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In this paper we introduce and analyze a Banach spaces-based approach yielding a fully-mixed finite
element method for numerically solving the coupled poroelasticity and heat equations, which describe
the interaction between the fields of deformation and temperature. A non-symmetric pseudostress tensor
is utilized to redefine the constitutive equation for the total stress, which is an extension of Hooke’s law
to account for thermal effects. The resulting continuous formulation, posed in suitable Banach spaces,
consists of a coupled system of three saddle point-type problems, each with right-hand terms that depend
on data and the unknowns of the other two. The well-posedness of it is analyzed by means of a fixed-
point strategy, so that the classical Banach theorem, along with the Babuska—Brezzi theory in Banach
spaces, allow to conclude, under a smallness assumption on the data, the existence of a unique solution.
The discrete analysis is conducted in a similar manner, utilizing the Brouwer and Banach theorems to
demonstrate both the existence and uniqueness of the discrete solution. The rates of convergence of the
resulting Galerkin method are then presented. Finally, a number of numerical tests are shown to validate
the aforementioned statement and demonstrate the good performance of the method.

Keywords: Thermo-poroelasticity; porous media; mixed finite element methods; analysis in Banach
spaces.

1. Introduction

Scope. The relationship between the flow of a viscous fluid and the deformation of an elastic solid
within a porous medium is described by the poroelasticity equations, which were initially introduced in
the early works [40] and [7, 8]. While porous materials are commonly associated with objects such as
rocks and clays, they also encompass a broader range of materials, including biological tissues, foams,
and even paper products. Moreover, in applications such as the underground disposal of radioactive
waste, geothermal energy production, and oil extraction from deep, high-temperature, high-pressure
reservoirs, temperature plays a crucial role. Therefore, to study these phenomena, we focus on the
coupling between poroelasticity and heat equations. The resulting system, a slightly modified version
of the thermo-poroelastic problem [11, 12, 13], is non-linear and strongly coupled. The set of equations
consists of the steady-state balance of linear momentum for the mixture and mass balance for the fluid
content (using the modified Darcy law) and a convection-diffusion equation depending on the Darcy
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seepage velocity and the total stress. In terms of numerical solvability, a wide variety of techniques have
been developed to simulate the poroelasticity problem, both by itself [10] and when coupled with other
equations. These include couplings with chemotaxis [4], elasticity [2], Stokes [9, 39] and diffusion [34].
The thermo-poroelasticity problem has also been recently addressed in [11, 12, 13, 41, 42, 43]. These
references include primal formulations [42], a combination of primal and mixed formulations [11, 41],
discontinuous Galerkin methods [3], a fully-mixed formulation [12], and a mixed-primal-characteristics
finite element method [41]. The introduction of additional variables of physical relevance is a common
approach to solving problems that involve couplings and nonlinearities. Consequently, mixed methods
are strongly justified in such a scenario. A recent approach to this method consists of defining
the corresponding variational formulation in terms of Banach spaces instead of the usual Hilbertian
framework without augmentation. It is important to note that, although augmented methods allow the
recovery of a Hilbertian framework, they increase the cost of the computational implementation of the
Galerkin scheme. Therefore, an analysis based on Banach spaces has the advantage of studying the
problem in its purest form. Another advantage of this method lies in the relaxation of assumptions
that must be made about the data, source terms, and eventual solutions of the system. Consequently,
the unknowns are now associated with the natural spaces that result from the testing and integration
by parts procedures; formulations of the models become simpler and more faithful to the original
physical models; momentum-conservative schemes can be acquired; and additional unknowns can be
calculated through postprocessing formulas. As a non-exhaustive list of contributions taking advantage
of the use of Banach frameworks for solving the aforementioned kinds of problems, we refer to
[14, 16, 17, 20, 23], and among the different models considered there, we find elasticity, Brinkman—
Forchheimer, Poisson—Nernst—Planck, Navier—Stokes, chemotaxis/Navier—Stokes, Boussinesq, coupled
flow-transport, and fluidized beds. For the coupled poroelasticity and heat equations, however, no mixed
methods with the aforementioned benefits have, up to our knowledge, been developed yet. As motivated
by the preceding discussion, the goal of this paper is to develop a Banach spaces-based formulation
leading to new mixed finite element methods for the poroelasticity-heat model.

The manuscript is organized as follows. The rest of this section collects some preliminary notations,
definitions, and results to be utilized throughout the paper. In Section 2, we describe the model of
interest. In particular, we reformulate it in terms of the non-symmetric pseudostress tensor. In Section
3, we derive the fully-mixed variational formulation of the problem by splitting the analysis according
to the three equations forming the coupled model. Suitable integration by parts formulae jointly with
the Cauchy—Schwarz and Holder inequalities are crucial for determining the right Lebesgue and related
spaces to which the unknowns and corresponding test functions are required to belong. In Section 4, a
fixed-point strategy is adopted to analyze the solvability of the continuous formulation. The Babuska—
Brezzi theory in Banach spaces is employed to study the corresponding uncoupled problems, and then
the classical Banach theorem is applied to conclude the existence of a unique solution. An analog fixed-
point approach to that of Section 4 is utilized in Section 5 to study the well-posedness of the associated
Galerkin scheme. Finally, numerical results showing how well the method works and confirming the
theoretical rates of convergence given in Section 5, are presented in Section 6.

Preliminaries. Throughout the paper Q is a bounded Lipschitz-continuous domain of R”, n € {2,3},
which is star-shaped with respect to a ball, and whose outward unit normal at its boundary I'" is denoted
by v. Standard notation will be adopted for Lebesgue spaces L'(Q), with ¢ € [1,+00), and Sobolev
spaces W' (Q) and WS’I(Q), with ¢ > 0, whose corresponding norms and seminorms, either for the
scalar, vector, or tensorial version, are denoted by || - [0+, | - |7, and | - |¢1.q, respectively. Note that
WO (Q) = L/(Q), and that when ¢ = 2, we simply write H’(Q) instead of W*2(Q), with its norm and
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seminorm denoted by | - ..o and |- |.q, respectively. Now, letting 7, € (1,+00) conjugate to each
other, that is such that 1/7 +1/¢' = 1, we let WY///(I") and W—1//'*(T") be the trace space of W'/ (Q)
and its dual, respectively, and denote the duality pairing between them by {-,-). In particular, when
t =1’ =2, we simply write H'/2(I") and H~'/2(T') instead of W'/22(I") and W—1/2:2(T), respectively.

Given any generic scalar functional space M, we let M and M be its vector and tensorial
counterparts. In particular, R := R", R := R"*" and | - | denotes the Euclidean norm in both of them and
R. Furthermore, for any vector fields v = (v;) and w = (w;) we set the gradient and divergence
operators as

i=1l,n

ovi 5 0v;
Vy:= <l) and div(v):= » L.
8xj ij=1n JZ:] 6)(/

In addition, for any tensor fields 7 = (1), ,_, , and & = (&;), ;_, ,» we let div(t) be the divergence
operator div acting along the rows of T, and define the transpose, the trace, the tensor inner product, and
the deviatoric tensor, respectively, as

i=1l,n°

n

n
1
™= (i) oy, (7)== Dty t:li= ) Gy, 1= r—;tr(r)ﬂ, (1.1)
i=1

ij=1

where I stands for the identity tensor of R. On the other hand, for each ¢ € [1,+0), we introduce the
Banach spaces

H(div;;Q) = {rev(g): div(r)eL’(Q)},
H (divi;Q) = {reL’(Q): div(r)eL‘(Q)},

nd
) H (div,; Q) = {reIL’(Q): div() eLf(Q)},

which are endowed with the natural norms
ITldivi:e = [Tloe + div(T) o VTeH(divi;Q),

Itleaivea == [losa + |div(Dore VT eH (divi;Q),

and

0,:Q + HdiV(‘L’) H()J;Q VreH (diVZ;.Q.) .
Then, we recall that, proceeding as in [27, eq. (1.43), Section 1.3.4] (see also [15, Section 4.1] and [21,

I 7] vz = [ 7]

_ (1,+00] inR?,
Section 3.1]), one can prove that for each r € 6 . 53 there holds
[3,+]inR,
(T-v,v) = J {‘C-VV + vdiv(’c)} VY (t,v) € H(div;; Q) x H/(Q), (1.2)
Q

where (-,-) denotes the duality pairing between H'/2(I") and H~'/2(I'). In turn, given ¢, € (1,400)
conjugate to each other, there also holds (cf. [26, Corollary B.57])

<r~v,v>=f [ vv s vdiv(n)}  V(n0) e H (divi) x WH'(@) (13)
Q
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and analogously
(TVv,v) = j {1: :Vv + v~div(r)} V(t,v) € H' (div;; Q) x W”’(Q), (1.4)
Q

where (-, - denotes in (1.3) (resp. (1.4)) the duality pairing between W—'/(T") (resp. W~ '/"*(I")) and
WL (T) (resp. WY/t (TD)).

2. Governing equations and boundary conditions

We consider a homogeneous porous medium constituted by a mixture of incompressible grains and
interstitial fluid. The domain of interest Q — R",n = 2,3, is assumed bounded. For a given body
force f and given source terms f and g neglecting convective, gravitational, and inertial terms,
we will concentrate the discussion on the following Biot’s equations coupled with a stationary
convection-diffusion equation modeling the heat of the mixture:

o =2ue(u)+Adiviu)l — (ap+p0O)I, —div(c)=f in Q, (2.1a)
xp+adive) —diviw) = f, w= %Vp in Q. (2.1b)
0+w-VO—div(Z(c)VO) =g in Q, (2.1¢)

u=up, p=pp and 6=0 on T, (2.1d)

where the tensor o is a generalized Hooke’s law, extended to include thermal effects, u is the unknown
vector of displacement of the solid particles, p is the bulk pressure of the fluid, w is the Darcy’s
seepage velocity and 0 is the temperature distribution. The remaining terms are the infinitesimal strain
tensor e(u) := %(Vu + Vu®), the permeability of the porous solid k, the Lamé constants of the solid
(moduli of dilation and shear, respectively) A and u, the constrained specific storage coefficient y > 0,
the Biot-Willis parameter o € (0, 1], the scaling of active stress that indicates a two-way coupling
between diffusion and motion f3, the viscosity of the pore fluid 1, and the stress-dependent diffusivity
accounting for an altered diffusion acting in the poroelastic domain & : R — R. We also stress that the
mass and energy balance equations do not include thermal dilation terms. The coefficient scaling these
additional zeroth-order terms for the pressure and temperature is very small in the regime where either
the expansion coefficients of the fluid and solid constituents are very close to each other, or when the
initial porosity is very small (see, e.g., [24]).

Observe that tensor ¢ is symmetric since both e(u) and T are. In order to avoid the weak imposition
of this property of ¢, which would imply the introduction of the vorticity tensor y := %(Vu +Vu®)
as a further unknown, thus yielding a more demanding discrete inf-sup condition to be satisfied, we
reformulate (2.1) in terms of the pseudostress p (non-symmetric stress), defined by

p:=uVu+(u+A)diviu) I—(ap+B6)I in Q. (2.2)

In this regard, we stress that the reason for choosing here either ¢ or p is motivated by the fact that
we are dealing with a coupled model, and particularly with a heat equation whose diffusivity depends
on the stress tensor o coming from the Biot equations. The first aforementioned choice is discarded for
the inconvenient expressed above, whereas the second one, while yielding a non-symmetric tensor, still
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allows us to express the diffusion coefficient in terms now of p instead of &, as we explain later on.
Needless to say, and as a complementary remark, the pure poroelasticity model in [38] does not involve
any coupling with heat or other equation including ¢ as part of it, and hence in that case there is no need
to introduce neither ¢ nor p as an independent unknown. Indeed, we notice that a primal formulation
is employed there.
Now, going back to (2.2), and applying matrix trace to that equation, we can express div(u) in terms
of p, p and 0, namely
div(u) = ¥(A) (ir(p) + n(axp+ b)) , (2.3)

with the parameter-dependent coefficient
y(A) == (nA + (n+p) L. (2.4)

While this coefficient depends also on y and n, only its dependence on A and its relation with other
model parameters will be important when we analyze the formulation in the quasi-incompressibility
limit. Replacing the obtained expression for div(«) into (2.2) and using (1.1), we can equivalently
rewrite the equations in (2.1a) in terms of p as follows

e 70
n

u

Note that for the second equation above, we have used the fact that div(c) = div(p), which can be
corroborated by taking divergence to the first equation of (2.1a) and to (2.2), respectively. Moreover,
replacing (2.3) into the first equation of (2.1b), we obtain

c1(A) p—div(w) = £ — c2(A)tr(p) — e3(2) 0,

where we have used the following parameter-dependent coefficients

(P)I—Vu=—yA)(ap+B0O)I, —div(jp)=f in Q.

ci(A) := x +na®y(A), c(A) = ay(A), and c3(4) :=naByd). (2.5)

Again, we stress here the dependence on A only. Next we reformulate (2.1c) in terms of p within the
diffusivity function Z, it is necessary to establish the function that maps o to the triple (p, p,0). In this
regard, from (2.1a), we have

2ue(u) =p+p*—2(u+A)div(u) I+ 2(ap+pO)I, (2.6)

and thus, we deduce from (2.2), along with (2.3) and (2.6), that the original stress tensor ¢ can be
expressed in terms of the pseudostress p, pressure p and temperature 0, through the linear mapping

@(p.p,6) =p+p*—y(A) (2 +A)u(p) + 2n—1)(@p+pO))I=c. @7

Consequently, we can recast the original stress-dependent diffusivity 2 by a function " depending on
p, p and O defined by

%(P,p,e):: 9(%(1)7]776)) (2.8)
Finally, the model equations in (2.1) are restated, equivalently, on the unknowns p, p and 6 by the
coupled system:

;pd+y(:”)tr(p)]lvu=y(z)(apwe)ﬂ, —div(p) =f in Q, (2.92)
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n

ci(A)p—diviw) = f—c2(A)tr(p) —c3(1) 0, ;w—Vp =0 in Q, (2.9b)
6+w-VO—div(X (p,p,0)VO) =g in Q, (2.9¢)
u=up, p=pp and 6=0 on TI. (2.9d)

At this point we remark in advance that, thanks to the way the coefficients y(1) (cf. (2.4)) and ¢;(1)
(cf. (2.9)), i€ {1,2, 3}, depend on A, we will obtain afterwards a locking-free fully-mixed method for
(2.9), which also yields robustness with respect to the quasi-incompressible limit.

Throughout this work, we suppose that % : R x R x R — R is a function of class C! and uniformly
positive definite, meaning the latter that there exists s¢p > 0 such that

H(1,q,E)s-5 = myls]>,  V(1,4,E)eRxRxR, VseR. (2.10)

We also require uniform boundedness and Lipschitz continuity of J#’, that is that there exist positive
constants sz and L -, such that

|</4£/(Tv%‘£)| < 7  and |<%/(T,6],§)—<%/(T07610,§0)| < L.%f|(77q7§)_(70»6107‘§0)|» (2.11)

forall (7,q9,£), (70,90,&0) € R x R x R. Although we do not assume explicitly that J#" is bounded from
below, we highlight that this bound follows straightforwardly from (2.10).

It is pertinent to mention here that one of the main consequences of introducing the new variable
p is that (2.9¢) becomes nonlinear with respect to 6 unlike (2.1c). Furthermore, it is easily seen from
(2.7) and (2.8) that sufficient conditions for the smoothness of ", and for (2.11), are given by analogue
conditions for 2, that is 2 : R — R a function of class C!, and the existence of positive constants &
and L, such that

2] <& and |2(0)- (D) <Lylg—7| vV TeR.

3. Mixed weak formulation

In this section, we derive a mixed formulation of the system (2.9). To this end, we treat each variational
formulation of (2.9a), (2.9b) and (2.9¢) independently, ending up with three systems whose coupling is
carried out via a fixed-point iteration strategy.

3.1. Mixed formulation of the poroelasticity equations

In what follows, we are going to address the mixed formulation for the poroelasticity equations in
(2.9a) for a given pressure p and temperature 0, which are going to be determined by (2.9b) and (2.9¢),
respectively. The poroelasticity equations defined for the non-symmetric pseudostress p and velocity u
unknowns are given by

1

P+ YA (p)T = Vi = () (ap+BO)T in 2.

(3.1)
—div(p)=f in Q, and wu=up on T.

We notice that in order to properly couple the equations (2.9), we need to be able to control the following
expression associated with the heat equation

[ @ oo mm)es
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where (£, p,9) and (&, Po, Yo) belong to the same space in which we will seek the unknowns (p, p,0),
and the functions ¢ and s are generic vectors that belong to the same space than V. In this regard,
and employing the Lipschitz-continuity property of £ (cf. (2.11)), straightforward applications of
Cauchy-Schwarz and Holder inequalities yield

JJ%@@M—%@M@%W«

(3.2)
<L (1= &

022+ P —Polozje+ [0 — Do 072,';9) [tll0,26:2 Is]0: »

where j, k € (1,400) are conjugate to each other. The latter inequality makes sense for §, &, € L?/(Q),
P, Po, ¥ and ¥y € L¥(Q), and ¢ € L?*(Q). In this way, the above leads us to initially look for p in the
space L"(Q), pe L"(Q) and 0 initially in L"(Q), with r := 2j. The specific choice of r will be discussed
later on, so that meanwhile we consider a generic r and let s € (1,2) be its respective conjugate. In turn,
a suitable bounding of |¢[|o ox.c in (3.2) for a particular # will also be explained subsequently by means
of a regularity argument.

With the preliminary choice of the space to which p belongs established above, it follows now
from the first equation of (3.1) that u should be initially sought in W!"(Q). Thus, in order to derive
the variational formulation for the poroelasticity equations, we need to invoke a suitable integration by
parts formula. Indeed, applying (1.4) with = s and ¢/ = r to u € W' (Q), for which we assume from
now on that up belongs to W'/**(T'), we find that

J Vu-7 = —J u-div(7) + {(tv,up)r,
Q Q
so that, the testing of the first equation of (3.1) against 7 € H*(div,; Q) gives
1 4. .a, YA) . _ -
plitt+——= | tw(p)tr(t)+ | u-div(t) ={tv,up)r—y(A) | (ap+BO)tr(t). (3.3)
H Jo noJo Q Q

Here, we notice that the second term on the right-hand side of (3.3) does indeed make sense for p and
0 initially in L"(Q). In fact, thanks to Holder’s inequality we have

oralt

| po® < aIploalelosa, | ow®) <a'I8losaltloca. G

As a result, the third term on the left-hand side of (3.3) implies that it is sufficient to consider u in
L"(Q). Additionally, when testing the second equation of (3.1) against v € L*(Q), we obtain

J v-div(p)=—J fv, (3.5)
o)

Q

which makes sense when div(p) € L”(Q) and f € L"(Q), the latter being assumed in what follows, and
thus from now on we seek p in H"(div,; Q). In addition, we notice that for each ¢ € (1, +0) there holds
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the decomposition

H' (div;; Q) = H(div,;; Q) @RI, with Hj(div,;Q) := {TEHt(diV,;Q)Z J
Q

(1) =0f. (3.6)

Note that replacing 7 by the identity tensor I in (3.3) and using that the deviatoric of I is the null tensor,
we get an expression for the integral of the trace of p, this is

thr(p)—y(ll)Lu-v—nJQ(ap—&-ﬁG). 3.7

Now, using the decomposition (3.6) with ¢ = r, we have that p = p, + cI with unique p, € Hj(div;; Q)
and constant ¢ € R, which thanks to (3.7), can be computed by

1 1 1
c:= ’MJQU(P) = nY(?L)|Q|JruD.v_|Q|£2(ap+ﬁ6). (3.8)

Hence, ¢ can be obtained once the pressure and temperature are known, and in order to fully attain
the explicit knowledge of the unknown p, it only remains to find its HJ(div,;)-component p,. On
the other hand, (3.6) also applies to each 7 in H*(div,; Q) with unique decomposition T = 7 + dI, for
70 € H{(div,; Q) and respective constant d € R.

Therefore, we reformulate our problem in terms of p, instead. To do so, we replace p = p, +cl
into (3.3) and (2.9b), denote p, simply by p and substitute 2 (p, p,0) by £ (p + I, p, 0) in the heat
equation (2.9¢). Furthermore, we observe that testing (3.3) against 7 € H*(div,; Q) is equivalent to doing
it against T € Hg(divs;Q), which together with the above, leads us to consider the following Banach
spaces

Xy = Hy(div,; ), M;:=L"(Q), X;:=Hj(divs;Q), M,:=L(Q),

so that, given p, 6 € L"(Q), and gathering (3.3) and (3.5), we arrive at the following mixed formulation
for the poroelasticity equations (2.9a): Find (p,u) € X, x M| such that

a(p,7)+bi(t,u) = Fpg(7) VteX,
(3.9)
b2 (p,v) = G() VveM;,

where the bilinear forms a: X x X; > Rand b; : X; x M; — R, with i € {1,2}, are defined by

a(p,7) = % fgpd A nr) Ltr(p)tr(r) V(p,7) e Xy x X,

n

bi(t,v) : f v-div(T) V(t,v) e XixM;.
Q
In turn, given ¢, ¥ in L"(Q), the linear functionals F,s:X; —Rand G:M; — R, are defined by

Fq.ﬁ (T) :

(v, up)r —y(4) fg(aq+ﬁ19)tr(r) VteXy, (3.10a)

G(v) := —f f-v VveM,. (3.10b)
Q
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Next, it is easily seen that a, by, b, and G are bounded. In fact, applying Holder’s inequality, we find
that there exist positive constants, denoted and given by

2
|al| = Ibif :=1 and |G| =|fforq. (3.11)
such that
la(p.7)| < lallplx,lzlx,  V(p,7)eXox Xy,
bt < Ibllelg vl V(v eXix M,
GOV < [Glv]m, VveM;.

Regarding the boundedness of the functional F, ¢, where p and 6 are initially in L"(Q), we will
establish this in the forthcoming Section 3.3, where the range of r will be determined for each unknown.

3.2. Mixed formulation of the perturbed Darcy problem

Continuing with the weak formulation of (2.9), we are going to focus now on the perturbed Darcy
equation (2.9b) including the boundary condition of the pressure, for a given p € X; and p,0 € L"(Q).
Following the derivation done in Section 3.1, we use decomposition (3.6) together with the definition of
¢ (cf. (3.8)), and replace tr(p) by tr(p + cI) into (2.9b), so that the perturbed Darcy problem describing
the velocity w and pressure p is then given by

%wpr=0 in Q
diviw) —ci(A)p=c2(A)tr(p+cl) +c3(A)0—f in Q, (3.12)
p=pp on I,

where the constant ¢ multiplying I on the right-hand side of the second equation is defined by (3.8), and
depends on p and 6. Next, given r € (1,00), we consider the zero mean mapping m : L' (Q) — L§(Q)
defined by

1
m(q):—q—wfgq VgeL'(Q). (3.13)

Then, replacing (3.8) and using the notation g := m(g) € L{(Q), the second equation of (3.12) can be
written as

diviw) —x p — no? Y(A) po = c2(A)tr(p) + c3(A) 6y + ﬁ Lulyv—f. (3.14)

Prior to addressing the weak formulation of (3.12), we notice that in order to properly couple (3.14) to
equation (2.9¢), we need to be able to control the expression

L(wVG)ﬂ,

which arises later on (cf. (3.25)) when dealing with the variational formulation of the heat equation.
Here ¢ is a function belonging to the same space in which we will seek the temperature 6. Applying
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generalized Holder’s inequality to the triple product present in the above integral, we get

[ 0v-909] < twlozsalvelalo

0250 » (3.15)

where j k € (1,+00) are conjugate to each other, and the inequality holds true for w € L"(Q), VO €
L%(Q), and © € LP(Q), with (r,p) := (2j,2k). Considering that 8 is initially taken from L"(Q), we
have to require that r < p, a condition that will be satisfied when determining the range for p, so that
for now we consider p € (2,400), and let p be its respective conjugate.

Having chosen L”(Q) as the preliminary space for w, (3.12) tentatively suggests to look for p in
WL (Q). In this way, testing the first equation of (3.12) against z € H*(div,;Q), and applying (1.3)
together with the Dirichlet boundary condition for p, we obtain

%J w-z—&-f pdiv(z) = (z-v,pp)r Vze H (divs; Q), (3.16)
Q Q

which requires to assume that pp € W/*" (T). Then, a straightforward application of Holder’s inequality
in the second term on the left-hand side of (3.16) shows that it suffices to seek the pressure p in the space
L"(Q), which coincides with the space obtained in (3.4). On the other hand, testing (3.14) against an
arbitrary function ¢ belonging to a space to be determined, we formally get

| adivon—x | pa=nay() | ma

=cszﬂqtr(p)+C3<A>Leoq+ngzjruwququ.

Since we will look for p in L"(Q), a direct application of the Holder’s inequality implies that the
second term on the left-hand side of (3.17) makes sense if ¢ is considered in L*(Q2). Consequently, the
remaining terms of (3.17) are well-defined if div(w) and f belong to L"(Q), and then w must be sought
in H(div,; Q). In this way, we define the following spaces

(3.17)

X, :=H(div;;Q), X;:=H(div;;Q), M;:=L"(Q) and M;:=L°(Q). (3.18)

Then, given (p,0) € X, x LP(Q), the mixed formulation for the perturbed Darcy equation reduces to:
Find (w, p) € X5 x M such that

c(w,z) +di(z,p) = 7(2) Vze X,
dx(w,q) —e(p,q) = 9p0(q) VgeM,,

where the bilinear forms ¢: X; x X; — R, d; : X; xM; - R, i€ {1,2}, and e : M| x M, — R, which are
independent of p and 0, are defined by

(3.19)

c(w,2) = % Lw-z V(w,2) e Xo x X1, (3.202)

di(z,q) := fquiv(z) V(z,9) € Xi x M;, (3.20b)
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and

e(p,q) =% quJrnaz Y(4) Lpoq V(p,q) €M xM;. (3.20c)

Furthermore, the functionals .% : X; — R and ¢ ¢,» M2 — R, foreach (£,09) eX, xLP(Q), are defined
by
F(z) :=<z-V,pp)r VzeX;, and (3.21a)

Y 9(q)=c2(A) ngtr(é’) +c3(A) JQ Yoq + ﬁ fruD - VJQq—Jqu YgeM,. (3.21b)

In addition, the bilinear forms ¢, d;, i € {1,2} and e are all bounded. Finally, applying Cauchy—Schwarz
and Holder inequalities, we find that there exist positive constants, given by

lef :== =, ldif :=1, |e|:=max{y,no?y(A)}, (3.22)

e

such that
le(w,2)| < [ef [w]x, lzlx, V(w,z) €Xo x Xy,
di(z,9)| < [dif |zllx; lgllv,  V(z.q) €Xix My, i€ {l1,2},
le(p,@)| < [e[ [plm, lglm, — ¥(p,q) € M1 xM,.

The boundedness of 7 and & , will be proven later in the next section.

3.3. Mixed formulation of the heat equation

We treat now the mixed formulation of (2.9¢c) for a given p € X, and w € X». For this purpose, we define
two auxiliary unknowns, the gradient of the temperature and the term contained in the argument of the
divergence operator in (2.9¢), this is

7:=V0 and &:=.7(p,p,0)i. (3.23)
Then, replacing these variables, the heat equation (2.9¢) describing the temperature 6 can be written as
i=V0, 6=2(p,p,6)f and O+w-T—div(6)=g in Q,
(3.24)
6=0 on T.

Now, testing the third equation of (3.24) against an arbitrary function ¥ belonging to a space to be
determined, we formally get

f 919+J w-?ﬁ—f 0div(6):J g0, (3.25)
Q Q Q Q

Next, proceeding as in (3.15), we notice that applying generalized Holder’s inequality to the triple
product in the second term on the left-hand side of (3.25) we get

[ w79] < wlaa Floal 910,
Q
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whence we can look for7 € L?(Q) and ¥ € LP (Q). In addition, performing similar calculations as before
but over the first term on the left-hand side of (3.25), for p = 2k > 2, we obtain

p—2
[ 69| < 1610al9lua < 197 [Blopa 9l
and in consequence 6 can be sought in the same space as 1, its associated test function, which is LP (Q).
In light of this, the data g will be considered in LP (Q). Furthermore, a direct application of Holder’s
inequality yields the third term on the left-hand side of (3.25) to be bounded as follows

< [Bop:2 |div(S)o,p:02

UQ B div(&)

where, recalling that p is the conjugate of p, we observe that this term makes sense as long as div(G) €
LP (). Moreover, since 7 € L?(Q) and .#  is bounded (cf. (2.11)), we can test the second equation of
(3.23) against 5 in L2(Q), that is

_f 5.§+J H(p.p,0)F5=0 VieL}Q), (3.26)
Q Q

where, from the first term, we obtain that & must be searched in L?(Q), and more specifically in
H(div,; Q) according to the preceding discussion.

Now, we observe that from the first equation of (3.24) we need 6 € H!(Q), but since 8 € LP(Q)
this condition will be valid if H' (Q) is continuously embedded in LP (). The latter is guaranteed for
p € [1,400) when n = 2, which is always satisfied in the two-dimensional case, and for p € [1,6]
when n = 3. Furthermore, in order to prove an inf-sup condition associated to w we are going to apply,
e.g. [29, Theorem 3.2], which requires that r € [4/3,4] when n =2 and r € [3/2,3] when n = 3. On
the other hand, since r > 2 (see Section 3.1), the respective lower bounds are already satisfied, and we
only need to verify the upper ones. We readily observe that since r = 2p/(p —2), forn =2, r <4 if
only if p > 4, whereas for n = 3, r < 3 if only if p > 6. Thus, intersecting the above with the previous
restrictions on p, we find that when n = 2 we require p > 4, and when n = 3 the only possible choice is
p = 6. Therefore, we conclude that the feasible ranges for (r,p) and their respective conjugates, (s,p),
are given by

{re(2,4] and se(4/3,2) ifn=2, {pe[4,+oo) and pe(1,4/3] ifn=2,
r=3

and s=23/2 ifn=3, p==6 and p=6/5 ifn=3.
(3.27)
Then, bearing in mind that 7 and 8 belong to L?(Q) and L (Q), respectively, we test the first equation
of (3.23) against a T € H(div,; Q) and applying (1.2), we formally get

f?ﬂj 0div(T) =0  VFeH(divp;Q). (3.28)
Q Q

Consequently, taking into account the foregoing discussion, we introduce the following spaces and
notation to be used in our formulation:
H, = L°(Q), H,:=L1*Q),

6:=(6,7),

=H; xHy, Q:=H(divp;Q),

H
5 :=(9,3) € H.
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Finally, suitably gathering (3.25), (3.26) and (3.28), for a given p := (p,w, p) € X, x X, x M, we arrive
at the following mixed formulation for the heat equation: Find (6,6) := ((6,7),5) € H x Q such that

F(3) Vd:=(83)eH,
0 V7eqQ,

az.0(8,9) +b(5,5) (329)
( .

[}
b(8,

N
I

where, given ¢ = ({,z,q) € X, x X, x M and € € Hy, aze :HxH—Rand b:HxQ — R are the
bilinear forms defined by

az (6,9 ;:J eﬂ+f %(C,q,f)?-EJrJ 219  V6,9€¢H, (3.30a)
Q Q Q
b(8,%) = —f %-E—J ¥ div(7) V(3,%) eHx Q. (3.30b)
Q Q

It is important to notice that, since aj g involves the function %" in its definition, which in turn depends
on 6, the term aﬁ’e(é, 8) is nonlinear. Additionally, the functional F : H — R is given by

F(3):= ngs Vo = (9,5 eH.

Next, it is easily seen that, given ¢ € X, x X, x M; and & € Hy, age, b, and F are bounded. In fact,
endowing H and Q with the norms

|90 = [0

opatBloe VOeH, [Tl = [Tlaye VEeQ,

and applying the Cauchy—Schwarz and Holder inequalities, we find that there exist positive constants,
denoted and given by

af := max{|Q|P=D/% 54}, [b] =1, and [F| = [glopa (3.31)
such that
lage(6,9)] < (lal +|zlor) |6 u|d|n V6,0 €H,
b(8,8)] < |69 ulFlo V(9,7 eHxQ, (3.32)
F(3) < [|F||5]a VoeH

Regarding the boundedness of F,, 3, .% and %C’ﬂ (cf. (3.10a),(3.21a) and (3.21b), respectively), we
observe that knowing already that (g,%) € L"(Q) x LP(Q), with r and p within the ranges stipulated
by (3.27), invoking the identity (1.3), the continuous injections i, : H'(Q) — L"(Q) and i, : H'(Q) —
LP(Q), the definitions of the constants ¢3(4) and ¢3(1) (cf. (2.5)), and employing the Cauchy—Schwarz
and Holder inequalities, we can conclude that there exist positive constants Cy, C %, and Cy, depending
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onn,r,p, i, [ip], ||, & and B, so that letting

[Fyol = Co{llunlierr + 72 (lalora +I8lope) |
|#| == Czlpolyjser, and
19col = Co{lIfloro+lunlyenr+72) (1€ + 18lop0) }
there holds
Foo(®)l < [Fgolltly, — VeeXi,
[Z@) < |2y, VzeX), and (3.33)
Geo@l < 19eallaly, VoM.

3.4. The coupled fully-mixed formulation

Following the derivations presented in the previous sections, the fully-mixed formulation for (2.9)
reduces to gathering (3.9), (3.19) and (3.29), that is: Find (p,u) € X, x My, (w,p) € Xo x M; and
(6,6) := ((6,7),5) € H x Q such that

a(p,7)+bi(t,u) =F,9(7) VteX,
b2(p,v) =G(v) VveM;,
c(w,z) +di(z,p) =Z(z2) Vze Xy,
(3.34)
d>(w,q) —e(p.q) =9p0lq)  VgeMy,
ap.9(6,9)+b(3,5) =F(9) VdeH,
b(éu%) =0 V’% € (27

where p = (p,w, p) € Xy x Xp x M.

Regarding the relevance of the mixed formulation (3.34) for the original model (2.1), we first stress
that, while the non-symmetric pseudostress p has been introduced mainly for theoretical reasons, it
allows to compute afterwards the symmetric tensor ¢ (cf. (2.7)), which, besides being required for
the diffusivity of the heat equation, as remarked before, is certainly the one of mayor interest from
the physical point of view. In addition, we highlight that the variable 7, representing the temperature
gradient, is in some applications as important as the temperature itself, so that having formulations like
(3.34), yielding direct approximations of that gradient without employing any numerical differentiation
process, constitutes a very attractive feature. The other unknowns are the variables appearing in the
original system of equations (2.1), whose physical meanings are explained right after it.

Furthermore, the same observation above regarding the computation of the gradient is valid in case
one is interested in getting direct approximations of the divergence of u and the infinitesimal strain
tensor, both physical quantities of relevance in diverse applications. In fact, as noticed from (2.3),
div(u) is obtained as a function of p, p, and 6, whereas, according to (2.1a), e(u) can be expressed in
terms of o, p, 6, and div(u) itself.
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4. The continuous solvability analysis

In this section, we will first use the Babuska—Brezzi theory in Banach spaces (cf. [6, Theorem 2.1,
Corollary 2.1, Section 2.1] for the general case, and [26, Theorem 2.34] for a particular one) to address
the well-posedness of each one of the decoupled problems arising from (3.9), (3.19), and (3.29). Then,
we proceed similarly as in [21] and [32] (see also [15], [33], and some references therein), and adopt a
fixed-point strategy to analyze the solvability of the fully coupled system (3.34).

4.1. The decoupled poroelasticity equations
We begin by introducing the operator S : M| x H; — X, defined by

S(g,¥) :=p V(g,%)eM; xHy,

where (p,u) € X; x M is the unique solution (to be confirmed below) of the mixed formulation arising
from (3.9) after replacing (p, 0) by (g, ), that is

a(p,t)+bi(t,u) = Fyuu(7) VteX,
4.
b2(p,v) = G(v) YveM;.

In order to prove that (4.1) is well-posed (equivalently, that S is well-defined), we notice that (4.1) has
the same bilinear forms of [31, eq. (3.15)]. Then, assuming that the Lamé parameter is sufficiently large,
namely A > M, where M is specified in [31, Lemma 3.4], we can establish that the operator S is well
defined. Indeed, letting ¢/, B, and 3, be the constants yielding the continuous inf-sup conditions for
a, by, and b, (cf. [31, Lemmas 3.4 and 3.5]), we have the following result.

Lemma 4.1 Let r and s be within the range of values stipulated by (3.27), and assume that A > M.
Then, for each (q,%) € M x H; there exists a unique (p,u) € Xy x My solution of (4.1), and hence one
can define S(q,®) := p. Moreover, there exists a positive constant Cg, depending on Q. B, B, Cr,
and W, such that

18(:0)1 = Ipls < Cs { lanlysr-+ flora +72) (lalosa + [9loa) }. - 642

Proof Thanks to the fact that X; and M;, with i = {1,2}, are reflexive Banach spaces, along with the
boundedness of all the forms and functionals involved, and the inf-sup conditions provided by [31,
Lemmas 3.4 and 3.5], the proof reduces to a direct application of [6, Theorem 2.1, Corollary 2.1].
In particular, the a priori estimate (4.2) follows from [6, Corollary 2.1, eq. (2.15)]. Note that the
dependence of the constant Cg on g is due to |al| (cf. (3.11)). O

Regarding the a priori estimate for the component u € M of the unique solution of (4.1), we recall
that, given (g,®) € M x Hy, the second inequality in [6, Corollary 2.1] yields

ora+7(2) (g

b, = Cs { ol + 1 o+ [9l0pa) |

where Cg is a positive constant which depends principally on Cr, @/, B, and f3,.
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4.2. The decoupled perturbed Darcy problem

As in Section 4.1, we now introduce the operator E : X, x H; — X x M defined by

E(Cvﬁ) = (El<€’0)732<€’0)) = (Wap) V(C719) e Xy XLP(Q)7

where (w, p) € X, x M is the unique solution (to be confirmed below) of the mixed formulation arising
from (3.19) after replacing (p, 0) by (£, ), that is

c(w,z) +di(z,p) =7 (2) Vze Xy,

da(w,q) —e(p,q) =9¢9(q) VgeM,.

We observe that (4.3) has a perturbed saddle point structure over Banach spaces, but the fact that the trial
and test spaces are different prevent us from using, e.g. [22, Theorem 3.1], and therefore an additional
treatment is needed. Then, proceeding as in [20, Section 3.2.3], we first employ the Babuska—Brezzi
theory in Banach spaces (cf. [6, Theorem 2.1, Corollary 2.1, Section 2.1]) to analyze part of (4.3), and
then apply the Banach-Necas—Babuska theorem (cf. [26, Theorem 2.6]) to conclude the well-posedness
of the whole problem. According to this, we now let A : (X3 x M) x (X; x M) — R be the bounded
bilinear form arising from (4.3) after adding the left-hand sides of its equations, but excluding e, that is

(4.3)

~

A((W7P)7(17‘I)) = c(W7Z)+d1<Z7p)+d2(Wuq) V(W7P>EX2XM1 V(27Q)EX1 XMZ? (44)

and aim to prove next that A satisfies global continuous inf-sup conditions with respect to both its first
and second component. Note that the boundedness of A follows from those of ¢, d; and dy (cf.(3.202)
and (3.20b)). The verification of the aforementioned properties of A is equivalent to establishing that
the bilinear forms ¢, d; and d, verify the hypotheses of [6, Theorem 2.1], which we address in what
follows. Firstly, according to the definitions of X; and M; (cf. (3.18)), the kernel of the operators d;,
i € {1,2}, are given by

V= {zeHS(divs;Q): div(z)=o} and ¥ = {zeH’(divr;Q): div(z)=0}.

The two subsequent lemmas, akin to those previously stated and demonstrated in [20] and [32], establish
the inf-sup conditions required by [6, Theorem 2.1] for the bilinear forms ¢ (cf. (3.20a)), and d;,d; (cf.
(3.20b)), respectively.

Lemma 4.2 Assume that r and s satisfy the particular range specified by (3.27). Then, there exists a
positive constant 0. such that

c(w,z)

e lzlx,
z#0

> aelwlx,  Ywe,

and
sup ¢(w,z) >0 VzeX;, z#0.

WEYS

Proof The proof follows a similar approach as in [20, Lemma 3.4], leading to ¢t = KH&-H , with D being
the bounded linear operator introduced in [20, Lemma 3.3]. [
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The continuous inf-sup conditions for the bilinear forms d;, i € {1,2} are presented next.

Lemma 4.3 For each i € {1,2} there exists a positive constant B; such that

d;(z, ~
sup 3D 2 Bl vaeM,.
€X; HZHXi
z#£0

Proof A proof of this lemma can be done by slightly modifying that of [32, Lemma 2.7], considering
Dirichlet boundary conditions of the auxiliary problems instead. [

According to Lemmas 4.2 and 4.3, the required hypotheses of [6, Theorem 2.1, Section 2.1] are
satisfied, and hence the a priori estimation provided by [6, Corollary 2.1, Section 2.1] imply the
existence of a positive constant o4, depending only on ¢, B, B, and ||c|, such that

A((w,p),(z,9))

sip S D) )k, YOwp)eXaxMi,  (@45w)
(Z,q)EXlXMZ H(Z7Q)HX1XM2
(z.9)#0

~

sup A((w,p),(z,9))

(w,p)eXy xM; H (W, p) ”Xz xM;
(w,p)#0

> aall(z,9)lx,xmy, Y (z.9) € X1 x My, (4.5b)

Therefore, we let A : (X5 x M) x (X x M) — R be the bounded and linear operator arising from (4.3)
after adding the full left-hand sides of its equations, that is

A((va)a (Zaq)) = C(W,Z) +d (Zap) +d2(W,q) _e(pvq)
V(W,p)GXzXMl, V(z,q)eXlxMz.

(4.6)

Having introduced this operator, we realize that solving (4.3) for a given pair ({,9) € X, x Hy, is
equivalent to: Find (w, p) € X, x M; such that

A(w,p),(z,9)) = F(2) +G ¢ 9(q)  V(z,q) €XixMy.

We notice that, thanks to the boundedness of A and e, the operator A is bounded as well. Thus bearing
in mind (4.6), employing (4.5a) and the boundedness of e (cf. (3.22)), we have

A w, s (&
ap  APLED) o (o e} o), YO0 p) e Xa kM
(z,9)€X| XM, H(Zv‘I)HXMMz
(z,9)#0

Then, assuming that the data satisfy

(273

le| := max {x,noy(2)} < 5

@.7)
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we arrive at the global inf-sup condition for the perturbed Darcy problem

A W’ 3 Z7 a
sup w > 4 [(w, P)lIx, %M, V(w,p) e Xy x M. (4.8)
(z:9)€X | XM, 1z @) 1% xm, 2
(z,9)#0

Similarly, but employing now (4.5b) instead of (4.5a), and under the same assumption (4.7), we obtain

the second desired inf-sup condition for A, this is

sup  Ap),(za)) o e

Xy, |W;P)Ixyxnm; 2
(w,p)#0

(z,9)x,xm,  Y(z,q) € X1 x M3. (4.9)

We are now in position to establish the well-posedness of the operator Z, equivalently the existence
and uniqueness of solution of (4.3).

Lemma 4.4 Let r and s be within the range of values stipulated by (3.27), and assume that the data
Julfill condition (4.7). Then, for each (§,9) € X, x H| there exists a unique (w, p) € X x My solution of
(4.3), and hence one can define E(§,9) := (w, p) € Xp x M|. Moreover, there exists a positive constant
Cx, depending on o4, C#, and Cy, such that

IZ(8, ) [xaxm; = [wlx, +[[Plm,

o,p;g) } 10

Proof Given (£, 1) € X, x Hj, thanks to the boundedness of A, and the global inf-sup conditions (4.8)
and (4.9), a direct application of [26, Theorem 2.6] provides the existence of a unique solution (w, p) €
X5 x Mj to (4.3). The a priori estimate (cf. [26, Theorem 2.6, eq. (2.5)]) yields

< CE{ HPDHI/s,r;F + Hf 00t HMDHI/‘V,r;F + ’}/()L) (”gHXQ + Hﬁ|

- 2
IEC. ), = Il + ol < = {171+ 9,01}
which, together with the expressions for |.# |, |4 sl given in (3.33) imply (4.10). O

4.3. The decoupled heat equation
We now introduce the operator IT: X; x (X; x M) x H; — H defined by

H(Cvié) = (H1<§727§)7H2(C72ﬂ‘5)) =0 = (67;)7

for all (§,7,&) = (£,(2,9),&) € Xa x (Xa x M;) x Hy, where (8,5) = ((0,7),5) € Hx Q is the
unique solution (to be confirmed below) of the problem arising from (3.29) after replacing aj g, with
p=(p,w,p), by a; e, withg = ({,z,q), that is

-

- 5 5.6) = F(§
aq,§(9,0)+b(ﬁ,o) &) v win
b(6,%) =0 VieQ.

We recall from (3.32) that the bilinear form ag ¢ (cf. (3.30a)) is bounded with constant |al| + |z]o,-q.
which is independent of £, g and £. Furthermore, it is easy to see that the null space associated with the
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bilinear form b is given by (see, e.g. [21, eq. (3.35)] for the case (p,p) = (4,4/3))
Y = {(19,3) eH: J %G+J Bdiv(7) =0 V%GQ}
Q Q
- {(19,5) €eH: 5=VO and Oe H(l)(Q)}.
Then, following the same ideas as in [21, Lemma 3.6], we have to prove that ag e is ¥j-elliptic plus

an inf-sup condition on b. To show the property of a; ¢, we use the above characterization along with
(2.10) and the continuous injection i, : H!(Q) — LP(Q). In this way, for each 3 = (8,3) € ¥, we get

33 2 ~2 ~ ~ 2 ~112 ~
476(5,8) > |90+ 0 Fl3a + sz > 50|90 + (%O/Z)HSHO;QJFLZ'“?

~ s o= ~ ~ 4.12
> %0 ip| 7 19]3 pie + (20/2) B0~ lzlore [Bloa 9 ope 12
> 5 (2= lelora) 191,
where the constants 37 and s are given by
= min{@7 1} and s := min{%o lip] 2, @} .
2 2
Thus, under the assumption ||z|x, < ot := 3 s, the inequality (4.12) implies
age(8,8) = oy |0 VO :=(03) e, (4.13)

which establishes the ¥j-ellipticity of a; ¢ with constant o.

The inf-sup condition for the bilinear form b states that there exists a constant § > 0 such that

—

b(8,7T ~ ~
sup (_. )ZﬁHTHdivp;Q VTeqQ, 4.14)
deH 19
Uv#0

which can be proved analogously to the case (p,p) = (4,4/3) provided in [21, Lemma 3.3, eq. (3.45)]
since the present indexes p and p are conjugate to each other as well.

The previous discussion allows us to establish the following lemma on the existence and uniqueness
of solution of the decoupled system (4.11).

Lemma 4.5 Ler p and p be within the range of values stipulated by (3.27). Then, for each (§,Z,&) =
(C,(2,9),&) € X5 x (Xo x My) x Hy such that |z < oy, there exists a unique (6,6) = ((6,7),6) €
H x Q solution of (4.11), and hence one can define 11({,Z,£) := 6. Moreover, there exist positive

constants Cy and Cy, depending on o4, B, |Q|, p, and », such that the following a priori estimates
hold

IT1(E,Z,E)| = [0]n < Culglopa; I1G]q < Crllglop:a- (4.15)
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Proof The proof is a consequence of the ¥j,-ellipticity of ag e (cf. (4.13)), the inf-sup condition (4.14),
and a direct application of [6, Theorem 2.1, Corollary 2.1]. Note that the dependence of the constants
Cr1 and Cy on |Q], p, and s, is due to |a| (cf. (3.31)) since lag.¢ |, which is required by the abstract a
priori estimates from [6, Corollary 2.1, egs. (2.15) and (2.16)], is bounded above by |a|| + |z|. O

4.4. Solvability of the fully-mixed formulation

In order to solve the fully-mixed coupled problem (3.34), we propose a fixed-point strategy based
on the operators S, E and I, which correspond to the decoupled problems (4.1), (4.3) and (4.11),
respectively. The coupling of the three problems can be analyzed in terms of the compose operator
T:X; x H — X; x Hy given by

T(C,0) = (S(22(¢,9),9), L (S(E2(¢,9),9),25((,9).9)) V({,®)eXoxHi.  (@16)

The well-definedness of S, E and I1, which was obtained from Lemmas 4.1, 4.4 and 4.5, respectively,
implies the same property for the operator T. Furthermore, due to the nonlinear character of I1, the
operator T becomes nonlinear as well. Then, we observe that solving (3.34) is equivalent to seeking a
fixed-point of T, that is: Find (p, 0) € X, x H; such that

T(p,0) = (p,6). (4.17)

In what follows, we address the solvability of the nonlinear equation (4.17), equivalently of (3.34),
by means of the Banach fixed-point theorem. For this purpose, given 6 > 0, we first introduce the ball

v (8) = {(C,ﬁ) eXoxHi: (6 9)]:=[Clx, +[Pope < 5}-
Now, given ({, %) € #/(6), the definition of T yields

IT(E, )] = [[S(22(8,9),9) [, + [T (S(E2(E, ), 9), E(E, 9), )

0,0;Q°
from which, assuming (4.7) and the upper bound
I1Z1(8,9)lx, < aa, (4.18)

and bearing in mind the a priori estimates for S, E and IT (cf. (4.2), (4.10) and (4.15), respectively), we
find that

IT(C, )] < Cr {llunljeir + o0+ [P0 1m0
+1f 0.0:2) } ;

where Cr is a positive constant depending on Cs, Cz and Cy. In turn, we deduce from the estimate for
|E(E, )| (cf. (4.10)) that a sufficient condition for the assumption (4.18) is given by

(4.19)

o +lglopa + ¥(A) (IS]x, + 9]

Cz {”pDHl/s,r;F + ”f”(),r;Q + HMDHI/s,r;F + Y(A) (HC”XZ + ‘|19H0,P§Q)} SO0y

In this way, noting that certainly |{||x, + [ ©®]o,p;0 < 6 we conclude the following result.
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Lemma 4.6 Let p, p, r and s be the real numbers within the range specified in (3.27), and A > M.
Assume that the data are sufficiently small so that (4.7) and the conditions

Ce {Ipplysr + I floro + Junlyspr +¥2) 8} < @4, and (4200

Cr{upli/ser + Iflore + 120l e + [flora + Iglopa + ¥(A)8} < 8, (4.200)
are satisfied. Then, the operator T maps the ball # (8) into itself, that is T(# (5)) € # (J).

We now aim to prove that the operator T is Lipschitz-continuous, for which, according to its
definition (cf. (4.16)), it suffices to show that S, & and IT satisfy the same property. We begin with
the corresponding result for S.

Lemma 4.7 Let r and s be within the range of values stipulated by (3.27), and A > M. Then, with the
same constant Cs from the a priori estimate (4.2) for S (cf. Lemma 4.1), there holds

IS(g1, %) —S(q2, %) [x, < Cs¥(A)(q1,D1) — (92,02)[m, xm, 4.21)
forall (q1,%1), (g2,%) e M| x Hj.
Proof Given (q1, 1), (q2,%2) e M1 x Hy, we let S(g1,%1) = p, € X; and S(¢2, %) = p, € X,, where
(py,u1) and (p,,u2) in Xy x M are the respective unique solutions of (4.1). Then, thanks to the linearity
of this problem, it is straightforward to see that (p; — p,,u; — u2) € X, x M is the unique solution of

(4.1) with Fg, 9, —Fy, 5, and the null functional instead of F, 5 and G, respectively. Consequently,
noting from (3.10a) that

(Fgy,0, —Fgp.0,) (7) = —¥(R) JQ (a(q1 —g2) + B (81 — B)) tr(7) VreX|,

the a priori estimate (4.2) yields

IS(q1,81) —S(92, %), = |1 — Pallx, < Cs¥(A) (llg1 — q2lom0 + |81 — B2ll0p:0) »
which ends the proof. [

The Lipschitz continuity of the operator E is addressed next.

Lemma 4.8 Let r and s be within the range of values stipulated by (3.27), and assume that the data
Sfulfills condition (4.7). Then, with the same constant Cz from the a priori estimate (4.10) for E (cf.
Lemma 4.4), there holds

I2(E1: 1) = E(Ca2, D) Ixyxmy < C2¥(A) (81, D1) = (82, D) sy i, » (4.22)
forall (§,01), (8,,%) e Xy x Hy.

Proof The proof follows in a similar fashion as the previous lemma. Given the two pairs of functions
(C1,1), (82, 02) €Xo x Hy, welet E(L,01) = (w1, p1) € Xo x My and E(8,, th) = (w2, p2) € Xo x My
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in X, x Mj, where (wy,p;) and (wy,p,) are the respective solutions of (4.3). Then, thanks to the
linearity of (4.3), we realize that (w; — wa, p1 — p2) € Xa x M is the unique solution of this problem
when ¢ 5 and .F are replaced by ¥ 4, — 9, », and the null functional, respectively. In this way,
noting from (3.21b) that

(2,0~ T,0)0) = 2(A) [ w(C=Laa+ x@) | (9ro=20)a.
where 89; 9 = m(%) (cf. (3.13)), i € {1,2}, the a priori estimate (4.10) gives

IZ(51,81) ~E(60,92) = Iws —walx, + 91— 2l
< C2yY) (161 = Lol + 191 = %2lopia)

which concludes the proof. [J

It remains to establish the continuity of I, for which, following the approach from several previous
works (see, e.g [28, 31, 32]), we assume from now on a regularity assumption on the solution of the
problem defining this operator, namely

(H.1) there exists € > % and a positive constant Ce. such that for each (£,Z,&) € X5 x (Xp x M) x Hj,
there hold I1({,Z, &) := 6 = (0,7) € WEP(Q) x HE(Q), and

[6] == [6]ep:0 + [Tlea < Celiglop:a- (4.23)

At this point we stress that the %' regularity imposed on .#’, which is actually equivalent to
imposing it to Z, and which aims to facilitate the achievement of (H.1), has actually been stated in
that way for simplicity. The actual regularity needed on ¢ to insure (H.1) is also connected to the
regularity of the datum g. Indeed, we first observe that this hypothesis is determined by the regularity
of the second order elliptic problem given by (2.1c¢), that is

0+w-VO—div(2(c)Ve) =g in Q.

One could affirm for certain that, under the assumption that % (p, p, 0) (equivalently 2(0)), g, and the
given w, are sufficiently smooth, the respective elliptic regularity result (see, e.g. [25, Theorem 14.6])
establishes that 6 € H'™(Q), for each € € (0, %), where @ € (0,7) U (7,2 7) is the largest interior
angle of Q. It follows that7 = VO € H¥(Q), as required, and using a suitable embedding result (see, e.g.
[35, Theorem 1.4.5.2, part e)] in the 2D case), one can prove that H]”(Q) is continuously contained
in W8P (Q), thus concluding that 6 € W8P (Q), as required as well by (H.1).

The lower bound of € specified in (H.1) is explained within the proof of Lemma 4.9 below, which
provides the Lipschitz-continuity of IT. In this regard, we recall here that for each € < 5 there holds

Ht(Q) < LE¥(Q) with continuous injection
2n

ie :HE(Q) > LE*(Q), where &* = e

Note that the indicated lower and upper bounds for the additional regularity &, which turn out to require

that € € [, 7 ), are compatible if and only if > 2, which is coherent with the range stipulated in (3.27).
Thus, we have the following result.
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Lemma 4.9 Let p and p be within the range of values stipulated by (3.27), and assume that the
regularity condition (H.1) (cf. (4.23)) holds. Then, there exists a positive constant Ly, depending on

Ly, oy, ig, Ce, |Q|, 1, n, and €, such that

IT1(S1,71,61) —T1(C2, %2, G2) I < Lunllgllo.p: (171, 61) — (82,72, 82) (4.24)

forall (€1,%1,&1) = (1, (21,41),61). (83.%2,8) = (&5, (22,42), &2) € Xa x (X x M) x Hiy, such that
|21 %, 1221, < oa.

Proofleen (81,21,61), (§5,22,62) € Xy x (Xp x M) x Hj as indicated, we let 6, := (p,,z;,61)eH
and 92 = (p27Z27§2) € H where (91,61) ((9] ,71) o ) e H x Q and (92,&2) ((92,72) N ) S
H x Q are the respective solutions of (4.11). Defining g q1:= (Cl,zl,ql) and g, := (£,,%2,¢2), it follows

from the corresponding second equation of (4.11) that 6; — 6> € ¥}, and then the ¥}- -ellipticity of ag, ¢,
(cf. (4.13)) gives

- 1 2 o o o
[61 — 92”%_1 < OTAaq“g' (6 —6,,0,—6,). (4.25)

In turn, the evaluation at 51 - 52 of the two systems arising from (4.11) for the pairs (¢,,&1) and (¢,, &),
lead to

ag ¢ (61,61 —6) = F(6;—6,) and ay, ¢ (6,6, —6,) = F(6;—6,),
from which we find that
ag, ¢, (61— 65,01 — B2) = ay, ¢ (61,61 — 6) —ay, ¢, (6,6, — 6)
a3, £,(62,61 — 62) —ag, ¢, (62,61 — 62) 4.26)

j (A (Lrn &) — H (1o B () —?z>+j (22— 1) (61— 62).
Q Q

Next, invoking the Lipschitz-continuity of JZ (cf. (2.11)), and making use of the Cauchy—Schwarz and
Holder inequalities, we obtain

L(%(Cpqz,éz) A Cran B ()

4.27)
< Ly (162~

20+ lg1 —g2]020:0 + 61 — 92\\0,2:/;9) [z

where #,¢" € (1,+00) are conjugate to each other. Now, choosing # such that 2¢ = £*, we get 2’ = %,

which, according to the range stipulated for €, yields 2¢" < r, and certainly r < p, so that the norm of the
embedding of the respective Lebesgue spaces is given by C,.¢ := |Q] %" In this way, using additionally
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the continuity of i along with the regularity assumption (4.23), the estimate (4.27) becomes

L(sz(cz,qz,@—Jf(c“ql,él))?z-61 %)

(4.28)
< Ln|glop:0 {HC1 —Colx, + g1 —q2lm, + 161 — §2H07p;§2} 161 — 6:]m,

where Ly depends on Ly, Cye, Ce, |li¢| and |Q|. In turn, bearing in mind the a priori estimation of 7,
(cf. (4.15)), the Cauchy—Schwarz and Holder inequalities yield

f (z2—21) T2(%1 — %) < Crnglopio |22 — 21 x, |61 — 63 |m.- (4.29)
Q

Finally, replacing (4.28) and (4.29) Igack into (4.26), we deduce, along with (4.25), the required
inequality (4.24) with Ly := o:—A max{Ly1,Cri }, which ends the proof. [J

Now, we conclude that, under the hypotheses of Lemmas 4.7, 4.8 and 4.9, the compose operator
T (cf. (4.16)) becomes Lipschitz-continuous within the ball % () of the space X, x LP(Q). This is
summarized in the next lemma.

Lemma 4.10 Ler p, p, r and s be the real numbers within the range specified in (3.27), and A > M. In
addition, assume that the regularity condition (H.1) (cf. (4.23)) holds, and that the data are sufficiently
small so that (4.7), (4.20a), and (4.20b) are satisfied, that is

[0
Jef = max {z,no?v(A) } < %,

Cs {HPDH 1sir + [ flloe + |up 15,0 +¥(A) 5} <oy, and

opat VA8 < 8.

Then, there exists a positive constant Ly, depending on Cs, Cz, and Ly, such that

IT(Z).00) = T(E5. )]
< Lt (v(2) (Y1) + g

Cr {HMDHl/s,r;F + Hf| 0,rQ T HPDHI/XJ;Q + ”fHOJ;Q + Hg|

(4.30)

0p:0) + Iglopia) (€1, 91) = (£2, 82 liyxro (@)

Jor all (Claﬂl) ) (CZ? 192) € W((S)

Proof Tt readily follows from the definition of the operator T (cf. (4.16)), and the estimates (4.21),
(4.22),and (4.24). O

We are now in position to formulate the main result of this section, which establishes the existence
of a unique fixed-point of T (cf. (4.17)), equivalently, the existence and uniqueness of solution of the
coupled system (3.34).
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Theorem 4.11 Let p, p, r and s be the real numbers within the range specified in (3.27), and A > M. In
addition, assume that the regularity condition (H.1) (cf. (4.23)) holds, and that the data are sufficiently
small so that (4.7), (4.20a), and (4.20b) are satisfied. Besides, suppose that

Lz (Y(2) (Y2) + Iglopia) + lglopa) <1, (431

where Ly is the positive constant from Lemma 4.10. Then, the operator T has a unique fixed-point
(p,0) € #(8). Equivalently, the coupled problem (3.34) has a unique solution (p,u) € X, x My,

(w,p) € Xa x Mj and (6,5) € H x Q, with (p,0) € # (8). Moreover, there hold

(ps)lzxmy < Cs {1l + [0+ P01 s e + [ lore + Iglopia + ¥(A) 81}

~

[(w, p)lIxy M, < :{Hule/s,r;rJrHPD||1/2,r+Hf|

o0+ glope +(2) 8}
1(6,8)|1xq < Cu(1+8)[glop:a

where Cs, Cz, and Cry are positive constants depending on Cs, Cz and Cry.

Proof Recall, from Lemma 4.6, that (4.20a) and (4.20b) guarantee that T maps #(J) into itself. Hence,
in virtue of the equivalence between (3.34) and (4.17), and bearing in mind the Lipschitz-continuity
of (4.30) (cf. Lemma 4.10) and the hypothesis (4.31), a straightforward application of the Banach
fixed-point Theorem implies the existence of a unique solution (p,0) € #'(8) of (3.34), and hence,
the existence of a unique (p,u) € Xo x My, (w,p) € Xa x M; and (6,5) € H x Q solution of (3.34).
In addition, the a priori estimates follow straightforwardly from (4.2), (4.10) and (4.15), and bounding
lplx, and ||6]x, by 6. O

We would like to end this section by emphasizing that the hypothesis A > M (as used in Sections
4.1 and 4.4) naturally hold true in the context of the nearly incompressible scenario. Consequently, we
proceed by assuming that A is sufficiently large, which, in turn, makes y(A) to become sufficiently
small (cf. (2.4)). In this way, considering diminutive values for ) , we ensure the feasibility of (4.7). A
similar remark arises later on in the discrete analysis.

5. The discrete analysis

5.1. Preliminaries

Let {7),},~( be a regular family of triangulations .7, of the domain Q made of triangles K in 2D (resp.
tetrahedra K in 3D) with corresponding diameter hx > 0. The meshsize &, which also stands for the
sub-index, is defined by the largest diameter of the triangulation .7}, that is & := max {hK : Ke %} .
Furthermore, given an integer ¢ > 0, we let P;(S) (resp. Py(S)) be the space of polynomials defined
on S < Q of degree < £ (resp. = £). The vector counterpart of Py(S) is denoted by Py(S) := [Py(S)]".
In turn, for a generic vector x € R”, we define the local Raviart-Thomas finite element space of order
¢ over K € , as RT/(K) := Py(K) ® Py(K)x. Then, based on the above, we introduce the following
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global spaces

P(Q) = {wheL2 © il € Po(K), VKE,%},

P(Q) = {wheL2 C il € Py(K), VKeyh},

RT,(Q) = {TheHdva Thlx € RT/(K), VKE%},

RT,(Q) = {TheH(dlv,Q). Thilk eRTY(K), Vie{l,..n}, VKE%},

where 7, ; stands for the ith-row of a tensor 7. It is easy to see that for each ¢ € [1,+0] there hold
P/(Q) cL(Q), Py(Q)cL(Q), RT,/(Q)c< H(div;;Q) nH (div;;Q),
and  RT,(Q) < H(div;; Q) nH'(div,; Q).

5.2. The discrete coupled system

In order to set the discrete version of (3.34), we now resort to the definitions from Section 5.1 to
introduce the following sets of finite element subspaces, one for each decoupled problem:

Xop 1= Hy(div,; Q) "nRT(Q), X p:=Hy(divg; Q) nRT(Q), My :=Pp(Q) =My, (5.1a)
Xon:=RT((Q), Xin:=RT(Q), Mj;:=P/(Q)=:Myy, (5.1b)
Hyj, = Py(Q), Hyy:=Py(Q), H;:=H;;xHy,, Qp:=RTy(Q). (5.1¢)

Then, the Galerkin scheme associated with (3.34) reads: Find (p,,,us) € Xo 4 X My, (Wh,pp) €
Xo4 x My, and (6,,5) := ((64,74),5) € Hy x Qy such that

a(py,, ) +b1(Th,up) =Fp0,(th) VT eXyy,

b2(p, Vi) = G(vy) Vv, €My,

c(wp,zn) + di(zn, pn) = F () Yz € Xip, 52
dx(Wn, qn) —e(pn,qn) = Y 0,01 (qn)  VYqneMap, '
a;,h,gh(éh,@h)—i—b(@h,a'h) = F(1§h) VE]ZEH;,,

b(6, %) =0 VT, €Qp,

where Py, := (05, Wi, Pi) € Xop x Xoj X My

For the solvability analysis of (5.2) we will adopt a discrete version of the fixed-point strategy
developed in Section 4.4. To this end, we first use the analogues of the operators S, E, and IT to
introduce in the following section the corresponding discrete decoupled problems, and establish their
well-posedness.

5.3. The discrete decoupled problems
We begin by letting S, : M ;, x H; j, — X, be the operator defined by

Su(qn, Bn) == py, Y (qn, O) e My, x Hy
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where (p;,,u;) € X5 5, x M, is the unique solution (to be confirmed below) of the discrete formulation
arising from the first and second rows of (5.2) after replacing (py, 6;,) by (i, Or), that is

a(p,, ) +bi(th,up) = Fy v,(Th) Ve Xy,

(5.3)
b2(p,,vi) = G(w) Vv, e My,

For the solvability analysis of (5.3), we first observe from (5.1a) that

div(X;,) € H;,  Vie{1,2},

whence the discrete kernels of b; and b, coincide, and are given by
K} = {rheRTg(Q): div(t;) =0 and J tr(Ty,) =O}.
Q

Furthermore, since the bilinear forms involved in the mixed formulation of the poroelasticity equations
coincide with those of [31, eq. (3.15)], and additionally the same finite element subspaces (cf. (5.1a))
are employed here, in what follows we proceed to simply use the results from [31]. In this way, given
t € (1,+0), we consider the mesh size i! for which the usual L?()-orthogonal projector satisfies the
property stated in [31, eq. (5.21)]. Then, thanks to [31, Lemma 5.3], there exist positive constants My
and @y 4 such that for each A > M and for each it < hg := min{h., i’} there hold

a(l,,t
sup 2T S o el VEhe Ko,
aer Tl
7,20 5.4
sup a(§,,ty) >0 Vrherl, T, #0.
yeKy

In addition, the inf-sup conditions for the bilinear forms b; and b,, proved in [31, Lemma 5.4], provide
the existence of positive constants 8 4 and B, 4, independent of /, such that

b;(Th,vn)

rhex,-,h ”Th HX,
Th;éo

= Biallvalm VveM,;,, Vie{l,2}. (5.5)

Thus, thanks to (5.4) and (5.5), we are in position to show next the discrete version of Lemma 4.1.

Lemma 5.1 Let r and s be within the range of values stipulated by (3.27), and A > My. Then, for each
(qn, On) € My, x Hy j, there exists a unique (py,,up) € Xy, x My, solution of (5.3), and hence one can
define Sy (qn, On) := p),. Moreover; there exists a positive constant Cs q, depending on Q.o a, B1 4. B2 o
Cr, and W, and hence independent of h, such that for each h < hg := min{h’, h} there holds

18401, 00 = Ipulzs < Gsa ol e+ o+ 12) (lalosa + [9hlasa) b 656

Proof Tt follows from a direct application of the discrete Babuska—Brezzi theory in Banach spaces (cf.
[6, Theorem 2.1, Corollary 2.1]). Note that the dependence of the constant Cg 4 on i is due to [a| (cf.
@3.11)). O
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We now let &, : X, j, x Hj j, — My, be the operator defined by

En(CnOn) = (Z0a(C00),20n(8h,00)) i= whopn) YV (8pBh) € Xop x Hyp,

where (wp,, pp) € Xa, x M, is the unique solution (to be confirmed below) of the discrete formulation
arising from the third and fourth rows of (5.2) after replacing (p,,, 6) by (&, ), that is

c(wn,zn)  + di(zn, pn) = 7 (2n) Ve X, .
d2(wn, qn) —e(pn,qn) =Y, 0,(an)  Van €My oD
Then, similarly as for (5.3), we first notice that
div(X;n) € M;y, Vie{l1,2},
which yields the discrete kernels of d; and d; to become
YARE {zh eRT/(Q): div(z,) = O}.

Knowing the above, the discrete version of Lemma 4.2 is now recalled from [20, Lemma 5.2].

Lemma 5.2 Assume that r and s satisfy the particular range specified by (3.27). Then, there exists a
positive constant Q¢ g such that

Cc(wp, 2
sup 7( ’ ) = Oed Hwh”X2 Ywy, € 7/}1[’
eV |z 1%,
Z/ﬁ’&o

and

sup ¢(wp,z1) >0 VzeXiy, 7 #0.
we"l/h[

Proof Tt proceeds analogously to the proof of [32, Lemma 4.3]. However, for full details we refer to [19,
Lemma 5.2], which is the preprint version of [20]. [

On the other hand, the discrete inf-sup conditions for the bilinear forms d; and d;, which can be
found in [32, Lemma 5.3], state that for each i € {1,2}, there exists a positive constant 3 i.a such that

d;(zn, qn ~
sup B D) S B il Vane M. 58)
z2n€Xip thHXi.h
7,70

Then, analogously to the continuous case, Lemma 5.2 and (5.8) imply that the bilinear form A (cf. (4.4))
satisfies the global inf-sup conditions given by the discrete versions of (4.5a) and (4.5b), both with a

positive constant o4 4 depending on Oc g, Bl,d’ B,.4. and |¢|, and hence independent of h. Moreover,
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using these inequalities, and proceeding analogously to the derivation of (4.8) and (4.9), which means
assuming now the discrete version of (4.7), this is

A4
2 )

le|| = max {x,na?y() } < (5.9)

we arrive at the discrete global inf-sup conditions for the global operator A (cf. (4.6)), namely

A((wn, pn), (zn,qn)) - aA,d|

sup = ‘(Wh,Ph)szle V(W/ﬂph) €X2-,/1 XM]J” (5.10a)
(2n:qn)€X1 n xMa | (zns qn) I, xm, 2
(2n-qn) #0
A((Wh, pn); (zn,qn OAd
sup 3 ) ) > 2, |Gy an) %, My ¥ (zn,qn) € Xip X Mo (5.10b)
(Whopi) €Xo XMy ||(Wh7ph)HX2><M1
(Wnspi) #0

Similarly as for the continuous analysis, we stress here that the fact that ¥(1) approaches 0 as A

increases (cf. (2.4)), ensures the feasibility of (5.9) for sufficiently large A and sufficiently small .
Having established (5.10a) and (5.10b), a straightforward application of the discrete version of the

Banach—Necas—Babuska theorem (cf. [26, Theorem 2.22]) allows to conclude the following result.

Lemma 5.3 Let r and s be within the range of values specified by (3.27), and assume that the data
satisfy (5.9). Then, for each (E;,O) € Xy, x Hy j, there exists a unique (wy, pp) € Xa X My, solution

of (5.7), and hence one can define Z;(§),, ) = (E14(Cpo 1), B2 (810 On)) := (Wi, pn) € Xop X My
Moreover, there exists a positive constant Cz g, depending on 0t 4, C#z, and Cy, and hence independent

of h, such that

120 (s On) Ixy My = [Wallx,y + [ 2alm,

07’);9) } ' (5.11)

Finally, we let IT;, : X , x (Xp,5 x My ;) x Hy , — Hy, be the operator defined by

< CE.d { HPDHl/s,r;F + Hf| 0,rQ T HuDHl/s,r;l" + ’Y(}L) (HCh”Xz + Hﬁh

08 % En) = (T (8 Zns ) T (81,7, 1)) 1= 61 = (O1T0),

for all ($;,,Z,&1) = (8, (2n,qn).En) € Xop x (Xo x My ) x Hyj, where (64, 5%) € Hy, x Qy, is the
unique solution (to be confirmed below) of the discrete formulation arising from the fifth and sixth rows
with g, := (§},,2zn,qn), that is

of (5.2) after replacing ay, q,, With pj, := (p),, @n, p1), by ag, ¢,
ag, &, (60, 0) +0(9,,54) = F(By) V0= (05) € Hy, 5.12)
b(6y,Th) =0 VT eQy.

For the analysis of the Galerkin scheme (5.12), we proceed as in [21, Section 5.5] (see also [5, Section
4.3, Lemma 4.2] or [17, Section 5.3, egs. (5.19), (5.20)]). More precisely, since the required results
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are already available in those references, in what follows we just describe the main aspects of the
corresponding discussion, for which we first introduce the discrete kernel ”f/,fh of b (cf. (3.30b)), that is

A {5h1= (O,30) €Hy o b(Dy,Ty) =0 V%hth}a
and the subspace of Qy, given by
%{h = {%h €Qy: div(T,)=0 in Q}.

Then, applying the abstract result provided in [21, Lemma 5.1], one deduces that the existence of
positive constants i 4 and f3, 4, independent of &, such that

J O, div(%,)
sup *2———— > Bia|Oulope YO eHy,, and (5.13)
1,€Qy, HthdIVp;Q
%h#o

f 3%

sup “E—— > Bra|Tulawyie VInE 25, (5.14)

Secy, ISnllo.g '

3,0

is equivalent to the existence of positive constants 34 and Ca, independent of A, such that

b(By, T ~ N

POnh) - B fulpe YEc Q. and (5.150)
s,en, [ On]n
B, =0
[Shlog = CalSilopa YV Oh:= (%54) € % (5.15b)

The proof of (5.13) is basically provided at the last part of [21, Section 5.5] by noticing that it reduces
to the vector version of [21, Lemma 5.5]. Actually, while the proof there is for (p,p) = (4,4/3), it can
be extended almost verbatim to an arbitrary conjugate pair (p, p) satisfying (3.27). In turn, it is readily
seen that (5.14) follows from the fact that Qf,fh € Hy, (cf. [17, eq. (5.18)]). In this way, having already
the discrete inf-sup condition (5.15a) for b, it only remains to employ (5.15b) to show the %fh—ellipticity

of ag, ¢, for given G, = (&), 2, qn) € Xop x Xop x My, and &n € Hy . Indeed, proceeding similarly to

]
the first part of the derivation of (4.12), we have for each By = (O, 5n) € ”V/Jl

a8, (0, On) = (50/2) G [0 pia + (50/2) [BullG.0 — 2802 [3nllos | Onllo,pi0
1 P -
> 3 {omin{1.C3} — [mlora} 15,
1 ~,
so that, under the constraint |z, [0 .0 < 044 := 370 min {1,C3}, there holds
@, 5 (00 Bn) = aa|[Sul? V= (93) € ¥, (5.16)

thus confirming the announced property of ag, ¢, .
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Hence, the solvability of (5.12) and therefore the well-posedness of ITj can be established in the
following lemma.

Lemma 5.4 Let p and p be within the range of values stipulated by (3.27). Then, for each
(81sZn, &) = (Ch, (Zn,qn), éh) € Xop % (Xop XMy ) x Hy jy such that ||z|| < 0ta g, there exists a unique

(64, 5p) = ((6r,74),61) € Hy, x Qy, solution of (5.12), and hence one can define 11,($,,, %y, &) = 6.

Moreover; there exist positive constants Cryq and Cn,d, depending on 0p 4, Ba, ||, p, and |, and
hence independent of h, such that the following a priori estimates hold

1108120y 60) | = Bl < Crva

glopia,  IGulo <Cralglop:a- (5.17)

Proof The result is a consequence of the %fh—ellipticity of ag, ¢, (cf. (5.16)), the inf-sup condition
(5.15a), and a direct application of, for instance, [26, Theorem 2.34, Proposition 2.42]. Note that the
dependence of the constants Crq and Crig on [Q|, p, and 3¢, is due to ||a| (cf. (3.31)) since Haéh»éhH’
which is required by the theoretical estimates from [6, Corollary 2.2, egs. (2.24) and (2.25)], is bounded

above by ||a|| + |zn]|. O

5.4. Solvability analysis of the discrete coupled system

The solvability analysis of the fully coupled discrete system (5.2) is performed in a similar fashion as
in the continuous case by using a fixed-point strategy, but now applying the Brouwer theorem instead
of the classical Banach one. Therefore, the structure and reasoning followed in this part, are going to
resemble partially the ones of Section 4.4. We begin this analysis by defining the discrete fixed-point
operator T, : X5, x Hy j, — X5, x Hy j, given by

Tn(Cps On) := (Sh(Ez,h(Chaﬁh)ﬁh),Hl,h(Sh(Ez,h(Ch719h),ﬂh)ﬁh(Chﬁh)ﬁh)), (5.18)

for all (£}, ) € Xy, x Hj . Then, showing existence of solution is equivalent to seeking a fixed-point
to the operator T}, that is: Find ({,,, %) € X, x H; , such that

T3 (8 On) = (&, V) - (5.19)

Now, given § > 0, we define the §-ball in the finite-dimensional subspace X5 , x H; by

Pi(8) = {(Ch B0 € Kapx Hup [(Cro0)| = 18k, + 190

0,0:Q S 6} )

where we conveniently choose 8 := ay 4. Furthermore, assumption (5.9) applies to the discrete operator
&1 5 in the same way as (4.18) applies to E, this is

1Z14(ChOn)lxy < @taa V(8 On) € #4(6). (5.20)

Combining the estimates (5.6), (5.11), and (5.17), we obtain the discrete version of (4.19) as an priori
bound for the operator Ty, that is

ITh(Sh: On)| < Cra { lunlly/s.rir + [€lo.e + ol /s

+[flore + lglope + ¥(A) (I€4lx, + 19l0p:) } :
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where Cr 4 is a positive constant depending on Cg 4, Cz4 and Cpq, and hence independent of 4. In
addition, taking into account the a priori estimate (5.11) with (&, ) € #,,(8), we conclude that
operator & ; will satisfy assumption (5.20) if there holds

Cea{lpplierr + I flore + lunlyjsrr +7(2) 8} < ara.
Hence, the following lemma establishes the conditions under which the operator T;, maps the ball
#5,(8) into itself, thus yielding the discrete analogue of Lemma 4.6.

Lemma 5.5 Let p, p, r and s be as specified in (3.27), and A > M. Moreover, assume that h < hgy :=
min{h’, ht}, and that the data are sufficiently small so that (5.9) and the conditions

ro'ts

Cza { |polljs,r + | fllore + [uplly /s - + Y(A) 5} < Opg, and (5.21a)

Cra { s+ ope +7(2)8} <8, (5:21)

are satisfied. Then, Ty(#,(8)) < #1,(5).

ore+[polisre+flora+ gl

The next two lemmas show, respectively, that the operators S, and &, are Lipschitz-continuous.

Lemma 5.6 Let r and s be within the range of values stipulated by (3.27), and A > M. Then, with

the same constant Cg 4 from the a priori estimate (5.6) (¢f. Lemma 5.1), for h < hy := min{hf, hf } there

holds
ISx (g1, S1.0) = Sn(@2,n: B2p)|x, < Cs.aY(A) (g1, O1.0) = (@205 O2.) M, xH, (5.22)

forall (qip,O1 ), (q2,n,D2n) € My x Hy .

Proof Tt proceeds analogously to the proof of Lemma 4.7. We omit further details. [

Lemma 5.7 Let r and s be within the range of values stipulated by (3.27), and assume that the data
Sulfills condition (5.9). Then, with the same constant Cz 4 from the a priori estimate (5.11) (cf. Lemma
5.3), there holds

I1Z0 (81 4 1) = En(Cops Vo) Ixyxmy < CaaY(A) (81 s S1n) — (Eo s S2) [y xmy s (5:23)

Jorall (& 4, 011), (8ap, V2n) € Koy x Hy e

Proof Tt proceeds analogously to the proof of Lemma 4.8. Further details are omitted. [

The next result shows the continuity of ITj. In this regard, we stress in advance that the obvious
absence of a regularity assumption in the present discrete setting, stops us of proving a Lipschitz-
continuity property of ITj,.
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Lemma 5.8 Let p and p be within the range of values stipulated by (3.27). Then, there exists a positive
constant L1 g, depending on Ly, Os 4, |Q, 1, and p, and hence independent of h, such that

T (&1 s @10, E1 i) — T8y @25 G2.0) 10
< Lia [T 4 (80 15 @25 82.0) l0.p:2 181 s @105 E1.0) — (S @20, E2.0) |

Jor all (& 47w, &10) = (81 (@ma10):610)s (CamsZanbon) = (Son (Zanrqon),Eon) € Xop x
(X2,h X M17h) x Hy p, such that Hzl,h X5 HZ2Jl”X2 < Oag.

(5.24)

Proof The proof follows similarly to the one of Lemma 4.9, except for the fact, as already announced,
that no regularity result can be applied. Indeed, given (; ;,,Z11,&1,1) and (&5 5%, 82,1) as indicated,

we let 517;1 :=T04(&, 210, 61.0) € Hyy and 527h :=10,(85 s 2> 62.1) € Hyy, Where (517;1, O10) EHY xQy
and (1_9'27;,,82’;,) € Hy, x Qy, are the respective solutions of (5.12). Defining g, ;, := (C1,h721,h7QI,I1) and
G2 := (8> Z2.1,92.)s it follows from the corresponding second equation of (5.12) that 1_5‘17;, — 1_9'2_,;, €
”V,fh, and then the V/If yp-ellipticity of a

G181 (cf. (5.16)) yields
- o 1 . o )
H"Sl,h - 192,/1“%—1 < maﬁl.h»él,h(ﬂl B l92,h, 61711 _ 752.,/1) ) (5.25)

s

Then, proceeding analogously as for the derivation of (4.26), but now certainly employing (¢, ;,, Ein)s
(42.1:82.1)» and (5.12), we obtain

az]‘]‘hg,)h(ﬁl,h — o, Bijp— Boy) = f (22— 214) T2 (B1 — o)
Q (5.26)

+ L(Jf/(gz,h»%h?éz,h) — (81 @i E1n))Tan- (Trn—12).

Next, using the Lipschitz-continuity of % as in the estimate (3.2), recalling that r = 2, p = 2k, and
r < p, and noting that |71 , — 72 4ll0.0 < |D1, — B2, ] . we find that

f (A (Caps @2 &) =K (Cp @1 &) T (in—Top) < Ly <||Cl,h—§z,h|\o,r;9
Q (5.27)

lo.0:2 P16 — Ban

+lavn—aalora+ 1€ —Ealope) P
where L v depends on L ;, |Q|, r, and p. In turn, the Cauchy—Schwarz and Holder inequalities, and the
fact that

|81, — B2,

00 < QPP — 0 4llopa < QPP — By

H,

yield

P )

H. (528

J (2o —213) Ton (D1 — V2) < QPP |20 — 21 100 [T
Q

Finally, using (5.28) and (5.27) we can bound (5.26), so that the resulting estimate along with (5.25)
and the fact that IT, ,({ 27,”22_,;,, &on) = ?27;1, imply (5.24) and conclude the proof. [
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Combining Lemmas 5.6, 5.7, and 5.9, we prove next that the operator T}, is continuous in the closed
ball #},(8) of the space X ; x Hj ;.. In order to simplify the corresponding statement and proof, we let

S;, and TT;, := (ﬁ17h,ﬁ27h) be the operators defined for each (§,, ¥) € Xp, x Hy , by
Sh(Ch ) == Sh(E2n(Ch %), By)  and (5.292)

08y Bn) = T0 (Sh(8 s 90) B (8 On) ) (5.29b)

so that ﬁhh and fIM are obtained from (5.29b) by using, respectively, IT; ; and I  instead of II;,.

Lemma 5.9 Let p, p, r and s be the real numbers within the range specified in (3.27), and A > M.
Moreover; assume that h < ho := min{h’, h}, and that the data are sufficiently small so that there hold
(5.9), (5.21a) and (5.21b). Then, there exists a positive constant Lt 4, depending on Cs 4, Cz 4, and

Y(A), and hence independent of h, such that

ITh (81 4 B1.0) — Th(Eo s B2

N (5.30)
< Lra (14 Lina |[T4(8o 4, Do)

0.0:2) [(§ 1 O1) = (Co B2

for all (C],haﬁl,h)’ (Cz,hvﬁlh) € Wi(8).

Proof Given (&, %11), (Cz,hv B ;) € #i(6), we first observe from (5.18), (5.29a), and (5.29b) that
Tn(Cip, Vin) = (gh(Ci,mﬁi,h)yﬁl,h(ci,haﬁi,h)) Vie {1,2},

which yields

ITr(E 1 s B1.0) = Ta(8op Vo) |
< SK(& 1 1) = Sh(Cam B2 + [TIR(E 1 4 B1.n)) — TTa(8 o, Do) |-

Then, employing (5.29b) and (5.24), we find that

(5.31)

Hﬁh(CLha Bip)) — ﬁh(CZ,ha %))

o (Ea B2)ll0pi0 {I8H(E 1010~ 8h(Car B2 (5.32)

b

< L

+ Z1(E 1 s D1.0) = En(Cop Ban) |+ [O1.0 — Do

whereas (5.29a) and (5.22) imply

ISh(81 4 O1) = Su(Caps D2t |

(5.33)
< Goa YW {1208 10 810 =BG B2) |+ 81— B2

3
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In this way, replacing (5.33) back into (5.32) and (5.31), and the resulting (5.32) back into (5.31) as
well, and performing minor algebraic manipulations, we arrive at

ITh(E1 1 B18) = Tu(Caps Do) | < (14 Liva T (S, B2) lopi2) (14 Cs.a¥(A))

Finally, (5.34) and (5.23) give (5.30) with L4 := (1+Csq7¥(A)) (1 +Cz.a¥(A)), and end the proof.
O

(5.34)

X {||Eh(C1,hﬂ51,h) —En(8op O2n) |+ [O1.0 — Vo

The main result of this section, which establishes the existence of solution of the discrete fixed-point
equation (5.19), or equivalently of the discrete coupled system (5.2), is presented now.

Theorem 5.10 Let p, p, r and s be the real numbers within the range specified in (3.27), and A > M.
Moreover;, assume that h < hy 1= min{hf,hf }, and that the data are sufficiently small so that there hold
(5.9), (5.21a) and (5.21b). Then, the operator Ty, has a fixed-point (p,, 0,) € #1,(8). Equivalently, the
coupled problem (5.2) has a solution (p;,,uy) € Xop x My, (Wi, pp) € Xoj X My, and (511,6;,) €

H), x Qp, with (py,,0,) € #1,(8). Moreover, there hold

1(Pps ) [xyxm; < Cs.,d{ luplly /s rr + [€lo.e + |20 11 /s 0 + [ flore + [ gllop:e + ¥(A) 5} ;

~

|(Wns Pi) %y x M, < L-,d{HuDHI/s,r;F+||pDH1/2.F+||f“0.,r;Q+Hg|

0.0+ Y(A) 5} )

H(éh, on)axQ < éﬂ,d(l +9)llglo,p:;

where Cs g, Cz 4 and Cri 4 are constants depending on Cg 4, Cz g4 and Cpy g.

Proof From the assumptions (5.21a) and (5.21b), and Lemma 5.5 we have that T, maps #}(8) into
itself. Furthermore, bearing in mind the continuity of T}, (cf. Lemma 5.9), a straightforward application
of the Brouwer Theorem implies the existence of a solution (p,,,6y) € #4(5) of (5.19), and hence, the
existence of (p,,uy) € Xop x My, (Wh, p) € Xop x My, and (5;,,5';1) € H;, x Q,, solution of (5.2).
Finally, the a priori estimates follows straightforwardly from (5.6), (5.11), and (5.17), and bounding
|P4llx, and |6]x, by 6. O

5.5. A priori error analysis

The goal of this section is to establish an a priori error estimate for the Galerkin scheme (5.2). More
precisely, we are interested in deriving the usual Céa estimate for the global error

E = |[(p,u) = Py un) sty xvt; + (@, p) = (@3 pi) Iy vty + 11(6,8) = (61, 8n) [

where ((p,u),(w,p), (é,&)) € (Xyx M) x (X2 xMj) x (Hx Q), with (p,0) € #(5), is the unique
solution of (3.34), which is guaranteed by Theorem 4.11, and ((ph,uh),(wh,ph), (éh,gh)) € (Xpp %
M, ;) x (Xo4 x My ) x (Hy % Qp), with (py,, 0,) € #4(6), is a solution of (5.2), which is guaranteed
by Theorem 5.10. To this end, we proceed as in [20, Section 4.3] and apply suitable Strang estimates to
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each one of the three pairs of associated continuous and discrete formulations forming (3.34) and (5.2).
Throughout the rest of this section, given a subspace Z;, of a generic Banach space (Z, | - ||z), we set for
eachzeZ
dist(z,Z,) := inf |z—z4z-
ZhEZh

We begin the analysis by applying the Strang estimate provided by [6, Proposition 2.1, Corollary
2.3, Theorem 2.3] to the context given by thg first and second rows of (3.34) and (5.2). In this way, we
deduce the existence of a positive constant Cs, depending on ¢,/ 4, B 4, B> 4. [a]|, [|b1], and |[by| (cf.
(3.11), Section 5.3), such that there holds / '

1(ps0) = (Ppsttn) iy vty < Cs {dist((p,0), Ko x M) + [Fpg —Fp, iy b (539)
Then, according to the definition of F s (cf. (3.10a)), we have that
(Fpo—Fp,0,)(Th) = —Y(A) L (c(p—pn)+B (6 —6y)) tr(th) VT, e Xy,

from which, applying Holder’s inequality, and using that r < p, we find that there exists a positive
constant Cy, depending on n, r, p, |Q|, a, and 3, such that

IFp0—Fp,0lx;, < Cry(2) {||P — Pulora+6— 9h||o,p;Q} : (5.36)

Next, we apply the classical first Strang’s Lemma (cf. [26, Lemma 2.27]) to the context given by the
third and fourth rows of (3.34) and (5.2). As a consequence, we obtain a positive constant Cz, depending
on oA 4, [¢f, [di, [d2]|, and |e| (cf. (3.22), Section 5.3), such that there holds

H(va) - (whaph)”XZ xXMj < 65 {diSt((w7p)7X2,h X Ml,h) + ng,e _gph,eh HMéh} . (537)

In this case, the definition of ¢ co (cf. (3.21b)) yields

(G0 —p,.0,)(an) = c2(A) L tr(p —py)qn + c3(1) L(Go —6h0)an  Yagn €My,

so that, employing again Holder’s inequality and the inequality r < p, and bearing in mind the
definitions of the constants ¢;(A4) and ¢3(4) (cf. (2.5)), we deduce that

19p.0 =D p,.0.Im5, < Co7(2) {HP —Ppllora+6— GhHO,p;Q} : (5.38)

where ég is a positive constant depending on n, r, p, ||, a, and .

Furthermore, we apply the Strang estimate provided by [21, Lemma 6.1] to the context given by the
fifth and sixth rows of (3.34) and (5.2). As a result, we get a positive constant Cyy, depending on 0y g,

Bd, agol. |ap, e,/ and [b]| (cf. (3.31), (3.32), Section 5.3), such that there holds

1(6,8) — (64, 51)uxq < én{dist((é’,?;),nh xQp) + ||a,~,19(§,-)—a;,hﬁh(é',-)nml}, (5.39)

where p = (p,®, p) and p, = (p;,, ®p, p). Note that, being || and | ;| bounded by o4 and oy 4, it
turns out that |aj || and |aj, g, | are bounded by |al| + &4 and |al| + @4 4, respectively. Now, according
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to the definition of ag ¢ (cf. (3.302)), we have for all Sy = (On,3h)

az 0(6, ) *aﬁ,,,eh(éﬁh) = L {«%/(P,IL@) — X (Py> Phs 911)}7'511 + L (0— ;) 70. (5.40)
Regarding the first term on the right hand side of (5.40), we proceed exactly as for the derivation of
(4.28), so that, employing again the Lipschitz-continuity of JZ" (cf. (2.11)), the Cauchy—Schwarz and
Holder inequalities, the fact that r < p, and the regularity assumption (H.1) (cf. (4.23)), we obtain with
the same constant Ly from (4.28) that

J‘Q {'%/<p7p76) _’%/(plrnpl'u 9/1)}?"5}!

< Inlglop {Ip —Pilosa +Ip—prlora+ 16 — 6

(5.41)

o f [Biloa-
In turn, proceeding similarly to the deduction of (4.29), which means using the above mentioned
classical inequalities, along with the a priori estimate (4.15), we can write with the same constant
Cr from (4.15) that

< Cn HgHO,p;Q @ —@pfora HﬁhHO,p;Q . (5.42)

L (@ o) -T0

Hence, utilizing the bounds provided by (5.42) and (5.41), we readily conclude from (5.40) that

laz.6(6,-) —ag, o, (6, )wy
(5.43)

< Culglopa{Ip —pilore+ |0 —ohlora+Ip—palore+ 16— Bilopo},

where C, := max {ZH,CH}. In this way, replacing (5.43) back into (5.39), (5.38) back into (5.37), and
(5.36) back into (5.35), and then adding the resulting inequalities, we arrive at

E<C {dist((p,u),XM x My ) + dist((@, p), Xo x My )

. R R (5.44)
+dist((8,5),H, x Qh)} + {Cz YA) + G g 07,,;9}13,
where 61 = max{@s,ég,én}, 62 = max{@sép,égég}, and 63 = énéa.
The announced Céa estimate can be stated now.
Theorem 5.11 In addition to the hypotheses of Theorems 4.11 and 5.10, assume that
-~ A~ 1
G y(A) + Gglope < 3 (5.45)

Then, denoting C = 261, there holds
[(p,u) = (P )ty sy + (@, ) = (@1, 1) %o xM, + (8,5) — (84, 51) 1o

< é{dist((p,u),Xg.h X Ml,h) -l-diSt((a),p),Xz’h X M]ﬁh) +diSt((é,C~)'),Hh X Qh)}
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Proof Tt readily follows after employing the assumption (5.45) in (5.44). O

We now aim to establish the associated rates of convergence of the Galerkin scheme (5.2), for which
we collect approximation properties of the finite element subspaces that were introduced in Section
5.2. Indeed, thanks to the error estimates of the vector and tensor versions of the Raviart-Thomas
interpolator (see, e.g. [32, Section 4.1, eq. (4.6)]), as well as of the scalar and vector versions of the
L2-type projector onto piecewise polynomial spaces (see, e.g. [26, Proposition 1.135]), and due to
interpolation estimates of Sobolev spaces, there hold the following:

(AP?) there exists a positive constant C, independent of &, such that for each k € [1,¢+ 1], and for each
7€ Wh(Q) nHj (div,; Q), with div(t) € W5 (Q), there holds

dist(7,Xp) 1= _inf [T —7h]raiv0 < Chk{l\fllk,r;sz + HdiV(T)Hk,r;sz},
n€Xo p

(AP}) there exists a positive constant C, independent of A, such that for each & € [0, ¢+ 1], and for each

v e WK (Q), there holds

dist(v, My ) == inf [v—vslore < CH |v]ire,
h 1Lh

(AP}) there exists a positive constant C, independent of 4, such that for each k € [1,£+ 1], and for each
ze WK (Q), with div(z) e WK (Q), there holds

dist(z,Xop) = _inf |2 = 2lraie < CH {lzlira+ |div(2)lra

7€Xy

(AP?) there exists a positive constant C, independent of &, such that for each k € [0, £+ 1], and for each
g€ Wh"(Q), there holds

< CHF

dist(¢,M; ) := inf
qn€My

h

(AP?) there exists a positive constant C, independent of 4, such that for each k € [0, £+ 1], and for each
¥ € WEP(Q), there holds

dist(0. M) = inf [0~ Bilopa < CH B pa,
h 1,h

(AP i) there exists a positive constant C, independent of 4, such that for each k € [0, £ + 1], and for each
5 e HY(Q), there holds

diSt(E,HzJﬂ = inf HS—ShH()Q Chk ||SH]{Q7
Sp€Hy ),
(AP?) there exists a positive constant C, independent of &, such that for each k € [1,£+ 1], and for each
T e HY(Q), with div(T) e WhP (Q), there holds

dist(7,Qp) := _inf ||T—Th[aiv,:0 <Chk{”%”k,g+HdiV(’%)Hk"p;Q}.

7,€Qy,

The rates of convergence of (5.2) are then stated as follows.
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Theorem 5.12  Let ((p,u), (w,p),(6,5)) € (Xa x M) x (X2 x M;) x (H x Q), with (p,8) € #/(5),
be the unique solution of (3.34), and let ((ph,uh), (Wh, Pn), (éh, 5h)) € (Xon x My p) x (Xo x My ) X
(Hy, x Qp), with (p,, 6,) € #1(0), be a solution of (5.2), which is guaranteed by Theorems 4.11 and
5.10, respectively. Assume the hypotheses of Theorem 5.11 and that there exists k € [1,0 + 1], such
that p € WET(Q) n HY (div,;Q), div(p) € WE(Q), ue W (Q), we W (Q), div(w) e Wh(Q),
pe WK (Q), 0 e WP (Q), 7e HY(Q), & € HY(Q), and div(&) € WXP (Q). Then, there exists a positive
constant C, independent of h, such that

[(p,u) = (Ppsun) s xv, + (@, p) — (@, pr)llx, xm; + ”(576)_(6}”811)”H><Q

<crt { Iplk.re+ [div(p) [0 + [ulkro + W[k ro + [div(w) -0 (5.46)

+plkra+18lkp:0 + [[lea + 6]ka + [div(5) Hkp;Q} :

Proof Tt follows straightforwardly from Theorem 5.11 and the above approximation properties. [

We end this section by emphasizing that the rates of convergence provided by Theorem 5.12 are
achieved under further smoothness of the exact solution of (3.34). While the discussion on the feasibility
of the hypothesis (H.1) (cf. Section 4.4) guarantees an extra € regularity for 6, and hence for 7, with
€€ (0,1), we must point out that this is actually less than desired. Indeed, assuming either convexity
of Q or sufficiently smooth boundary I', we would expect at least k = 1 regularity, thus yielding from
(5.46) a rate of convergence of O(h). In addition, and coherently with the fact that there hold div(p) = f,
div(w) = f + other terms depending on p, p, 0, and data, and div(G) = g, we will also require f, f,
and g to be more regular than stated in Section 3 for the derivation of the mixed formulation, namely
fe W'(Q), fe W(Q), and g e WP (Q), respectively. In order to have more regular solutions, and
hence higher rates of convergence, the data will have to be smoother as well. However, no matter how
regular the solution is, the highest rate of convergence that can be guaranteed by (5.46) is £+ 1, where
¢ is the polynomial degree employed.

6. Numerical examples

In this final section we present two sets of computational tests, first the verification of convergence
with respect to manufactured solutions in 2D and 3D, and an application example pertaining to the flow
through a deformable porous channel with obstacles and temperature gradient. In all cases we take the
following indexes (according to (3.27), valid for both 2D and 3D) r =3, s = %, p=06,and p = g.
The numerical realization has been done using the finite element library FEniCS [1], selecting Newton—
Raphson as nonlinear solver, with an incremental relative tolerance of 10~%. The linear solves are done

with the direct method MUMPS.

6.1. Example 1: convergence verification

The error history (investigating the error decay with respect to mesh refinement — in a sequence of
successively refined regular grids) is done comparing approximate and closed-form exact solutions
defined on the unit square domain Q = (0, 1)2. The mixed variables, forcing and source terms for the
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balance equations, and non-homogeneous boundary data are taken in such a way that the manufactured
primal unknowns are

1 sin(7xy)
cos

u(x.y) = 10 (7x) cos(my)

) . pley) = sin(y)sin(xy),  O(x,) = cos(x)exp(—x—).
The model constants assume the following simple values: u =1, A=1, x=1, a=1, B=1,
x =1, 1n =1, whereas the stress-assisted diffusion coefficient is

@(a):(DO+D1exp(—tr(c2)))]1, with Dy=0.1 and Dj=0.01. 6.1)

The error history associated with the proposed mixed finite element method on a sequence of
successively refined partitions of the domain, are collected in Table 1. Absolute errors are computed for
each variable in the following way

e() = lu—unlora, ep)=Ip—rplora, €O)=16=06ilopa, elp)=Ilp—pulv.a

e(w) = |w—wh|rgiv.e, e(@)=[{=Tiloq, e(&)=][6—GCnldv,;

and we also tabulate rates of error decay computed as () = log(e(+)/&(-))[log(h/h)] "

, Where e, ¢é
denote errors generated on two consecutive meshes of sizes i and 7, respectively. All results indicate
optimal convergence of O(h‘*!) in all fields and for the two tested polynomial degrees, which coincides
with the theoretical result proposed in Theorem 5.12. For this test we have also tabulated the loss of
momentum and mass conservation by taking the £*° norm of the corresponding residuals projected into
the discrete spaces for displacement and pressure. More precisely, letting &2, and &2 be the LZ(Q)—type
and L2(Q)-type orthogonal projectors, respectively, onto the scalar and vector piecewise polynomials
of degree < ¢, we set

momnmy, := H@g[diV(Gh) -I-f]Hgoo, massy = ||=@5[C1(A)Ph —diV(Wh) +C3(l) 0, +cz(l)tr(ph) —f] Hgoo7

which, according to the second and fourth equations of (5.2), are essentially zero at machine precision.
The table also reports that a maximum of three iterations are needed by the Newton—Raphson method
to reach a tolerance (either absolute or relative) of 102 on the residual. Sample approximate solutions
for all fields, obtained with the method using ¢ = 0, are plotted in Figure 1.

The convergence tests are also done in 3D, taking Q = (0, 1)3, the same model parameters as in the
2D case, and using the following manufactured primal solutions

sin(mxyz)
u(x,y,z) = 75 | cos(mx)cos(my)cos(nz) |, plx,y,z) = sin(zx)sin(my) sin(7z),
sin(7x) sin(7y) sin(7z)

0(x,y,z) = cos(xy)exp(—x—y—2).

We report on the lowest-order case in Table 2 and Figure 2, allowing us to draw the same conclusions
as in the 2D case.
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PRIMAL UNKNOWNS AND DISCRETE CONSERVATION
DoFs & e(u) r(u) e(p) r(p)  e(0) r(6)  momy, massy
Errors and convergence rates for £ = 0
113 0.707 4.79¢-02 27801 x 1.59-01 + 4.44e-16 2.1le-15
417 0.354 2.23e-02 1.11 1.50e-01 0.89 8.15¢-02 0.96 1.52e-15 4.77e-15
1601 0.177 1.04e-02 1.10 7.65e-02 098 4.11e-02 0.99 5.12e-15 9.21e-15
6273 0.088 5.05e-03 1.04 3.84e-02 0.99 2.06e-02 1.00 1.48e-13 2.09e-14
24833 0.044 2.50e-03 1.01 1.92e-02 1.00 1.03e-02 1.00 2.14e-12 5.94e-13
98817 0.022 1.25¢-03 1.00 9.61e-03 1.00 5.16e-03 1.00 1.26e-12 2.38e-13
Errors and convergence rates for £ = 1
337 0.707 1.22e-02 x 891e-02  1.48e-02 x  6.46e-15 7.49-15
1281 0.354 3.02e-03 2.02 2.29e-02 1.96 3.64e-03 2.02 1.17e-14 3.50e-14
4993 0.177 7.48e-04 2.01 5.83e-03 1.98 9.13e-04 1.99 3.08e-14 5.20e-14
19713 0.088 1.86e-04 2.01 1.46e-03 1.99 2.29e-04 2.00 7.4le-14 1.51e-13
78337 0.044 4.65e-05 2.00 3.66e-04 2.00 5.72e-05 2.00 1.49e-13 3.46e-13
312321 0.022 1.16e-05 2.00 9.16e-05 2.00 1.43e-05 2.00 1.66e-12 1.02e-12

MIXED UNKNOWNS AND ITERATION COUNT

DoFs h e(p) r(p)  e(w) r(w) e(t) r(f) e(6) r(o) iter
Errors and convergence rates for £ = 0
113 0.707 2.14e+00 x  6.50e+00 »  1.50e-01 »  1.08e-01 *
417 0354 1.16e+00 0.88 3.55e+00 0.87 7.38e-02 1.02 5.06e-02 1.09
1601 0.177 5.98e-01 0.96 1.81e+00 0.98 3.70e-02 1.00 2.81e-02 0.85
6273 0.088 3.0le-01 0.99 9.07e-01 0.99 1.86e-02 0.99 1.48e-02 0.93
24833 0.044 1.51e-01 1.00 4.54e-01 1.00 9.31e-03 1.00 7.48e-03 0.98
98817 0.022 7.54e-02 1.00 2.27e-01 1.00 4.65e-03 1.00 3.75e-03 1.00
Errors and convergence rates for £ = 1
337 0.707 6.93e-01 *  1.99%+00 x» 33le-02 x  6.14e-02
1281 0.354 2.00e-01 1.79 5.12¢-01 196 4.77e-03 2.79 1.44e-02 2.10
4993 0.177 5.21e-02 194 1.30e-01 198 1.27e-03 191 4.65e-03 1.63
19713 0.088 1.32e-02 198 3.26e-02 199 3.39e-04 191 1.33e-03 1.80
78337 0.044 3.31e-03 199 8.16e-03 2.00 8.82e-05 194 3.31e-04 2.01
312321 0.022 8.29¢e-04 2.00 2.04e-03 2.00 2.23e-05 198 8.33e-05 1.99

TABLE 1  Example 1 (2D). Error history for the primal unknowns together with discrete approximation
of momentum and mass conservation (top table) and convergence of mixed unknowns together with
Newton—Raphson iteration count with respect to mesh refinement (bottom table). The symbol x indicates
that no convergence rate is computed at that refinement level.

LW W W W W W

W W W W W W

6.2. Example 2: injection of fluid in a deformable porous channel

To conclude this section, we investigate the flow patterns of infiltration of a poroelastic channel having
an irregular array of eight circular cylinders that are maintained at a low temperature. The problem setup
mimics the behaviour of sponge-like materials or soils in the presence of macro-pores, for example
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Fi1G. 1. Example 1 (2D). Verification of convergence with respect to manufactured solutions. Approximate primal (top) and
mixed (bottom) unknowns computed using the lowest-order scheme, and portrayed in the deformed configuration (the outline of
the undeformed domain is also shown for reference).

[18, 37]. The undeformed body occupies the rectangular domain Q = (0,1.6) x (0, 1) (in m?), which
we discretize into an unstructured mesh of 55450 triangles.

We consider a simple time-dependent version of the model (2.1), where only the energy balance
equation (2.1c) is modified to have 0,60. We use a backward Euler discretization in time, with constant
time step At = 1 (in s) and an initial temperature of 10 degrees. In addition, the boundary conditions
are of mixed type and do not coincide exactly with those analyzed in the manuscript. The left segment
is considered an inflow boundary where we set zero displacements (as a natural boundary condition), a
time-dependent parabolic profile as inflow of filtration flux (as an essential boundary condition), and a
quadratic temperature profile (natural boundary condition)

t
u=0, w-v=gcaan(y[1—y])ms, 0 = —74y> +91y+3 (in°C)  onTyy;

on the horizontal walls we approximate a zero-traction boundary condition with a zero normal
pseudostress condition (imposed essentially), zero normal flux (essential), and a hot temperature on
the top of the channel and cold on the bottom (natural boundary conditions)

pv=0, w-v=0, 0=0p, on ['yai,
(where 6p is 3 degrees on the bottom and 20 degrees on the top); on the holes we impose
u=0, w-v=0, 06=3°C, on ey

and the boundary conditions are completed by prescribing zero traction (approximated by a zero normal
pseudostress), a vanishing pressure (natural boundary condition), and a zero thermal flux on the outlet



BANACH SPACES-BASED MIXED FEM FOR POROELASTICITY-HEAT EQUATIONS 43

PRIMAL UNKNOWNS AND DISCRETE CONSERVATION
DoFs & e(u) r(u) e(p) r(p)  e(0) r(6)  momy, massy
139 1.732 7.10e-02 + 327e-01 % 218e-01 «  6.45e-16 4.00e-15
985 0.866 3.82e-02 0.89 2.23e-01 0.55 1.33e-01 0.71 [1.16e-15 6.4le-15
7393 0433 191e-02 1.00 1.17e-01 094 7.12e-02 0.90 2.72¢-15 1.08e-14
57217 0.217 9.35e-03 1.03 5.96e-02 0.97 3.63¢-02 0.97 7.76e-15 2.07e¢-14
450049 0.108 4.63e-03 1.01 3.00e-02 0.99 1.82e-02 0.99 1.99e-14 3.79%-14

MIXED UNKNOWNS AND ITERATION COUNT

DoFs h e(p) r(p)  e(w) r(w) e(?) r(f)  e(6) r(6) iter
139 1.732 3.76e+00  * 1.06e+01 *  2.65e-01 *  7.99e-02 * 3
985 0.866 2.17e+00 0.79 7.55e+00 0.49 1.29¢-01 1.04 4.67e-02 0.78 3

7393 0433 1.16e+00 0.90 4.01e+00 091 6.56e-02 098 2.90e-02 0.69 3

57217 0.217 5.90e-01 097 2.05e+00 0.97 3.27e-02 1.00 1.65e-02 0.81 3
450049 0.108 2.96e-01 0.99 1.03e+00 0.99 1.63e-02 1.00 8.64e-03 0.94 3

TABLE 2 Example 1 (3D). Error history for the primal unknowns together with discrete approximation
of momentum and mass conservation (top table) and convergence of mixed unknowns together with
Newton—Raphson iteration count with respect to mesh refinement (bottom table). The symbol x indicates
that no convergence rate is computed at that refinement level.

region (essentially imposed)
pv=0, p=0, o-v=0, on L'y .

We do not consider external volume forces nor fluid sources, therefore f = 0, f = g = 0, the stress-
assisted diffusion term is as in Example 1 (cf. (6.1)) with Dy = 1073 and D; = 10~*, and the remaining
physical parameters are all constant and assuming the values

p=210Pa, A = 1800Pa, n = 10 3Pas, k =107 m?, « = 0.9, B = 1.5, x = 10" >Pa.

The simulation runs until # = 50s. The numerical solutions are obtained with a second-order scheme
(setting £ = 1), for which the method consists of 667928 DoFs. Note that the domain may lack higher
regularity (it has eight inclusions). Nevertheless, as carried out recently in [30], where the authors refer
to [36, Theorem 1.1], we can use that the domain satisfies an outer ball condition and therefore it is still
possible to attain a higher regularity of the solution in H>(Q) (which justifies the use of a second-order
scheme). Samples of the obtained results are portrayed in Figure 3, showing snapshots of the deformed
poroelastic region, filtration flux, and all other field variables at the final time. The expected injection
patterns are seen in the flux plot, as well as the progressive heating of the fluid near the top plate.
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