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ABSTRACT

We investigate the unique solvability of nonlinear static contact problems incorporating thermal
effects and propose appropriate mixed finite element spaces for their numerical approximation.
The fully mixed formulation simultaneously resolves the Cauchy stress, displacement, rotation
tensor, temperature and heat flux, with nonlinearities arising from the bulk and contact thermo-
mechanical coupling. The weak formulation is analysed within the framework of perturbed
saddle-point problems in Banach spaces, employing fixed-point techniques alongside suitably
defined variational inequalities. Error estimates are derived for general Galerkin discretisations,
and convergence rates are established for Arnold-Falk—Winther elements for the mechanical

65N15 variables, coupled with Brezzi—-Douglas—Marini elements and piecewise polynomials for the
thermal unknowns. Finally, several numerical experiments are presented, confirming the theo-
65J05 . .
retical convergence results and demonstrating the robust performance of the proposed method.
65K15

1. Introduction

First we present the scope and the outline of the paper, then we describe the equations in strong form for
thermoelastic unilateral contact.

1.1. Scope

Thermoelastic contact problems arise in a wide range of engineering and scientific contexts where deformable bod-
ies interact under both mechanical and thermal effects. These processes are prevalent in high-precision manufacturing
of composite materials, geomechanical systems, metal forming, drilling, and the modelling of biological tissues, where
both temperature fluctuations and mechanical stresses influence the evolution of contact regions. Mathematically, these
problems involve the coupling of elasticity and heat equations with nonlinear boundary conditions that model the
contact behaviour between deformable bodies. In the literature, it is possible to find works which studied and developed
different models of thermoelastic contact. Thermomechanical contact laws based on microscopic interface laws were
introduced in [46], and stability analyses for a problem with contact pressure-dependent thermal resistance were carried
out in [32]. Further contributions including frictional settings can be found in [38, 41].

A central challenge in the variational formulation of contact problems is the enforcement of contact constraints,
which are inherently nonlinear and involve inequality-type conditions. Among various approaches, here we use the
so-called Barber contact conditions [45], which entail a thermodynamically consistent framework that relates the
normal stress and temperature jump across the interface, capturing the physical interaction between heat conduction
and mechanical compression at the contact surface. These conditions generalise classical Signorini-type constraints by
introducing nonlinear relations not only in the mechanical but also in the thermal components.
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Mathematical and numerical analysis aspects of thermo-mechanical contact problems have been studied extensively
in references [6, 15, 16, 35, 38, 41]. From a numerical perspective, several strategies have been developed to
approximate contact problems. Penalisation methods [30], augmented Lagrangian approaches [1], projection-based
techniques [26] and Nitsche-type methods [12, 28, 29] are widely used to enforce the contact constraints. These methods
have been successfully applied in various settings, including frictional and thermo-mechanical contact [35, 13, 16],
and in two-body contact scenarios [44, 12]. However, most of these approaches rely on primal or primal-mixed finite
element formulations, where displacement and temperature are the primary unknowns. Here we focus on fully mixed
finite element methods, which provide a natural and flexible framework for discretising such coupled systems. Fully
mixed methods for thermoelasticity allow for the simultaneous approximation of stress, displacement, temperature, and
heat flux, facilitating accurate enforcement of incompressibility or balance laws. On the other hand, it is well-known
that dealing with problems involving coupling and the introduction of additional variables as in mixed formulations,
often leads naturally to variational settings posed in Banach spaces. This feature has been recently exploited for a wide
class of models (see, e.g. [9, 14] and the references therein), giving rise to formulations that can be interpreted, for
instance, as saddle-point or perturbed saddle-point problems. An advantage of this approach is that it avoids the need for
augmentation procedures and, from a theoretical viewpoint, it allows the unknowns to be sought in the natural Banach
spaces arising from the underlying equations after testing and integration by parts. This is particularly relevant in the
present work due to the nonlinear coupling and the functional structure of the governing equations. Our analysis is
framed within a rigorous functional analytic setting. We employ tools from fixed-point theory, perturbed saddle-point
problems in Banach spaces, and establish well-posedness of the continuous problem. While the theory of solvability
of mixed variational inequalities in Hilbert spaces (see, e.g., [2, 39]) provides the backbone of our analysis, the present
problem involves a Banach-space setting that falls outside the scope of those results. Hence, a suitable adaptation
of the abstract theory is required. In fact, a key part of those proofs are the elliptic regularisation which consists
in introduce a perturbation to the problem, which involves the inner product of the dual space. This is clearly not
possible in a Banach setting. In this way, we establish that under certain conditions provided in [31], the saddle-point
is still uniquely solvable even if not in Hilbert spaces, and continuous dependence on data can be derived as usual. The
numerical scheme is then constructed using stable conforming finite element pairs for elasticity and temperature, along
with suitable discrete Lagrange multiplier spaces to capture the nonlinear contact constraints. We show appropriate
discrete inf-sup conditions tailored to the L? structure of the problem and show that the coupled problem is well-posed.
Regarding the a priori error estimates, owing to the coupled nature of the problem, the analysis necessarily involves
discretised functionals. Consequently, a Falk-type estimate is established to properly account for the consistency and
approximation error. We emphasise that such estimates are often omitted in related works [2, 15, 39], so our contribution
provides an additional step to the error analysis, providing error estimates under reasonable regularity assumptions.

The mechanical part of the analysis is inspired by the abstract framework developed in [39], which provides the
theoretical foundation for the a priori error analysis that we follow in detail. In particular, we adapt this approach to the
present mixed and Banach-space setting and the discrepancy between the right-hand side of the continuous and discrete
formulations, extending it to account for the coupled structure of our problem. In addition, the numerical treatment of
the contact constraints is inspired by the active set strategy introduced in [42], which provides an efficient framework
for handling inequality constraints and forms the basis of the discrete algorithm proposed in this work. We also refer to
[43] for a comprehensive overview of consistent discretisation schemes and numerical algorithms for contact problems.
This combination allows us to connect the abstract functional analytic setting with a robust and practical computational
strategy. Another distinctive aspect of the present work concerns the discrete inf-sup condition associated with weak
symmetry, which is not standard in this setting. In addition to the correction technique introduced in [7], we propose a
further modification to ensure the enforcement of a zero-trace condition on a portion of the boundary of the admissible
stress space. This additional correction is essential to guarantee the stability of the mixed formulation and the proper
handling of the constrained stress variables.

1.2. Outline

We have organised the contents of this article in the following manner. In the remainder of this section we state the
equations describing a model of thermoelastic contact, making precise the boundary and contact conditions including
Barber effects. In Section 2 we derive a weak formulation for the problem in mixed form, and provide a fixed-point
scheme for its solvability. In section 3 we gather the abstract results in order to solve the variational inequality
arising from the previous section. In Section 4 we apply this framework on the decoupled problems related to the
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I'pou=0, p=0

Notation
u : displacement
@ : temperature

I'yion=0 @, : reference temperature

— I'yvion=0
kVo-n=0 g : initial gap (g > 0)
kVp-n=0 .
oy = (on) - n : normal stress
r(oy) : thermal contact resistance
o, : tangential stress
@ — @
g20 Oy Oy Oy kVo-n=—

o, = 0 (frictionless) r(on)

| Rigid’foundation |

I'iiu-n—g<0,0y<0,0yu-n—g)=0

Figure 1.1: Sketch of the domain configuration, sub-boundaries, boundary conditions, and thermoelastic contact conditions.
Here, g represents the initial gap between the elastic body and the rigid foundation (see, e.g. [30]).

solvability operators composing the fixed-point operator, proving their well-posedness, and the well-posedness of the
fixed-point scheme. Section 5 is devoted to the construction and unique solvability analysis of the Galerkin discrete
problem. In Section 6 we derive Falk estimates, and provide specific convergence rates for the finite element family
using Arnold-Falk—Winther and Brezzi—-Douglas—Marini elements for the mechanical and thermal sub-problems,
respectively. Finally, in Section 7, we provide numerical experiments that confirm the theoretical convergence rates in
the lowest-order case, and demonstrate the robustness of the method in practical scenarios.

1.3. Governing equations

Throughout the text, d € {2,3} denotes the spatial dimension. Given a normed space .S, we denote by S and S the
vector and tensor extensions S¢ and S9*¢, respectively. Next, for any tensor fields 7 = (z; Dij=1,a and & = (&) i=1.4>
we let div(7) be the divergence operator div acting along the rows of 7, and define the transpose, the trace, the deviatoric
tensor, and the tensor inner product, respectively, as

d
1
d._ S =
Ty, T .—T—Etr(r)l, and T.C.—UE:ITU- ij -

Tt = (Tji)i,j=1,d’ '[I'(T) =

M

Let Q C RY, be a simply connected, bounded Lipschitz domain occupied by a linearly elastic body. The boundary
is decomposed into disjoint portions

0Q=TpulTyUTg,

where homogeneous displacement, traction, and contact boundary conditions are imposed, respectively, with all sub-
boundaries non-empty: [I'p| - [y |- |[T'c| > O (see a sketch in Figure 1.1).

We consider heat conduction influencing the elastic response. Neglecting inertial effects, the governing equations
consist of the constitutive law, momentum balance, stress symmetry and energy balance equation respectively, namely

o = Ce(u) — agpl = 2ue(u) + (A(divu) — ap)l in Q, (1.1a)

—dive = of in Q, (1.1b)

oc=oc" in Q, (1.1¢)
fo+u-Vo—divikVe)=m in Q, (1.1d)
where e(u) = %(Vu + (Vuw)*®) is the infinitesimal strain, ¢ the Cauchy stress, u the displacement vector, ¢ the

temperature, f the body force, ¢ the density, C the Hooke tensor, A, u are the Lamé parameters, « the thermal expansion
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coefficient, k the (rescaled) thermal conductivity, £ a scaling parameter, and m a prescribed heat source. The thermal
equation (1.1d) is obtained via backward Euler discretisation of the time-dependent energy balance, which explains
the advecting term written with displacement rather than velocity. Following [13], the boundary conditions are

u=0, =0 onlp, (1.2a)
on=0, kVp-n=0 onIy, (1.2b)
u-n—g<0, oy <0, oy(u-n—g)=0 onT¢, (1.2¢)
@ =Py
kVp-n=— onl, (1.2d)
r(oN) ¢

where g : I'c — [0, +00) is the initial gap, n the outward unit normal, 6y := (on)-nthe normal stress, 6, := on—oyn
the tangential stress [3, 12, 30, 37], and @, is a prescribed reference temperature at the rigid foundation. Frictionless
contact is represented by

6, =0 onl. (1.3)

The conditions in (1.2c) are the classical Signorini conditions (also referred to as complementarity conditions),
which imply: if u - n < g, then oy = 0 (no contact); if oy < 0, then u - n = g (active contact). Notably, the
complementarity conditions prevent unphysical states with positive normal stress in absence of contact. Moreover,
they allow both o, = 0 and u - n = g simultaneously, corresponding to grazing contact, where the body touches the
foundation without developing compressive pressure and consequently with no heat transfer through the interface, see,
e.g., [12, 30].

The thermal equivalence (1.2d) constitutes the so-called Barber condition [45] where the thermal contact resistance
r(op) is assumed to be uniformly bounded and Lipschitz continuous on (—oo, —6], 6 > O: there exist 0 < ry < r and
L, > 0 such that

ro <) <y, V¢ L -6, (1.4a)
Ir@n) = r€llocore < LAIE = Elloa  V¢.E € L. (1.4b)

Experimental models include (see [41, 44])

r(En) = bo(k) [En 17", r(CN)=c0<|ZV|> ; (1.5

where the constants by(k), by, ¢y and w reflect material properties, hardness, and surface roughness. These models
satisfy (1.4a) and (1.4b) in the regime {y < 6 < 0.

1.4. Strong mixed form

To obtain a fully mixed strong formulation for the problem (1.1)—(1.3), we first recall that for any smooth tensor &,
we have
1

1, ._ 1 .4
e = gt s B L (1.6)

so that the constitutive equation for stress can be written as
ew)=Clo+ay(W)ol,
with

1

Y= T on

(1.7)

We remark that, although y(A) also depends on i and d as defined in (1.7), we highlight the dependence on 4 since it

plays a crucial role in the nearly incompressible limit A — 400, where y(4) — 0 and % — +00.
4

Carrasco, Chouly, Martin & Ruiz-Baier: Preprint submitted to Elsevier Page 4 of 34



Fully mixed finite element methods for thermoelastic contact

We now introduce the tensor of body rotations p := %(Vu — (Vw)*) as an additional unknown, yielding

Clo+ayDel+p=Vu inQ,
—dive =of in Q,
c=oc" in Q.

For the thermal equation, we introduce the heat flux 6 := kV ¢, leading to
kl0=Vo in Q,
fo+u-k"'10—-divo=m in Q.

Collecting all unknowns and rewriting appropriately the boundary conditions (1.2), the fully mixed strong form of
the thermoelastic contact problem reads: find (o, u, p) and (@, 0) such that

Clo—ayWDol+p=Vu in Q, (1.8a)
dive = of in Q, (1.8b)
c=c¢" in Q, (1.8¢)
x10=Vgp in Q, (1.8d)
Co+u-k'0—dive=m in Q, (1.8e)
u=0, =0 onTlp, (1.8f)
on=0, 6-n=0 onIy, (1.8g)
u-n<g, ony<0, oym-n-g)=0,
gt._z’_(P_(pO’ onlc. (1.8h)
ron)

2. Weak formulation in mixed form

2.1. Preliminaries

For each t € [1, +00) we introduce the Banach spaces
H(div,; Q) := {1; eLXQ) : dive) e L’(Q)} and H(div,; Q) := {1’ elLXQ) : div(r) e L’(Q)},
equipped with their natural norms
||§||div,;g = l€lloo + I1div(d)llp,.o and ||T||div,;g = lzllgg + I div(z)llg .0
for all & € H(div,;Q) and 7 € H(div,; Q), respectively. Additionally, we recall from [23, eq. (1.43), Section 1.3.4],
(1,400] in R2,
that for t € 6 .5 the following integration by parts formulae
[5, +oo] in R,
(E-1,0)y0 = / {g Vo+o div(§)} V(& v) € H(div,; Q) x H'(Q), (2.12)
Q

(Tn, v) 40 =/ {1’ :Vo+v- div(r)} V(r,v) € H(div,; Q) X H'(Q), (2.1b)
Q

hold true, where (s, ¢), denotes in (2.1a) the duality pairing between H~1/2(0Q) and H/2(9Q), whereas in (2.1b) the
duality pairing between H™1/2(9Q) and H'/2(dQ). For ¢ = 2 we have the Hilbert space H(div; Q) := {r € L*(Q) :
div(7) € L2(Q)}. In addition, for * € { D, N, C} we define the following vectorial space and its tensorial counterpart

H, (div,Q) :={£ €e H{div,Q) : £-n=0o0nl,}, H,iv,Q) := {7 € H(div,Q) : tn=0o0nT,},

Carrasco, Chouly, Martin & Ruiz-Baier: Preprint submitted to Elsevier Page 5 of 34



Fully mixed finite element methods for thermoelastic contact
and the space of L2(Q) skew-symmetric tensors as

L2 . (Q) :={nel*Q) :n=-n°}.

skew
For a given subset £ C 9Q, letE 5, : H!/ 2(2) — L2(0Q) denote the extension operator
W onZx,
Egs(y) = { _ Vg eH2®).
0 onodQ\Z,
The Lions—Magenes space in the sense of Grisvard [27] (see also [24, 37]) is then defined as
HA®) 1= {w e H/2(®) : Egs(w) € H/2(00)},
with norm
lwlli /2005 1= IEos @)l /2,00

Its vector-valued counterpart is

H'®) = [H©T,

and the corresponding dual spaces are denoted by < HY/ 2(Z)) and ( '/ 2(Z))

Let 0Q = T,y UT, U Z with dist(I'y, £) > 0. Following [12], we define the subspace W, C H!/2(Z) by

We = {row)ly : weH (@)}

Observe that Hl/ 2(Z) € Wc. In particular, if |I";| = 0, then W, = Hl/ 2(Z), whereas if I'; is compactly embedded

into I'y, we have We = Hl/z(Z). Setting [:= 1nt(2 U F ), the dual of WC is defined as

={§|2 cce(n 1/2®> §=Oonrl}g( “2<F>)

In this case, if |I';| = 0, then W’C = ( 1/2(2)) while if ' is compactly embedded in I'}, we have & = 0 on 0Q \ f,

so that £|y, € H™'/2(Z) [22, Remark 2.6], and hence W/, = H™/2(Z).

The duality pairing on W’C X W is denoted by (-, ~)W/Cch, or simply (-, -)s when unambiguous:

<III’ ¢>E L= <§’ y()(w)|F>(H(l)éz(i:))/xﬂ(l)é2(f)’ V¢ € WC’

1/2 =

where w € H1 (Q) satisfies @ = yo(w)|s and & € (H (D)) satisfies &|y =

Finally, the followmg decomposition holds [12, 30, 40]:

We=W2 o Wcy, = (W¢ Y @ WCt, 2.2)
where W‘é and W ¢ denote the normal and tangential components of elements in W, respectively:
Wei={@g-n: oW}, Wi ={peWc : ¢-n=0}.
Carrasco, Chouly, Martin & Ruiz-Baier: Preprint submitted to Elsevier Page 6 of 34
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2.2. Weak mixed formulation

We now derive the weak mixed form corresponding to (1.8). To this end, we first consider the first two rows of
(1.8). Let 7 and v denote test functions associated with the unknowns o and u, respectively. Testing the first equation
with 7 — o and the second with v gives

/C_lo':(r—o)—ay(/l)/(ptr('r—a)+/p:(’r—a)z/Vu:('r—a), (2.3a)
Q Q Q Q

/v-divo-:/of-v. (2.3b)
Q Q

Assuming u € H'(Q) and o, r € H(div,; Q) for ¢ fitting in the ranges of Section 2.1, we apply the integration by parts
formula (2.1b) to the right-hand side of (2.3a), yielding

/ Vu:(r—o0)= —/ u-div(r — o) + ((t —o)n,u),q, VYVt e H(div,; Q). 2.4)
Q Q

The boundary term is decomposed using the linearity of the trace operator, (1.3), and the boundary conditions on I"j,
and Iy ((1.8f) and (1.8g), respectively), leading to

(T —o)n,u)yq =ty —on.u-m)r + (T, —6pu)r 2 (Ty —ON.&)r,- (2.5)

Here, on and zn belong to W/, while ulrc € W, . Invoking (2.2) gives the first equality, and using [30, eq. (5.38)]
we deduce that g € W..

Decomposing tn = 7, + tn, we impose 7, = 0 and 7y < 0 to validate the inequality in (2.5). Collecting terms,
the weak mixed formulation of the mechanical problem reads

/ Clo: (t—o0)+ / u-div(t — o) + / pi(t—0)>(tNy — O'N,g)rc + ay(/l)/ @ tr(t — o), (2.6a)
Q Q Q Q

/v-divo-:/of-v. (2.6b)
Q Q

The first term in (2.6a) is well-defined for o, T € L2(Q), and taking p € Lfkew(Q), the third term is also well-defined.

Applying Holder’s inequality to the second term shows that u,v € L’ (Q) provided of € L'(Q). The second term on
the right-hand side is finite if ¢ € L2(Q) due to || tr(Olloo < d1/2||é’||0’9. The symmetry of o is imposed weakly as

/0:5:0, véel?
Q

skew

Q). 2.7)

For the thermal equations (1.8d)-(1.8e), testing with £ and y associated with 0 and ¢ yields

/K-‘9-§=/V<p-§, (2.82)
Q Q

/y/divG—f/(py/—/(u-K_IO)wz—/my/. (2.8b)
Q Q Q Q

Assuming ¢ € H(Q)and & € H(div; Q), where s fits in the ranges provided in Section 2.1 as well as ¢. The integration
by parts in (2.8a) gives

[xto-g+ [ pave=tenona 2.9)
Q Q

Applying the boundary conditions (1.8f), (1.8g) and second one in (1.8h), allows us to rewrite the right-hand side of
(2.9) as

(§-n.0)o0=(& - n.0g)r,—(&-n.rloN)0-n)r . (2.10)
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Substituting back, we obtain the final weak form for the thermal flux:

/ K_le . §+ <§ -n, r(GN)O . n)FC + / (] d1V§ = <§ ‘n, (po)l"c. (211)
Q Q
The nonlinear term in (2.8b) can be bounded using Holder’s inequality as
—1 —1 1 1 1
Ww-x0)y| <k ||0,oo;g ||u||0,t/;g ||9||0,q;g2 ||W||o,s/;g, 7 + 5 = 3 (2.12)
Q

Choosing g = 2 for @ € L*(Q) implies ' = 25/(2—s). Taking s = 3/2 gives ¢’ = 6, yielding the functional framework
uel®Q), oeHy(divys:Q), @el’(Q), 6eHy(divyQ).
Finally, we define the closed convex set for stresses
K :={r € Hy(divs5;Q) : 7, =0, 7y <OonT¢}, (2.13)
where 7y < 0 is understood weakly, see, e.g., [37, Section 15.4]. The thermal flux space is

X = (£ € Hy(ivy @ : & nlr, € 2T, NElx = 1Ellaivy 0+ 1€ - nllor,. (2.14)

Summarising the previous analysis, and defining

Q =LQ)xL2 (Q), Y :=L3(Q),

skew

we obtain the following weak mixed formulation: find (o, (&, p), 0, ) € KX Q X X X Y such that

A(o,t—0)+B(t—o0,(u,p) > Fq,('r - 0), (2.15a)
B(o, (v,6)) = G(v, ), (2.15b)
a5(0,8) + b€, @) = F(§), (2.15¢)
b6, y) — (@, y) — / - x"'0)y = Gw), (2.15d)
Q
for all (z, (v, 8),&,w) € Kx Qx X x Y. For a given & € K, the bilinear forms above are defined as follows:
A(o,7) = / clo:1, Vo,7 € K, (2.16a)
Q
B(z, (v, d)) := / v-divr+/1 : 6, Y(r,(,6) e KxQ, (2.16b)
Q Q
e -1 A~
a;(0,€) .—/QK 0-&+ <§-n,r(aN)0-n>0’rC, VO, & € X, (2.16¢)
b y) 1= / w div €, V(E, w) e X XY, (2.16d)
Q
c(p,yw) = / ¢y, Vo, w €Y, (2.16e)
Q
and, for a given § € Y the linear functionals in (2.15) are specified as
Fy(z) 1= ay(/l)/ o tr(t) + (TN,g>FC , vV e K,
Q
G@,6) := —/ v, V(v,d) € Q,
Q of Q 2.17)
F(é) = <€ ' n, (p0>0,l—‘c9 V§ € X7
Gly) .= —/ my, Yy ey.
Q
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Regarding the well-posedness of the stress- and temperature-dependent functional F in (2.17), applying Cauchy—
Schwarz and Holder inequalities together with the bounded embedding of L3() into L2(Q), we obtain

ay(4) /  tr(7)
Q

< ayD)1QI"°ad"* [1Bllg.3:0 17 llaivg 5.0
which ensures that F; € H’ for each § € L3(Q).

2.3. Fixed-point scheme

In this section we develop a fixed-point scheme in order to establish the well-posedness of (2.15). For this goal we
adopt a decoupling strategy, first defining the operator S : L3(Q) — K x L%(Q) as

S(¢) = (o,u) e KxLQ), (2.18)

where (o, (4, p)) € K X Q is the unique solution (to be proved below) of the problem composed by (2.152)-(2.15b),
when @ is replaced by ¢ in the right-hand side of (2.15a), that is the problem to find (o, (4, p)) € K X Q such that

A(c,t—0)+B(t—0,u,p) > F¢(r—0') Vr ek,

(2.19)
B(c, (v, 6)) = G@,9) V@, 6 €Q.
On the other hand, we define the operator S : K x LO(Q) — L3(Q) as
S w) :=pel’(Q), (2.20)

where (0, @) € X X Y is the unique solution (to be proved below) to the problem composed for the last two rows of
(2.15) replacing o by &, that is

ag(6,8) + b(&, @)

b6, y) — c(p,w) — /Q w- 'Oy

F(&) VéeX,
2.21)

G(y) VyeyY.

Finally, we define the operator T : K x L6(Q) — K x L°(Q) as the composition between S (cf. (2.18)) and S (cf.
(2.20)), namely

T, w) :=SS¢.w) V. w) eKxQ, (2.22)
and observe that solving the coupled problem (2.15) is equivalent to finding a fixed point of T. That is

T(o,u) = (o,u). (2.23)

3. Abstract framework

In this section, we analyse the abstract framework for the solvability of the variational inequality (2.19). To this
end, we adopt to the present context the framework developed in [39], which relies on classical saddle-point arguments:
namely, the ellipticity of the principal bilinear form a(e, ¢) over the kernel of b(e, ¢) and the well-known inf-sup condition
for b(e, »). Here, these conditions are imposed on a subspace W C K (cf. (2.13)). We first recall a preliminary result
from [39].

Lemma 3.1. Let E be a normed space, K C E a closed convex subset, and S C K a subspace. Then K + S C K.
Moreover, if L is a linear form on E such that L(v — w) > 0 for all v,w € K, then L|g = 0.

Consider a Banach space H, a closed convex subset K C H, and a Banach space Q. We study the general linear
mixed variational inequality: find (¢, ) € K X Q such that

a(c, 7t —0)+ bt —o,u)> F(r —0) Vrek,

3.1
b(o,v) = G(v) Vv e Q,
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where a : K XK — Rand b : K X Q — R are bilinear forms with boundedness constants ||a|| and ||5]|, respectively.
Let W C K be a closed subspace such that b(e, ») satisfies the inf-sup condition

b(z,v)
sup

7eW ”T”H
T#0

2 fllvllg YoeQ, (3.2)

for some # > 0. Equivalently, the induced operator is surjective, i.e., for each G € Q' there exists 65 € W such that
b(og,v) =G(v) YveQ, lloglly < CliGllg-

Defining V :={r € H : b(r,v) =0, Vv € Q}, and assuming that a(e, *) is V-elliptic, i.e.,
a(r,7) 2 allrllf, Vr eV, (3.3)

one can derive the bound
1 C
lolls < —I1Fllw + (S llall +1) 1Glg- (3:4)

Similarly, using Lemma 3.1 and the inf-sup condition (3.2), one obtains

it < (X 1) npi+ 251 (St +1) . (35

The existence of a solution follows from the general solvability result for variational inequalities in reflexive Banach
spaces [31, Chapter III, Corollary 1.8]:

Lemma 3.2. Let H be a reflexive Banach space, K C H non-empty, bounded, closed, and convex. Let F € H' and
A : K = H be monotone, coercive, linear, and bounded. Then, there exists u € K such that

(Aw)—F)v—-u)>0 Vvek.

Applying this result to the augmented operator
A((o,u), (z,0)) :=a(o,7) + b(z,u) — b(o, v),

with F((z,v)) := F(z) — G(v), one verifies that a solution of the mixed problem (3.1) exists and satisfies the bounds
(3.4)—(3.5). We deduce from all these previous considerations the following result.

Theorem 3.1 (Solvability of the mixed variational inequality). Let H and Q be reflexive Banach spaces, K C H a
non-empty closed convex set. Assume a : KXK — Rand b : KX Q — R are bounded bilinear forms with constants
[|lal| and ||b||, and that

1. a(e, ) is positive semidefinite: a(t,t) > 0 for all t € H,

2. a(s,e) is ellipticon V := {r € H : b(r,v) = 0 Vv € Q}: there exists a« > 0 such that a(r,t) > a||r||12{f0r all
T€EYV,

3. there exists a subspace W C K such that b(e, ) satisfies the inf-sup condition (3.2) with constant f§ > 0.

Then, forany F € H' and G € Q', there exists a unique (c,u) € KxQ satisfying (3.1), and the continuous dependence
estimates

1 C
ol < 1 Flly + (Cllall+ 1) 1Gllg-

1 ( lal lall (€
lullg < <7 1) 1F I + 225 (Clall+1) 16l
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4. Well-posedness analysis

In this section we establish the well-posedness of the coupled problem (2.15) through the fixed-point scheme (2.23).
The approach follows the classical two-step strategy: first, we prove the well-posedness of the operators S (cf. (2.18))
and S (cf. (2.20)); second, we verify that the global operator T satisfies the hypotheses of the Banach Fixed-Point
Theorem, namely, Lipschitz continuity and contraction.

We begin with a preliminary observation. Owing to the uniform convexity and separability of L?(Q), p € (1, o),
all function spaces appearing in (2.15) inherit these properties. In particular, uniform convexity implies reflexivity, and
any closed subspace of a reflexive Banach space is itself reflexive.

4.1. Preliminaries

We first collect stability bounds for the bilinear forms and functionals in (2.15). Using Cauchy—Schwarz and Holder
inequalities, the continuity of the embeddings i P H!(Q) & L*(Q) (vectorial version i p), and the trace theorem, from
the definition of the bilinear forms and linear functionals we can directly denote

1 y(4)
Al 3=maX{;,T . Bl =1 NG = llofllo6/5.0-
6l == 1, el :=2121"°, IFI :=llollore NGl = lImllgs/2.0,

and for ¢ € L3(Q) and T € H(div, /5:9)

IFyll := ay(D1QIY°d |1plly + llglwer  Nagl := 1k oo + 71

Consequently, all bilinear forms and functionals satisfy the following standard boundedness estimates:

A DI < AN IEa lI7lla V¢t eK,
IB(z, (@, 8)| < [IB]l llIzllg [I(v, 8)llq V(z,(v,8) € KxQ,
[F(O] < IFyll Izl vVt € K,
IG@)| < [IGl llvlig Vv € Q,

lag (x> O < llagll 1 xlIx 1€]1x Vx.§ €X, 4.1
168, y)l < Ibll 1€ llx v lly V(€ v) € XXY,
le(@. vl < llell llolly llwlly Vo.y €Y,
[FOI < IIFIIElx VE e X,
IGw)| < IGll Hlwlly Vy €Y.

4.2. Well-posedness of S

Let us define the kernel of the linear operator induced by B:
V:={reH:divt=0, 7=17'inQ}.
From (1.6) and the definition of A, we have

y(4)

_ 1
A(r, T) =/c 't ir= |2, + == r@I}
Q H ’ d i

It is immediate that A is positive semidefinite. Moreover, using the decomposition 7 = 7¢ + é tr(7)I, we get

A(z,7) > min { l,yu)} Izllf, Yz eV,
i

so A is V-elliptic with constant @, := min{ i, 7(A)}. Next, define the subspace W :={r € K : 7y =0onI'¢}.
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Lemma 4.1 (Inf-sup condition for B). There exists f > O such that
B(z, (v, 6))

€W, 7#£0 ”T”H

Proof. The proof follows by constructing a suitable lifting w € HI{D(Q) and setting T = e(w), T = e(w) + 8, then
applying Korn and Poincaré inequalities, as well as Lax—Milgram’s lemma. Details are omitted for brevity. O

With these ingredients, Theorem 3.1 applies, yielding:

Theorem 4.1. For each ¢ € L3(Q), the variational problem (2.19) has a unique solution (c,u) € K x Q, so that the
operator S is well-defined. Moreover, there exist constants Cy, C,, C5,Cy > 0 (depending on a, ay, f, ||All, |2],7(4))
such that

lolla < Cidlglly + llgllw,) + Callofllog/s.0-
@, p)llq < C3(ll@lly + llgllw,) + Callofllo/s.0-

As a corollary, we have the global bound
IS@llaivy s o := ol + lulloga < Cs (I8lly + lglv,. + lofllos/s ) -

with CS = maX{Cl + C3,C2 + C4}

4.3. Well-posedness of S
LetV := {& e X : divé = 0in Q} denote the kernel of b(e, »).

Lemma 4.2 (a-ellipticity). For each 6 € K, the bilinear form a(e, ) is symmetric, positive definite, and V-elliptie.
That is, there exists a constant @ > 0, depending on k and r, such that

a,(&.H 2Tl VEEV.
Proof. The symmetry and positive definiteness follow directly from the definition. For & € V,
— -11g2 2 : 2
a5(5.8) = / k81T + / r(on)|€ - n|” 2 min{xy, ro}I€]l.
Q T'e
so we can take @ := min{kg, ry}. O

Lemma 4.3 (Inf-sup condition for b). There exists f > 0 (depending only on |Q|) such that

b(&,w)
> Bllwlly, Yy eY.
eexez0 €llx
Proof. This follows directly from [25, Lemma 2.7] with r = 3. |

Now we are in a position to announce a preliminary step for proving the well-posedness of S, namely a global
inf-sup condition (which is in turn a consequence of [17, Theorem 3.4]).

Lemma 4.4. Given § € K, we define global bilinear form Ay : (XX Y) X (XX Y) - Ras

Ag (), (&) 1= ag(X,8) +bE ¢) + b, w) —c(dw)  V(x.¢),(Eyw) EXXY. (4.2)

Then, there exists a positive constant 7 depending only on llagll, llell, a and E such that

Ewexxy & Wllxxy
&.w)#0

27 1 Dlixxy Vx.d) €XXY. (4.3)
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Proof. We first observe that for each { € K, ag(-, e), b(e, ) and c(e, ») are bounded bilinear forms and G(e) and F(e)
are linear and bounded functionals. Now, it is clear from the definition of c(e, ) in (2.16e), that it is positive definite
and symmetric. Furthermore, Lemmas 4.2 and 4.3 allow us to apply [17, Theorem 3.4], which states the existence of
a unique (0, y) € X X Y such that

aO‘(07 5) + b(é? (p)
b(0,y) — c(@,w)

F véeX,
G(y) Vyey.

And this implies the global inf-sup condition (4.3), finishing the proof. O

Finally, we show that S (cf. (2.20)) is well-posed. The proof is based on the global inf-sup condition (4.3) from
Lemma 4.4 and on the boundedness of the perturbation (cf. (2.21)).

Theorem 4.2. Let w € LY(Q) and ¢ € K with ||wllgs.q < W
o 0,00;Q

(0,w) € X X Y and hence one can define S(§,w) := @. Moreover, there exists a positive constant Cg, depending on
llall, lcll andy such that

. Then, problem (2.21) has a unique solution

IS w)loza = Ielly < 1O.Plxey < Cs {Igollor + Imllos/za ) - (44)
Proof. We make use of Lemma 4.4 and the bound in (2.12) fixing the values of ¢ and s’ as provided, yielding

A (G ), ) - /Q W )y

sup > (7= Ik lpsall®llosa) 12 Dllxxy
(Ew)EXXY 1 wllxxy

(Ew)#0

foreach (y, ¢) € XX Y. Clearly, we have many options for bounding ||w|| 6.¢, in order to maintain the inf-sup property

for the full operator. We simply choose ||w ||y 6.0 < —2||;<—1y|| , obtaining
> 0,00;Q
Ag (- 9). (& w)) —/(W-K_lx)w .
Q
Sup > =l V(x. ) €XXY.
(Ew)EXXY 1, w)llxxy 2 XxY
Ew)#0

Now, thanks to the positive definiteness of r(s) (cf. (1.4a)), ag(e,) and c(s,+) — defined in (2.16¢),(2.16¢) — are
symmetric. Therefore, we can deduce that A (e, ) (cf. (4.2)) is symmetric, thus we can use the same argument as
before to prove that

A ). E ) - / W v
sup Q >
(x.$)EXXY 1Cxs D llxsey
x.9)#0

S

I Wllxxy V(. w)eXXY. 4.5

These conditions imply that the assumptions of the Banach—Necas—Babuska theorem [20, Theorem 2.6] are satisfied,
and then we can guarantee the existence of a unique solution (0, ¢) € XX Y. Moreover, the a priori bound (4.4) follows
from [20, Theorem 2.6, eq. (2.5)] and the bounds for || F||xs and ||G||y. O

From Theorems 4.1 and 4.2, we can establish that T (cf. (2.22)) is well-posed. Moreover, we have that

ITCE, w)lldivg 5 x16:0 < CT(“(PO“O,FC +llmllosz/20 + llglw, + ||0f||o,6/5;9>,

for each (¢, w) € K x L8(Q) satisfying ||w|lg 6.0 < and Cy := Cg max{Cg, 1}.

2 ||K_1||0,oo;g
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4.4. Well-posedness of the fixed-point scheme
Our next goal is to prove that T (cf. (2.22)) satisfies the hypotheses of the Banach Fixed-Point Theorem: the

operator T maps a set into itself and T is a contraction mapping (i.e., the Lipschitz continuity constant L > 0 must be
strictly less than 1). Nevertheless, we note that the first component of the solution must be in a closed convex subset
of H(divg /55 Q), say K (cf. (2.13)), therefore, we require that T maps the first component of the input from a closed
convex subset of K into the same set. For that end, given R > 0, we define the following bounded closed convex subset
of K x LO(Q)

Kpi={C.w) eKXLYQ) : [{la<R and [wlpeq <R}, 4.6)
and we have the following result.
Lemma 4.5. Assume that

Cr(lgollore + Imllos/za + lglhv, + lof log/sa) < R-
Then, T(Kp) C Kp.

Now, in order to prove the Lipschitz continuity of T (cf. (2.22)), we need to prove the Lipschitz continuity of S (cf.
(2.18)) and S (cf. (2.20)). We start with the first property.

Lemma 4.6. There exists a positive constant Lg, depending on a, a, f and ||A|| such that

IS(¢py) — S(¢2)”div6/5 <160 < Lgy(D [l¢) — dallos.a -

Proof. Let ¢, Q e L3(Q) such that S(¢) = (¢, w) and S(i)) = (g, w), where (&, (w, p)), (E, (w, B)) are solutions of
(2.19) with ¢ and ¢, respectively. It is easy to see, after algebraic manipulations, that

AC-8¢-0 =< (Fy-FpE -0, @.7)

Next, from the definition of F (cf. (2.17)), we notice that

[Fy(7) — Fy(0)] =

a /Q Y — P tr(0)| < Cer Dl = llg 3.0 Il 4.8)

for each 7 € H, where Cy := a d'/?|Q|'/®. This point, together with the fact that { — ¢ € V, allows us to bound both
sides of (4.7), and therefore get

a
16 = ¢llex < —=d' 2121 y(Dlp = Slloa- 4.9)
A
Now, from the inf-sup condition we have that

B(z,w,p) — W, p))

1
l(w, p) — (W, p)llg < = sup
FIQ= g ew Izl
7#0

From the first equation of (2.19) and testing with 7 = 0 and T = 2, we observe that
A, &)+ B, (w, p)) =F4(0), (4.10)
and hence, replacing (4.10) in the first row of (2.19) results in

B(r,(w,p)) 2 Fy(r - ) — A, 7 - ) + B({,(w, p)) =Fy(r) - A({,7) VzeK. (4.11)
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Analogously for B(r, (w, g)), we can assert that
B(z,(w, p)) 2 Fy(7) - A(g, 7) Vrek.
Then, owing to the fact that A(g, ) —Fy+B(,(w,p)) € H’ we can write

Fy(7) - A(g,7) - B(z,(w, p))

1 ¢

lw, p) — . p)llg < = sup : (4.12)

= ﬂ,% 7l
T

Then, putting (4.11) back into (4.12), using the bound (4.9), and rearranging terms, we arrive at

(Fy —F)®) +AC - £ 1)

lw-wloea < llw, p) — @, pllg < 5 sup

T

rTC;WO ” ”H (4.13)
< =d'21QVoy(1+ —— - Q-
<3 [QI/> ¥( )( ~ >||¢ Plloza

Finally, adding (4.9) and (4.13) we are left with the bound

1S() = S@llaiv, s xts:0 = 1€ = Elag + 1w = wllo g0 < Ls YDl = Bl 30

A
where Lg := ad'/?|Q|!/® <i +1 <1 + U)) finishing the proof. O
ap ﬁ (17N
We next verify the Lipschitz continuity of S (cf. (2.20)) using similar steps as in the previous lemma.

Lemma 4.7. There exists a positive constant Lg, depending on L,, Cs, ||c™ g o0.q and 7 (cf (4.3)) such that
IS(¢, w) — S(&, w)llo3.0 < Ls <||<P0||0,FC + ||m||0,3/2;9> (€, w) — (&, w)llxxy- 4.14)

Proof. We denote by S({, w) = ¢ and S(, w) = ¢ the second components of the unique solutions (0, @) and (0, ) in
X X Y to the variational problems

A©..Ew) = [ xOw = F@+ 6w VEw eXxY, (.15
14@ 0w~ [ = FE +Gw) Y& e XxY. (4.15b)
respectively. Now, applying the global inf-sup condition (4.5) with (6, @) — (6 @) we have
1S w) = SE @)l = 10 - @lloza < 16 @ - @ @lixey
A (0.0 - @ 9). &) - /Q (w-x"'O-0) w
sup |

(Ew)EXXY 1, W)llxxy
(Ew)#0

2
7

Next, performing some algebraic manipulations, since Ag(s,) (cf. (4.2)) is bilinear, bearing in mind (4.15a) and

(4.15b), along with the a priori bound for ||@]|x (cf. (4.4)), and adding and subtracting fQ(zg cxd 0) w we realise
that

(a; = a,)(9.8) + / (w-w)-x"'Q)w

2 Q
10, 9) — (@, P)llxxy < = sup (4.16)
= Y (Ey)eXxY 1€, w)llxxy
Ew)#0
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< liag = a)(@, 9)llxs + Cslik ™ llp o0 { leollor, + ||m||o,3/2;s2} lw—wlleq-

Now we need to bound ||(a; — a;)(@, *)|lx’- To this purpose, we observe that, for & € X there holds

(ag =)@ &) = (& m. (r&w) = r(Eu)) @-m) < EIx I8l IMEN) = rE Ml
~ B¥e]
Then, using the Lipschitz continuity of  (cf. (1.4a)), and using again the bound for [|@||x (cf. (4.4)), leads to

e = ap)@ s < L, { Iopllorg + Imllos/z | 1€ = Elle- @.17)

Finally, putting (4.17) back into (4.16), and performing some minor algebraic manipulations, we arrive at (4.14) with
2 -
Ly := 7max{Lr,Cs||K 1||0’°0;Q}. O

As a direct consequence of the previous lemmas, we can address the Lipschitz continuity of T (cf. (2.22)) which
is established in the following result.

Lemma 4.8. There exists a positive constant Lt = Lg Lg such that
T, w) - T(Q l!)”Hst(g) <Ly 7(/1)(||(P0||0,rc + ||m||o,3/2;9) 1§, w) — (g’ lL’)||div6/5 xL6;Q -

Proof. 1t is a direct consequence of Lemmas 4.6 and 4.7. In fact we notice that

IT(¢, w) — T, w)ll = ISS(&, w) — S(S(§, w)l < Lgy () IS, w) — S, w)l

< LgLg 7(1)(||¢’0||0,FC +lImllo3/2.0) 116, w) - (& Wlldivg 5 x16:02 -

(]
Now, we are in a position to prove the main result of this section.
Theorem 4.3. Assume that in addition to the hypothesis of Lemma 4.5, the data satisfies
Ly 7’(/1)(”(00”0,% + ||m||o,3/2;g) <1. (4.18)

Then, the operator T (cf. (2.22)) has a unique fixed point (6,u) € Ky (cf. (4.6)). Equivalently, the coupled problem
(2.15) has a unique solution (o, (u, p)) € KX Q, with ||ully .o < T

— 1}'” . Moreover, there exists positive constants
0,00;Q
C, and C, such that

l(e, (u, P)llaxg < C; (||§00||0,FC +lImllos 2.0 + lgllw,. + llofNlos/5:0) (4.19a)
16, Pllxxy < Co (Il@ollor,. + lImlloz/o0) - (4.19b)

Proof. Thanks to Lemma 4.5, T (cf. (2.22)) maps a closed bounded convex subset Xy into itself. Moreover, Lemma 4.8
combined with (4.18) implies that T is a contraction, so then a straightforward application of the Banach Fixed-Point
Theorem yields the existence of a unique fixed point (o, u) € Kg, and hence a unique solution of the problem (2.15).
Moreover, due (o,u) = T(o,u) = S(S(o, u)), we deduce that ¢ = S(o, u) and hence, the bounds (4.19a) and (4.19b)
arise from (3.4), (3.5), and (4.4). O

As a final remark on the continuous analysis, we note that the quantity Lt y(4) is independent of A. Consequently,
the small data assumption (4.18) depends primarily on the prescribed temperature ¢, and the heat source m, without
imposing further restrictions on the initial gap g or the body force o f .

Nevertheless, in the nearly incompressible limit, i.e., as the Lamé parameter A — +oo0, we have a, = y(4) and
IA]l & x~!. In this regime, the continuous dependence of the mechanical variables can be quantified explicitly:

1 C
lolln < alQ1*d" Nl + = (lglhw + = lloflogsa ) + 7D oS log/sa
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a|Q|/6d1/? (1 1/ 1 1 C
l(u, p)lig < — 5 <; + 1> llolly + 7 <m + 1> llgllw,. + up <m + 1) llofllos/s:0-

These estimates highlight that, for stability, both the initial gap g and the body force ¢ f must remain sufficiently
small. In particular, the nearly incompressible limit amplifies the influence of the Lamé parameter on the mechanical
response, indicating that careful scaling of the data is crucial to ensure bounded stresses and displacements.

5. Galerkin discretisation

In this section, we address the Galerkin approximation of (2.15) and analyse its solvability. Specifically, we consider
the discrete analogues of the decoupled variational inequality (2.19) and the discrete heat problem (2.21). For the
thermal subproblem, solvability follows from the discrete counterpart of [17, Theorem 3.4], i.e., [17, Theorem 3.5].
For the variational inequality, we invoke a discrete version of Theorem 3.1, which will be formulated below.

5.1. Preliminaries

Let {7}, } 450 be a shape-regular family of triangulations of Q, consisting of triangles (d = 2) or tetrahedra (d = 3)
with element diameters hg and global mesh size h := maxgcr, hg. For k > 0, let P;(S) denote the space of
polynomials of degree < k on a set S C Q, with vector and tensor counterparts

P(S) 1= [P(S)]% Py(S) = [P(S)1™.
We also define their corresponding global discrete spaces
P (Q) 1= {v), € L*(Q) : v,lx € P(K) VK € Ty},
P.(Q) :={v, e LXQ) : v;lx € P(K)VK €T, },
Pu(Q) := {8, € LXQ) : 8,|x € P (K)VK € T, }.
For the mechanical subproblem, we employ the Arnold-Falk—Winther (AFW) element of order k > 0 [4, 9]. The
discrete spaces for stress, displacement, and body rotation are

HE =Py (@ nHy(ivgs: Q). HY =P (Q), H =P (@nL (@), .1)

skew

where H’Z and Hz approximate u € LO(Q) and p € szeW(Q), respectively, while H? approximates the stress o € K.
The discrete convex set enforcing the contact constraints reads

K, := {ch EHE : ¢4y =0, Gy SOOnFC}.

For the thermal subproblem, we employ the Brezzi-Douglas—Marini (BDM) element of order k + 1 for the heat
flux and P, for the temperature:
H) :=P, ,(@nX, H :=P(Q. (5.2)
Setting Q;, :=Hj X HZ , Xy = HZ, andY, := HZ, the fully discrete Galerkin problem reads: find
(Ops (Ups pp) E Ky X Qpy (04, 05) € X, XYy,
such that
Aoy, Ty —0p) + B(t, — 0y, Uy, pp)) 2 Ky, (T, — 0),
ag, 0y, &p) + b(Ep. @) = F(&p), (5.3)

b0, wy) — c(@p,wp) — /Q(uh k710 vy, = Glyy),

for all (Th, (vh, 6}1)) S Kh X Qh and (gh’ l[/h) (S Xh X Yh'
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5.2. The discrete fixed-point strategy

Analogously to Section 2.3, we propose a fixed-point approach to establish the solvability of the discrete problem
(5.3). To this end, we introduce the discrete counterparts of the solution operators S (cf. (2.18)), S (cf. (2.20)), and T
(cf. (2.22)).

First, define the operator
Sh . H(/’ll) — Kh X Hu, Sh(d)h) = (O'h, uh), (54)

where (64, (uy, py)) € K;, X Q,, is the unique solution (to be established below) of the discrete decoupled variational
inequality

Aoy, 1) —0p) + Bty — 0y, (U, pp)) 2 Fy, (1), —0), VT, €K,

(5.5)
B(O-Irp (vh’ 6h)) = G(vh’ 6[1)7 V(vha 6}1) € Qh'
Next, we define the discrete thermal operator
where (0,,, @;,) is the unique solution (to be confirmed) of the discrete decoupled thermal problem
ap(0p, &p) + b, @p) = Fr, (Ep), V&, €X,,
| 5.7
b0y, wy) — c(@p, wp) — /(wh KO0y, =Gy, Yy, €Y,
Q
Finally, we introduce the discrete fixed-point operator
T, : K, X H';; — K, % H';l T, (& wy) 1= Sp(Sp(E, wy)). (5.8)

With this definition, showing unique solvability of the fully discrete mixed problem (5.3) reduces to proving that T},
admits a unique fixed point:

(op,up) =Ty(op, up). (5.9)

5.3. Discrete solvability analysis

In this section we address the well-posedness of S, (cf. (5.4)) and S, (cf. (5.6)), which are equivalent to prove the
unique solvability of problems (5.5) and (5.7), respectively.

We begin by defining the kernel of the linear and bounded operator induced by B over the discrete subspaces as

Q
and we also define a subspace W), of H} such that W, C K, as follows

W, :={¢, €K, : C,ny=0 on Ic}.

Clearly, the fact that elements in V, are divergence-free implies the V,—ellipticity of A(s, s) with the same constant

A€ e 2 agllgylly  VELEV,.

Before analysing the discrete counterpart of the inf-sup condition of B(e, ), we resort to [7, Section 9.3.2] and we
define, for every tensor ¢, the skew-symmetric part and the asymmetric part, respectively as

€ip—¢, In2D

as(¢) := l({ —¢% and asp¢) :=4 (€3 —¢xn . (5.11)
2 €31 —¢13] in3D
Cin—8¢n
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Now, we analyse the 2D case of the discrete inf-sup condition (5.12) by constructing 7, € W, satisfying

B(z,, vy, 6p))

Gy, 6y) 1= sup —————— 2> B4 ||y, 6)llq V(vp,6,) €Qp, (5.12)
T,EW, l7plle
7,70
with ; > 0 and independent of 4, in the following manner: First, given v, € H%, we let T, := |v,|*v, € L/>(Q).

Let © C R9, be a convex polyhedral domain such that Q C @ and 0Q N 0O =T := int(l:N U I:C). We consider
w € WL6/5(9) the unique solution (whose existence and uniqueness are guaranteed in [18, 34]) to the problem

~Aw =Eyo@,) in Q, (Vw)n=0 on ', and w=0 on 0O\T, (5.13)

where Epqo stands for the extension by zero outside . We claim that w € W26/5 (O). To get this, we invoke [18,
Corollary 3.7], with k = 0, p = 6/5, which guarantees the required regularity of w providing the following spectral
conditions hold at every singular point of O

b4 1

3 >—- Ve€e E and Il(u) =min{4,(v),2} > —% YveV. (5.14)
0]

Ay(e) = 3

e

where w, is the opening angle of a mixed edge (where the boundary condition changes). Both condition are satisfied

in a convex polyhedra because w, < 7. Therefore, there exists a positive constant C,,, independent of 4 such that
”w”z,()/s;g < Creg ”5h“0,6/5;§2'

Next, we define T = —Vw in Q. We have that T € W1/5(Q), div(7) = T, in Q, and 7n = 0 on I". Moreover, the

continuous dependence holds as follows

I7ll1.6/5:0 < CregllUnllogs/s: -

Now, letting 1511) := II,(7), where II, is the global BDM interpolation operator, we make use of the commutative
diagram and the stability properties (see, e.g., [7, 8, 23]) to get

. 1 ~ 1 k= 1 ~n~
le(TEl )) = P’;l(vh) , T;l )n = Qh(‘rn) and ”TEI )”divws;g < C“vhHO,é/S;Q’

and with Pﬁ : LY(Q) - P,(Q) and Q’;l : L'0Q) - Pk(Tha) are the projectors respect to the L(Q) and L?(9Q) inner
product, respectively, where

P.(T7) :={v € L*0Q) : v|p EP(F) VF€ET,niQ}, (5.15)

In the second step, we aim at constructing a divergence-free tensor 1'512) correcting r;:) to obtain the asymmetry
condition. That is, as('rf)) =, — as(r;ll)) for every 6, € Hz. For that end we resort to [14] (see also [7, 21]) and
let U, C H(l)(Q), L, C L*(Q) with L?l =L,n L%(Q) such that (U, Lg) is a stable pair approximating the Stokes

problem. Next, define (z, p;,) € U, X L?, the unique solution to the Stokes problem

/Vzh : th+/ph div(wy,)
Q

f q) div(z,)
Q

where y stands for the mean value of asp(6;, — ng]))' The candidate for this correction tensor is T

2 2 1
n=00n0Qand |7} llgq < CUIT laivg 50 + 184ll00):

0 th EUh,

1
/ a2 (asp8, =7\ — 1) Vgl eL,
Q

(@)

noi= curl(z,).

Clearly, 1'512) is divergence-free, T

The third step is to analyse the remaining inf-sup condition on y. Let ¢y € P, {(€2) such that ¢, = 0 on I and

¢o > 0in Q \ T Let O a convex polyhedron such that Q C © and 0Q N 00 = [. Consider w the solution to the
following problem

—div(ewy)) = Egg(curl(¢y) in Q, ewpn=0 on I' and wy;=0 on 9Q\T. (5.16)
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Next, we define 7, := —e(w)|q € H(divy/s;€2) and
: 0 1 Kk
Ty 1= ¢y 1 0 +1I0,(t)) € W), (5.17)

Observe that 7 is divergence-free, asp(ty) = 2¢, > 0 in €, and, by construction of ¢y, Ton = 0 on I. The next
correction of ‘r;ll) is given by

Q

NON 4 19]]

h =
/ asp(t)
Q

and satisfies

s _
15 Nivg 5202 < € (Ballo.0 + 104115 60) - (5.19)

where

Ty EWh, (518)

_ 7ol div, -0 -
C=2— O ax{1,C).

[ont
Q
(@)

The final step is to define 7, := /11';1) +7, +r§13), with 4 := lgl/m—:;% > 0. The previous analysis shows that 7,n =

Q %0
1) (2) 3, _ ™ ~ : ~ 6 2
7,')n+7, ' n+7,'n=0onT, hence 7, € W;,. Moreover, we notice that B(7,, (v, 8;,)) > 4 (”Vh“(),(,;g + ||6h||0’Q)

and that there exists a constant C , depending on C , C and E, such that

~ ~ 5
1% nlldivg 5:0 < Cllwallg 6. + 18ll0.c2) -
Hence

g(v s )> A ”vhllg’é;g + ”6“(2)’9
hYn) = X

C 1o4ll} 6.0 + 18ll0.0

> By (Ilvplloga + 18xll00) -

~ |0y

with f; 1= ﬁN where E is a small parameter ensuring that

x6+2

Zl?(x+y) Vx,y>0.
x> +

< =

Collecting the ellipticity of A on V, and the uniform inf-sup bound (5.12), we obtain the following theorem of existence,
uniqueness and stability for the discrete solution operator Sy,.

Theorem 5.1. Given ¢, € H;’l), problem (5.5) has a unique solution (6}, (uy, py)) € Ky, X Q,,, and hence one can
define S, (¢y,) := (o, up). Moreover there exist positive constants C; 4, i € {1,2,3,4}, depending on ay, as, fy, ||All
(cf. (4.2)), |Q| and y(A), and independent of h such that

16 llaivg s < Cra (Ibilly + gl ) + Coallof logssias

@y pllg < Caa (Iially + liglhw,. ) + Caa oS logsia-

Proof. The proof follows similarly as the proof of Theorem 4.1 applied to the discrete context. O

On the other hand, for the well-definedness of S;, (cf. (5.6)), we apply [17, Theorem 3.5] and we notice that along
with the property div (HZ) C H;’;, and the properties of the thermal conductivity k¥ and the thermal resistance r (cf.

(1.4a)), the Vh—ellipticity of agh(-, o) (cf. (2.16¢)) holds with the same constant, say @; = @. Now, we provide the
discrete counterpart of the inf-sup condition of b, whose proof is constructed as in the continuous level, and utilise the
commutative properties of the interpolation operator of the selected finite element subspace for the heat flux (cf. (5.2)).
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Lemma 5.1. There exists a positive constant f, depending only on |Q| such that

b(&nswn)

fheHz ”‘fh”X
£p#0

> fallwally  Vy, €HY. (5.20)

Proof. We follow a similar argument as in the first part of the proof of (5.12). In fact, given y;, € Hf C L3(Q), we
define ¢ := |y, |y, € L3/2(Q). Now, we consider a polyhedron @ C R such that Q C Oand 0Q N 0O = T. Next,
we consider w € W!3/2((9) the unique solution to the problem

—Aw=Eyo) in O, Vw-n=0 on I, w=0 on 00\T.
Now, we invoke [18, Corollary 3.7] for p = 3/2 and k = 0. Now the spectral conditions become

T s 2 and Il(v) :=min{4,(v),2} > 0. (5.21)
2w 3

e

A(e) =

While the condition on the vertex of the polyhedra is satisfied, the first condition implies w, < %T in order to get

w € W23/2(©9) and ensuring the existence of a constant C > 0 depending only on Q such that
||w||2,3/2;(9 < C||E0,Q(ll~/)||0,3/2;(9 = C||V~/||0,3/2;Q-

Next, we define & = —Vwlg € W'3/2(Q) with [|€]|; 3/2.0 < Cll#llo3/2.0- Finally, we set &, :=I1,(¢) € HY, where
IT,, is the vectorial BDM interpolation operator. Thanks to its commutative properties, there holds

div(€,) =Pf@) in Q. & -nlp=0QkE nlp)=0 on T and [&,llx < Cll#lgs/a-

Hence, replacing Eh in (5.20), the result follows with ﬂNd =C"1. O

3z
4
argument. However, since I' C 00, the portion I" needs to be polyhedral, which is assumed throughout the paper. For
the particular case of 3D domains, we additionally assume that Q is such that there exists a polyhedron O satisfying

the hypotheses described in the proof of Lemma 5.1.

Note that the geometric condition w, < is imposed solely on the auxiliary domain O used in the regularity

The estimates established above now allow us to state the discrete well-definedness of the operator S, (cf. (5.6)),
or equivalently, the well-posedness of the decoupled problem (5.7) in the following result.
Theorem 5.2. Let wy, € HY and {, € K, with [lwyllp6q < ﬁ
o 0,00;Q
6.9, € HZ X HZ and hence one can define Sy (§p, wy) = @,. Moreover, there exists a positive constant Cg 4,
depending on ||ach I, llcll and 74 such that

. Then, problem (5.7) has a unique solution

ISH(& - wllos.a = llenlly <110, @pllxxy < Csq {||(.00||0,1“C + ||m||0,3/2;9} .

Proof. The proof follows similarly as in Theorem 4.2, considering the discrete counterpart of Lemma 4.4 with constant
¥4 which follows from [17, Theorem 3.5] and applying the same procedure as in Theorem 4.2 incorporating the off-
diagonal perturbation. Further details are omitted. O

Finally, we notice that the well-definedness of T}, (cf. (5.8)) arises from the one of S;, and S;,. In addition, similarly
to the continuous case, we have the uniform boundedness of T, by the data as follows

T4 willaivg s s < Cra(l@ollore + Il + Iglwe + oS log/sa )

Ya

for each ({, wy) € K, x H} satisfying |lwyllge.o < —
2 llc=Hlo,00500

, and where Cp4 = Cg4 max{Cgg, 1} is

independent of A.
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Having established, thanks to Theorems 5.1 and 5.2, that S, (cf. (5.4)) and S;, (cf. (5.6)) are well-defined, and
hence the well-definedness T, (cf. (5.8)), we now aim at showing that T, has a unique fixed point. More precisely,
analogously to the continuous case, in what follows, we prove that T, verifies the hypothesis of the Banach fixed-point
theorem. Before proving the discrete analogue of Lemma 4.5, we define

Krp := & wy) € Ky xHy & IEpllaivg;0 < R and  [lwyllo o < R}, (5.22)
and hence, announce the desired result.
Lemma 5.2. Assume that

Cra(I90llorg + Imllos/20 + gl + oS log/sa ) < R-
Then, Ty(Kg ) € Kgp-

Extending the methodology of Lemmas 4.6, 4.7, and 4.8 to the discrete setting yields analogous Lipschitz continuity
results for Sy, S;,, and T),. The proofs follow the same structure as their continuous versions and are therefore omitted;
we state the discrete analogues below.

Lemma 5.3. There exists a positive constant Lg 4, depending on ay, ay 4, By and ||Al| such that

IS, (dbp) — Sh(‘éh)“divé/s x16:0 < Lga v(D) b, — Pullosa-
Lemma 5.4. There exists a positive constant Lg 4, depending on L,, Cs g, |7l 0.0 and 74 such that
ISa (& wr) = Sp&n willoz.a < Lsgq <||(Po||o,rc + ||m||0,3/2;9) N(&nwp) = (Eps li’h)||div6/5 XL6:Q -

Lemma 5.5. There exists a positive constant Ly 4 1= Lg 4 Lg 4 such that

ITR(Ch wh) = TG Wi)llaivg s x1.0:0

< LT,d 7’(/1)(||§00||0,FC + ||m||0,3/2;g) 1(€pwp) — (gh, lgh)”divﬁ/s «L6:Q -
We end this section with the discrete solvability result for (5.9), equivalently, the one for (5.3).

Theorem 5.3. Assume that in addition to the hypothesis of Lemma 5.2, the data satisfies

Ly gy (llgollor. + lImlloz/00) < 1.

Then, the operator T}, (cf. (5.8)) has a unique fixed point (6, uy,) € K 4 (cf. (5.22)). Equivalently, the discrete coupled

problem (5.3) has a unique solution (6, (uy, py)) € K, X Qp, with |lugllge.o < 2||:<y—d

- . Moreover, there exist
“(),oo;Q

positive constants C| 4 and C, 4 — independent of h — such that
(@ p, Wy PR llgivg s x@ < Cia (leollor. + lmlloz /2.0 + lglw, + loflloess0),
165, #Wllxxy < Cag (l@ollor, + lmllgs/20) -

Proof. The proof follows almost verbatim as the proof of Theorem 4.3, applied to the discrete setting analysed in this
section. Further details are omitted. O

6. Error analysis

This section presents an a priori error analysis of the Galerkin scheme (5.3) using the finite element spaces defined
in (5.1) and (5.2).
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6.1. Falk estimates
Our first aim is to establish an abstract, Falk-type estimate for the global error
(o, (u, p)) — (o, (uy, Ph))||div6/5 xQ T 16, ®) = (65, 9l xxy>
where (o, (u, p)) € K and (o, (uy, py)) € K, denote the unique solutions of (2.19) and (5.5), respectively, with
¢=¢el’Q)and ¢, = ¢, €HY.
Henceforth, for any subspace or closed subset U, of a Banach space (U, || - ||y), we define dist(u,U;,) :=
infuheUh ”u - uh”U-

We begin by exploiting the discrete inf-sup condition (5.12) to derive a Falk estimate for the displacement and
body rotation approximation.

Lemma 6.1. The following error bound holds:

IBII .. Al 1
”(uv p) - (uh’ ph)”Q S <1 + — dlSt((“! p)v Qh) + _“6 - o-h“div6/5;9. + _”F(p - F(ph ”
Pa Pa Pa

Proof. The proof adapts [39, Lemma 2.9]. Applying the discrete inf-sup condition (5.12) to (v, 6,,) — (U, pp) € Qy
yields

B(t,, (v, 6,) — (uy, py))

Ball(p, ) — (up, pplliq < sup 6.1)
'rheWh ”Th“diVG/S;Q
7,70
From the first row of (5.5) and (4.10), we obtain
B(Th, (Uh, 6/1) - (uh» Ph)) < B(Thy (vhs 5;,)) + A(O'h, Th) - F(ph (Th)~ (6.2)

Since (A(o, ) — B(-, (, p)) = F,)({ — 6) > O for all { € K, Lemma 3.1 implies that this functional vanishes on
W, and hence on W;, € W. Thus, (6.2) becomes

B(Ths (vh’ 6]1) - (ul’u ph)) S B(Tl/p (u’ p) - (vlfp 6}1)) + A(O' - Gh, Th) - (F(p - F(ph)(‘rh)'
Applying boundedness properties and substituting into (6.1) gives
Pall@n, 8) = (s pp)llg < IAlllle, = Gllaivg 5.0 + IBII @, 84) — . pllig + 1Fy, = Fy, I,

for all (v, 8,) € Qy,. The triangle inequality completes the proof. ]

Next we establish an a priori estimate for the stress approximation, modifying [39, Lemma 2.7] to account for the
discrepancy between discrete and continuous right-hand sides.

Lemma 6.2. Define the discrete space
Vi i={r, €K, : Bty ®;8,)=GWy8,) Y8, €Qy}.
Then there exists C > 0 such that for all T; € Vg and (vy,, 6,) € Qp,
o = Talldy, o < € (A1) +1IF, = Fy, Iy + 1) = @5 8013 + llo = 74l o)

where

A(ty) :=A(o,t,—0)+B(r,—0,(u,p))-F(r,—06) V1, €K,
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Proof. For any 7, € K;, we decompose
A(c, —ty,06,— 1) =A(6,— 0,6, —0)+A(6,— 0,6 — 1) + A(G — 7)), 6, — T)p). (6.3)
Expanding the first term gives
A(oc —0,,0 —0,) =A(6,,0,) +A(0c,0) — A(o),,0) — A0, 0)). (6.4)
From (2.15) and (5.3), we have

A(c,06) <Flc—1)—-B(oc—7,(u,p))+A(c,7) V1t ek,
A(O'h, O'h) < Fh(oh - Th) - B(O'h —Tp, (uh, ph)) + A(O'h, Th) VTh S Kh
Using the conformity K; € K, we proceed to take T = o&,. Noting that ¢ — 0, = (6 — 1) + (7, — 6;) and
B(oy, — 7y, W, p) — (uy, pp)) = B(o, — 7, (u, p) — (vy, 8,)) for every (vy, 8,) € Q,,, we derive from (6.3):
A(O'h - Th, O'h - Th) SAI(Th) + (F(p - F(ph)(Th - O'h)

+ B(O'h —Tp (u, p) - (vh, 6/1))) + A(O' —Tp,0p — Th).

Fort, € Vg’, we have 6, — 7;, € V, (cf. (5.10)). Using the V,-ellipticity of A(e, ) and Young’s inequality yields

1
(ag — &1 — &|IB]| — &5l|AlDllo), — Th“(zﬁv()/s;g SA(typ)+ E“FQ, - F%Hz
1

1Bl
452

Al

_ 2 Ll _ 2
+ II(u, P) (vh7 6h)”Q+ 463 ”O- ThlldiV6/5;Q'

Finally, choosing €] = a4/6, £, = a4/(6]|B||), and 5 = a4 /(6||A||) produces

) 2 3 >, 3B >, 3lAlP 2
||Gh_1h||div6/5;g < a_dA](Th)J’_a_czl”F(p_F(ph” + 052 I (u, P)—(Vh,éh)”Q‘f'a—guo'—fh”dive/s;g, (6.5)
where the constant C emerges from the coefficients in (6.5). O

Now, we are in position to state the error estimate for ||c — o h”div6/5'£2'

Lemma 6.3. Let (o, (u, p)) € HN(diVG/S; Q)X Q, (8,p) € XXY and (o, Uy, pp)) € ]HIZ xQy, (0,9, € HZ X H;’;
solutions of (2.15) and (5.3) respectively. Then, there holds

llo = o4 llaivg 5.0

. 2 3IBI> 3G
< inf (Ay(x)'* + o - Th||div6/5;9) + ——— dist((w, p). Q) + ——— (0. 9) = (O, @)l xxy-
74€Kp ag oy

Proof. The bound for ||F , — Fq,h || follows directly from (4.8). To complete the estimate, thanks to the conformity of
the scheme we can invoke [39, Lemma 2.4] and ensure the existence of a operator J; : K, — Vg such that

o = (T Wllaivg 5:0 < Cllo = Thllaivg 0 and A1 (Ju(zy)) = Ay(zy) VYT, €Ky, (6.6)

where C depends on f; and ||B||. Therefore, applying Cauchy—Schwarz inequality to |6 — o,| div 50 and plugging
(6.6) into (6.5) we get the result. O

The thermal variables analysis begins by rewriting (2.21) and (5.7) as

A0, ), (&, w))
Ap(@p, @p), (s i)

F(&w) V(. w) eXXY,
Fp(Enwn) V(Epyy) € H) X HY,

Carrasco, Chouly, Martin & Ruiz-Baier: Preprint submitted to Elsevier Page 24 of 34



Fully mixed finite element methods for thermoelastic contact

where

A(x: 9. (&, y) := A, ((x. 9). (&, l//))—/g(u~l<_1)()ll/,

Ap((X s bn)s Epowp)) 1= Ax,,(()(md’h)’ Crwn) — /g(uh : K_l}(h)lllh,

F((&.y)) = F(&) + Gy), and  Fy 1= Flgose.

for all (6, @), (&, y) € X X Y and (8, @), (&4, v;,) € H) x HY.
Applying [36, Theorem 11.1] (see also [10, Lemma 5.1]) yields the estimate

alAll - 204NN .
1€, @) — (O, Pp)lIxxy < <1 + ”7 I + 7 L2 ) dist((@, @), H) x H?)
a a
) (g — 5, )0, En) — Jor (@ —up) - k710,)y, 6.7
+ = sup .
Ya (eh’v,h)e]{flef\{o} (& wi)llxxy
Here ||.A|| scales with |[a, || = [k~ (0.0 +71- 1]l = 1, |lc]l = £]Q|"/6, and [|ull .0 < W (cf. Theorem 4.3).
’ 4 o O,W;Q

Similarly, ||.A,,|| scales with the same quantities except that ||ull 6.q, is replaced by ||luy, ||o ¢.c» Which is bounded above

Ya
by T lhes (cf. Theorem 5.3).

The error estimate associated with the thermal variables follows from bounding the supremum term in (6.7) using
the boundedness of the involved forms, the estimate (4.17), and the bound on ||8,,||x from Theorem 5.3. We state this
result in the following lemma.

Lemma 6.4. There exist positive constants Cy, C, independent of h such that

16, @) — (0. w1 lIxxy < Cy dist(6. @), H) x HY)
+ Co(ll@ollor,. + limllgs/2.0) (llo = nllaivgs:0 + 11®, ) = Wy pp)llg) -

Proof. The proof only concentrates on C, since we addressed the dependence of C; in the analysis below (6.7). We
notice that we use (4.17) and (2.12) to get

(ao' - ao'h)(eh’ gh) - ,/Q((u - uh) ’ K_leh)wh

-1
< Csggmax{L,,[lc" llow:0} {ll@o“o,re + ||m||o,3/2;§z} {lle - S hlldivy 50 + 14 = upllosa ) -

Hence, Cy := Cg 4 max({L,, ||x~[lg o0}, finishing the proof. O

Finally, we can derive a Falk—type estimate in the theorem below.

Theorem 6.1. Assume that the data satisfy

312 Al 1
Co CrrW(lmllgzza + ll@ollor,) | =— (1+ == )+ ) <1. (6.8)
g Pa Pa

Then, there exists a positive constant C, independent of h such that

llo — O'h”divf,/s;g + 11, p) — (. pp)llg + 11€6, @) — (04, @) lIxxy

=¢ ( dist((w, p). Q) + dist (6, ), Hy X H}') + inf (“6 = Tillaives:0 + Al(fh)1/2>> '
h h
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Proof. We first gather the results given in Lemmas 6.1, 6.2 and 6.4. For sake of simplicity, we define the variables

Sy =M. p) = @ppplllg. 2 =116 = Ohllaivg 0 and S5 =116, 9) = 0. @n)lIxxy -
B
a = <1 + ”ﬂ_“> dist(u, Qy), as 1= C; dist ((9, ®), Hz X Hf) and
a
2 1/2
) 2 3||Al17 IIBI| 2 3B . 2
a .= <a—dA1(Th) + (2 + " 1+ N llo — Th”div6/5;9 + " dist((u, p), Q) ,
and as a consequence we have the following system of inequalities
A Cgy(4
Sl < a; + bl Sz + b2 S3 with bl = u and b2 = Fy( )’
Pa Ba
312Cpy (4
S, < ay+by S, with by = > F/ (4, (6.9)
Xy
S3 < a3+b4 S2+b4 Sl Wlth b4 =C0(||(90”0,FC + ||m||0,3/2;9) .

Using the second inequality of (6.9) combined with the first inequality, and then using both in the last inequality results
in

S3 < as + b4(a1 + a2(1 + b])) + b4(b3(1 + bl) + b2)S3 N

where we impose that b, (b5(1+5b;)+b,) < 1, which is equivalent to (6.8). After that we use back substitution to bound
S ) in terms of a ; times positive combinations of b i J € {1,2,3}, finishing the proof. |

6.2. Convergence rates

We now turn our attention to the convergence rates of the Galerkin scheme. First of all we will provide
approximation properties to the displacement, body rotation, temperature and heat flux in the following list, where
we resort to the approximation properties of the finite element spaces defined in Section 5.1.

(AP,) There exists a positive constant C, independent of A, such that for each s € [0, k+ 1] and for each v € W0(Q),
there holds

diSt(U, Hl;.l) < Chs “v”s,6;Q’

(APP) There exists a positive constant C, independent of A, such that for each s € [0,k + 1] and for each
6 € H'(Q) nLZ  (Q), there holds

dist(8,HP) < Ch* |18l

(APy) There exists a positive constant C, independent of A, such that for each s € (0,k + 1] and for each
& € H'(Q) n Hy(divs); Q), with div(§) € W#3/2(Q), there holds

dist(&.H) < C1° (g0 + I div®l300) . and

(AP(p) There exists a positive constant C, independent of A, such that for each s € [0, k + 1] and for each y € Ws3(Q),
there holds

dlSt(W’ H;’;) S Chs “W”s,?,;g .

Since the analysis of the convergence rate of the stress requires approximation on the contact boundary I'c, we
additionally assume that I'- is a flat portion of dQ. Under this geometric assumption, the spaces H*(I';-) are well-
defined for all s > 0. Hence, we get the approximation property of the L2(I" c) projection operator.
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(APFC) There exists a positive constant C, independent of A, such that for each s € (0,k + 1] and for each w €
H**1/2(" ), there holds

lw - Pywlly jpr. < Ch* Wl o,
where I'(- is a flat portion of dQ and PZ is the LZ(FC)—projector onto Pk(Th").

Now we want to analyse the convergence rate of the stress, which is given by

Ti= inf (llo = Thlaing e+ ArT)7?).
Kn

He

We begin by noticing that using integration by parts along with the first equation of the strong form (1.8), A (z},)
becomes

Al(Th) = <(Th — O')n, u>rc vfh S Kh . (610)

Assume that 6 € H+H/2(Q) n Hy (divgs; ) for some # € (0,k + 1], and that |, € H*+1/2(T) for some

s € (0, k + 1]. Under these conditions we can identify the right-hand side of (6.10) with the LZ(FC) inner product. In
turn, we take 7, = l'[’;la € K,,, where H’;l stands for the global BDM interpolator, to get

1/2
I<|o _Hﬁalldivé/s;g + </F u- ((Hﬁa—a)n)) . (6.11)
C

At this point we remark that the degrees of freedom on the faces F' € 07, of the BDM finite element are defined, for
every T € HY(Q), as

/yh~rn=/yh-(n’,§r)n Yu, € P(Q), (6.12)
F F

and hence, considering u,, := P’;lull—c and plugging (6.12) back into (6.11), we observe that

/u-((nﬁa—a)n)=/ (u—Pku) - (M}o - o)n). (6.13)

I'c I'c

We bound the right-hand side by duality between H!/2(') and H™!/2(T'):

/ u- (o - o)) < llu - Phul, i, 100 = o)mll_y o, -
I'c

Applying (AP ) to the first factor gives
llu—Phullijpr. < Ch* lulgpor -

For the second factor, the continuity of the normal trace operator from H(div 5; L) into H~!/2(¢) holds for Lipschitz
domains, and combined with the approximation property of the BDM interpolator yields

k k ¢
(M6 = o)nll_y/or. < ClII,6 = Gllaivy 5:0 < CA° llollzv1 /2.0 -

Combining the two estimates we obtain

/ u- (Myo —o)n) < Ch™* |ulgi pr ol o120 -
I'c

In addition, the first term in the definition of 7 is handled by the usual approximation property of the BDM finite
element:

" £+1/2
llo — I, 6llgiv, 5.0 < Ch W/ lolleti/aa-
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Collecting the above estimates we conclude that

e 1/2 1/2
I < Ccpt*/ <||0'||f+1/2;9 + ||"||f/Jr1/2;sz|“|sJ/r1/2;rc) :

We remark that, unlike primal formulations where an H*(I')-stable operator preserving non-positivity of the
contact pressure is required (see e.g., [19]), the dual-mixed formulation avoids this construction. Indeed, the non-
positivity of o, is enforced through the definition of the BDM degrees of freedom (6.12) and is sufficient to handle
the boundary term on the right-hand-side of (6.13) via classical boundedness. Collecting all the above estimate, we
are now in a position to state the main result of this section

Theorem 6.2. In addition to the hyphotheses of the Theorems 4.3, 5.3 and 6.1, assume there exists v € [0, k + 1] and
s, ¢ € (0,k + 1] such that 6 € H*'/2(Q) n K with div(c) € W /3(Q), u € WS(Q) with ulr, € HH/A(T,),
p € H Q) NLZ  (Q), 0 € H(Q) nHy(divy)y; Q) with div(0) € W/A(Q), and ¢ € W3 (Q). Then there exists a
positive constant C, independent of h, such that

o = Gpllaivy 5:0 + llu = upllogo + P = Palloe + 110 = Ohllaiv, p:0 + 19 = @hlloso

<C h(s+f)/2<||0||f+1/2;9 + I div(o)llz /5.0 + |u|s+l/2;FC>

+ O (llull g + 161l + | VOl 3720 ) + C (1ol + Il 30)

7. Numerical results

In this section, we assess the performance of the proposed mixed finite element method for the coupled
thermoelastic problem. First, we provide some details about the implementation. Then we verify the implementation
using a manufactured solution. Finally we present a two dimensional test case and a three dimensional test case closer
to applications.

7.1. Implementation details

All routines used in this section were implemented using the finite element library Gridap [5].

We now briefly discuss the implementation of the mechanical subproblem. Following [12] the normal stress o
on I can be expressed as

oy :=min{0, 0y —pu-n—g)}, Vp>0. (7.1)

This reformulation is convenient for the design of an active-set strategy. Since u,, is a piecewise polynomial of degree
k, its normal trace u, | ¢ - np is well defined on each facet F' € I', where np is the outward unit normal to F, and we
set g :=uy|f - np, F € I'c, which can be computed on the boundary facets and employed in the active-set update.
Based on this, the active-set strategy is driven by the discrete indicator

Op i=onulp—pCr —T1E(g), (7.2)

where T, denotes the L2(F)-projection onto P, (F), used to ensure g is represented in the same discrete space as
uy| p - np. At the computational level, the contact boundary is partitioned into active and inactive facets according with
the information carried by this quantity facet-wise. In order to get a conformal cone K, C K, we use the following
partition

A:={Fel,:®p(s)<0, Vse€C}, I:=Tc\A, (7.3)

where C is the smallest set of points that determines the sign of a polynomial. Another possibility is to use a mean
criterion

F
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This option, however, does not constitute a conformal cone K, therefore introduces an additional source of error, see
for instance [12, 39].

We also mention that the results that follow are obtained by imposing the frictionless condition on the active set

using a penalisation term S, / o,7, with g, = 103. We use the classical fixed-point algorithm with a tolerance fol
I'c

defined in each experiment and the iterations stop once the error between two consecutive iterates is sufficiently small,

that is

llcoef £+ — coeff”||

fn+1 ”

< tol,
[|coef

where || « || stands for the Euclidean norm in RP°F with DoF representing the total numbers of degrees of freedom and
coeff" is the coefficient vector of the solution in the iteration .

7.2. Convergence against smooth manufactured solutions with contact

In this test we consider a elastic body whose geometry is the unit square Q = [0, 1]> and its boundary is decomposed
intol'p = {0} X[0,1], T’ = ([0, 11X {1}) U ({1} X [0, 1]) the top and right edges, and the potential contact boundary
I'c is the bottom edge, i.e., I'c = [0, 1] X {0}. The elastic body is resting in a flat rigid foundation so then g(x) = 0.
The material is assumed isotropic with parameters E = 1000, « = 0.5, f = 1 and conductivity tensor x = I and
¢g = H, = 8 = 1. To illustrate the performance of the method, we prescribe an exact displacement and exact
temperature given by

% sin(%x) 2
Ug, (X, y) = and @ (x,y) = sin(zx) sin(zy),
—ixZy
2
from which the exact stress and body rotation tensor, the heat flux and forcing terms are constructed consistently. The
domain is discretised by a sequence of uniformly refined triangular meshes and the problem is solved using the fixed
point strategy proposed in Section 5.2 with fol = 1078 for the fixed point algorithm.

We also point out that the mechanical subproblem is solved by a primal-dual active set method with activation
tolerance 10~!2 and scaling parameter p = 0.1, starting from the initial guess that the body is not in contact with the
rigid foundation. Since u,, - n = g on I', the algorithm simply updates the boundary classification in the first iteration
and then confirms the final active contact boundary. Therefore, this test serves as validation for the contact algorithm.
The results are displayed in Table 7.1 and confirm the theoretical convergence rates predicted in Theorem 6.2 along
repeated experiments for v € {0.3,0.4,0.49,0.4999} keeping all the other parameters fixed. All fields converge at
the optimal rate O@(h), which corresponds to s = £ = v = 1 in the estimate of Theorem 6.2, consistent with the
smoothness of the manufactured solution, which does not exhibit contact singularities, and confirming that the method
is locking-free within this range of v. A notable feature of the results is that the displacement and body rotation error
converge at rate O(h?) for v > 0.499.

7.3. Application: square with slip and separation

In this example we follow [11] and consider a coupled thermoelastic problem posed on the unit square Q = [0, 1]%.
The body is clamped and with zero-temperature at the Dirichlet boundary (left edge), the top and bottom sides are
assigned as with homogeneous Neumann boundary conditions for the mechanical and thermal models. The potential
contact boundary I'(- is the right edge, where the rigid foundation is located at x = 1. Initially, all the potential contact
boundary is in effective contact. The material parameters are E = 105, v = 0.3, « = 109, p = 10, and « = 51. We
apply a body force of f = (0, —76518)* and a heat source of m = 0. The contact-heat transfer law is characterised by
o= 10*, H, » = 1.0 and 9 = 0.5. The reference temperature at the foundation is prescribed as the Gaussian profile

@o(x,y) = 10exp(=300(y — 0.85)2) s

concentrated in the region of non-zero contact pressure. This choice ensures that the thermal data is negligible at the
binding point between active and inactive boundary, avoiding discontinuity in the normal heat flux 6,, - "|ch and
recovering optimal convergence rate for this field.
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v DoF

h

e(o)

r(o)

e(u)

r(u)

e(p)

r(p)

e(0)

r(0)

e(p)

r(@p) #FP

208
832
3328
13312
53248
212992

0.3

0.7071
0.3536
0.1768
0.0884
0.0442
0.0221

1.29e+02
6.48e+01
3.29e+01
1.66e+01
8.35e+00
4.19e+00

*
0.993
0.979
0.986
0.992
0.995

7.94e-02
3.91e-02
1.93e-02
9.62e-03
4.80e-03
2.40e-03

*
1.021
1.018
1.006
1.002
0.999

4.69e-02
2.36e-02
1.18e-02
5.90e-03
2.95e-03
1.47e-03

*
0.988
1.001
1.003
1.001
1.000

5.52e+00
2.77e+00
1.35e+4-00
6.53e-01
3.26e-01
1.72e-01

*
0.993
1.043
1.043
1.003
0.924

3.10e-01
1.54e-01
7.70e-02
3.85e-02
1.93e-02
9.63e-03

w

*
1.009
1.000
1.000
1.000
1.000

208
832
3328
13312
53248
212992

04

0.7071
0.3536
0.1768
0.0884
0.0442
0.0221

2.28e+4-02
1.09e+-02
5.43e+01
2.72e4-01
1.36e+01
6.82e+00

*
1.062
1.009
0.998
0.997
0.998

8.08e-02
3.93e-02
1.93e-02
9.62e-03
4.80e-03
2.40e-03

*
1.041
1.022
1.007
1.002
1.000

4.76e-02
2.37e-02
1.18e-02
5.89e-03
2.94e-03
1.47e-03

*
1.008
1.004
1.002
1.001
1.000

5.50e+00
2.90e+00
1.49e+00
7.18e-01
3.48e-01
1.75e-01

*
0.924
0.962
1.052
1.044
0.994

3.10e-01
1.54e-01
7.70e-02
3.85e-02
1.93e-02
9.63e-03

*
1.008
1.000
1.000
1.000
1.000

208
832
3328
13312
53248
212992

0.49

0.7071
0.3536
0.1768
0.0884
0.0442
0.0221

2.23e+03
1.02e+03
4.90e+02
2.40e+02
1.19e+02
5.92e+01

*
1.123
1.065
1.031
1.013
1.004

1.42e-01
5.10e-02
2.12e-02
9.88e-03
4.84e-03
2.41e-03

*
1.480
1.268
1.101
1.030
1.008

1.49e-01
4.53e-02
1.53e-02
6.37e-03
3.00e-03
1.48e-03

*
1.722
1.567
1.264
1.084
1.022

5.42e+-00
2.61e+00
1.44e+00
8.06e-01
3.96e-01
1.88e-01

*
1.054
0.863
0.832
1.024
1.080

3.09e-01
1.54e-01
7.70e-02
3.85e-02
1.93e-02
9.63e-03

*
1.005
0.998
1.000
1.000
1.000

208

832

3328

0.4999 13312
53248

212992

0.7071
0.3536
0.1768
0.0884
0.0442
0.0221

2.24e4-05
1.03e+05
4.90e+4-04
2.39e+-04
1.18e+4-04
5.87e+4-03

*
1.124
1.067
1.035
1.018
1.009

1.17e+01
3.23e+00
8.27e-01
2.08e-01
5.22e-02
1.32e-02

*
1.859
1.969
1.991
1.994
1.983

1.48e+-01
4.07e+00
1.04e+00
2.61e-01
6.54e-02
1.64e-02

*
1.858
1.972
1.993
1.997
1.995

1.63e+01
6.35e+00
2.00e+-00
7.48e-01
3.38e-01
1.78e-01

*
1.362
1.667
1.418
1.144
0.924

1.18e+4-00
3.19e-01
9.53e-02
4.15e-02
1.97e-02
9.68e-03

*
1.888
1.743
1.200
1.076
1.022

WWWWWwWwl  wwuwwww|dPrrrpPrpowuw|lAdrdpow

Table 7.1

Convergence history for experiment 1: Error decay on each unknown and experimental rate of convergence, computed with
the lowest-order scheme for increasing values of v (equivalently 4 — +00). The % symbol denotes that no convergence
rate is computed for the first mesh refinement.

Figure 7.1 shows the numerical solution fields on the deformed domain for the finest mesh (N = 131,072 cells)
for the temperature @ together with glyph arrows representing the thermal flux —6,,, the arrows point inward at the
active contact zone I'y = {1} X [0.668, 1] reflecting the heat entering the body from the warmer foundation through
the reduced thermal resistance r(o). The center panel shows the body rotation p, which captures the bending-
like response induced by the asymmetric body force. The right panel shows the Von Mises stress, with a higher
concentration at the active zone.

Figure 7.2 reports the global errors and convergence rates for all fields. Since no closed-form analytical solution
is available for this benchmark, error are computed against a reference solution obtained on a fine mesh with 131,072
cells. The results confirm optimal convergence O(h) for all fields in the asymptotic regime (from N = 2048 elements).

7.4. Application: Hot flat-punch indentation in 3D

We consider a hot-flat punch indentation problem posed on the cube Q = (-1, 1)3. The bottom face z = —1 is
assigned as I' ), where the vertical displacement g, = (0,0, %)t is prescribed together with zero temperature. The
lateral faces constitute I";, where no traction and zero normal heat flux are imposed. The top face is the potential contact

boundary I'-, where the rigid punch is located. The punch occupies the square region [—%, %]2 X [1,4+00), posed at

the centre of the contact face, and the footprint (i.e. the square [—é, %]2) is maintained with a reference temperature of
@o = 5.0. The gap function is given by

0 if(x,y)e[-1, 112
+o0o0 otherwise,
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Temperature ¢ Body Rotation p Von Mises o6y
1.7e-06 0.0015 3.0e-03 5.6e-04 0.1 2.0e-01 9.5e+00 1.2e+5  2.5e+05

(a) Temperature. (b) Body rotation. (c) Von Mises stress.

Figure 7.1: Square with slip separation. Samples of the numerical solution fields plotted on the deformed configuration.

107 T T

Relative Error
4
’

—&— ¢(0) ~
—O— e(u) RN

e(p)
—A— ¢(0) N
—v—e(p)
- = -0k

108

| | b
104 10°
Degrees of Freedom

Figure 7.2: Square with slip separation. Convergence history (for all thermo-mechanical variables) against a fine-mesh
reference solution.

so that the contact is only possible on the square [—%, %]2 while the outside region of I' - remains permanently inactive.
The material parameters are E = 1, v = 0.3, « = f = 1, k = 10I, no body forces and volume heat source are
applied to the body. The contact-heat transfer law is determined by ¢y = 2.0, H, = 3.0 and 9 = 0.95, so the thermal
resistance decreases sharply as the contact pressure increases outside the punch. The prescribed displacement on I'j,
compresses the body upward, bringing the top surface into contact with the punch over the footprint. The elevated
punch temperature drives heat into the cooler body. The domain is discretised using a uniform tetrahedral mesh with
N = 32 subdivision per edge, yielding 192,608 cells and corresponding discrete system has 10,536,352 degrees of
freedom in total.
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Temperature ¢ Heat Flux Norm |[0]|

1.6e-05 0.002 0.004 5.7e-03 6.5e-16  0.07 0.12  1.8e-01

—h ld

»

Figure 7.3: Hot flat punch. Numerical approximation of thermal variables: temperature distribution (left) and heat flux
glyphs (right, not resized by magnitude). Both are plotted on the deformed 3D domain, showing also an outline of the
undeformed configuration.

Figures 7.3-7.4 illustrate the computed solution fields on the deformed configuration for N = 32. Figure 7.3
displays the thermal fields: the temperature ¢,, (left) shows heat diffusing from the punch footprint, decaying smoothly
toward the lateral and bottom boundaries. In turn, the heat flux —0,, (right) confirms the expected flow source from
the hot contact zone. Figure 7.4 shows stress and rotation. The Von Mises stress 6, is depicted in the volume view
(left) indicating stress concentration along the boundary of the active set, i.e., the boundary of the footprint, with peak
values at the binding zone. The slice through the ZY -plane (centre) exposes the stress bulb propagating into the bulk,
this behaviour is expected and also spotted for other shapes of flat punch, see, for instance [33]. Finally, Figure 7.4
(right) presents the body rotation vector asp(p) (cf. (5.11)) on the contact face z = 1, coloured by its magnitude. The
vortical pattern along the contact zone captures the material rotation induced by the kinematic and thermal constraints
at the punch contact.
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