FOUR-FIELD MIXED FINITE ELEMENTS FOR INCOMPRESSIBLE NONLINEAR
ELASTICITY

SANTIAGO BADIAT, WEI LIT, AND RICARDO RUIZ-BAIER'

ABsTRACT. We present a stable finite element method for incompressible nonlinear elasticity based on a four-field
mixed formulation involving the displacement, displacement gradient, first Piola—Kirchhoff stress and pressure.
Unlike existing four-field mixed formulations, such as the compatible strain mixed finite element method (CSFEM),
the proposed approach employs a discontinuous displacement field and requires no stabilisation in either 2D or
3D. A Newton—Raphson linearisation is derived and finite element pairs satisfying the relevant inf-sup conditions
are identified. To recover accurate continuous displacement fields, an efficient postprocessing technique is further
introduced. We establish the well-posedness of the linearised continuous problem together with a priori error
estimates for the discrete formulation. Extensive numerical experiments in both 2D and 3D demonstrate optimal
or even super convergence rates and enhanced robustness, particularly in 3D where CSFEM typically requires
stabilisation.

1. INTRODUCTION

Nonlinear modelling of incompressible solids arises in a wide range of engineering and scientific applications,
including biomedical tissue mechanics [24, 32], rubber elasticity [37] and soft-material design [30]. Since
analytical solutions to the underlying initial boundary-value problems are often infeasible, the finite element
method (FEM) is a ubiquitous tool for approximating their solutions. Over the past decades, FEM has developed
a rigorous mathematical foundation for nonlinear continuum mechanics [11, 41]. In parallel, advances in
solvers and high-performance computing have expanded the range of problems that FEM can handle, enabling
simulations at extreme scales [8].

In solid mechanics, variational principles are commonly categorised into single-field, two-field, three-field
and four-field formulations. Many FEMs are built on these principles, from displacement-based approaches to
mixed and hybrid methods [11, 28, 41]. The stationary potential energy principle yields a weak formulation
in which displacement is the only independent variable. For (nearly) incompressible materials, it is often
combined with a penalty approach that treats the material as slightly compressible through a large bulk modulus.
After finite element (FE) discretisation, the stiffness matrix becomes increasingly ill-conditioned as the penalty
parameter grows, yet a sufficiently large penalty is needed to enforce incompressibility [25]. Consequently,
displacement-based formulations can suffer severe volumetric locking and perform poorly for nearly or fully
incompressible materials [12].

To mitigate locking, multi-field variational principles introduce additional independent fields and lead to
mixed FEMs [4]. A common two-field principle uses a Lagrange multiplier (hydrostatic pressure) to impose
incompressibility, yielding a mixed displacement—pressure formulation. After discretisation, the resulting system
is of saddle-point type, and well-posedness requires compatible FE spaces for displacement and pressure that
satisfy an inf-sup condition at the discrete level.

Several two-field FE pairs satisfy the discrete inf-sup condition, including the Crouzeix—Raviart element [13],
the Taylor—Hood element [36] and the MINI element [3]. A biorthogonal construction is proposed in [29],
with pressure test functions biorthogonal to the trial functions, and a stress—displacement two-field formulation
follows from the Hellinger—Reissner principle [23, 31] (see, e.g., [39] for nearly incompressible elasticity).
While many of these pairs are stable for linear mixed formulations, stability can deteriorate in large-deformation
incompressible hyperelasticity; for instance, the MINI element has a reduced stability range in 2D nonlinear
incompressible elasticity [5].

Adding one more field can lead to more robust three-field principles. The Simo-Taylor—Pister (STP)
principle [34], based on the Hu—Washizu framework [27, 40], augments displacement and pressure with a third
kinematic variable whose constraint is enforced through pressure. The enhanced strain mixed method [33]
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derived from this principle decomposes the deformation gradient into conforming and enhanced parts, extending
incompatible mode ideas to the nonlinear regime. Another three-field method in [17] uses the symmetric
Kirchhoff stress together with displacement and pressure; it preserves stress symmetry but requires a heuristic
choice of stabilisation constant in the lowest-order case.

Four-field mixed formulations for (nearly) incompressible solids have recently attracted increasing interest.
Typically based on the Hu—Washizu principle [27, 40], they treat displacement, displacement gradient, stress and
pressure as independent fields. The compatible-strain mixed finite element method (CSFEM) [2] yields robust
methods for 2D [16] and 3D [15], but requires different element pairs across dimensions and, in 3D, non-standard
FEs and additional stabilisation. The normal displacement tangential-normal stress continuous (NDTNS)
method [18], based on the mass-conserving mixed stress formulation [22] and the Hu—Washizu functional,
avoids inverting the constitutive law and allows flexibility in field regularity, but still relies on stabilisation and
non-standard matrix-valued tangential-normal continuous FE spaces.

In this work, we develop a stable four-field mixed FE formulation for incompressible solids. We analyse the
linearised nonlinear elasticity problem to identify stable element pairs and study their error convergence. Unlike
CSFEM, the same stable pairs apply in both 2D and 3D. In contrast to CSFEM and NDTNS, our approach uses
standard FEs (e.g., Lagrange and Brezzi-Douglas—Marini (BDM)), making implementation straightforward and
avoiding additional stabilisation and parameter tuning. We present 2D and 3D numerical experiments, including
comparisons with CSFEM, showing that the method avoids common artefacts (locking and checkerboarding)
while remaining robust and accurate.

The remainder of the article is organised as follows. Sect. 2 introduces the notation and mathematical
setting and presents a four-field formulation with its Newton—Raphson linearisation. Sect. 3 describes the FE
discretisation, identifies stable pairs and introduces a discontinuous displacement correction. Sect. 4 establishes
well-posedness and derives a priori error estimates. Sect. 5 presents 2D and 3D numerical experiments, including
comparisons with CSFEMs. Sect. 6 concludes and outlines future work.

2. A MIXED FORMULATION FOR INCOMPRESSIBLE NONLINEAR ELASTICITY

2.1. Notation. Let Q c R9, d ¢ {2, 3}, be an open, connected Lipschitz domain with piecewise smooth
boundary I" = 0€Q, representing the referential (or material) configuration of a deformable body. Let n denote
the outward unit normal vector on I'. The boundary is partitioned into the displacement and traction boundaries,
Iy and Iy, respectively, with 'y NI, =0 and 'y, U, =T.

We consider a scalar field p : @ — R, a vector field v : Q — R and a second-order tensor field T : Q@ — R4*4,
Let L2(Q), L?(Q) and L*(Q) denote square-integrable scalar, vector and second-order tensor fields, respectively,
with norms ||-||;2(q) [Ill2(@) and [|“llr2(q)- We then introduce the standard grad- and div-conforming spaces

H'(Q) = {p e L*(Q) : Vp € L2(Q)}, H'(Q) = {v e LA (Q) : Vv e L>(Q)},
H(div,Q) = {v e L%(Q) : V- v € L2(Q)}, H(div,Q) = {T € L*(Q) : V- T € L>(Q)}.
The curl-conforming spaces depend on the spatial dimension:

{(vel?Q): Vxvel?(Q)}, d=2,

H(eurl, 2) = {{v eL?(Q): Vxvel?Q)}, d=3,

{Tel?>(Q): VxTeL?*(Q)}, d=2,

H(curl, Q) = {{T e’ (Q): VxTel?(Q)}, d=3.

Each space is equipped with its natural norm. For instance, the norm in H(div, Q) is

1/2
IMlhscaivy = (1T g + 1V - Tlhiag) -

The L2-inner product for scalar, vector and tensor fields is denoted uniformly by (-, -))p. For example,

(p.aYa = /Q padV, (u.ohr = /F w-vdS, (T,S)o= /Q T:Sav,

where p, g are scalar fields, u, v are vector fields and T, S are second-order tensor fields. The symbol ““:” denotes
the Frobenius inner product, i.e.,

T:S= ZTi’jSi’j.
i.J
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2.2. Incompressible nonlinear elasticity. In this subsection, we review the essential ingredients of finite
deformation. The displacement vector field w = x — X maps each material point X in the referential configuration
to its spatial (or current) position x in the deformed configuration. The displacement gradient in the material
description is the second-order tensor

K = Vu. 2.1
Let I denote the second-order identity tensor; then the deformation gradient is

F=Vu+],
with the Jacobian determinant
J =detF =det(Vu+1I) > 0,

which measures the solid volume change during deformation. An important strain measure in material coordinates
is the right Cauchy—Green deformation tensor

C = F'F,

where the superscript (-)* denotes the transpose operator.

The constitutive behaviour of the material is encoded in a strain energy density function ¥, representing the
work per unit reference volume done by the stress in deforming the material system. It is expressed solely in
terms of the deformation gradient. For simplicity, we adopt a generic incompressible neo-Hookean material law,
although the proposed method applies straightforwardly to other models. The strain energy density reads

P(F) = %(11 - d), (2.2)

where p is the Lamé parameter, /; = tr C and tr(-) denotes the trace operator. Incompressible solids that
maintain constant volume during deformation are characterised by the incompressibility constraint J = 1. To
impose this constraint, we introduce a smooth function C : R* — R satisfying C(J) = 0 if and only if / = 1. As
suggested by [15, 16, 18], we employ two common choices:

Ci(J)y=J-1, (2.3a)
C2(J) =In(J). (2.3b)
To derive a constitutive law for incompressible materials, we introduce the modified strain energy
¥(F) = ¥(F) - pC(J),

where p € L?(Q) is the hydrostatic pressure, i.e., the Lagrange multiplier enforcing incompressibility in the
finite strain regime. The first Piola—Kirchhoff stress tensor is then

_ oY oy ocC

=P(K) - pQ(K). 2.4
= 55 = a5~ Pap = PO - pQ(K) 24
For neo-Hookean materials, it follows directly that
P(K) = u(K+1), (2.5)
and
c’)C 1 ¢
QiI(K)=—— =det(K+I)(K+I)™", (2.6a)
c’)C
Q:(K) = —=2 = (K+)™. (2.6b)

In the inertial reference frame under static mechamcal equilibrium, combining the balance of linear momentum,
the constitutive relation, the incompressibility constraint and the boundary conditions yields the following strong
form:

V-P=—pob in Q, (2.72)
P = P(K) - pQ(K) in Q, (2.7b)
K=Vu in Q, (2.7¢)

Cc(J) = in Q, (2.7d)

where pg > 0 is the reference medium density and b € L?(Q) is the body force per unit undeformed volume.
The above governing equations are supplemented with displacement and traction boundary conditions

u=u on Iy, and Pn=t on I, (2.8)

where @ € H'/?(I';) and £ € H™'/2(T';) are the prescribed displacement and traction, respectively.
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2.3. A four-field mixed formulation. We now test equations (2.7a)-(2.7d) against suitable functions. Unlike
the approach in [15, 16], where integration by parts is applied to (2.7a), we integrate by parts in (2.7c) to form a
new four-field mixed weak formulation: find (u, K, P, p) € L?>(Q) x L?(Q) x Ht(div, Q) x L?(€) such that

(v, V - Phq = —(v, pobha Yo € L*(Q), (2.92)
(v.P-P(K) + pQ(K)))o =0 Vy € L (Q), (2.9b)
(T, K)o+ (V- T, u)a = (Tn, a)r, vr € H'(div, Q), (2.9¢)
(g.C(NHHa =0 Vg € L*(Q). (2.9d)

Here, H'(div, Q) = {T € H(div,Q) : Tn = 0} and H*(div,Q) = {T € H(div,Q) : Tn = £}. This four-
field formulation ensures that the displacement gradient, stress and pressure are not postprocessed from the
displacement. In contrast to the formulations of [15, 16], the displacement boundary condition is imposed weakly
via (2.9c), whereas the traction boundary condition is enforced strongly through the space Ht (div, Q).

2.4. Linearisation. We now apply a Newton—Raphson linearisation to (2.9), starting from an initial guess.
Using the identities for the derivative of the inverse transpose and the determinant of a tensor, we obtain

d _ _ d _
E(F Ve = -F (Vu)'F, ﬁ(detF)lu =J(F*:Vu)l
‘We initialise the iteration from the stress-free, motionless state
(ukzo’ Kk=0’ Pk=0’ pk=0) — (0’ 0’ 0’ 0) .

For simplicity, we set the traction boundary data £ = 0; the linearised problem reduces to finding (u, k, o, p) €
L2(Q) x L?(Q) x H(div, Q) x L?(Q) such that

(v, V-oha = —(v, pob)a Vv € L*(Q),

-y, ke +{y.oNa+ (tr(v), pha = (tr(7), uha Vy € L (Q), 2.10)
(V-1 uha+ (1. K)o = {(rn,ayr, VYreH(div,Q),
(g, tr(k))a =0 Vg € L2(Q).

3. FINITE ELEMENT DISCRETISATION

Let 7}, be a shape-regular partition of Q into triangles in 2D or tetrahedra in 3D. The mesh size is defined
as h = max {hg : K € 5}, where K is an element from 7}, with diameter hg. Given an integer k > 0, for
each K € 7;,, we denote by Py (K) the space of polynomials on K of degree at most k and by P (7},) its global
counterpart (similarly for the other discrete spaces below). We define Py (K) = [Px(K)]¢ as the vector-valued
polynomial space on K. The BDM FE space on K is given by BDM; (K) = P;(K). We then introduce the
discrete spaces:

Hin = Pu(Th) N CY(Q) c HY(Q), Hi p = [BDM(7)]¢ € H(div, Q),
Hy ) = Pu(7) N CY(Q) c HY(Q), Hy_1,0 = Pio1(Th) € LA(Q).
Finally, we define the div-conforming subspaces with prescribed normal traces on I';:
Hg,h = {T) € Hyn: Tyn=0onTl},}, Hi,h ={Ty € Hy.n: Tyn = t on I;},
and the grad-conforming subspaces with prescribed displacements on I';:
Hg,h = {v, € Hy vy, =00n 'y}, H;cl,h = {vy, € Hy v, =uon 'y},

3.1. A mixed finite element method for incompressible nonlinear elasticity. Based on the continuous
variational formulation (2.9), we can derive its discrete counterpart. After discretisation, appropriate FE
spaces must be chosen to satisfy the inf-sup conditions; such combinations are referred to as stable FE pairs.
With the numerical analysis done in Sect. 4.2, we arrive at the following discrete formulation of (2.9): find
(uh, Kh,Ph,ph) € ﬁk—l,h X Hg.p X Hi,h X Hg. such that

(on, V - Pp)a = —(vn, pobha  Yvi € Hioy s,
«Yn, Pr = P(Kp) + prQ(Kp)a =0 Yvn € Hi hs

(T, KMo + (V- i, up Yo = mam, ahr, V7, € HY .
{qn, C()Pa =0 Yqn € Hy p-

@3.11)
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3.2. Finite elements. For notational convenience, we use a two-character symbol to denote both the type and the
polynomial order of each FE space. The symbols used throughout this paper are summarised in Tab. 1. Note that
we also include the special Nédélec elements €1, which combine six second-kind first-order and nine first-kind
third-order Nédélec shape functions. These elements are essential for the 3D CSFEM [15].

Symbol Description Conformity Order range
Pi Continuous Lagrange elements of order i. HY(Q) ie(1,2)
Pi Discontinuous Lagrange elements of orderi. L?(Q) ie (0,1)
ci Second-kind Nédélec elements of order i. H(curl,Q) i€ (0,1)
¢l Special Nédélec elements proposed in [15].  H(curl, Q) N/A
di BDM elements of order i. H(div,Q) i€ (1,2)
di Raviart-Thomas elements of order i. H(div,Q2) i€ (0,1)

TaBLE 1. Notation for the FE spaces considered in this work.

Since our method is based on a four-field formulation, we encode each mixed FE combination by eight
characters, with each two-character segment specifying the FE space for one field. For example, P1d2d2P2
uses a discontinuous vector-valued Lagrange space of order 1 (ﬁl, n) for uy, a second-order tensor-valued BDM
space (Hj ) for K;, and Py, and a continuous scalar-valued Lagrange space of order 2 (H; ;) for p;,. Note that
vector-valued Lagrange spaces are constructed by stacking d copies of the corresponding scalar Lagrange space,
while tensor-valued FE spaces of a given type are built from the corresponding vector-valued spaces by treating
each row or column of the tensor as a vector field.

As shown in Sect. 4.2, the stable FE pairs in 2D and 3D are POd1d1P1 and P1d2d2P2. Higher-order pairs may
also be stable but are computationally expensive, so we focus on these two. Figure 1 presents the element-wise
degrees of freedom (DoFs) of the two stable pairs in 2D. The low-order pair POd1d1P1 has 29 DoFs per cell,
while the high-order pair P1d2d2P2 has 60 DoFs. In 3D, these counts increase to 79 and 202 DoFs, respectively.
In the numerical experiments, we compare these pairs with the CSFEM pairs P1c1dOPO (25 DoFs) and P2c2d1P1
(55 DoFs) in 2D and P2¢1d0PO (88 DoFs) in 3D. The low-order pairs (POd1d1P1 and P1c1d0PO0) and high-order
pairs (P1d2d2P2 and P2¢2d1P1) have comparable DoF counts per element in 2D, allowing for direct comparison.
In 3D, however, P1d2d2P2 has significantly more DoFs than P2¢1d0PO, so a more balanced comparison is
between POd1d1P1 and P2¢1d0OPO.

Pair u DoFs

h K, P, Ph
P0Od1d1P1 PP A /\Kg /\ 29
vV vV vV vV

/\
/ .\

Ficure 1. Illustration of element-wise DoFs for the proposed stable pairs in 2D.

P1d2d2P2

VvV VV VYV VYV VV VYV

3.3. Discontinuous displacement correction. In the proposed method, the displacement field is approximated in
discontinuous Lagrange spaces. Therefore, the deformed configuration may exhibit inter-element discontinuities,
especially on coarse meshes and for the pair POd1d1P1. These discontinuities manifest as gaps or overlaps between
neighbouring elements in the visualisation of the deformed geometry. Moreover, since displacement boundary
conditions are imposed weakly, the discrete displacement field may not satisfy the prescribed boundary data
pointwise, and noticeable deviations can occur in the vicinity of displacement boundaries. Although the inflation
experiments in Sect. 5.2.1 confirm the expected convergence of the discrete displacement, a postprocessing
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procedure is introduced to recover a globally continuous displacement field that satisfies the displacement
boundary conditions strongly and improves the approximation in an energy-consistent sense. The proposed
strategy is reliable and computationally inexpensive, as it involves the solution of a symmetric positive-definite
problem posed on a higher-order conforming space.

The correction procedure is conceptually related to Stenberg-type postprocessing techniques for mixed
FEMs [35], where improved displacement fields are reconstructed from discrete fluxes. The main difference is
that our approach is global rather than element-wise, operating over the entire mesh. Specifically, starting from
the FE solution (uy, Ky, Py, p) € ﬁk_l,h X Hg p X H}i’h X Hg_pn, the continuous relation (2.1) is enforced in a
weak sense to reconstruct a conforming displacement. The reconstruction problem reads: find @, € H};‘ 1., such

0
that for all vy, € Hk+]’h,

Vi, Voo = (Kp, Vo )a.

The resulting FE tuple (@, Ky, Py, pn) € H};‘H o xHpg n XH? nXHi.n features a globally continuous displacement
field and satisfies both the displacement and traction boundary conditions in a strong sense.

It is natural to use continuous Lagrange spaces for ;. Since the relation (2.1) involves a gradient acting on
the displacement, the displacement correction space can be chosen one polynomial order higher than that of the
displacement gradient FE space. Accordingly, we use, e.g., P2 elements to correct POd1d1P1 displacements.
This postprocessing step is computationally much cheaper than the nonlinear solvers: it requires solving only a
single, much smaller, symmetric positive-definite system.

In the numerical experiments, we append the tag “(corr)” after any pair whose displacement field has been
postprocessed. For example, “I_DOdllel(corr)” denotes the corrected FE solution (i@, Ky, Py, pr), where iy, is

reconstructed from Ky, while the remaining fields are taken from the original P0Od1d1P1 FE solution.

4. CONTINUOUS AND DISCRETE ANALYSIS OF THE LINEARISED PROBLEM

4.1. Well-posedness analysis of the linearised problem. Reordering the unknowns and equations, we write the
linearised problem (2.10) as follows: find (k, (o, p), u) € L>(Q) x [H®(div, Q) x L2(Q)] x L?>(Q) such that

ulk, e - (o, e —(p.tr(7))a = (. tr(v))e ¥y € L*(Q),
—(k, The —(u, V- = —(a, Tn)r, ¥ ecH(div,Q),

—(tr(k), g)o =0 Vg € L2(Q), 12
- (V- 0o,v)q = (pob, v)o Vo € LX(Q).

Defining the operators

A:L2(Q) - LAHQ), (Ak).7) = ulk. 7)o

By : L2(Q) — [H(div, Q) X LX(Q)]",  (B1(7).(T.9)) = =(v.™ha - (tr(7).q)e.
By : [H'(div. Q) x L*(Q)] - L*(Q)’, (Bx(7.9).v) = (V- T, v)aq.

Fi:LX(Q) - R, (F1.7) = (u.tr(y)e,

Fy: [H'(div, Q) x LY(Q)] > R, (F,(T,9)) = —(@, Tn)r,.

F3:L*(Q) - R, (F3,v) = {pob,v)aq,

problem (4.12) can be compactly written as

A B, 0\[ k Fy
Bi 0 B||(o.p)|=|F in (L*(Q) x [H(div, Q) x L>(Q)] x L*(Q))".
0 B, O u F;

The abstract theory for twofold saddle-point problems is stated in [20, Theorem 2.2] (see also [26]).

Theorem 4.1. Denote V, = ker(By). Assume that the following conditions hold:

e The operator A is linear, bounded and coercive in L*(Q);
o The linear operator By satisfies an inf-sup condition on the kernel V;
o The linear operator B; satisfies an inf-sup condition.
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Then, for any given linear functionals F), F> and Fs, there exists a unique solution (k, (o, p),u) € L?>(Q) x
[H(div, Q) x L>(Q)] x L2(Q) o (4.12). Furthermore, there exists a constant C > 0 depending only on the
continuity, coercivity and inf-sup constants, such that

(k. (o, p), w)l| < CUIFLll + |F2l + LE31D-

We now examine the properties of the bilinear forms and linear functionals. The boundedness of A(e,e),
B (e, e) and B;(e, e) follows directly from Holder’s inequality and the definitions of the norms. In addition,
A(e, ) is coercive on L2(Q). It therefore remains to prove the corresponding inf-sup conditions.

Lemma 4.1. There exists a constant 3, > 0 such that
(B2(7,9),v)
sup BLT DY) s Bz Vo e LAQ).

(r.q) e @iv.xz@\ oy (Tl

Proof. 1t follows by taking ¢ = 0 and noting that

(Ba(T.9),v) —(V -1, v)a

sup ———— > sup _

(ra) (Tl remvaiv)\ (01 T lE@iv.0
The right-hand side is bounded from below by a standard argument based on the surjectivity of the divergence
operator; we include the details for completeness. Given v € L?(Q), consider z € H' (Q) by solving

—Az=v InQ, z=0 only, Vzn=0 onlI;. 4.13)
Next, define ¥ = Vz. Then
V- F=-v inQ, Fn=0 onl}y,

so that ¥ € _Ho(div, Q). By Poincaré’s inequality and the standard data regularity for problem (4.13), there exists
a constant C > 0 such that

171l aiv.e) < C vl g -

Therefore,
2
(V- T.vda (V- Foda Wl 1
sup > = = —= > = ||’U||L2(Q)
rem(div.o)\ {0y T E@iv.0 17 l@ive)  1Flla@ve €
Setting 8> = C~! concludes the proof. O

Next, we have the following characterisation for the kernel of B;:
Vs = ker(B,) = {(1, ¢) € H'(div, Q) x L*(Q) : (B2(7,¢),v) =0 Vv e L*(Q)}
={(1,9) € H'(div,Q) xL*(Q) : V- 7 = 0in Q}.
Indeed, the second equality follows by choosing v = V - T € L?(Q).

We also recall the following auxiliary estimate, which is a direct consequence of [1, Lemmas 3.1-3.2]: there
exists a constant yg > 0 such that

17 |lz2(aiv.0) < y0(||rdeV||L2(9) +IV Tlhir) Y7 eH (div,Q), (4.14)

dev

where 7V = 7 — %I is the deviatoric part of 7 and tr(79") = 0.

Lemma 4.2. There exists a constant 81 > 0 such that

(Bi(7), (7,9))
sup  ——————" > Bi(ITlly@aiv.0) +ldli2) Y (7T.q) € V2.
vez@voy  17llz@
Proof. A related proof for the 2D case with pure displacement boundary conditions can be found in [19]. We
adapt the argument to the present setting. Consider a generic pair (7, g) € V. By the characterisation of V;, we
know that 7 € H(div,Q), ¢ € L>(Q) and V - 7 = 0 in Q.

Case I: ||qlli2 (@) < 17 llu(aiv,)- Choose ¥ = —79_ Then

Bi(), (1.9)) _ (T, 7% Na + (tr(79), g ||Tdev||i2(g> + (el pdevyy

= - = T
1912 ) ”Tde"“Lz(g) ”TdeVHIL,Z(Q) |

ey
Using (4.14), V- 7 =0 and ||q[l;2(q) < |7 llr(aiv,@) We obtain

d -1 11
| ev||Lz(Q) >y ITlle@ive) = 370 (ITlhkiv.0) + 19lh2@)-
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Case 2: ||qlli2(q) = 1T llm(giv,@)- Choose 4 = 7 — gl. Then
(Bi(H). (T.q)) = ~(7.7 — qlha — (tr(t - qD). qYa = ~ |72, +d 141 ) -
Moreover, by the triangle inequality,

1¥ll2@) < ITllze) + 4 llgllizg) -

Therefore, with ||g|li2(q) = |7 |l (aiv,0)»

(B](’?),(T,(,])) d-1 d-1
- > lglliz = 57— 1T lleiv,) + ll9lli2@))-
“7”11,2(9) d+1 L?2(Q) 2(d + 1)( H(div,Q) L (Q))
By choosing
s 1o -1 d-1
B = mm{ﬂo ’ _2(d+1)}
we finish the proof. O

Theorem 4.2. There exists a unique
(k, (o, p),u) € LX(Q) x [H(div, Q) x L*(Q)] x L*(Q)
satisfying
(A(k),7) + (B1(7), (o, p)) =Fi(v), Vy € LA(Q),
(Bi(k), (T.9) +(Ba(T.q),u) = Fa(T.q), ¥(7.q) e H'(div,Q) xL*(Q),  (4.15)
(B2(o, p),v) = F3(v), Yo € L2(Q),
and moreover there exists a constant C > 0 such that
1kllr2(0) + (0, P) l@iv.oyxz@ + 1wl < Clllpobllizg) + lallmizr,))-
Proof. The result follows directly from Lemmas 4.1 and 4.2, together with Theorem 4.1. O
4.2. Discrete solvability analysis for the linearised problem. After discretisation, we select the FE spaces

described in Sect. 3.1. The associated Galerkin scheme for (4.15) then reads: find (kn, (o, pn),up) €
Hi n X [H(Iz n X Hk,h] X Hy_1,, such that

(A(kn),vn) +(B1(Yn), (On, Pn)) = Fi(vn), VYn € Hi,ns
(Bi(kn), (Th.qn)) +(B2(Ths qn)s wn) = Fa(Th, qn) ¥ (Th. qn) € HY , x Hepo  (4.16)
(B2(oh, pn),vn) = F3(vp), Vo, € Hi_1 .

It is worth noting that the continuous FE space Hy 5, is a design choice.
We then state the discrete version of Theorem 4.1; see also [20, Theorem 3.2].

Theorem 4.3. Denote V,j, = ker(B>) |H2 xHy, Assume that

o The operator A is linear, bounded and coercive in Hy p;
e The linear operator By satisfies a discrete inf-sup condition on the discrete kernel Vjp;
e The linear operator B; satisfies a discrete inf-sup condition.

Then there exists a unique solution (ky, (o, pn), up) € Hy p X [Hg n X Hin] X ﬁk—],h to the Galerkin method
associated with (4.12). Furthermore, there exists a constant C > 0, independent of h, but depending on the
inf-sup constants, continuity and coercivity constants, such that

(K, (an, pr)s un)ll < C(IF11I+ IF2 |l + 1F5]1).
Lemma 4.3. There exists a constant 81 > 0, independent of h, such that

(B1(Yn)s (Ths qn))
sup
ver\ 0y Il

> Bi(lImnllsqaiv,e) + lgnlliz)  Y(Th,qn) € Van.

Proof. For the selected FE spaces Hy 5, X [Hg n X Hy.n] X ﬁk_ 1.h the proof of Lemma 4.2 carries over verbatim.
Indeed, the FE spaces for k;, and o, coincide, and for any g;, € Hy 5, the piecewise linear and overall continuous
tensor g1 is contained in the BDM space Hy j,. O
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4.3. Error estimates for the discrete linearised problem. We begin by introducing the following interpolation
operators: _
mp L2(Q) > Hep  #p : L2(Q) > Hympp, 7Y H(div, Q) — Hy

which satisfy the following commutativity and L?(Q)-orthogonality properties (see, e.g. [14]):
v. (ng“(a)) = (V- 0) e He_ry Vo € H(div, Q), (4.172)
(u—7p(w),vpNe =0 Yo, € He_yp. (4.17b)

Theorem 4.4 (A priori error estimates). Let (k, (o, p), u) denote the exact solution of the continuous prob-
lem (4.15), and assume that these fields are sufficiently smooth. Denote by (ky, (on, pr),un) the solution of the
discrete problem (4.16). Then there exists a constant C > 0, independent of h, such that the errors i, = k — kp,
Eg =0 —Op, Ep = p — pp and &, = u — uy, satisfy

lleklliz ) + l1€a lmiv.) + ||8p”Lz(Q) +|leulliz(g)
(4.18)
<Ch* (h kllge @) + o |lmr @) + 2 1Pk () + ||U||Hk(§z)) :

Moreover,
lekllizq) + H8p||Lz(Q) < Ch¥! (||k||Hk+1(Q) + |lo[lger @) + ||P||Hk+1(Q)) . (4.19)
Proof. For each unknown, we decompose the total error € into an interpolation error and a discrete error:
ex=k—ky=k-nl"(k)+ (x% (k) — k) = g + &g
Ee=O0—0Op=0— ﬂgiV(O') + (ﬂgiv(a') —0op) =N +&q,
gp=p = pn=p=7n(p)+ @n(p) = pn) =np +&p,
gy =u—up=u—ap(u)+ (Tp(w) — up) =Ny +Ey.
The interpolation errors 17 depend only on the regularity of the exact solution and satisfy the standard estimates:
Ikl @) < CH kel g ) » ”np”Lz(g) < CH** Ipllgen Q) > (4.20)

nolli2i@) < CH* otz @), Iulliz@) < Ch* lullpeay s Inolla@ve < Ch* ol q) -
Subtracting the discrete problem (4.16) from the continuous problem (4.15), we obtain the error equations:

(A(€x), ) + (Bi(Yn), (§o:.€p)) = —(AMK), ) — (Bi(n)s (e, 11p) ) VY € Hi,ns
(B1(&r)> (Thoqn)) + (Bo(Th» qn)- €u) = =(B1(Mk) (Thr qn)) = (Ba(Ths @) u)s ¥ (Thoqn) € HY , X Hye
(B2(é556p)svn) = —(B2(Nos11p)s Vi), Vo, € Hiot .

In the second equation, the term (B (Th, qn), Nu) = {Nu, V - Th ) vanishes. Indeed, for any 7, € Hg’ 4 WE

have V - 1, € ﬁk_l, ». Hence, by applying the L?(Q)-orthogonality (4.17b):
(u—7p(u), V- 1hha = 0.

Likewise, in the third equation, the term involving B> and (774,17 ,) also vanishes by using the commutativity and
L?(Q)-orthogonality in (4.17):

(B2(5,11p), 01) = (V - N1, v = (V - (0 = 13 (0)), oo = (V - 0 = (V- &), vp)a = 0.
The operator A is bounded:
(A(k),7) = ulk, Yha < ullkllzg) 1Vl < CllEllz@) 17llg) -
Similarly, the operator B is bounded:

(Bi(7), (0, p)) = =(v, Do = (tr(7), Phe < llollz(q) IVl @) + 1Pl Ve Il )

< Cliliz (ol + 1Pz ) -

Invoking the stability results of Theorem 4.3, together with the boundedness of A and B;, we obtain the
estimate for the discrete errors:

€klliz () + 1éollmaiv.0) + ||fp||Lz(Q) +€ulliz@ <€ (||77k||L2(Q) + 7o ll2q) + ||77p||Lz(Q)) . 42D

Finally, applying the triangle inequality ||| = |[7+£&] < ||nl| + ||¢]| and combining the interpolation
errors (4.20) with the discrete errors (4.21) yields (4.18). Starting from (4.21), we also derive (4.19). O
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4.4. Error estimates for the post-processed displacement field. As introduced in Sect. 3.3, in the linearised
setting the discontinuous displacement approximation u, can also be enhanced by solving an additional elliptic
problem. Assuming homogeneous displacement boundary condition for simplicity, given kj € Hy_ 5, we define
the post-processed displacement @), € Hg o1 @S the solution of

(Vin, Vop)a = (kn, Voo, Vo, € HY,, . (4.22)

The bilinear form
a('&h, 'Uh) = «V’&h, V’l)h»g

is continuous and coercive on H! therefore, existence and uniqueness of @, follow from the Lax—Milgram

k+1,h°
theorem.

Corollary 1 (Error estimates for the post-processed displacement field). Assume that Q is convex. Let
(k, (o, p), u) denote the exact solution of the continuous problem (4.15) and (ky,, (o, pn), up) the solution
of the discrete problem (4.16). Let @), € Hg +1.p be defined by (4.22). Then there exists a constant C > 0,
independent of h, such that ’

IV (w =)l < CH (| V| e @ t o |lzr ) + 1P llak (g))- (4.23)

Moreover,
lw—anll2 ) < Chk+2(||Vu||Hk+1(Q) +llollge () + 1Pl (@) (4.24)
Proof. Let 7, : L2(Q) — Hg ,1.,, b€ a suitable interpolation operator. We decompose the total error as
ca=u—TUp =u—-mp(u)+m,(u) - Gy =ng +&a.

The interpolation error 74 admits

Inalliz < CR? ullgee) . 1VRallizq) < CH [Vl g -
Since the exact solution satisfies k = Vu, we have

(Vu, Voo = (k, Vop)a, Vo, € HY,, .
Subtracting (4.22) from the above equation yields
(Véa, Vup)a = ek — Vna, Vop)a.
Choosing vy, = & and applying the Cauchy—Schwarz and triangle inequalities give
||V§ﬁ||i2(g) = {er — Vna, Véa)a < (||8k||L2(Q) + ||V77ﬁ||u.,2(sz)) IVEall2(g) -

Using the previously established estimate for £ and &, in (4.19), we obtain

ekl ) < lleklliz ) + ||8p||L2(Q) < Ch**! (||k||Hk+l(sz) + ||lo|lgr @) + 1P llgwn (Q)) :

Recalling that k = Vu, we obtain (4.23). We now derive the optimal L?() error estimate for the post-processed
displacement. Consider the dual problem: find z € H})(Q) such that

-Az=g5 inQ, z=0 onoQ. (4.25)
Assuming that € is convex, elliptic regularity gives
Izllw2 @) < Clleallzg) -
Using (4.25) and integrating by parts, we achieve
||8ﬁ||iz(g) = (ea €aNa = —(ea, Az)a = (Vea, Vz)a.

0 be an interpolant of z and it comes with the property

Let z;, = mp(2) € Hi

IVz - Vzplleq < Chllzllpg) -
We then decompose z = (z — zj) + 25 and obtain
||8ﬁ||iz(g) ={Vea, Vz - Vzp)a+ (Vea, Vzp)a.

The term (Veg, Vzp ) disappears due to Galerkin orthogonality. By the Cauchy—Schwarz inequality, the
interpolation property and the elliptic regularity, we reach

||8ﬁ||i2(g) < IVealliz @) IVZ = Vil ) < ChlVealliz o) 1zllm )

< Ch||Veall2 () lleallLz () -
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Cancelling |le4|ly2(q) from both sides and invoking the estimate in (4.23), we obtain (4.24). O

5. NUMERICAL EXPERIMENTS

We evaluate our method through extensive numerical experiments in both 2D and 3D. For brevity, the
method is referred to as discontinuous displacement mixed finite element method (DDFEM). We consider two
DDFEM stable pairs, POd1d1P1 and P1d2d2P2, defined in Sect. 3.2. When the displacement approximation is
postprocessed as described in Sect. 3.3, the tag “(corr)” is appended to the corresponding pairs.

5.1. Compatible-strain mixed finite element methods. To demonstrate the accuracy of DDFEMs, we compare
DDFEMs with CSFEMs, which are also four-field formulations for incompressible nonlinear elasticity. At the
continuous level, the weak formulation of the 3D CSFEM [15] reads: find (u, K, P, p) € Hll_L(Q) x H(curl, Q) x
H(div, Q) x L?*(Q) such that

(P, Volg +asi (u, K, v) = {pob, v))a + (. v)r,, Vv e Hp(Q),

(P(K), kDo + (pQ(K), K)o — (P, kha + asz(u, K, k) =0, Vk € H(curl, Q),
(Vu, Pho - (K, ¥)ao =0, Vi) € H(div, Q),
(C(J),qha =0, Vg € L2(Q).

The spaces H}L () and H})(Q) denote subspaces of H! (Q) consisting of displacement fields that satisfy prescribed
and homogeneous displacement boundary conditions on I'y, respectively. The stabilisation terms

si(u, K, v) = {(Vu-K,Vov)o, s(u,K k)= (K-Vu,k)q,

are weighted by the parameter a. For 2D problems, such stabilisations are unnecessary, so s; and s, can be
safely omitted [16].

Regarding feasible CSFEM pairs, P1c1dOPO and P2c2d1P1 are the best-performing first- and second-order
choices in 2D [16]. In 3D, however, neither pair is admissible, and P2¢1d0OP0 was proposed in [15]. The
notation for these CSFEM pairs follows that of the DDFEM pairs and is detailed in Tab. 1. In our experiments,
we use P1c1dOPO and P2c2d1P1 for 2D examples and P2&1d0OP0 with stabilisation parameter @ = 103 for 3D
simulations.

In addition to the choice of stable pairs, the principal differences between the FE formulations of DDFEMs
and CSFEMs are summarised as follows:

e DDFEMs employ discontinuous displacements, whereas CSFEMs use continuous displacement fields.

e DDFEMs utilise div-conforming displacement gradients, while CSFEMs adopt curl-conforming dis-
placement gradients.

e DDFEMs require continuous pressure fields, whereas CSFEMs can have discontinuous pressure fields.

e In DDFEMs without displacement correction, displacement boundary conditions are imposed weakly
and traction boundary conditions are imposed strongly; the opposite holds for CSFEMs.

5.2. Examples. Here we present a detailed comparison between DDFEMs and CSFEMs. For simplicity, all
experiments employ neo-Hookean materials with Lamé parameter u = 1, assuming no body forces, i.e., b = 0.
Possible choices of incompressibility constraint functions C are listed in (2.3), with the corresponding Q functions
defined in (2.6). Depending on the specific problem, either C; or C, or both, are used. Both formulations are
implemented in the open-source FEM framework Gridap. j1 [9, 38], and the resulting nonlinear FE systems are
solved using Newton—Raphson’s method with a Hager—Zhang line search and a tolerance of 10~°.

5.2.1. Radial inflation. As an initial benchmark, we consider the radial inflation of a cylindrical shell in 2D and
a hollow spherical ball in 3D, following the setups used in CSFEMs [15, 16]. The geometries and the prescribed
displacement boundary conditions are illustrated in Fig. 2. The inner and outer radii are Rj, = 0.5 and Ry = 1,
respectively. Displacement boundary conditions are imposed on the outer boundary for the shell and on the
inner boundary for the ball, while all remaining boundaries are traction-free. In both the 2D and 3D cases, the
displacement boundary data can be represented by the form

a=(1-DX,

where X is the referential position vector and A > 1 is the displacement intensity parameter.
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v

Ficure 2. Geometries and displacement boundary conditions for the inflation problems. Left:
a 2D cylindrical shell; right: a 3D hollow spherical ball.

Let d € {2,3} denote the spatial dimension and define R = ||X]||. The exact radial map is given by
r(R) = (R4 + (24 - l)ROth 17d "and in 3D we additionally define g(R) = R(3r3(R) + (1 — 1)R(3)ut)/r4(R). The
exact displacement field is then expressed as

R
u(X)=(r( )—I)X,
R
and the exact pressure reads
R> u(2-1R2, 1 1 (R)R\  op 4
p(X) = —H 2(R) + 5 t ( TRy 2(R)) +'UIH(:(R)Rm) ifd =2,
M 4(1%‘“0 %[g(R) g(Rou)] if d = 3.

We impose the incompressibility constraint using the function C;(J) = J — 1. The exact displacement gradient is
computed from K = Vu + I and the exact first Piola—Kirchhoff stress is then given by P = P(K) + pQ; (K),
where P and Q, are defined in (2.5) and (2.6a), respectively. Due to symmetry, we model only one quarter of
the 2D shell and one eighth of the 3D ball to reduce computational cost. The Cartesian mesh on [0, 0.5]?
mapped to the upper-right quarter of the shell, while the one-eighth domain of the ball is discretised directly
using Delaunay meshes.

We set A = 3 and compare the DDFEM solutions directly against the exact ones; the corresponding error
convergence curves are plotted in Fig. 3, with reference slopes provided in the figure caption. We first focus on the
2D convergences in Fig. 3a. For both DDFEM pairs P0d1d1P1 and P1d2d2P2, the discontinuous displacement
approximations converge at optimal rates. After postprocessing, the displacement errors reduce significantly
while preserving the expected rates of the underlying continuous Lagrange elements, confirming both the accuracy
of discontinuous displacement solutions and the effectiveness of the correction. The displacement gradient also
attains the expected convergence for both pairs. The H(div, Q) errors, displayed in the third subfigure of Fig. 3a,
exhibit super-convergence: for both pairs, the observed rates are one order higher than expected. This occurs
because the body force is zero, i.e., b = 0, implying V - P = 0. Thus, the H(div, Q) error of P, coincides with
its L2(Q) error. For the pressure, POd1d1P1 achieves the expected convergence rate while P1d2d2P2 shows
super-convergence, with a slope higher than the nominal order of three.

For the 3D convergence results in Fig. 3b, the observations closely mirror those in 2D. Convergence curves
are slightly noisier, reflecting the added difficulty of discretising the domain with quasi-uniform 3D Delaunay
meshes. It is worth noting that the displacement correction remains effective in 3D, producing more accurate
approximations while maintaining the expected super-convergence rates. Overall, Fig. 3 shows that both DDFEM
pairs deliver accurate solutions for the 2D radial inflation problem. More importantly, DDFEMs extend robustly
to 3D cases without any stabilisation or modification of standard FE bases, whereas these are necessary in
3D CSFEMs [15]. The convergences in Fig. 3 also show that DDFEM achieves the expected error estimates
from (4.18), (4.19) and (4.24) for all four fields plus the corrected displacement, and in some cases even surpasses
them.

Figure 4 displays the convergence results for the 2D inflation problem using the CSFEM pairs P1¢1d0PO and
P2c2d1P1, computed on the same Cartesian meshes as in Fig. 3a. Both pairs achieve the expected H' and L2
convergence rates for displacement and pressure, respectively. However, the displacement gradient converges
one order suboptimally: order 1 instead of 2 for P1c1dOPO and order 2 instead of 3 for P2c2d1P1. The stress
approximation is even less robust: P1c1dOPO fails to reach first-order convergence, while P2c2d1P1 stagnates on
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Ficure 3. Error convergence of the FE solution errors versus mesh size for various FE pairs
in typical inflation problems. The displacement boundary data parameter is taken as 4 = 3.
Reference slopes: 1 (dotted lines), 2 (dashed lines), 3 (dot-dashed lines), 4 (solid lines). Panels:
(a) 2D results, (b) 3D results.

coarse meshes before eventually recovering the expected rate. Compared with DDFEMs, CSFEMs are more
sensitive to mesh quality. In particular, on Delaunay meshes, as reported in [16], the displacement gradient
convergence for P1c1dOPO is slightly improved. In contrast, DDFEM pairs achieve expected convergence rates
on both Cartesian and Delaunay meshes, as reflected in Fig. 3.
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Ficure 4. Error convergence of the CSFEM solution errors versus mesh size in the 2D inflation
problem. The displacement boundary intensity parameter is A = 3. Reference slopes: 1 (dotted

lines), 2 (dashed lines).
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5.2.2. Cook’s membrane. The Cook’s membrane problem is a classic benchmark for evaluating the performance
of FEMs in capturing combined bending and shear responses. We consider the 2D and 3D geometries shown in
Fig. 5, taken from [16] and [15], respectively. The 3D membrane is formed by extruding the 2D membrane by 10
units along the z-direction. In 2D, the membrane is discretised structurally using 2 x n? triangular elements.
For the 3D case, we exploit symmetry of the domain and problem configuration and use Delaunay meshes to
discretise only half of the membrane along the z-direction. Regarding the boundary conditions, the left edge (2D)
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and face (3D) are clamped, while the right edge (2D) and face (3D) are subjected to, respectively, the following
vertical tractions:

tip = (0, )%, tp=(0,1,0)".
All other boundaries are traction-free. Due to the abrupt change of boundary condition types, singularities

appear at the top-left vertex in 2D and along the corresponding edge in 3D. As recommended in [16], we employ
C, (2.3b) as the constraint function for both CSFEMs and DDFEMs.

AN\

44

AN

48

Ficure 5. Geometries and traction boundary conditions for the Cook’s membrane problems.
Left: a 2D membrane; right: a 3D membrane.

Table 2 reports the tip deflection at point A for the 2D Cook’s membrane. The first two rows correspond to
DDFEM pairs, followed by their displacement-corrected counterparts, while the last two rows correspond to the
CSFEM pairs. For a very coarse mesh (n = 6), the deflection from POd1d1P1 shows a slight deviation, but it
converges steadily to high-order solutions as the mesh is refined. After applying the displacement correction in
Sect. 3.3, the POd1d1P1(corr) results closely match those of P1c1dOP0 and P2c2d1P1. The high-order DDFEM
pair P1d2d2P2 produces consistent deflections that agree well with the CSFEM results, and its corrected values,
denoted by P1 d2d2P2(corr), show little further improvement. Notably, on the finest mesh (n = 48), the high-order
CSFEM pair P2c2d1P1 fails to converge for large traction (f = 0.4), which is consistent with the observations
reported in [18].

The FE solutions on the deformed geometry are presented in Fig. 6, computed on a mesh of 2 x 24 triangles.
The top and bottom rows correspond to the high-order pairs P1d2d2P2(corr) and P2c2d1P1, respectively.
Overall, the solution patterns produced by P1d2d2P2(corr) closely resemble those of P2c2d1P1, with only
minor differences. Several notable nuances are revealed after closer inspection. Firstly, near the singular vertex,
P1d2d2P2 produces more distorted and rotated elements than P2c2d1P1, a behaviour that is physically more
consistent with the expected large deformation in this region. Secondly, in the stress solutions (second column
of Fig. 6), P2c2d1P1 exhibits visible checkerboarding around the singular vertex, despite not employing the
lowest-order stress and pressure FE pair. In contrast, the P1d2d2P2 stress solution shows no such numerical
artefacts. Lastly, the overall stress solution obtained with P1d2d2P2 appears smoother and more consistent
with the expected stress distribution, suggesting a more natural and robust approximation than that provided by
P2c2d1PI.

For the 3D Cook’s membrane, the deflection at point A versus element count is shown in Fig. 7. As in the
2D case, the results obtained with P1d2d2P2 closely match those of the 3D CSFEM pair P2¢1d0PO across all
mesh resolutions. The low-order DDFEM pair POd1d1P1 converges toward the P2¢&1d0PO response as the mesh
is refined. Owing to the challenges associated with 3D quasi-uniform meshing, its convergence curves are
noticeably noisier than in 2D. Nevertheless, after postprocessing, the POd1d1P1(corr) curves become visually
indistinguishable from those of P2¢1d0PO, indicating highly accurate displacement predictions. As already
shown in Tab. 2, the corrected P1d2d2P2 displacements are nearly identical to the original solutions and are
therefore omitted from the figure. Figure 8 shows the FE solution fields for POd1d1P1(corr) and P2¢1d0OPO on
the finest mesh used in Fig. 7. A direct comparison between P1d2d2P2 and P2&1d0PO is not meaningful, since,
as mentioned in Sect. 3.2, P1d2d2P2 utilises high-order BDM elements and requires significantly more DoFs.
The deformed geometry for the DDFEM results is visualised using the corrected displacement to enhance clarity.
Once again, we observe similar patterns in the FE solutions obtained with POd1d1P1 and P2&1d0P0. However,
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b =02 =04

n Uy (X4) uy (X4) n uy(Xa) uy (Xa)

6 12,0410 12.9525 6 -20.0804 20.0880

_ 12 12.8011 13.5491 12 212474 20.8351
P0d1d1P] 24 132271 13.8653 24 21.9595 212735
48 -13.4641 14.0320 48 -22.3480 21.4985

6 1136393 14.1568 6 22,5085 21.6388

_ 12 _13.6878 14.1896 12 22,5591 21.6425
P1d2d2P2 24 137104 14.1988 24 22.8951 21.8188
48 137249 14.2044 48 22,6051 21.6443

6 142161 14.1681 6 -22.8054 21.6237

_ 12 -13.9479 14.1875 12 22,6705 21.6312
P0d1dlPl(corr)  ,, -13.8282 14.1967 24 22,6967 21.6829
48 137775 142027 48 227294 21.7081

6 -14.0563 14.1492 6 227314 21.6333

_ 12 13.8711 14.1790 12 22,6474 21.6390
P1d2d2P2(corr) -13.7904 14.1915 24 22,9333 21.8209
48 -13.7598 14.2002 48 22,6209 21.6438

6 ~13.4500 14.0621 6 222027 212951

__ 12 13.5719 14.1252 12 2222393 21.3996
Plc1d0P0 24 13.6271 14.1524 24 22,2966 21.4585
48 -13.6620 14.1651 48 22,3751 21,5034

6 135575 14.1325 6 222118 21.4396

_ 12 13.6271 14.1506 12 222911 21.4642
P2c2d1P] 24 13.6635 14.1625 24 223571 21.4964
48 -13.6846 14.1716 48 Failed Failed

TaBLE 2. Deflection of the tip A for the 2D Cook’s membrane problem under different traction
boundary data f for various element pairs.

the stress field produced by POd1d1P1 is smoother and more physically natural, owing to the richer FEs employed
for the stress approximation.

It is also insightful to examine how the L? norms of the FE solutions change as the mesh becomes finer, which
offers a global comparison between the two methods. The L? norms for different pairs and traction levels f
are illustrated in Fig. 9. The norms of the corrected displacements are nearly identical to those of the original
DDFEM displacements; for clarity, the corrected curves are therefore omitted in the first subfigure. For the
DDFEM pairs POd1d1P1 and P1d2d2P2, the convergence curves are almost flat, indicating robust and consistent
solutions even on coarse meshes. Interestingly, despite using a piecewise-constant space for the displacement
in ﬁOdllel, the overall FE solutions remain accurate. In contrast, for PZGIHO}_)O, the stress and pressure FE
solutions are inaccurate on coarse meshes, indicating that the 3D CSFEM employs stress and pressure FE spaces
that are not sufficiently rich.

5.2.3. Stretching of perforated blocks. As the final set of examples, we consider the stretching of blocks with
holes. The 2D and 3D geometries are shown in Fig. 10. Both the 2D square and 3D cube have side length
1. In 2D, the square contains four larger circular holes with diameter 0.2 and four smaller circular holes with
diameter 0.1. The centres of the larger circles are located at: (0.2, 0.15), (0.25,0.55), (0.8,0.2), and (0.8, 0.75),
while the smaller circles are centred at: (0.15,0.85), (0.45,0.8), (0.5,0.25), and (0.6, 0.5). The left edge of
the square is fixed, the right edge is subjected to a horizontal displacement boundary condition #,p, and the
remaining edges are traction-free. In 3D, the cube has a spherical hole of diameter 0.6 at its centre. The left and
right faces are subjected to equal and opposite horizontal displacement boundary conditions #3p, and the other
faces are traction-free. Again, owing to the symmetry of the problem, only one-eighth of the cube is modelled.
The incompressibility constraint is enforced using C (2.3a) for CSFEMs. The displacement boundary data can
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Ficure 6. FE solutions on the deformed 2D Cook’s membrane for traction boundary data
f = 0.4 and mesh parameter n = 24. Column_s show (1) displacement gradient rr_la?lnitude, )
stress magnitude and (3) pressure. Top row: P1d2d2P2(corr); bottom row: P2c2d1P1.
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Ficure 7. Deflection of the point A for the 3D Cook’s membrane problem under different
traction boundary data f for various pairs.

be expressed as

(0,0
(u,0)*

U2p =

on the left edge,

on the right edge, (u,0,0)t

(—u,0,0)*

on the left face,
on the right face.

16

The FE solutions on the deformed square are shown in Fig. 11, with P1d2d2P2(corr) in the top row and
P2c2d1P1 in the bottom. The Delaunay mesh contains 3,344 elements with finer cells around the smaller holes.
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of elements for the 3D Cook’s membrane problem under different traction boundary data f for
various pairs.

Visually, the P2c2d1P1 displacement closely matches the corrected P1d2d2P2 solution. Overall, the displacement
gradient solutions (first column of Fig. 11) obtained by the two pairs exhibit very similar patterns, except near the
midpoint of the right edge, where notable differences occur. To further investigate this dissimilarity, we present
the Jacobian determinant solutions computed by Jj, = det(Kj, +I) in the second column of Fig. 11. We observe
that the P2c2d1P1 Jacobian determinant becomes very small in that region, with the minimum value turning
negative (nonphysical). In contrast, the P1d2d2P2 Jacobian determinant remains close to 1 throughout most of
the domain, with only minor regions showing relatively large or small values, but never negative. Regarding the
stress solutions, similar to the observations in Sect. 5.2.2, P1d2d2P2 produces smoother and more natural FE
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Ficure 10. Geometries and displacement boundary conditions for the stretching problems. Left:
a 2D square with randomly distributed holes; right: a 3D cube with a central hollow sphere.

solutions than P2c2d1P1. As expected, the continuous pressure solution by P1d2d2P2 is also smoother compared
to the discontinuous pressure solution of P2¢c2d1P1.
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Ficure 11. FE solutions obtained by different pairs on the deformed 2D perforated block. The
displacement boundary data u = 1.5. Columns show (1) displacement gradient magnitude,
21 a_ccﬂ)ian, (3) stress magnitude and (4) pressure. Top row: P1d2d2P2(corr); bottom row:
P2c2d1P1.

We examine the projected Jacobian determinants as box plots in Fig. 12. To obtain the L2-projection of the
Jacobian, we first solve the 2D stretching problem using all four element pairs on the same Delaunay mesh
consisting of 3,344 triangular elements. We then project the computed FE Jacobian J;, = det(Kj +I) onto a
discontinuous Lagrange FE space (Hk n)- The order of the pI‘O_]eCtIOIl space matches the order of the FE space
used for the dlsplacement gradlent we use H; _n for projecting P0d1d1P1 and P1c1dOPO Jacobian determinants,
and Hz, » for P1d2d2P2 and P2c2d1P1. Finally, we plot the nodal values of the projected Jacobian determinant
for each pair as box plots in Fig. 12. The whiskers indicate the minimum and maximum values lying within 1.5
times the interquartile range. Due to the geometric complexity, it is natural that the box plots for all element pairs
exhibit numerous fliers. The box plots clearly indicate that P1d2d2P2 preserves volume best, with its Jacobian
determinant values tightly concentrated around 1, while P1¢1dOPO exhibits the largest spread and thus the poorest
volume preservation. Figure 12 also provides insights into why P1c¢1dOPO fails under large deformations: its
projected Jacobian determinant contains a significant number of negative values. In contrast, POd1d1P1 shows
no negative Jacobian determinants, and P1d2d2P2 only has one negative value, making these two DDFEM pairs
more reliable than CSFEM pairs for this 2D stretching problem.

The FE solutions for the 3D stretching problem solved by POd1d1P1(corr) and P2&1dOPO are displayed in
the top and bottom rows of Fig. 13, respectively. The Delaunay mesh consists of 4,131 tetrahedra, and the
deformed geometry for POd1d1P1 is corrected as described in Sect. 3.3. The deformed geometries and overall
solution patterns are broadly similar for both pairs. However, pronounced checkerboarding appears in the stress
and pressure fields of P2¢1d0PO, indicating again that the corresponding 3D stress and pressure FE pair is
insufficiently rich. In contrast, the POd1d1P1 stress and pressure solutions are much smoother. On this mesh,
P2¢1dOPO has 122,242 DoFs, whereas POd1d1P1 has 166,135 DoFs. Although POd1d1P1 requires around 36%
more DoFs, it avoids numerical artefacts such as checkerboarding and yields more natural and visually appealing
stress and pressure solutions.
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Ficure 12. Box plot of the projected Jacobian determinant values for the 2D stretching problem.
The displacement boundary data u = 1.5. The Delaunay mesh consists of 3,344 elements.
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Ficure 13. FE solutions obtained by different element pairs on the deformed 3D perforated
block. The displacement boundary data u = 0.5. Columns show (1) displacement gradient
magnitude, (2) stress magnitude and (3) pressure. Top row: ?()dllel(corr); bottom row:
P2&1d0PO.

To assess the consistency and accuracy of DDFEMs and CSFEMs across different mesh resolutions, we plot
the L? norms of the FE solutions against the DoFs in 2D and against element counts in 3D, as displayed in
Fig. 14. For the 2D case, the two low-order pairs, P0Od1d1P1 and PlclﬁOﬁO, use the same set of meshes, while
the other two high-order pairs, P1d2d2P2 and P2¢2d1P1, share a different common set. All four pairs exhibit
strong consistency in both the displacement and displacement gradient solutions, as reflected by their nearly flat
curves. However, due to the use of order O Raviart-Thomas elements, the low-order CSFEM pair P1c1d0PO
converges more slowly, while the other three pairs yield consistent stress results, as indicated by their flat stress
curves. For the pressure solution at small deformation (u = 0.5), all four pairs converge, with P1c1dOPO slower
than §0d1d1P1, and P2c2d1P1 slower than P1d2d2P2 in terms of DoFs. Under large deformation (u = 1.5), both
CSFEM pairs show poor convergences, and P2c2d1P1 fails on the finest mesh. This is not surprising, as negative
Jacobian values already occur on the second finest mesh for the P2c2d1P1 solution, as shown in Fig. 12. For the
two DDFEM pairs, the pressure solutions converge even under large deformations, with POd1d1P1 converging
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slightly faster than P1d2d2P2. It is also important to compare the DoFs among low- and high-order pairs on the
same mesh. For the displacement, POd1d1P1 has more DoFs than P1c1dOP0 and P1d2d2P2 possesses more than
P2c2d1P1. For the displacement gradient, the low-order pairs and high-order pairs have the same DoFs, since
BDM elements can be constructed by rotating second-kind Nédélec elements of the same order. For the stress,
BDM elements are richer than Raviart-Thomas elements of one order lower, so DDFEM pairs have more DoFs.
For the pressure, DDFEM pairs have fewer DoFs. Overall, on the same 2D mesh, P0Od1d1P1 has around 30%
more DoFs than P1c1d0OP0, and P1d2d2P2 has roughly 18% more than P2c2d1P1.
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FiGure 14. L? norms of displacement, displacement gradient, stress and pressure versus number
of elements for the 2D and 3D stretching problems under different displacement data u. Panels:
(a) 2D results, (b) 3D results.

In the L? norms for the 3D stretching cases shown in Fig. 14b, both DDFEM pairs exhibit nearly flat curves
across all four fields, indicating accurate and stable FE solutions over different mesh resolutions. The 3D CSFEM
pair P2&1dOPO0 achieves fast convergence for displacement and displacement gradient solutions; nonetheless, its
stress and pressure solutions converge slowly due to the use of the insufficiently rich lowest-order Raviart-Thomas
FEs. For large deformations (# = 0.5), the pressure convergence deteriorates further. Overall, on sufficiently fine
meshes, the FE solutions from all three pairs are in good agreement.

6. CONCLUDING REMARKS

The proposed four-field mixed formulation with discontinuous displacement offers an accurate, robust and
scalable alternative for the simulation of incompressible nonlinear solids. Its stabilisation-free performance in
3D and compatibility with standard FE spaces make it particularly attractive for large-deformation applications.
Future work will focus on extending the formulation to aggregated FE spaces [10] to better handle complex
geometries, exploring the benefits of integrating neural networks [6, 7] in such strongly nonlinear regimes,
and combining the method with the active strain or active stress approaches [21] to address more challenging
couplings of multiphysics and multiscale problems, such as cardiac electromechanics, tumour growth, brain
tissue characterisation, or gastric function simulations.
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