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Abstract In this paper we analyze the effects of introducing the fractional-in-space
operator into a Lotka-Volterra competitive model describing population super-
diffusion. First, we study how cross super-diffusion influences the formation of spatial
patterns: a linear stability analysis is carried out, showing that cross super-diffusion
triggers Turing instabilities, whereas classical (self) super-diffusion does not. In addi-
tion we perform a weakly nonlinear analysis yielding a system of amplitude equations,
whose study shows the stability of Turing steady states. A second goal of this contribu-
tion is to propose a fully adaptive multiresolution finite volume method that employs
shifted Griinwald gradient approximations, and which is tailored for a larger class
of systems involving fractional diffusion operators. The scheme is aimed at efficient
dynamic mesh adaptation and substantial savings in computational burden. A numeri-
cal simulation of the model was performed near the instability boundaries, confirming
the behavior predicted by our analysis.

B Canrong Tian
tiancanrong @ 163.com

Mostafa Bendahmane
mostafa.bendahmane @u-bordeaux?2.fr

Ricardo Ruiz-Baier
ricardo.ruizbaier @unil.ch
Institut de Mathématiques de Bordeaux, Université Victor, Segalen Bordeaux 2,

33076 Bordeaux Cedex, France

Institute of Earth Sciences, University of Lausanne,
1015 Lausanne, Switzerland

Department of Basic Sciences, Yancheng Institute of Technology,
Yancheng 224003, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00285-015-0917-9&domain=pdf

1442 M. Bendahmane et al.

Keywords Turing instability - Pattern formation - Amplitude equations -
Super-diffusion - Cross-diffusion - Linear stability - Lévy flights -
Finite volume approximation - Fully adaptive multiresolution

Mathematics Subject Classification Primary 35B35; Secondary 35B40 - 47D20

1 Introduction and formulation of the model

In population dynamics, a spatially homogeneous competitive system can be modelled
with the so-called Lotka-Volterra system of differential equations written in the form

=u(a; — byju — bypv),

du
dt
dv
— =V az—bzlu—bzzv .

T ( )

In this model, u# and v represent the population densities of two competitors, a; are
the birth (or generation) rates of the i —th population, the coefficients b;; measure the
intra-population competitive effect of the two competitors, i = 1, 2, and by7, by stand
for a factor representing the inter-population competitive effects of # on v, and of v
on u, respectively.

As usual, the system variables are rescaled, giving

_ Y a by b1z
Uu=—u, v=—v, t=ait,a=—, b=-— = —,
a ajy ajy b1 b

]

and after dropping the bars, we find that the interaction of u and v is governed by the
following system of ordinary differential equations

du dv
o =u(l —u—cv), i v(a — bu — v).

The population densities within a spatially heterogeneous environment imply the
introduction of normal diffusive terms into the evolution system (see e.g. Okubo and
Levin 2002). At molecular level, classical diffusion arises as the result of standard
Brownian motion, and it is typically characterized by the dependence of the mean
square displacement of a randomly walking particle on time ((Ax)2) ~ ¢. Apart from
classical (or normal) diffusion, molecules may undergo anomalous diffusion effects
(as discussed in e.g. Bouchard and Georges 1990; Metzler and Klafter 2000, 2004;
Sokolov et al. 2002; Golovin et al. 2008; Gambino et al. 2013). These phenomena (in
contrast to normal diffusion) are rather characterized by the more general dependence

ﬁmﬂ:wnﬂ

where d is the (embedding) spatial dimension, K, is a generalized diffusion constant,
and the exponent « is not necessarily an integer. For « = 1, anomalous diffusion

@ Springer



Turing pattern dynamics and adaptive discretization. .. 1443

reduces to normal diffusion, with the classical diffusion coefficient set to K. For
o < l(a > 1), the diffusion process is slower (faster) than normal diffusion, in
which case it is called sub-diffusive (resp., super-diffusive). An important limiting
case of super-diffusion corresponds to Lévy flights (Metzler and Klafter 2004), which
is a phenomenon occurring in systems where there are long jumps of particles, i.e.,
with a jump size distribution having infinite moments. In the context of population
dynamics, super-diffusion (rather than classical diffusion) has been employed as a
more appropriate way to describe the motion of animals under certain circumstances
(Viswanathan et al. 1996; Schmitt and Seuront 2001; Toner et al. 2005).

In this context, the present model is motivated by recent studies showing that the
front dynamics of the complex movement of populations (humans or animals), may
be driven by fractional Lévy flights (c.f. Buchanan 2008). Notice that Lévy flights are
super-diffusive, that is, they represent faster dispersion than purely Gaussian random-
walk. Patterns associated to Lévy flights have been observed in the movement of
different species ranging from albatrosses (Viswanathan et al. 1996), marine predators
(Sims et al. 2008), monkeys (Ramos-Fernandez et al. 2004), or mussels (Jager et al.
2011). In addition, some recent studies suggest that modern diseases (such as SARS
or avian influenza) cannot be represented by the classical reaction-diffusion systems
(where a Gaussian dispersion process is typically assumed). These models are only
applicable when each class of the population (e.g. the infective and susceptible) travels
short distances as compared to geographical scales. The aforementioned diseases can
spread around the world quickly (in a few weeks) and seem to follow Lévy-flight
mobility patterns (for an application, see Hufnagel et al. 2004).

Here the population density is assumed to solve a fractional-order diffusion equa-
tion. We also refer to Brockmann et al. (2006), where the authors show that the density
of bank notes originating from a given city is a solution of a particular fractional equa-
tion. They suggest that an epidemic spread could be modelled employing a similar
equation. Moreover, Brockmann (2009) proposes a SIR model that includes a frac-
tional diffusion.

To take into account the movement of populations with Lévy flight type, we are led
to the following fractional reaction diffusion system:

o =dnV'u +dipVVv +u(l —u — cv), (LD
;v =dnV'v +via — bu —v). '

Here dy; and d», are the self super-diffusive coefficients, and dj; is the cross super-
diffusive coefficient. The so-called Weyl fractional operator V¥ (1 < y < 2)
represents the super-diffusion, whose Fourier transform is ﬂ(k) = —|k|”u(K).
In one dimension, the Weyl operator is equivalent to the Riesz operator

_ _; 14 14
Viu= 2cos(y/2) (Diu+Du).
v 1 d_2/x u(€, 1)
Diu = rQ—y)dx?® J_o (x —&)r~! 4%
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2 00
D i = ;d_/ _HED e
rQ—y)dx?J, (¢—xr!

where I"(-) stands for the Gamma function. In higher dimensions, the Weyl opera-
tor can be represented by the fractional Laplacian operator V¥ = —(—A)"/2, and
consequently system (1.1) can be written as

u+di (=AU + dp (=)0 = u(l — u — cv),

1.2)
3V + don(—A)"*v = v(a — bu — v).

In our model (1.2), the spatial dynamics are represented by a nonlocal differential
operator denoted (—A)* with @ = 2/y. We recall that Lévy flights spread proportion-
ally to time as /7, whereas Gaussian motion spreads proportional to time in the form
1172 Hence the mean square displacement undergoing Lévy flights would grow faster
than Gaussian motion, at a rate of 72/7 . It is also noted that Lévy flights do not pos-
sess a finite mean squared displacement, whose physical significance is questioned as
particles with a finite mass should not execute long jumps instantaneously. However,
in some cases such as those outlined above, their description in terms of Lévy flights
do correspond to physically-based principles (see also Metzler and Klafter 2000).

Recall that in classical reaction-diffusion systems the density of populations follows
a Gaussian diffusive process (the distribution of random displacements has a finite
variance), as a consequence of the Central Limit Theorem. In our study, we actually
assume that the displacement of populations does not necessarily have a finite variance
and so the standard version of the mentioned theorem cannot be applied. In this case the
density of populations tends towards a stable Lévy flight with exponent « (see Metzler
and Klafter 2000; Hanert et al. 2011 for more details). Based on e.g. thermodynamic
considerations, it is possible to assume dependence of the model coefficients (and in
particular, the cross-diffusion term) on the concentration of u. After performing the
Taylor expansion of the physical cross-diffusion around the positive equilibrium, we
end up with the cross-diffusive term d1p VY v as a linear term. In this context, since
our main objective is to consider the dynamical behavior of the system around the
stationary state, we postulate that looking only at the linear cross-diffusion dj2 V¥ v in
Eq. (1.1) will suffice.

Pattern formation in reaction diffusion systems with anomalous diffusion has
recently received considerable attention (Gafiychuk and Datsko 2006; Henry et al.
2005; Henry and Wearne 2002; Langlands et al. 2007; Weiss 2003; Golovin et al.
2008; Gambino et al. 2013). For instance, it was shown that sub-diffusion suppresses
the formation of Turing patterns (Weiss 2003). In Yadav and Horsthemke (2006),
Yadav et al. (2008), Nec and Nepomnyashchy (2007) and Nec and Nepomnyashchy
(2008) the authors consider sub-diffusive reaction-diffusion systems and rigorously
derive the conditions for Turing instabilities. It was also found in one dimensional
systems that anomalous heat conduction can happen as a consequence of the anom-
alous diffusion (Li and Wang 2003). Additionally, in systems with Lévy flights, the
emergence of spiral waves and chemical turbulence from the nonlinear dynamics of
oscillating reaction diffusion patterns was investigated in Nec et al. (2008). The authors
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in Golovin et al. (2008) explored the effects of super-diffusion on pattern formation
and pattern selection in the substrate-depleted Brusselator model, and found that Tur-
ing instability can occur even when diffusion of the inhibitor is slower than that of the
activator. However, results on the nonlinear dynamics and Turing pattern selection in
reaction diffusion systems with cross super-diffusion remain limited.

The effect of pattern formation of the Lotka- Volterra competitive model with normal
diffusion and cross diffusion has been extensively investigated (see Horstmann 2007,
Jiingel 2010 for some reviews). In Lou and Ni (1996) and Lou et al. (2001), the authors
show that the Lotka-Volterra competitive system only with normal diffusion does not
meet the conditions for a Turing instability to occur, whereas cross-diffusion drives the
onset of Turing instability. In contrast, here we consider the effect of cross Lévy flights
and super-diffusion on Turing patterns, and focus on the mode of pattern formation
and the stability of the emerging patterns.

The remainder of this paper has been structured in the following way. In Sect. 2
we develop a linear stability analysis of the steady state of the system, which in turn
provide the Turing parameter space that identifies regions where Turing bifurcations
are expected. Section 3 is devoted to the derivation of a set of coupled amplitude
equations, obtained by a weakly nonlinear analysis. Next, an analysis of these equations
yields sufficient conditions to ensure so-called super-critical bifurcations. We also
show how the stability of the Turing steady states is affected by these conditions. A
fully adaptive finite volume — multiresolution method for the space-time discretization
of (1.2)is proposed and discussed in Sect. 4. A simple numerical example is performed
to confirm the results of the analysis. The weak solvability analysis of system (1.2)
is also analyzed, and condensed in the appendix of the manuscript. We use the well-
known Faedo-Galerkin strategy and the Kruzhkov compactness result to establish the
existence of weak solutions. Our paper closes with a brief discussion in Sect. 5.

2 Linear stability analysis

In this section, we provide essential conditions to drive the Turing bifurcation by
analyzing the linear stability of the uniform equilibrium state of (1.1). Notice that

system (1.1) has a unique positive equilibrium (u*, v*) = (%:—Zg, %) if and only if

1
b<a< -. 2.1
c

Moreover, one can readily verify that (2.1) ensures that the positive equilibrium
(u*, v™) is stable under any spatially homogeneous perturbation.

In order to carry out the linear stability analysis of (1.1), we set & = u — u™,
v = v — v*, and substitute them in the system (1.1). By dropping the bars, we write
the Taylor expansion form of the system (1.1) at the positive equilibrium as follows:

du=dV'u+dV'v —u*u — cu™v — u* — cuv,

2

2.2)
;v = d»n Vv — bv*u — v*v — buv — v°.
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Let us further assume that the perturbation of (1.1) is periodic with respect to time.
Hence the conditions of the classical Fourier theorem are met, and we seek the general

solution
u\ [ .
(v) = (cz) exp(ot + ik - x) (2.3)

to the linearization of the problem (2.2) as a superposition of normal modes. Here
o is the growth rate of the perturbation in time 7, i denotes the imaginary unit, with
i = —1, and k is its wave vector. Suggested by the definition of the Weyl fractional
operator V¥, we focus on the time integration in Fourier space. Substituting (2.3) into

the linearization of Eq. (2.2), we obtain the following matrix equation

o +u*+dkV cu® + dppk” cry _ 0
bv* o + v* + dnk” )] \0)°

where the Euclidean norm k = |K| is the wavenumber of the perturbation. Therefore,
we are left to the dispersion relation

o2+ g(k)o + h(k) =0,
where

g(k) = u™ +v* + (di1 + dop)k”,
h(k) := d]]dzzkzy + (dnv* + dzzu* — d]zbv*) kY + (1— bc)u*v*.

We stress that the corresponding equilibrium can lose its stability via Turing bifurca-
tion if and only if (k) < 0. Moreover, note that in the absence of cross super-diffusion
one has A(k) > 0, which implies that in this particular case, only the cross super-
diffusion effect can induce Turing bifurcation. Notice that 4 (k) has a single minimum
(kc, df,), which is attained whenever

¢ div* + dopu* + 2/ (1 — be)dy1dypu*v*
2= bv* '

. — («/(1 —bc)u*v*);
c Vdirdyn '

Summarizing, we have obtained a Turing instability threshold df,, and we have
identified the critical value of the wave number k.. It is noticed that the behavior
of the supper-diffusive system is qualitatively the same as that of the system with
normal diffusion. Relation (2.4) represents the bifurcations occurring in the parameter
region spanned by the parameters a, ¢ and dj,. These regimes are also depicted in
Fig. 1. All Turing patterns are driven by parameters chosen in this region. In addition,
Fig. 2 displays the real part of the eigenvalue corresponding to three different sets of
parameters, as a function of the wavenumber, and we notice that the active wavenumber
changes with the order of the fractional diffusion y.

(2.4)
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Fig. 1 Turing instability boundaries in the (a, d12) and (c, d12) planes. The instability region Ty lies
above the curves. The other parameters are b = 1.5,dy; = 1,dyp =1

Fig. 2 Dispersion relation of
the system (1.1) for three
different y =1, 1.5, 2. The
other parameters are a = 2.5,
b=15c=0.2, dll =1,
dy =1l,anddjp = 1.8

0.5 1 1.5

3 Diamond planform weakly nonlinear stability analysis

In order to study the dynamics of Turing patterns, we perform here a weakly nonlinear
analysis of system (2.2) near the Turing instability threshold. In particular, we aim
at analyzing the pattern selection mechanisms associated to diamonds and stripes.
Let us consider system (2.2) defined in the whole two-dimensional space R?. Weakly
nonlinear analyses are typically based on the fact that Turing bifurcations are able to
destabilize the homogeneous equilibrium, but only in case of perturbations with wave
numbers close to the critical value k.. In regimes near to the Turing onset dj» = dfz,
the solutions can be described by a system of three active resonant pairs of modes
(kj, —k;j), for j = 1, 2, 3. Each pair of modes form angles of 27 /3 and |Kk;| = k.
This fact implies that solutions of system (2.2) can be expanded as

3
(Z) = > [Ajexp (ikj - x) + Ajexp (—ikj - x)]. G.D

Jj=1
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where A; and its conjugate Aj stand, respectively, for the amplitudes associated with
the modes k;j and —kj, and Aj = (A%, AT

We introduce a scaled slow time variable T = ¢2¢, and expand both fields # and v,
as well as the bifurcation parameter d», in the form

(£)-(2) () ()
v V1 1%) U3 (3.2)
dip — dlcz = /L282 + 0 (83) .
Since the amplitude A is a variable that undergoes slow changes, it follows that
0A
8tA = 828_T —+ 0 (83) .
Substituting Eq. (3.2) into the system (2.2), we have

0 (u u u u u
3 1\ _ 1 2 2 3 3y .3 % 1
£ 3T (Ul) —{;‘Lc(vl)+8 LC(U2)+8 Lc(v3) £ Mzch(vl)

—82 u%+cu1v1 —83 2uiuy + cuiva + curvg
bu1v1+v12 bujvy + busvy +2viva )’

where the involved matrices are defined as

o (Y e ) (01,
—bv —v* 4+ dpp VY 00

After collecting like powers of ¢, we obtain the following systems, arranged according
to the orders ¢/, j = 1,2,3

0(e) : Le (Z:) 0,
us u%—i—culvl
v bulvl—i—v% ’

3 . u3 9 (u vag (1
0(8)'L°(v3) 3T (U1)+M2kCM(01)

2uiuy + cujva + curvg
buivy + burvy +2vivy -

0(e?) : Le

(3.3)

Our next goal is to describe the appearance of both diamonds and stripped spatial
distributions as well as their spatio-temporal interactions. Since L. is the linear opera-
tor of the system at the Turing instability threshold, it holds that (u1, v1)7 is the linear
combination of the eigenvectors corresponding to the null eigenvalue. Therefore, at
O (¢) the solution of the system exhibits the following structure
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3
Uy —K .
(vl) = ( 1 ) E W exp(ikj - x) +c.c.,

j=1

where

v* + /(1 — be)u*v*day /dy

K| =
! bv*

and W; is the amplitude of the mode exp(ik; - x) when the system is under the first-
order perturbation. Its form is determined by the perturbation term of highest order.
The addition of the complex conjugate c.c. allows (u1, v1)” to be real.

Next, we turn to the term of 0(82). Since the right-hand side does not exhibit
resonance-related terms, the solution is given simply by

(Zj) - ([ég) * (gj)geXp (ikj - x) + c.c.

On the other hand, substitution of the above equation into the second equation of
problem (3.3) yields

3 -
Uo . Uj . U
Lc(vo)—I—Zlexp(zkj'x)Lc(Vj)—i-zlexp(—,kj.x)]_,c(‘_/)
j= =
2K2 ZCK] 3

= ? ? 2 e ik .

= (IW11° + [Wa]” + [W3] )( 2wk, )+Z}0(6Xp(21kJ )
j=

+ O(exp(i(k1 —kz2) - x)) + O(exp(i(ka — k3) - x)) + O(exp(i(ks — k1) - x)) + c.c.,
and after collecting terms of orders O(1) and O (exp(ikjx)), we obtain

U —-K
) = (I wal + wal) (777 ).
Vo 1

*2 *
-2 1 — be)u*v*dy/d
Ky =" + )/ ( i c)urv¥da/ 11,Uj=_K1Vj.
bv*

We now turn to the term of O (¢3). According to the Fredholm solvability condition,
the vector function of the right-hand side must be orthogonal with the zero eigenvalues
of the operator L in order to ensure the existence of a nontrivial solution to this
equation, where L is the adjoint operator of L. The nontrivial kernel of the operator
L{ is

1 ) u* + /(1 —bo)u*v*d /dxn
(—K3) exp (—zij) , K3 = e .
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Substituting the solution (u, v)T and (uz, v2)7 into the problem containing the
0 (&) term, and applying Fredholm solvability condition, we can assert that

aWy [ _o_
—(K1 + K3)—aT = — okl Wi — 2K (K| — ¢) — 2K3(1 — bK})] (Wa V3 + Vo, W3)
— 2K 1Ky — cK) — cKy — K32 — bK| — bKIWy (1w, 2 G
+ W2+ (w32).

In view of (3.1) and (3.2), the amplitude A? can be expanded as

Agng,+82Vj+0(e3), =123,

AW,
B AY = 833—TJ 10 (84) .

Multiplying (3.4) by —&3, we get

(K1 + K3)3,AY = okl AV 4+ [2K1 (K1 — ¢) — 2K3(1 — bK )] AYAY
—[CK] +cKy + K32 — bKy — bK>)

—2Ki Ko A} ([AT] +[45] + |a3). (3.5)

In addition, multiplying (3.5) by we have the following amplitude equation

_1
kL dS,’

w0 A = wAy +hA3AY = [a1 AT + 2 (|a3) +a3) a1, G

dip—dS, . . . L -
where u = % is a normalized distance to the Turing instability threshold, and
12
0= Iily;df@ is a typical relaxation time. Moreover,
¥ 12

h— 2K((Ki —c¢) —2K3(1 —bKy)

B Kl de,

cKi 4+ cKr+ K3(2—-bK| —bK) —2K K>
T, '

3

g1 =g = 3.7

The remaining equations for A5 and Aj can be obtained analogously, through trans-
formation of the subscript of AV.

In order to study the pattern selection, we need to analyze further the amplitude
Eq. (3.6), where each amplitude can be decomposed into a mode p; = |Aj| and a
corresponding phase angle ¢ ;. We proceed to rewrite (3.6) and the other two associated
amplitude equations for A? = pj exp(ig;) in the following form:

p1p3 + pip3 + P33 .
P1p2p3

700; P = —h no, (3.8)
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T0dp1 = wo1 + hpap3cos @ — gip3 — g (p§ + p%) p1,
70002 = pp2 + hp1p3cos @ — g1p2 — &2 (012 + 032) 02,

10003 = o3 + hprpacos @ — g1p3 — g2 (012 + p%) 03,

where @ = ¢ + ¢ + ¢3. The above equations imply that when the system is at steady
state, the sum of the amplitude-phases only attains two values ® = 0 and @ = 7.
The fact that p; > 0 for j = 1, 2, 3, implies that in the case ¢ = 0, the solutions of
Eq. (3.8) are stable when & > 0; whereas for @ = , the solutions of Eq. (3.8) are
stable when i < 0. If we consider only the stable solutions of Eq. (3.8), then the mode
equations can be recast in the form:

dpi

02 = 1 + [hlpzes — 8107 — 2 (03 + 03) 1, (3.9)
dp>

T~ = o2 + lhlp1 3 — 8103 — & (pf+p§) 02, (3.10)
dp3

W2 = o3 + hlpip2 = 8103 — g2 (o} + 3 . (3.11)

Notice that the quadratic terms in (3.9)—(3.11) are positive, which is the main cause of
instability in the linear term. In order to ensure that mode equations possess a steady
state solution, the coefficients of cubic terms must be positive, which translates in
imposing the following conditions

cKi+cKr+ K3(2—-bK1 —bK>) > 2K 1 K>,

that in turn yield super-critical Turing bifurcations in system (1.1). Otherwise, the
weakly nonlinear analysis requires to be extended by expanding the Taylor series in
(3.3) up to the fifth order so that the instability is covered [that is, (3.8) holds]. The
latter case corresponds to the so-called sub-critical Turing bifurcation, which we do
not consider in the present paper. Figure 3 displays the Turing bifurcation diagram in
the (b, a) plane.

In order to assess the stability of the mode equations, we add a perturbation
(8p1, 6p2, 8p3) to the steady state (p1, p2, p3) and substitute it into Egs. (3.9)—(3.11).
Retaining the linear terms, we end up with the linear perturbation equations:

d 3p1 3p1
w0 o2 | =J 1 dp2 |,
& 8p3 (3.12)
1w —=3g1p7 — 82003 + p3) |hlp3 — 2820192 |hlp2 — 2820103
where J =( |hlp3 — 282012 1= 38105 — 82003 + p3) |hlp1 — 2820203 ) .
[hlp2 — 2820103 |hlp1 — 2820203 "= 3g1p§ - gz(ﬁlz + /0%

We now focus on the stability of Turing patterns, for which we separate the discussion
into two cases depending on the shape of the spatial distributions.
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1452 M. Bendahmane et al.

Fig. 3 Turing bifurcation
diagram. The shaded region
e 3r
represents the super-critical
states, whereas the white region Suberitical
is sub-critical zone. The 257 uberitica
remaining parameters are
c=02,dj; =1,anddyy =1 2t
S Supercritical
1.5
1
0.5
0
0.5 1 1.5 2 2.5 3
b
Case (I) Striped patterns correspond to
(p1, P2, p3) = (p,0,0), where p = \/11/g1. (3.13)
Substituting (3.13) into the perturbation Eq. (3.12), we have
4 {8 —2u1 0 0 5p1
w0 | 2 | =10 nd—ga/g) lhlvVi/g sp2 | . (3.14)
8p3 0 lhlvu/gr  w(l—ga/g1) ) \dps

In view of g1 = g» defined in (3.7), we have that the three eigenvalues of system
(3.14) are

M ==2n<0, 22 =—lhlV1/g1 <0, A3 = |hlv/1n/g1 > 0,

and therefore striped patterns are not stable and will eventually vanish in the long term.
Case (II) Diamond-shaped patterns correspond to

|h| £ /h2 +4(g1 + 21
(p1. 2. p3) = (p. p. p). where p = v 81T 282K (3.15)
2(g1 +2g2)

Substituting (3.15) into the perturbation Eq. (3.12), we have

4 [ apB B 5p1
w0 dpp | =|Bap 302 | (3.16)
8p3 BB« 3p3

where o =y — 5g1p2, B = |h|p — 2g1p>. The characteristic equation of (3.16) is

(r—a)} =382 — ) —28° =0,
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and so the three eigenvalues of system (3.14) are

A =k =pu—|hlp —3g1p% A3 =+ 2lhlp — 9g1p>. (3.17)
. . 2 .
Substituting p = Lk Vzh( ngri(zgglzJ)ngz)u and g1 = g, into (3.17), we have
h? 12 h? 4 |h|V/h2 + 12
== = 0 dy=— gipn+ |72] + 814 _
381 621

2

Therefore, diamond-shaped patterns are stable whenever p > —131.

4 Numerical examples and finite volume method and
multiresolution-based adaptivity

4.1 Preliminaries and admissible meshes

Let us consider a discretization of the time interval (0, T') by setting ¢ := n At for
n € {0, ..., N}, where N is the smallest integer such that N At > T. By an admissible
mesh for £2 we will refer to a family 7 of control volumes of maximum diameter &
and a family of points (xx) g <7 satisfying the following properties (cf. Eymard et al.
2000, Def. 5.1). For a given finite volume K € 7, xg is its center and N (K) the
set of its neighbors (control volumes sharing a common edge with K). We denote
by £(K) the set of edges of K, & (K) is the restriction to those in the interior of
2 and Eexi(K) = E(K)\Ene(K) is the set of edges of K lying on 9£2. For every
L e N(K),byo = K|L (o0 = K|d52, respectively) we denote the interface between
K and L (between K and 0§2, respectively). By nx , we denote the unit normal
vectorto o = K|L (0 € Eex(K), respectively) pointing from K to L (from K to 952,
respectively). Moreover, | K | stands for the two-dimensional measure of K and |o | for
the one-dimensional measure of o € £. It is also assumed that

The segment xx x7. is orthogonal toog 1 forevery K, L € 7. “4.1)

4.2 Multiresolution setting

We now introduce a hierarchy of nested admissible meshes 70  --- ¢ 7/ forming
a graded tree A, in which each grid 7 is a compound of control volumes K’ of the
level [,1 = 0,..., H, where [ = 0 corresponds to the coarsest and [ = H to the
finest level of the tree A. In order to define a multiresolution framework (Berres and
Ruiz-Baier 2011), for a given control volume K! we define a refinement set by

RKI = {Li+l}

i’
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where Lf“ denotes a control volume at the resolution level / + 1, Lﬁ“ c K'. By
definition of the nested hierarchy, it holds that

#RK’
Tl 1+1
K= ] L

i=1

For x € K the scale box function is defined as pgi(x) = |K! |_1XK1 (x) (where x is
the characteristic function), and therefore the average of any function w(¢) € LY (2)
over K'! can be recast as Wgi(t) = (w(t), wK’)Ll(Q)'

To move between resolution levels, certain transfer operators are needed. With the
help of these maps, one can determine an invertible transformation between finite
volumes on level | = H, and the set formed by finite volumes on the level / = 0 and
a sequence of wavelet coefficients. To switch from fine to coarser levels, a projection
operator for cell averages and box functions is defined by

I+1 I+1

IL;" IL;"

w(t) g = E |K1| u)(l)Lﬁ_-H, Qg = W
LiJrIGRK] LiJrIGRK[

141
Ppits

whereas to move from coarse to fine levels we define a polynomial interpolation

DOk = D g rw)p.

I
T'eSy

ThesetS ﬁ( is a stencil of interpolation (of order s), and glKT are prediction coefficients.
Further details on the precise definition of these coefficients and stencils are given in
e.g. Bendahmane et al. (2009). For x € K'*!, and depending on the choice of the
predictor map, the wavelet function is defined as

N
Vgl j = Qi = z )7i+m(pL§+m forj=1,...,#Rgi,
m=—s

where Ll‘Irl € R g, and the value of each y; 4, depends on the coefficients gk k.7 of the

predlcuon operator. The difference between the cell average and the pred1cted value
for the scalar w(z) is called wavelet coefficient and is defined by

W= @) g — B0 gi|= (@), Y-

Data compression is achieved by discarding all information of control volumes where
the local wavelet coefficient is lower than a level-dependent tolerance, i.e.,

d¥ <e, 1=0,... H. 4.2)
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These level-dependent tolerances can be defined so that the error due to thresholding
is of the same order as the discretization error induced by the baseline finite volume
formulation, therefore preserving the order of the base scheme (Berres and Ruiz-Baier
2011).

Remark 1 The key concept of the fully adaptive strategy of multiresolution consists
in defining an evolving set of leaves £(A) of the tree A, formed by all tree nodes
K that are not discarded by the thresholding defined in (4.2), and such that all cells
in R satisfy (4.2). Then, the underlying discrete scheme is first defined on £(A).
However, L(A) is not an admissible mesh in general, and therefore an auxiliary set of
nodes, called virtual leaves is required in order to fulfill (4.1).

The set of virtual leaves consists in cells of A\L(A) that for a given K! € £(A),
belong to N (K N T!. We will denote by E(A) the set formed by leaves and virtual
leaves. In addition, the set A, of cells marked as deletable consists in all elements that
satisfy (4.2). Virtual leaves are needed to evaluate numerical fluxes on each leaf.

4.3 Multiresolution: finite volume formulation

The baseline finite volume discretization of (1.2) is based on the so-called shifted
Griinwald approximation of local gradients (see e.g. Meerschaert and Tadjeran 2006;
Yang et al. 2010). Irrespective of the specific form of the gradient approximation, the
property of local flux conservation yields the following expression for a first order
finite volume approximation of the fractional diffusion operator applied to a generic
scalar field w over the finest-level cell K7 at time #":

— logs 1,
TR SR P (R B U )

d )
LieH(KH) KH.Li

where g, 1, H are, respectively, particular weights and approximation stencil which
we will precisely defined in terms of Cartesian grids, for sake of clarity. Let us assume
a square domain §2 discretized into N, x Ny equally sized boxes of area h,hy, and
notice that (4.3) can be written as

i+1 J+l
— 1
200 _2 n - — E 7
—Av/ w;; = ¥ 8y kWi_f11,j n 8y Wi j—1+1>
* k=0 Y =0

v

where gy, = (=™ m) (see also Concezzi and Spigler 2012). These considera-

tions imply that the fully explicit Euler FV discrete analogue of (1.2) defined on the
finest mesh reads: Starting from a L?—average of the initial data

1 1
0 _ 0o _ H H
Upn = K| /KH uo(x)dx, vey = KA /KH vo(x)dx, VK7 e€T",
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and for every n = 0, . . ., recursively find u'}j,,l, v’l‘(t,] such that
u S —un — —
H|"K K
K™ Ar —dllAyﬂu’;(H _dley/2v"KH = |K|F2H,
n+1 n “4)
v — v —_—~
H_KH Kt
KM HE K —dn A7 Py = K| Gl
where F I’é "o G’I‘< » are explicit approximations of the reaction terms over each control
volume

1 / 1
—— [ F(u(x, ™), v(x,t"))dx, —/ Gu(x, ™), vix, ")) dx,
KA Jx ( ) K| Jg ( )
and are given by

IréH = F(ur;{H+vvnKH+)v ’;(H :G(”2H+7UZH+)-
We stress that if K/ is a leaf, then the unknowns are computed from the MRFV method
(4.4), whereas if K! is a virtual leaf, the values of each species concentration are simply
obtained by the MR transform of their values at lower refinement levels.

4.4 Numerical examples

For numerically studying the pattern formation of system (1.1), it suffices to consider
the dynamics induced by small-amplitude perturbations to the homogeneous steady
state. The domain is confined to the square £2 = [0, 10] x [0, 10], and it is discretized
using a Cartesian mesh consisting of 262, 144 cells in the highest resolution level
H =9, and the time step is At = 0.0025. As in Sect. 2, the model parameters are set
toy =1,a=25b=1.5,¢=0.2,dy1 =dxyp =1, d;p = 1.8, and the reference
tolerance required for the thresholding algorithm is fixed to eg = 0.0001. The initial
data is taken as

u(x,0) =u*+nx), vlx, 0 =v"+mnx), (4.5)

where 1 € [—0.05, 0.05] and 7, € [—0.025, 0.025] are uniformly distributed random
perturbations and (u*, v*) is the equilibrium state. No-flux boundary conditions are
applied for each problem, representing that the species do not leave the domain. The
time evolution (snapshots at early, moderate, and advanced times) of the perturbed
initial state (4.5) is displayed in Fig. 4, where we can observe convergence to diamond-
shaped spatial patterns. Note that in the case of normal diffusion, the system is expected
to exhibit a regime of self-replicating spots, as discussed in e.g. Pearson (1993). We
also depict sketches of the meshes generated by the multiresolution strategy (see the
bottom row of Fig. 4), which after successive local refinement and coarsening clearly
identify the zones of high solution gradients. The multiresolution method also allows
substantial reduction in computational burden due to the fast MR transform and graded
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Fig. 4 Snapshots at t = 10, 200, 1500 (left, center, right, respectively) of the Turing pattern formation
for species u, v (fop and middle, respectively) in the case where the order of Weyl fractional operator is
y = 1. The employed parameters are a = 2.5, b = 1.5, ¢ = 0.2, dy| = dpp» = 1, d1p = 1.8. The bottom
panels exhibit snapshots of the mass center of leaves in the adaptively refined meshes generated with the
multiresolution algorithm with a global threshold of eg = 0.0001

tree structure (Bendahmane et al. 2009). We also present an analogous test where we
have only modified the order of the fractional diffusion to y = 1.5, and we can observe
some differences in terms of spatial distribution of patterns. The approximate solutions
along with fully adaptive meshes are presented in Fig. 5. In particular we observe a
faster arrangement of spatial structures than those shown in Fig. 4.

In addition, the amplitude of the modes in the two-dimensional k-space can be
observed employing the amplitude spectrum of the solution, computed as follows for
a generic scalar field wy:

where F}, denotes the two-dimensional discrete Fourier transform and 7y is a shift
operator that translates the zero frequency component to the center of the spectrum.
Figure 6 depicts these spectra for the solutions of both tests displayed in Figs. 4
and 5.

S(wy) = log[ Jo(Fn(wp))
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Fig. 5 Snapshots at ¢ = 10, 200, 1500 (left, center, right, respectively) of the Turing pattern formation for
species u, v (fop and middle, respectively) in the case where the order of Weyl fractional operatoris y = 1.5.
The remaining parameters are chosen as in the previous example. The bottom panels show snapshots of the
mass center of leaves in the adaptively refined meshes generated with the multiresolution algorithm with a
global threshold of eg = 0.0001

5 Concluding remarks

We have introduced the Lévy flights type of super-diffusion into a Lotka-Volterra
competitive model, which means that the species jump length has a heavy tailed
distribution. Even if pattern formation studies for the super-diffusive reaction diffusion
system are numerous (Viswanathan et al. 1996; Schmitt and Seuront 2001; Toner et al.
2005), up to the authors’ knowledge, the specific role of super cross-diffusion has not
been studied in detail. Our results show that without super cross-diffusion, the system
lacks of an inhomogeneous steady state. In contrast, the presence of super cross-
diffusion drives the onset of Turing instabilities. We have determined a threshold
value for the super cross-diffusion coefficient, in order to determine the stability of
Turing patterns. Comparing sub-diffusive with normal diffusive models, we conclude
that changes occur not only regarding the shapes of the obtained Turing patterns,
but also on the wavenumber: that of sub-diffusive models is less than the one in
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Fig. 6 Snapshots at 1 = 10, 200, 1500 (left, center, right, respectively) of the Fourier spectrum of species
u, v in the case where the order of Weyl fractional operator is y = 1 (top figures) or y = 1.5 (last two
TOWS)

normal diffusive models. An immediate application of these observations from the
viewpoint of biology, is that when the inter-population competition is larger than the
intra-population competition, the reached inhomogeneous steady state is stable.
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Appendix

In this appendix we sketch an existence proof for the fractional reaction-diffusion
system (1.2). Note that in Baeumer et al. (2007), the authors study a fractional equation

@ Springer



1460 M. Bendahmane et al.

of type d;u = V”u + f(u). They prove existence of so-called mild solutions (the
solution in the sense of semi-group theory) by assuming f Lipschitz continuous and
a more regular initial condition u¢. In comparison to Baeumer et al. (2007), our proof
is based on introducing an approximation system to which we can apply the Faedo-
Galerkin scheme. To prove convergence to weak solutions of the approximate solutions
we utilize monotonicity and compactness methods. Moreover, since our weak solution
(u, v) is only bounded in L? (because the initial datum (ug, vo) is only bounded in
L?), then the source terms are not Lipschitz continuous (they are nonlinear functions
in u and v).

Let £2 be a bounded open subset of R? (d = 2, 3) with a smooth (say C?) boundary
082.For 1 < g < ooand X is a Banach space, then L4(0, T'; X) denotes the space of
measurable function u : (0, T) — X for which t — |lu(¢)|xy € L9(0, T)). Moreover,
C([0, T]; X) denotes the space of continuous functions u : [0, T] — X for which
lullco,71;x) := maxee(, 1) lu(®)l x is finite.

The Fourier transform # of a tempered distribution u(x) on 2 is defined by

—/ exp(—ik - x)u(x)dx.
Q

Note that the fractional diffusion operator A? can be identified with the Fourier trans-
form

Aru(k) = |ik|” a(K),

for y € R. We denote by HY (£2) the non-homogeneous fractional Sobolev space of
functions u such that

2

el = [ X (1+P) Jadof | < oo.

keZd

The homogeneous fractional Sobolev space of functions  is denoted by H? (£2) given
by

1

2
~ 2
Il gy oy = | D K7 [a00]" ) < oo.
kezd

Next, we define —A : H'(£2) — L%(£2) with domain:
Dom(—A) = {u € H'(2) such that Au € LZ(SZ)} .

Note that the operator A = —A is positive, unbounded, closed and its inverse is
compact. This implies

Awg = Ag wy,
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for wy € Dom(—A), where {wg}fjil. are the eigenfunctions (orthogonal basis of
H'(£2)) with the corresponding eigenvalues {)Lg};";l.

With this spectral decomposition the fractional powers of the fractional Laplacian AY
(A= (—A)2,1 <y <2)can be defined for u € C®(£2) by

oo
(—2)Pu = AVu =" u " wy
=1

where the coefficients u, are defined by u, = f o Uwyg.
Now we define what we mean by weak solutions of the system (1.2) completed
with Neumann boundary conditions and initial conditions on u, v:

Definition 5.1 A weak solution of (1.2) is a set of nonnegative functions («, v) such
that,

(@) (u,v) € L0, T; L*(£2,RY)) N L%2(0, T; H'/*(2,RY)),

(b) F(u,v),Gu,v) € LY, T) x £2), u(0, ) = up(-) and v(0, -) = vg(-) a.e. in
'{23

() Or = £2 x [0, T] and they satisfy

—// ud; 1 dxdt+d11// APy AV dx dt
or 2

+d12// A2y AV dx di
2

= —/ ug(x)e1(0, x) dx +// F(u,v)p) dxdt,
k2] or
- // v dx dt + dyp // A2y AV dx di
Or 2

= —/ UO(X)wl(O,X)der// G(u, v)pydx dt,
2 Oor

for all 1, po € D([0, T) x §2), where F(u,v) = u(l —u —cv) and G(u, v) =
via—bu—v).

Theorem 1 If (ug, vo) € L%(£2, R?), then problem (1.2) possesses a weak solution
in the sense of Definition 5.1.

The proof of Theorem 1 (the existence of weak solution) is based on Faedo-Galerkin
method. Although the existence proof for (1.2) will be the subject of a separate
contribution, we outline in what follows the main steps. We look for finite dimen-
sional approximate solution to the problem (1.2) [we complete the system (1.2) with
Neumann boundary conditions and initial conditions on u, v]: as sequences (¢, )n>1,
(vy)n>1 defined for ¢t > O and x € ﬁby

wn (£, %) = D bu s (wi(x), v, x) = D cni(O)wy(x). (5.1)

=1 =1
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The next step is to determine the coefficients (by,,;(¢));_;, (cn,1(¢));_; such that for
k=1,...,nitholds

@t wi) 122 + dn1 / A Puy - A Pudx + dia / AP, APy dx
2 2
= / F (u:[, v,J[) Wi dx, (3Vn, W) 20y + dzz/ A2, - AYPwyg dx
2 2

- / G (u . v) wi dx. (5.2)
2

and regarding to the initial conditions,

un (0, x) = uo n(x) = an,z(o)wz(X), by 1(0) := (w0, wi) 12(g2)>
=1

0(0. ) = 00,0 (X) 1= D catOwy(x),  €01(0) == (vo. w22
=1

Herein

Fuf o) =uf (1 —uf —cvf)and G (u)f, v)) = v} (a —buf —vl),

where wT = max(0, —w) for w = u, v.

Observe that, since ug, vo € L2(£2), it is clearly seen that as n — oo, ug, — uo
and vp,, — vp in L2(2), respectively. Using the normality of the respective basis, we
can write (5.2) as a system of ordinary differential equations:

b;l’k(t) —i—du/ A2y, - APy dx +d12/ A2y, APy dx
Q Q
= / F (u), v) widx, @) + dzz/ A2y, - APy dx
Q Q
=/ G (u,J{, vj) wr dx.
Q
Let F and G be functions defined as follow:

Ft, (bu g (O)—ys (cng(O))y) = / F(u)f, o) wedx — dy / Ay - AY Py dx
2 2

—d12/ Ay/2vn . A)//zwk dx,
2

gt (bn,l(l));l:l , (cn,z(l))7:1) = / G (u)f, v} widx — dzz/ A2y, - AV Py dx.
o) Q

Proceeding in an analogous way to the developments in Andreianov et al. (2011),
Bendahmane (2010) and Bendahmane and Karlsen (2006), we can prove that F and
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G are Carathéodory functions, and we can show an existence interval [0, ¢’) for the
Faedo-Galerkin solutions u, and v,, defined by (5.1).

On the other hand, to prove global existence of the solutions we derive n-
independent a priori estimates bounding u,, v, in various Banach spaces. Given some
continuous coefficients dj , ;(t) and d> ,;(t), we form the functions ¢ ,(f, x) =
Sy din i @wi(x) and @2, (7, x) 1= D do p 1 (H)wy(x). Now our Faedo-Galerkin
solutions satisfy the following weak formulations:

/ as’/‘n(pl,n dx + dll/ Ay/zun . Ay/z(/)l,n dx + d12/ Ay/zvn . Ay/z(pl,n dx
2 2 2

=/ F(u;,v:)q)],ndx, (5.3)
Q

/ asvn(pZ,n dx + d22/ Ay/zvn : AY/Z(pZ,n dx = / G (ul_’:—? Uy ) ©2.n dx. (5.4)
2 2 2

Next, we substitute @1, = u, and ¢, = u, in (5.3) and (5.4), respectively. Then
integrating over (0, ¢) and using Young and Gronwall inequalities, we get for¢ € [0, t’)

lvnllpooo,r;2(2)) = Cs

//}AW” dxds—i—//‘A”/zn dxds < C,

for some constant C > 0 not depending on n.

The next step is to show that the local solution constructed above can be actually
extended to the whole time interval [0, T') (independent of ). We stress that this can
be done as in Bendahmane and Karlsen (2006), so we omit the details.

Now, if we choose ¢1,, = —u,, 92,, = —v, in (5.3) and (5.4), respectively, then
after integration over (0, #) with 0 < r < T, we readily obtain the non-negativity of
the solution (u,,, v;).

With the help of a compactness tool inspired by Kruzhkov lemma (Kruzhkov 1969),
we justify that the solutions (u,, v,) is relatively compact in L'(Q7). From this we
can extract subsequences, which we do not relabel and we can assume that there exist
limit functions «, v such that as n — oo

U, — u, v, — v strongly in Ll(QT) and a.e.in Qr,
Uy — u, v, — v weakly in L2(0, T; H” (2)), (5.5)
F(up, vp) = Fu,v), G(uy, vy) = G(u,v) in L' (Qr) ae.in Q7.

Keeping in mind (5.5) and using the following weak formulation:

—// U, 0 Q1 dxdt+d11// Ay/zun~AV/2<p1,ndxdt
or 2}

+di2 // A2y, . Ay/2<p1,n dx dt
2
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. / o ()1 (0, x) dx + / / F (g, )1 dox di,
2 or

—// vnathdxdt—i-dzz// AV 2y, - A2y dx dt
or 2

__ / o ()1 (0, x) dx + / / G, va)g2 dx di,
2 or

for all ¢1, p2 € D([0, T) x §2), we can let n — 0o and obtain a weak solution.
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