q € [*(Q) : [qdx =0}, HM(Q) :={s € H/(Q):

s|r =0} and the involved trilinear (uppercase letters) and bilinear (lowercase) forms are defined as

A, v ¢) 2=/M(¢>)€(u)2€(v)dx, Alp, ;¥) 22/(K(W)V¢)-V</)dx,
Q Q
b(v,q) ::/qdivvdx, C(o, ¢; v):—/(v-Vga)qbdx, d(o,v) ::/d)g-vdx,
Q Q Q
for all ¢, @, ¥ € H(l)(Q), u,ve H(l)(Q), and q € L?(2). These trilinear and bilinear forms satisfy the following stability prop-

erties:

Lemma 2.1. Forany u, v, w e H'(Q), ¢, ¢ € H1(Q) and q € L*>(2) there exist constants C, 8 > 0 such that

[A(p, @; )| < Cliglliqllellq [A(@, ¢; )] = C”¢|I%,Q;
|A(u, v; )| < Cllull; ollviy.q [A(u, u; )| > C”"”%,Q’
b(v,q)| < C|lv , b(v,q)
| ( Q)| = ” ”],Q”q“O,Q su > ﬂHqHO,Q
ld(¢,v)| < Cliolliallviiq. veHL(Q)\(0} Ivili,e

The weak solvability of the nonlinear problem (1.1) was established in [36].

Lemma 2.2. Let 0 < ¢g < ¢dmax, $0 € L2(2), and assume that f(? k(s)ds € L2(0, T; HY(Q)) for ¢ € H'(S2). Then there exists a
unique solution to (2.4) satisfying ¢ € L>(0, T; H'(22)) N C([0, T1; L*(R)) and ;¢ € L>(0, T; H1(Q)).

3. Finite volume element discretization
3.1. A baseline FE discretization

Let 7, be a regular, quasi-uniform triangulation of Q formed by closed triangular (tetrahedral if d = 3) elements K with
boundary 0K and diameter hx and by vertices sj, j=1,..., N, with meshsize h := maxgc7; (hg). Each face o between
two neighboring elements K and L has diameter h,. The set of all faces in 7, is denoted by &, and 5,5 is its restriction to
boundary faces. Let h, denote the length of the edge e (area of the face in case of 3D). Then it is clear that

hy gh‘fgl <pt-1, (3.1)
We define the following finite element spaces associated to the mesh 7j:
V= {vel*(Q):vik e P1(K)L VK € T}, On:={qeL3(R):qlk € Po(K), YK € Th},
Shi= {9 € () : ¢lx € P1(K), VK € Th},
for the approximation of the velocity v, the pressure p and the concentration ¢, respectively.
Let ng , denote the outward vector of K € 7, normal to o C dK. For a scalar function q € L2(Q) we let lql, ==

qlaxnk,o +qlaing,c denote a vector jump across the face o = KNL, and {q), denote its average value on o. If o € £, then
we simply consider [q], = {q}s =4lo-
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3.2. Statement of the FVE method and technical results

We define a FVE dlscretlzatlon of the governing equations on  following [11,27,54]. To this end, we introduce a so-
called dlamond mesh T consisting of diamonds D, generated by barycentric subdivision, which means that each diamond
Dy € T is associated to the face o € &, and constructed by joining the barycenters bx and b; of the elements K and L
sharmg the interior face o, with the vertices of o.

The transfer between meshes represents a projection of the FE spaces for the approximation of velocity and concentration
defined above, on the following finite-dimensional spaces:

V= {vel*): vip, € Po(Ds)? VD, € T},

Sti={pel®(Q): ¢lp, €Po(Ds)VDy € T}

Let V(h) := Vj, + (H*(2) NH)(Q)) and S(h) :=S;, + (HZ(Q) NHY()). In order to connect V(h) to Vi and S(h) to S,
respectively, we define the prOJectlon maps P*: V(h) —» Vh and Rﬁ S(h) — S as follows:

Pﬁwug:—/wug ds, Rﬁwmg:—fmug ds. Dy eTi.
h P
[e2 (o2

The construction of the dual mesh 77f and an application of quadrature formulas enables us to state the following technical
lemma, which formulates the properties of these operators (see proofs in e.g. [27,29]):

Lemma 3.1. Let vj, € Vy,, @, Yy, € Sp, with iy, also in H>(K), and let K € T, and o C dK. Then the following properties are satisfied:

f((ph — Rfgy)ds =0, /(vh — Pvp)ds =0, (32)
o o
/((ph — RPgy) dx =0, /(vh —PFvy)dx =0, (3.3)
K K
”Vh_’PﬁVhHQKSChK|Vh|1,Ka ”‘Ph_Rﬁ(DhHOK_ChKWhh K» (3.4)
[¥nl, =0= [R*yn], =0, [vil, =0= [P*wi], =0, (3.5)
1 1
/|((Ph —Rgy)|ds < ChllY lIp.kll@nlly ¥ € Hy(K),  @n € Sp. STy =t (3.6)
IP*vhllo.e = Vhllo.q. IR*@nllo.2 = llgnllo,e- (3.7)

Let ¢ € Sp, v € Vh, g € Qp be su1table test functions. We proceed to multiply the concentration equation (1.1a) and
the momentum equation (1. 1b) by Rf¢gp e $ and Pty € Vh, respectively, and integrating by parts the respective results
over each diamond D, € 7% and to multlply the mass conservation equation by g, and integrating by parts the result
over K € 7. Adding the resulting local conservation equations we end up with a variational formulation written in the
form:

Find (¢, u, p) such that

(3, R¥p) — ) / [k ($)Ve — pul-nRigpds= f f(@)-nRFgyds Yoy € Sp,

Do€T; 9Dy Do €T} 9D,y
- > /,u(qb)s(u)n Plvpds+ ) /pn Plvpds =d(p, P*vy) Vv € Vh,
DgeT dDs DUET dDs
b(u,qn) =0 Vqn € Qn. (3.8)

Now let D(,j € 7;’:, with j=1,...,d+ 1, be the d + 1 sub-elements (triangles if d = 2, or tetrahedra if d = 3) contained
in element K of the primal mesh 73, as sketched in Fig. 1. It follows that
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53

53

52
S1

—

S1 a1 52

Fig. 1. Left: Tetrahedral element K € 7, (solid lines) with barycenter by, subdivided into four diamonds D; (dashed lines), where D, is highlighted for
sake of visualization. Right: Two-dimensional counterpart, including also the three midpoints m; of each edge o;.

d+1

> / [kc(@)Ve — pu]-nRigpds= Y )" / [K(@)V$ — pul - nR gy ds
Do €T, 9D, KT =1 4D,
d+1
=22 f (k()V$ — pu) -nR*@; ds
KeTy j=1 Si1bs;
+ 3 [ (@98 - ou-mRigyds
KeTy 3K
where sg., = s1. Similarly, we can assert that
d+1
> / p@emn - Ppds= " 3" / p@)emn - Pivpds+ / 1(@)e@n - Pivy ds,
Do €T, 9Do KETh j=1s, ibgs; KeTn gk
d+1
> / pn-Plvpds= Y > / pn-Plvyds+ Y /pn'Pﬁvhds,
Do €T} 0Dy KETh =1, ibys; KeTn 5k
d+1
> / f(@) -nRigpds= ) " / f@) nRigpds+ ) / f(¢)-nRigyds.
Dy 67;11 9Dy KeTp j=1 5j41bKs; KeTh 5k

Let us next define the following forms for all ¥y, @, Xn € S, Wp, v, € V), and 1, qp € Op:

d+1

AL, O3 Xn Vi) ==y Y (k (Xn)Vm — Yrvh) - nR @ ds,

KeTy j=1 sit1bks;

d+1

AWy, visym) == ) / () (wp)n - Phvy ds,

KETh j=1 g, es;

d+1
C}]I(thrh)5=ZZ / rpn - Plvy ds,

KETh =15, 1bys;

d+1
b= 3 [ fam n'ég,ds

KeTy j=1 sj1bis;
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Regularity assumptions on the exact solutions to the continuous problem imply, in particular, that
[k@®) (Ve -m], =0, [wn@emn],=0, [¢m -m],=0and [p],=0.

Then, using definitions of sums and averages and integration by parts, we can rewrite the integrals initially defined on
the elements boundary 9K, in terms of -], and {-},. This derivation yields the following semi-discrete DFVE formulation
associated to the weak formulation (3.8): For all 0 <t < T, find (¢p(t), up(t), pp(t)) € Sp x Vi x Qp such that

(Bcdn. R*@n) + A (¢n (), @n: dn (), upn(0)) = b (dn(D); @n) Yoo € Sh, (3.9)
An(un(0), vi: on(©) + ch (vh, Pr(D)) = d(¢n(O). P*vi) ¥y € Vi, (3.10)
br(up(t).qn) =0 Vqu € Q. (3.11)

where we define

An(Whs @n: Xns Wh) = Ap (Wh, @hs Xn- Wn) — ) /{(x(xh)wh — Ypwh) o - [R¥@n],, ds

o0&y o
=% [won @ mh (Rl ds+ X [ Sl Lol ds
o€l & oe& g 7
An(Wh, vi; ) 1= AL (W, Vi ) — ) / (n@newpn)s - [PHv;], ds
o€l &
=3 [umemoms  [Pwilyds+ 3 [ S iwi, - [val, o5
ot o oty g O
i gn =i + 3 [UFm) -mlo el ds.
0€&y o
n(Vh.1h) = Ch(VhTh) + Y /{fh}a [vn], ds,
oe&y &
bp(Wh, qn) :=b(wp, qy) — Z f{Qh}a [wh], ds.
oe&y o

Here, o and oy are nonnegative penalty parameters that will be specified later and § depends on the dimension d. We
set 8 = (d — 1)~!, as usually done in case of DG methods. For our future analysis we also define the following natural
mesh-dependent norms for all ¥, € S(h) and vy € V(h):

Wyl == > 0vvnl3 i+ > b [ [vnlo oo IVmIIZ == mll2 + > h1vnl3 c.

KeTy oe&, KeTp
2. 2 -5 2 2 . 2 2 2
valli = > valt i+ D’ [ Tvilo oo IValTh = Ivalli+ 3 hilvals k-
KeTq oeé&y KeTq

The standard inverse inequality implies that there exists C > 0 such that
llenll < Cll@nlln Yon € Sp, IVhllin < Clivalln YVvi € Vh. (312)

A simple application of the Gauss divergence theorem provides the following result.

Lemma 3.2. The following relations hold for all Yy, @n, Xn € Sh, Wh, Vi € YV, and q € Op.

d+1
AW Ons =) D f (K (Xn)Vn) - WR @y ds
KETh j:15j+1b1<51
+> f (& (xn) Vim) - n(R*@n — @) ds
KeTh 5k
+> / V- (K (Xn) VYn) (@n — REp) dx, (313)
KeTh ¥
AWy, vi ) = A(wi, vis ) + D | ) (PPvy — vi)e(wy) snds
KeTn gk
+> / V- ()€ (wn)) - (v — Phvp) dx, (314)

KeTh ¥
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ch (Vi qn) = —b (Vi qn). (3.15)
Proof. Relations (3.13) and (3.14) follow as in [53, p. 1067], whereas (3.15) can be established using [54, p. 189]. O

4. Solvability and convergence analysis

In this section and also in subsequent sections, we assume that u(t) € L°°(2) and make use of the Lipschitz continu-
ity and boundedness assumptions (given in (2.1) and (2.2)) on viscosity u = u(¢), flux function f = f(¢) and diffusion
coefficient k = k' (¢). We also use the following well known inverse inequalities Vv, € Vj:

_ —d2 —d/2

Ivillik < Chi'lvallok. 1Vallso.k < Chy Plvhllox, 1VVhllock < hy AT (4.1)
“1,2 “1,2

lvillo,o < Chy Plivallox, 1(VvRRKollos < Chy IV vhliox. (4.2)

The scalar version of the inequalities stated in (4.1) and (4.2) is given in [19] and Lemma 2.1 of [42], respectively. In
addition, we will also frequently use the following well-established trace inequalities (cf. [1, Th. 3.10]):

VI3 5 < C(h" Vg« +hlvid ) Vve HY(K),
2 _
|(vnk oo, < Clhi" IV ¢ +hilvls ) ¥v e HA(K), (4.3)

for o C 0K, where C > 0 depends also on the minimum angle of K € 7p,.
4.1. Solvability

Let us define the following “cut-off” operator N\ for the velocity (see [47]):
u(x)
lux)|’

where N is a fixed positive number and |u(x)| = (Z?Zl u;(x)%)1/2. The map N is uniformly bounded and uniformly Lipschitz
continuous (see [47, p. 331]), i.e.,

[N~ N W) | o < 11— Vi (4.4)

N (u)(x) := min{|u(x)|, N}

For now on let us denote A (up)(x) as ul’;’ . It is still left to precisely define this “cut-off” operator, but for the moment it
suffices to note that in the subsequent analysis we will require the computed velocity u, to be uniformly bounded, which
can be guaranteed by the definition of .

For a fixed ¢p, an application of (3.13), (3.2), (3.3) helps us to show that the bilinear form Ah(~, -; ¢p) is coercive with
respect to ||-||, i.e., there exists a positive constant o independent of the mesh size h such that for oy large enough and h
small enough

An(Vi, Vi dn) = e[l vall?. (4.5)

For a detailed proof and restrictions on the penalty parameter o4, we refer to [54, Lemma 3.5]; see also [29]. Moreover, the
choice of finite element spaces V} and Qy, yields the inf-sup condition [54]

bn (v, qn)
sup ———— > B1liqnllo, . (4.6)
vievy  Vnlln

where B1 > 0 is independent of h. Hence, using (3.15) and the Babuska-Brezzi theory for saddle point problems we can
assert that, for a given ¢y, there exists a unique solution to the flow equations (3.10), (3.11). In particular, the existence of
u;, implies that of u,’:’. To prove the existence and uniqueness of ¢y, (and also in view of the error analysis to be presented
later on), it is convenient to recast (3.9) employing the definition of A(-,-; -, -) in the following manner:

Find ¢y, € Sy such that

d+1
(e, R¥@n) + Br(n. i xp) =— Y »_ / uy - ngp Ry ds
KeTn j=1 sj1bis;
-y f{u{? nn)o - [R*@n]y ds +ln(dn: @n)  Yon € Sh, (47)
oe&y o

where
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d+1

Bh(n. @ni xn) i=— »_ Y f (K (Xn) V) - nRigpds + > f,f‘—;[[whlla “[enl, ds
KeTh j=1 Sjy1bks; 0l o o
=3 1wy mo (Rl ds— 3 [ on mia - IRl ds
oe&y o 0l o

To obtain an a priori bound of ¢, which will be used for the well-posedness of the system (3.9)-(3.11), below we show that
Bp(-,+;+) is coercive and bounded within the ball By, = {¢, € Sy : [VYnlloo < M}.

Lemma 4.1. There exist generic positive constants 8 and C independent of h, but which may depend on the penalty parameter o, such
that

Br(Xhs Xn: Xn) = Blixally ¥ xn € Bu,
|Brh (. @ns xn)| < Cllnllnll@nlln Y¥n, o € Sn Y xh € Bu. (4.8)

Proof. Define

d+1
E(Yn. @ni Xn)i=— Y Y / (k (Xn) V) - "R @y ds — A(Yn, @n; Xn)-
KeTh j=1 Sj+1bks;

Now, using relation (3.13) we deduce that

E(Yn, @ns Xn) = Y f(K(Xh)Vlﬁh)'n(Rn¢h —¢gn)ds
KeTn 5k

+ > f V(1 (Xn) V) (@n — RPpn) dx=: Ty + T3, (4.9)
KeTh i

An application of (3.6), (2.2) and using the fact that v, and yj; are linear on each triangle yields

/K(xh)wh -n(pn — RPgn) ds| < Ch[[V (e ) VYm) o IV enllok
aK
< CyshllVxn - Vmllok IVenllok-
Using the Holder inequality, the fact that x; € By, and summation over all triangles, we obtain that

IT1] = Chlllynlnll@nlln- (4.10)

For T,, first we note that

/V (ke (X)) V) (pn — RP@n) dx < | V- e Xi) V) [ g g lon — RE@nlloic-
K

Now, by using (3.3), (2.2) and the fact vy, is linear on each K, we obtain

IT2| < Chllgnlllnll@nllin- (411)
Combining the estimates obtained in (4.10) and (4.11) and inserting them in (4.9), we obtain
|EWn. @n; xn)| < Chllvmllnll@nlln - Y@n, vi € Sk, Xn € Bu- (4.12)

Now using (4.12) and following the proof lines of Lemmas 2.3 and 2.4 in [29], we complete the rest of the proof. O

Using the trace inequality (4.3) and properties of R%, for u(t) € L°(2), the following bound has been derived in
[27, p. 1364]:

d+1

> / u - nyy Ry ds < Cllignlin(1¥nllo.e +hllYalln)  Yh € Sh), Yeop € Sp. (413)

KeTn =15, 'bys;
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Since uh is also uniformly bounded, (4 13) also holds for u . An application of the Cauchy-Schwarz inequality and the trace
inequality along with the fact that "h is uniformly bounded yields

/{uﬁ’-nwh}g-[[Rﬁgoh]](,dssc?hi/z( P omlo. +hE2I¥mlo k) 575 7 IR onl o

o

Now, again a repeated application of the Cauchy-Schwarz inequality together with definitions of R? enable us to write

1/2
1 1 2 1 1
=57l [REgnlsllo.o = 13/2 / [R*en]; ds = (l;_—])/z[[Rﬁ(ph]]o = G2 f [en], ds
h h? \J hg g2
1/2 1/2 1/2
1 2 1 2
= ,1(5_,'_71)/2 H¢h]]a ds ds = hT [[(ph]]a ds . (4.14)
o o o o o
Hence,
1/2
/{ug’ n¥n)o - [R¥n]y ds < ChYhie ' (Imllo.x +he V(6 — ¢ llo.x) o f [en]5 ds
o
Using (3.1), summing over all edges and using the definition of the norm ||| - |||, we have for all ¥, ¢ € Sh:
3 f Wl - nynlo - [R*@nll, ds < C(Ivmllo.e + hllvnlln) llenln- (415)
O'Egh o

In a similar way, using the Cauchy-Schwarz inequality and the trace inequality (4.3) and the same arguments used in (4.13)
and (4.15), we obtain the following estimate

(s on)| < C(Imllo. + RllVRlIR) ll@nlln Y¥n € S(h), Ve, € Sh. (4.16)

Now, existence and uniqueness of ¢, can be shown as follows. Substituting u,’;’ in (4.7) gives a system of nonlinear differ-
ential equations in ¢,. Picard’s theorem guarantees the existence and uniqueness of ¢y, in some small interval (0, t,). To
continue the solution an a priori bound for ¢ is required, which can be derived easily by employing the inequalities (4.13),
(4.15), (4.16) and (4.8); for more details, see [27]. Therefore, existence and uniqueness of ¢y, is ensured in a ball By,.

4.2. Error estimates for velocity and pressure

For a given ¢, we define the projection operators (i, pr) : (0, T) —> YV} x Qy as follows:
An(ly, Vi @) + cn(vi, Pr) = d(p. P*vp) Vv € Vp, (417)
by (. qn) =0 Vqn € Qp. (4.18)

In order to make use of some technical results which were established for d =2 and also for the sake of clarity in the
presentation, we present our analysis for d =2 and this analysis can be extended to the case for d = 3. In this connection,
the following estimates for (i1, pp) € Vi x Qp can be derived by imitating the analysis of [17] (see also [54]):

lu — dipllo. < Ch*(llullze + IPlh.a + l6glh.2). (419)
|lu— i, + llp — Prllo.2 < Ch(llullz.e + Ipl1.2)- (4.20)

For our subsequent analysis, we need that u1;, is bounded in the following sense:
IV-tthlloo,k + IV - Bhlloc,ok <C VK € Tp. (4.21)

Here, the constant C is independent of h but may depend on the bounds of |ul|l2 . For the establishment of (4.21),
quasi-uniformity of the mesh, (4.19), inverse inequalities (4.1), (4.2) and continuous interpolant approximations properties
are used. For details on a scalar version of this result, see [4, Theorem 4.7].

The following lemma provides the error estimates for velocity and pressure in terms of concentration.

Lemma 4.2. There exists a constant C independent of h, but which may depend on the bound of uy, such that

lu—urlog = € [W¥(lullze +Ipla + I9glh.e) + 14— dnllo.c+hllé = dnlls]
lu = unlly +11p = Prllo.e = € [(Iulla.c + IPlh.2) + 19 = @nllog +hlle — nllh].



456 R. Biirger et al. / Journal of Computational Physics 299 (2015) 446-471

Proof. Write u —up, =u — il + i, —up and p — p, = p — pn + Pn — Ph. Since estimates for u — a1, and p — py, are given
in (4.19) and (4.20), we proceed to find estimates for @1, — u;, and pp — pp. Subtracting (3.10) from (4.17) and (3.11) from
(4.18), respectively, we get for all v, € V}, and qp, € Qy

An(itp, vi: @) — An(tp, Vi én) + ch(Vh. Pr) — Cr(Vh. pr) = d(é. P*vp) — d(¢n. PPvp), (4.22)
by (ity — uy, qy) =0. (4.23)
We rewrite (4.22) as follows:
An(ity — up, Vh: ) + ch(Vh. Pp — Pn) = An(itn. va: ¢n) — Ap(ith, i: §)
+d(¢, P*v) — d(¢n, P*vp) Yvj € Yy (4.24)
By using the definition of Ah(-, -;+), (3.14) and the fact that uy, is linear on K, we can write
An(itn, Vi; ¢n) — An(itn, vi; ¢)
= [A(ity, Vi ¢n) — Al vis 91+ Y /(M(¢h) — (@) (P vy — vp)e(ity) - nds

KeTn g

+> f {(u(dn) — u(@)epn)y - [Prvp], ds+ Y / {(w(@n) — u(@))evim)y - [PPity], ds

o0&y 5 oe&y 5

+ 3 f(v u(@n) = V- ((@)e ) - (vy — PPvy) dx
KeTh

=Ji+ 2+ 3+ Ja+ s (4.25)

Employing the definition of 2\(~, -;+), (4.21), the Lipschitz continuity of p and the Cauchy-Schwarz inequality, we have the
following bound for Jq:

[J11 = Cll¢ — énllo.allvally-

In order to bound J,, first we note that by using Cauchy-Schwarz inequality, (4.21), the trace inequality (4.3), and (3.4)
/ (1) — 1L(@)(Pvy — vp)e(ily) :nds
aK

-1/2 1/2 -1/2
=C (16 = dnllo.x + 21V = ém)llo.x ) bie 2 IPvh = villo.x
<C(l¢ —¢nllo.x +hxlIV(p —dn)llo.x) I Vhlik.
Summing over all triangles and using definitions of the mesh dependent norms ||-||, and ||| - ||, we get

|J21 < C (¢ — ¢nllo,e + hll¢ — Pulln) Ivhln.

Similarly, to bound J3 again an application of Cauchy-Schwarz inequality, (4.21), and the trace inequality (4.3) yield
/{(M(¢h) — (@))€ (up)n}s - [P vp], ds
g

- 1 4
= cny? ("1l = dnllo. + B2V = dwllo.x) 71 1P*valo o
o

Repeating the same arguments used in the derivation of (4.14) and definition of P*, we have the following inequality
Vv,e V() ford=2,ie,8§=1:

172

1 1
P Vil oo < [ / [val2ds| (4.26)
hy he J

Using (4.26), we obtain
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/{(M(fbh) — ((@)e(pn), - [PPvy], ds

1/2
1
<C(ll¢ — nllo.x +hxlIV(® — dn)llo.x) = / [vs]2 ds
e o
Now summing over all the edges and using definitions of ||-||, and ||| - |||, we have
1731 = C(llgp — dnllo. + hllld — nlln) IVl (4.27)

To bound J4, first we note that (3.5) implies [P*u,], = [P* (i1 — u)],. Now, a repeated application of the trace inequal-
ity (4.3), the one dimensional version (for d =2, the edge o can be considered as a one-dimensional object) of inverse
inequality (4.1) and (4.26) together with fact that v}, is linear and P?%(-) is constant on triangle K yields

/{(M(¢h) — w(@)ewpnly - [Plity], ds < (Vi) lloo.o 9 — dnllo.o | [P*(Etn — )], llo.o

o
~1/2 172 1 .
= Cllelo (ki 19 = dulo.x + 0 IV G = gllon) 1 TP @ —wls oo
g
1/2
_ 1 - 2
< Chile(vi)llo.x (Ip — énllo.x + hi V(¢ — dn)llo.x) . / [P* (i — w], ds
7 o
Summing over all edges and using the definitions of |||, and ||| - ||| together with (4.20), we may write
|Jal < C(lI¢ — dnllo. + hlllg — dnllin) I vnllp- (4.28)

For Js, first we note that

V- (n) = V- (@) = 1 (@) (Vo — Vo) + Vo (1 () — 1 ().

Now using the Lipschitz continuity and boundedness of @’ and similar arguments used in the bound for Jq, the following
bound for J5 can be obtained easily:

|J51 < Ch(ll$ — ¢nllo,@ + ll¢ — Gnllln) 1Va -

Combining all derived bounds for Ji,..., J5 in (4.25), we have

|An(ith, Vi dn) — An(itn, vi: )| < C(Id — dnllo.e +hild — nlln) 1 Vally- (4.29)
For all v, € V;, the following has been shown in Lemma 4.3 of [54]

2 2 2 2 2
Ivaldo=<C| Y vl + D [P vily + D hklval3 ¢
KeTp oe&y KeTy

As a consequence of the bound [[’Pjvh]]i < % fa [[vh]]i Vv € V) (see (4.26)), an application of (3.12) yields

Ivallo,o < Cllvilly YVh € Vh. (4.30)
Hence, in view of the definition of d(-, P?.) together with (3.7) and (4.30), we obtain
|d(¢. P*vi) — d(én, PPvi)| < Cllip — dnllo.allValln. (431)

Now, choosing v, = i1, — up, in (4.24) and using (3.15), (4.23), and (4.5), i.e., the coercivity of Ah together with (4.29) and
(4.31), we obtain the following bound for i1, — up:

lith — un, < C(Id — nllo.q +hlld — dulln)- (4.32)

In order to find a bound for p, — pj, we again choose v, = iy, — uy, in (4.24) and employ (4.29), (4.31), (4.5) and (3.15) to
obtain

bty — up, pp — pr) < C(llp — pnllo. + il — dnllln) || @t — un -
By an application of the inf-sup condition given in (4.6) and using (4.32), we arrive at

IBr — Pllo.2 < C(Il¢ — ¢nllo,2 +hlllp — pnlln)-

The L?-norm estimate of i1, — uy, follows from ||vy|lo.o < C[lvy ||, for all v, € Vy, and after employing (4.19) and (4.20), we
obtain the desired result. O



458 R. Biirger et al. / Journal of Computational Physics 299 (2015) 446-471

4.3. Error estimates for the concentration field

We decompose the error in ¢ — ¢y as

p—dn=n+6, n:=¢—Rndp, 0:=Rnp—¢n, (4.33)
where Ry : H(Q) —> S, is the elliptic projection defined as

Bn(¢ — Rng, ¢n; ¢) =0 Vo € Sp. (4.34)
Here, the bilinear form Bp(-, ;) is same as defined in Section 4.1. Now first we derive error estimates for the projection
operator Ry in || - [l and || - [lo,o norms. We would like to mention that the arguments used for deriving these estimates
are quite standard, therefore, for the sake of completeness, we provide the outlines of the proof of the following lemma
which deals with an estimate of ¢ — Ry¢ in ||| - || and | - [lo.@ norms:

Lemma 4.3. There exists a positive constant C independent of h such that
llp — Rnllln < Chllll2,0. (4.35)

¢ — Rullo.o < C($, f,u) h. (4.36)
Proof. Let us write ¢ — Ry = ¢ — In¢ + Ih¢ — Ry, where I¢ denotes the interpolant of ¢ which satisfies the following
approximation properties:

¢ — Inls.k < Ch2*|¢plla.x YK € Tp and s=0,1. (4.37)

For a given ¢, using (3.13), trace inequalities (4.3), Cauchy-Schwarz inequality, we see that Bj(-,-; ¢) is bounded in the
following sense (for details, see Lemma 2.4 in [29]):

IBh(¥, @ @)L < ¥ llllell - Vi, ¢ € S(h). (4.38)
From the definition of ||| - || and (4.37), we obtain
ll¢ — In@ll < Chl¢l2,-
Now using (4.38) and (4.8) together with the definition of Ry, we have
BllInd — Rudlli < Ba(Ind — Rng. Ing — Rugp; @) = Bu(In — . Inp — Rup: ¢)
= Clilg — 1n@llllTne — Rallln,

and hence,

lIn¢ — Rndlln < Clilp — Indlll. (4.39)
Now, (4.35) follows after using (4.37) and (4.39). For deriving the L2-norm estimates, we first define the following form:

A1(Yn, ons xn) == A®n, ©n; Xn) — Z /{(K(Xh)vwh) ‘Mo - [on], ds

oe&y &
- /{K(Xh)(Vfﬂh Mo - [Yn], ds+ ) /E—C[Wh]]g ~lgnly ds.
o€l & o€l & o

Then first we find the error between Bj(-,-;¢) and A1(,-; ¢). The error on elements (K) as well as on the boundary
integrals (0K) can be computed by following the analysis of [15] and error on the edges (o) by using the same arguments
used in Lemma 3.1 of [29]. Then standard duality arguments can be used to derived optimal error estimates in ||¢ —Rp¢|lo.o
given in (4.36). For detailed proof, we refer to Theorem 4.4 in [15], Lemma 4.4 in [27] and also see [29]. O

The quasi-uniformity of the mesh implies that there exists a constant C independent of h such that
VRpdlloo.k <C, [IVRh@llo,0xk <C,  [IRh@llook <C,  IRpPlloo,ox < C (4.40)
(see Theorem 4.7 in [4] and also [39]). Now we provide appropriate estimates for 0 (see (4.33)).

Lemma 4.4. There exists a constant C independent of h such that

T
161§, + Bs / el dz
0

t
< C/<h4(llu||§,g + 11 o + 16813 o) + 2N + 0l g + 1913 o )z
0



R. Biirger et al. / Journal of Computational Physics 299 (2015) 446-471

459

Proof. First we note that ¢ and u =u" (where we take N large enough in the definition of A/ such that |u(x)| < N) satisfy

d+1
0d o) + By @ g =— 30 3 [ u¥mpREgyds
KETh j=15,, bes;

- Z /{UN np)o - [R*¢n], ds + In(¢; on) Yon € Sh.

oe&y o

Subtracting (4.7) from (4.41), we obtain the following error equation in terms of 1 and 6:

(00, R*@n) + By(6, ons: dn)

d+1
=[—Bu(¢. on: &) — Bh(1. @n: dn) + Bu(¢. on: o)1+ > Y / (uy —u™) - npRF @y ds
KeTh j=15, 'bys;
d+1
+Y > / (@n — $)up - nR*pds+ ) / {(uy —u") nglo - [RFy], ds
KeTp j=1 sjs1bKs; o€l o

£ 32 [t - om-ulo - [Rol, ds = @on. Rogn) + 1o — dni o)

oeéy &
=h+h+L+I4+Is+ 16+ 17.
Now we estimate I1, ..., 7 one by one. By using (4.34), we have
Bn(®, @n; ¢n) — Bu(®, ¢n; @) — Ba(n, n; én) = Bn(Rho, @n; én) — Bn(Rr, @n; ¢),
and hence by using the definition of Bj(-, -; -), we have

d+1

Br(Rn. @n: ¢n) — Ba(Rngp i @)= > Y f (K () — k(@) V (Rn) - WRF @y ds
KeTh j=1 sj+1bks;j
+ 2 [1w@ k@) VR - [Rigal, ds
o0&y o

+y f (K (@) — K@)V n - 1)g - [RE(Rpg)],, ds

()'Egh o
=:T1+ T2+ Ts.
Using (3.13), we rewrite Tq as

T1 =[ARR®, @n: ¢n) — AR, on: ¢))]1+ Z f(K(¢h) — K@)V (Rng) - n(R*@p — gp) ds

KeTh gk

+ ) | VIk(gn) =k (@)V (R (ph — RPgp) dx=:T{ +T§ +T5.
KeTh k

Employing the definition of A(, -; -) together with Cauchy-Schwarz inequality and (4.40), we obtain
IT{1 < Clig — dnllo.lldnlln-
Again, an application of (4.40) together with trace inequality (4.3) and (3.4) yields

/(K(¢h) — K (@)V(Rng) - n(R¥@n — @) ds
aK

= C (19 = dnllo.x + > 11V @ = d)lox )
x (e 1R — gnllo.x + 11V (REgn — gwlonk )
<C(ll¢ — dnllo,x +hxllIV(P = dw)llo.x) IV@nllox-

(4.41)

(4.42)
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Then, summation over all triangles gives
T3 < C (Il — ¢nllo.c + hlld — bnlln) Ne@nlln.
To estimate T13, we argue as follows: Since Rp¢ is linear on each triangle, we note that
V- [k (¢n) — k() VRr¢l = (Vi (¢n) — VK (9)) - V(Rng) = (k' ($n) Vb — k' ($) V) - V(Rn)
= [k (¢n) (Von — V) + Vo (k' (én) — k' (¢)] - V(Rp),
and therefore, by assuming that «’ is Lipschitz continuous and using Cauchy-Schwarz inequality, (3.4), (4.40), (2.2), we have
T3 < Cyh (I — pnllo.a + e — dnlln) llenln-
Combining the estimates of T1, T12 and T13, we obtain the following bound for Ty:
IT11 < C (I — ¢nllo.e +hlle — Pulln) llnlln-
For T, we use the same arguments used in the bound for J3 given in (4.27) and (4.40) to obtain

T2 < C (¢ — ¢nllo,e + hll¢ — Pulln) li@nllln-

To bound T3, first we note that from (3.5), we have [R*(Ry¢)], = [R*(Rn¢ — ¢)],. Now following the same techniques
used in the accomplishment of (4.28), where (4.35) is used in place of (4.20), we immediately conclude that

T3 < C(ll — dnllo. + hllld — ¢rlln) llnllin.
and hence,
1111 < C(llg — ¢rllo,@ + hlld — dnllin) llenlln-

Using (4.4) and the uniform boundedness of u,’:’, we have from (4.13)

21, 13| < C(llu — upllo,@ + hllu — wpllp) l1@nlln-

Again using the same techniques which were used to bound J3 together with (4.4) and uf’:’ € L*°(R2), we easily obtain the
following bounds for I4 and I5

1al, [Is| < C(llu — upllo, + hllu — upllp) ll@nlln-

An application of the Cauchy-Schwarz inequality together with L? stability of R%, i.e., (3.7) yields
sl < Cllocnllo,2ll@nllo,o-

With the help of (4.16) and the assumption that f is Lipschitz continuous, we have

17] < C(l¢ — dnll +hlll$ — dnlln) li@n lln-

Choosing ¢ = 0, substituting all the estimates of I1,..., 7 into (4.42) and using Lemma 4.2 together with (4.8), Young’s
inequality (ab < %az + Zlb2 for all a,b € R and & > 0), and classical “kick-back” arguments (i.e. adding an existing term
multiplied by a small constant, only to be conveniently eliminated afterwards), we arrive at

(36, R*0) + (B — )O3

< c(noné,g +hA(lul5q + 1P15 o + loglf.q) + k> Inll; + 101l ¢ + ||am||%,g). (4.43)
Let us define the norm |||l := (¢, R%@p). Note that R? satisfy the following properties, see [27, pp. 1365]:
(@n, R¥ym) = (Y, RE@n)  Vgn, ¥n € Sh- (4.44)
Moreover, ||| - [[l1 and || - lo,q are equivalent, i.e., there exist C; > 0 and C, > 0 independent of h such that
Cillynllo.e < lvnllh = C2llvnllo,e Y¢n € Sh. (4.45)

Employing (4.44), we obtain from (4.43)
d
sa R¥0) + B.llOllf < C(nené,g + Nl = up 1§ o + Rl — g I + 27 + 00§ o + ||am||%,,9).
We proceed to choose ¢p(0) = Rp¢(0), which implies that 6(0) = 0. Now, an application of Gronwall’s inequity together
with (4.45) enables us to write

T T
1615 + ﬁ*/ lielizdT < cf(h“(nun%,g +1pl3 o + llogl o) +h2HnliE + Il o + ||am||5,g)dr,
0 0

which completes the proof. O
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Table 1
Example 1: Convergence test against an analytical solution employing DFVE approximations of concentration, velocity and pressure computed on a sequence
of uniformly refined triangulations of the unit square.

h eo(p) rate en(p) rate eo(u) rate ep(u) rate eo(p) rate
0.28284 0.000417 - 0.01468 - 0.005051 - 0.08445 - 0.09067 -

0.14142 9.985e—5 2.0643 0.00751 0.9657 0.001362 1.8900 0.04345 0.9586 0.04526 1.0021
0.07071 2.443e—5 2.0311 0.00379 0.9866 0.000352 1.9493 0.02202 0.9805 0.02259 1.0026
0.03535 6.124e—6 1.9988 0.00190 0.9950 8.971e-5 1.9760 0.01108 0.9906 0.01128 1.0014
0.01767 1.742e—6 1.9967 0.00095 1.0002 2.260e—5 1.9883 0.00555 0.9954 0.00564 1.0006
0.00883 4.385e—7 1.9682 0.00047 1.0075 5.676e—6 1.9939 0.00278 0.9977 0.00281 1.0002
0.00441 1.097e—7 1.9578 0.00023 1.0093 1.423e—6 1.9955 0.00139 0.9988 0.00140 1.0000
0.00220 2.562e—8 1.9305 0.00012 1.0010 3.671e—-7 1.9920 0.00070 0.9995 0.00070 1.0000

Theorem 4.5 (Error estimates). Let (¢ (t), up(t), pr(t)) € Sp X Vi x Oy be the unique solution of (3.9)-(3.11) and (¢ (t), u(t), p(t))
the unique solution of (2.4) for a fixed time t < T. Then, under the assumption that ¢,(0) = Ry (0), there exists C > 0 such that

p(t) — pr(®llo.o < C(¢, b, f,u, p, g h?, (4.46)
T
/ Il — dullad < C(@. é. F.u, p.g) h. (4.47)
0
lu(t) — un(®)llo.o < C(@, ¢, f.u,p, g h%, (4.48)
lu(®) — upn®lln + Ip®) — Pr®llo.0 < C($, ¢r, f,u, p, &) h. (4.49)

Proof. (4.46) and (4.47) follow by combining the estimates given in (4.35), (4.36) and Lemma 4.4 whereas (4.48) and (4.49)
directly follow from (4.46), (4.47) and Lemma 4.2. O

5. Numerical examples

We now present a series of numerical tests confirming the convergence rates predicted in Section 4 and simulating some
interesting scenarios from the applicative viewpoint. For consistence with the analysis in the previous sections, we do not
address here the convergence of the time discretization and we simply employ a first order backward Euler formula with a
fixed time step. The resulting system of nonlinear equations (the fully discrete counterpart of (3.9)-(3.11)) is solved via the
Newton-Raphson method with a tolerance of 10~8 for the energy norm of the residual, and, given the moderate size of the
associated linear systems, these are solved with the unsymmetric-pattern multi-frontal direct solver for sparse systems, a
routine which is part of the UMFPACK library. The specific form of the linearized problem is postponed to Appendix A. The
penalty parameters are set as o = 107%, org = 10°.

5.1. Example 1: experimental order of convergence against a manufactured exact solution

In Example 1 the ingredients of (1.1) are chosen in such a way that an exact solution is known. To this end, we choose
k(@) =¢>(1 —¢/2)2, u(p) = (1 — ¢/2)~2, and consider the non-homogeneous problem resulting from adding a non-zero
datum j to the right-hand side of (1.1b). The spatial domain is Q = (0, 1), and the source terms f (which replaces V- f(¢))
and j are constructed so that its solution is given by the smooth functions

sin(7r x) cos(r y) sin(t)
—cos(rx) sin(rr y) sin(t)

ux,y,t)= (

¢ (x,y,t) =sin(mwrx) sin(ir y) sin(t).

) . P&y, )= +y*—2/3)cos(t),

Dirichlet boundary and initial conditions are chosen according to these solutions. We first apply the proposed FVE method
on meshes obtained by successive subdivision of € into quasi-uniform triangulations 7, of meshsizes h = %2"‘, with 0 <
k < 6. The system is evolved with a fixed time step At =0.01 until T =1 and the approximate solutions obtained on the
refinement level k =6 are displayed in Fig. 2.

Individual errors in different norms are defined as

eo(u) = | u(") — uy (")

o en(w) = |u@) - up ")

‘o, ‘h’

eo(p) = || p(E™") — pu(t"")

L en@) =l ) = @n( D)l eo(@) = [T - gn (™)

’O,Q ‘0,9'

As expected, we observe in Table 1 a convergence of approximate order h? for eq(u(t)) and eg(¢(t)), and order h for the
other spatial errors in their respective norms. An experimental convergence of order At (not shown here) has also been
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Fig. 2. Example 1: Contour plots of the discontinuous finite volume element approximations of velocity components (top panels), and concentration and
pressure fields (bottom panels) at the time instant t = 1.

(a) (b) (c) (d)
—W—

~

Fig. 3. Example 2: Spreading of a gravity current [45]. (a) Initial state (not to scale). (b) Once the concentration values in the lower half of the vessel are
larger than &4, the vessel is tilted. (c) Tilted vessel, (d) gravity current.

observed for all variables in the £°°(0, t; L2($2))-norm. An average iteration count (through all refinement levels and time
steps) of six Newton steps to achieve the imposed tolerance has been evidenced.



R. Biirger et al. / Journal of Computational Physics 299 (2015) 446-471 463

(a)
2l Hﬁw‘?ﬁ 24
by, (x,y,t) 0.025 0.449
(b)
312 316 320 324
Pn (z,y,t) 308 324
(c)
i S Vi
&y, (z,y,t) 0.0249 0.473
@
312 316 320
Py, (T.y:t)
(e)
®)
(2)
(h)

1L uﬁ”z i HSIéHHquO \
Pn (x,y,t) 300 324

Fig. 4. Example 2: Contour plots of the discontinuous finite volume element approximations of (a), (c), (e), (g) concentrations and (b), (d), (f), (h) pressures
at time instants (a), (b) t = 1000 s (before tilting at T* = 1500), (c), (d) t = 4000, (e), (f) t =8000 and (g), (h) t =20000.

5.2. Example 2: spreading of a suspension gravity current

In this test we are interested in recovering the flow patterns of an experiment carried out in [45]. It consists in a scenario
where a rectangular vessel is initially placed vertically, and two separate zones with clear liquid and average concentration
are present, and an inflow velocity of normal u - n = uj, is imposed at the inlet, located at the bottom of the domain
(see the sketch provided in Fig. 3). Next, the system evolves and from t > 0 to t = T* three separate zones of clear liquid,
suspension at intermediate concentration, and packed sediment are present, and the inflow velocity is still imposed at the
inlet. Suddenly, at t = T* (which corresponds to a time when a jamming concentration &4 = 0.475 is attained at the bottom
of the vessel), the inflow is stopped and the gravity direction is switched —90 degrees, and from t = T* to t = T, one
observes the resulting mixing patterns.

The domain is a rectangle of width W =50 and height H = 500, and the initial distribution of the concentration is
¢o = 0.4(H — y)?/H?. Zero-flux boundary conditions are considered for ¢ everywhere and no-slip data for u on the top,
left, and right boundaries. For this problem we do not consider the effect of sediment compression and so we take x = Dy.
Instead of ¢g, in this case the forcing term acting on the momentum equation is considered as

(0s — PP
(1 —@)pr+ ¢ps
and the remaining (adimensional) model parameters are chosen as follows: 8 =5, ¢max = 0.6, Ui, = 1.58 x 1073, Do =

1073, T* = 1500, pf = 2500, g = 1.0, Ap = 1300. A mesh of 51108 primal cells and 25555 vertices and a timestep of
At = 0.05 are employed in the simulations. Fig. 4 shows the concentration profiles and pressure distribution during a
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Fig. 5. Example 2: Contour plots of the discontinuous finite volume element approximations of the velocity components (a), (c), (e), (g) u1 (in x-direction,
aligned with the vessel width) and (b), (d), (f), (h) uy (in y-direction, aligned with the vessel height) at time instants (a), (b) t = 1000 (before tilting at
T* =1500), (c), (d) t = 4000, (e), (f) t =8000 and (g), (h) t = 20000.

transient simulation (for visualization purposes the tank is rendered already tilted), whereas Fig. 5 depicts contour plots of
the associated velocity components.

5.3. Example 3: simulation of an axisymmetric secondary settling tank

We now simulate the sedimentation of a zeolites suspension taking place in a secondary clarifier located in the Eind-
hoven WWTP [6]. Since the vessel and the expected flow patterns are intrinsically axisymmetric, we can restrict the study
to a half cross-section of the tank. The axisymmetric domain is presented in Fig. 6, along with its dimensions and different
parts of its boundary. Such a configuration requires some modifications to the continuous and discrete formulations of the
model problem, in particular, all differential operators, infinite and finite-dimensional functional spaces need to be accom-
modated to the axisymmetric case. A summary of these ingredients is collected in Appendix B (cf., e.g., [11] for details).

The meridional domain 2 sketched in Fig. 6 was discretized using an unstructured primal mesh of 96 772 triangular ele-
ments and 48387 vertices. A fixed timestep of At =3s was employed and the system was evolved until T = 120000 s.
The suspension fed through I, with velocity uj, = (0,0.17)T has a concentration of ¢;, = 0.08. The material is re-
moved with a constant velocity uoy = (0, —0.0000015)T through I'oy, and a constant pressure profile is imposed at the
overflow I'gg. In all remaining parts of the boundary we impose zero-flux boundary conditions for the concentration
and, except for the symmetry axis, we set no-slip velocities everywhere on 9. Other functions and parameters are set
as oe(¢) = (0ot /dX)P* 1, 09 = 0.22Pa, ¢ =5, B = 2.5, pr = 998.2 kg/m>, ps = 1750 kg/m>, ¢ = 0.014, Pmax = 0.95,
Voo = 0.0028935 m/s, g = 9.8 m/s?, and Dy = 0.0028935 m?/s.
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Fig. 6. Example 3: Secondary settling tank [6]. The device has a feed inlet, a radial underflow for the discharge of sediment, and a peripheral overflow.
The variables prescribed on the portions Tj,, Toye and Toq of the boundary of the (r, z)-domain © c R? are indicated. The device has a radial length and
height of 26 m and 4 m, respectively. The inlet, T'j,, is a horizontal disk of radius 0.6 m. The underflow opening corresponds to the zone from r =1.05 m
to r =4.1 m of the conical bottom. The overflow channel corresponds to the annulus between r =25.8 m and r =26 m at z=4 m. The skirt baffle is a
thin solid wall reaching from z=23 mtoz=4matr=4.1 m.
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Fig. 7. Example 3: Contour plots of the discontinuous finite volume element approximations of (a), (c), (e), (g) concentration and (b), (d), (f), (h) pressure at
time instants (a), (b) t =100 s, (c), (d) t =5000 s, (e), (f) t =50000 s and (g), (h) t =100000 s.

Snapshots of the approximate solutions computed on the axisymmetric domain are presented in Figs. 7 and 8. For
visualization purposes, we also depict a rotational extrusion of 330 degrees at the final time 120000 s in Fig. 9.

5.4. Example 4: settling in an inclined cylinder

The settling rate of solid particles within a tilted vessel is known to be accelerated with respect to that in vertical
walls. In our last example we study this phenomenon, commonly known as the Boycott effect [7], where we also test our
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Fig. 8. Example 3: Contour plots of the discontinuous finite volume element approximations of the velocity components (a), (c), (e), (g) uq (in radial
direction) and (b), (d), (f), (h) uz (in vertical direction) at time instants (a), (b) t =100 s, (c), (d) t =5000 s, (e), (f) t =50000 s and (g), (h) t =100000 s.

three-dimensional DFVE implementation. The material behavior and model parameters are assumed as in Example 3, but
we take again adimensional units. The computational domain consists of a tilted cylinder of height 8 and radius 2, forming
an angle of 45° with the y-axis. The concentration-dependent viscosity is given by (2.3) with ¢max =0.85 and 8 = 2. An
unstructured mesh of 48 361 vertices and 267 297 tetrahedral primal elements has been generated to discretize the domain.
We employ a timestep of At =0.01 and evolve the system until T = 16. We study the elementary batch-sedimentation
case, therefore no-flux boundary conditions for the concentration, and no-slip velocities are set on the whole boundary (see
also [43]). Three snapshots of the approximate solutions are displayed in Fig. 10.

6. Concluding remarks

We have presented the numerical analysis of a DFVE method for the numerical approximation of a coupled PDE system
governing the sedimentation-consolidation process of solid-liquid suspensions. The proposed numerical scheme was formu-
lated on the basis of a discontinuous piecewise linear approximation of velocity and concentration, and piecewise constant
pressure approximation. In general, DFVE methods also possess local conservation properties (hold for classical and mixed
finite volume methods) on the dual elements, which are desirable while seeking numerical approximations of the problems
following physically conservation laws including mass, momentum, etc. In addition, the size of the dual elements used in
these methods is almost half of the size of dual elements used by classical and mixed finite volume methods. The solvability
of the nonlinear discrete problem was discussed and a priori error estimates for concentration, velocity and pressure in dif-
ferent norms have been established rigorously. A comprehensive set of numerical tests in two and three spatial dimensions
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Fig. 9. Example 3: Rotational extrusion of the discontinuous finite volume element approximations of (a) concentration, (b) pressure, (c) radial and (d) ver-
tical velocity components, and zoomed views of the inlet region (e), (f), (g), (h) at time t = 120000 s.

illustrates the robustness of the proposed method. The applicability of this scheme to the transport-flow coupling arising
in other two-phase flow models, such as those of granular-like behavior that are based on similar equations [3,26], is yet to
be tested.

It should be noticed, however, that a proof of consistency with continuity (CWC) (exact mass conservation at the dis-
crete level for the concentration equation) is currently not available for the present scheme. Possible remedies include
combination with semi-Lagrangian transport schemes, or the so-called explicit flux modification (cf. [35,46]). Mass-lumping
flux-correction strategies targeted for CWC enforcement could be also incorporated without much effort (see e.g. [31]).
Moreover, monotonicity properties (essential in avoiding spurious oscillations and non-physical concentrations) are not
discussed within our theoretical analysis, but our computational experiments along with coercivity and discrete inf-sup
conditions satisfied by the formulation may indicate that this property holds. A few contributions have dealt with the con-
struction of monotone finite element methods, under mesh regularity assumptions [8,51] (see also [21] and the references
therein). Similar studies could be applied in our case if we perform an operator splitting and study the monotonicity of
the DFVE scheme for the concentration equation following the analysis for a continuous FVE approximation of a parabolic
problem presented in [20]. Nevertheless, monotonicity of the fully coupled scheme remains a difficult task in view of all
involved nonlinearities and will be part of a forthcoming study. In that case, upwind or more sophisticate numerical fluxes
should be applied (our current choice obeys primarily to permit straightforward error estimation).
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Appendix A. Newton linearization

We apply a first-order backward Euler time stepping. For a fixed time t =t" < T, we denote by (84);:, Suﬁ, 3 pﬁ) an incre-
ment of the state (¢’,§, u’,j, p’lj) for k=1, ..., kmax. This increment is the solution of the following linearization of (3.9)-(3.11):
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1
E«w};, Regn) + AGF, on, ¢ + / K (@F)SOEVE - Vo dx + C(K, on, Suf) + C(6BY, on, uf)
Q

1 _
= = (@1 RE@n) — A, on, #1) — COf on, i) + (F 9m) + (0 Rign),

Aujy, vi: o) + / 1 (@1)81e () : €(vi)dx — b(Spy. vh) — d(3¢y. PFvh)

Q
= — A, vi; 9F) + b(pK, vi) +d(of, P*vy) + (j, v),
b(qn, suk) + b(gn, uf) =0, (A1)

for all (¢, vu,qn) € Sp x Vi x Qp, associated to homogeneous Dirichlet boundary conditions for the increment of velocity
and concentration. The state at step k is assumed to satisfy the nonhomogeneous boundary datum imposed with the initial
condition, and the overall loop is summarized in Algorithm 1.

Algorithm 1 Solution algorithm.

1: Construct primal and dual meshes, set initial conditions ¢,?, Newton tolerance €, and global time step At
2: forn=1,..., N do

3: set initial guess ¢ﬁ:0 <« ¢,’z_], uﬁzo <« uz_l, p’,ﬁzo <0

4: reset the norm of the increment ek=0 < 2¢

5: fork=1,..., kmax do

6: given the values (qb;;, u’l;, p’ﬁ), find the increments (6¢,’f, Buﬁ, 5pfl) by solving (A.1)
7: Compute the energy norm of the increment

e < ([ook]" , + out] 2 + Jont]; )"

8: Update the value of the approximation

oF <8¢k + o, ul —ouf +uf, pl —spk+pk

9: if €k <€ or k> kmax then
10: break
11: else
12: continue
13: end if
14: end for
15: end for

Appendix B. Axisymmetric formulation for the sedimentation problem

Let d = 3. Under the assumption of cylindrical symmetry (with respect to the symmetry axis I's = {r = 0}, cf. Fig. 6) of
all the flow patterns, the expected concentration profiles, and the domain, the three-dimensional problem (1.1) in Cartesian
coordinates (x, y, z, t) can be recast as the following two-dimensional system written in cylindrical coordinates (r, z, t):

For all t >0, find u(t) € V{ . () x H}’F(Q), p(t) € L2 () and ¢(t) € H} () such that

p — diva(k (P)Vap) +U-Vap =Va- f(¢)  InQx (0,T),
—div,(u(p)ea(w) — pI) —pg =0  inQx (0, 7),
divu=0 inQ x (0,7),
u=1ur onl" x (0,T),
¢=¢r onl x(0,T),
$(0)=¢o onQ x {0}.
Here the involved modified spaces are defined as follows (see details in e.g. [2,11,38]):

VIQ = HI@) NI (@), Vi (@:={weVl(@:w=0onTs},
L7 () = qEL%(Q):/qrdrdz:O i
Q

where L% (€2) denotes the space of measurable functions v on € such that
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p . Do
”V”Lg(sz) ._/|v| r*drdz < oo,
Q

HZ () is the space of functions in LY (2) with derivatives up to order m also in L (€2), and HQ,F(Q) denotes its restriction
to functions with null trace on a part of the boundary I'. The modified differential operators are defined as

0rVr OrVy

Vav = [azvr 9V,

1 1
, diva vi= v, + =3 (rvy), €a(V) 1= = (Vav + Vov'), Vas= sy
r 2 325

Moreover, all volume integrals in the definition of the DFVE formulation (3.9)-(3.11) have been replaced by their weighted
counterparts, and the discrete spaces have been replaced by

Vii={ve V() x V{ () :vlk e P1(K)", VK € Ty},
Qp :={q e Lf o(Q) : qlk € Po(K). VK € T},
St i={p e L2(Q) 1 ¢lk € P1(K), YK € Th}.
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