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Abstract

In this article, we propose a new formulation and
a suitable finite element method for the steady cou-
pling of viscous flow in deformable porous media using
divergence-conforming filtration fluxes. The proposed
method is based on the use of parameter-weighted spaces,
which allows for a more accurate and robust analysis of the
continuous and discrete problems. Furthermore, we con-
duct a solvability analysis of the proposed method and
derive optimal error estimates in appropriate norms. These
error estimates are shown to be robust in a variety of
regimes, including the case of large Lamé parameters and
small permeability and storativity coefficients. To illustrate
the effectiveness of the proposed method, we provide a few
representative numerical examples, including convergence
verification and testing of robustness of block-diagonal
preconditioners with respect to model parameters.
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1 | INTRODUCTION

We address the analysis of the Biot-Brinkman equations, which serve as a model for filtration of
viscous flow in deformable porous media [3, 22, 53, 54]. The system has been recently analysed in
[35] for the case of multiple network poroelasticity, using H(div, Q)-conforming displacements and
filtration fluxes (or seepage velocities) for each compartment, also designing robust preconditioners.
Here we propose a reformulation for only one fluid compartment but using the vorticity field (defined
as the curl of the filtration velocity) as an additional unknown in the system, and we also include
the total pressure, following [42, 49]. Such an approach enables us to avoid the notorious problem of
locking or non-physical pressure oscillations when approximating poroelastic models and it has led
to a number of developments including extensions to multiple network models, interfacial free-flow
and poromechanics coupling, nonlinear interaction with species transport, reformulations into four and
more fields systems, and using other discretizations such as discontinuous Galerkin, nonconforming
FEM, weak Galerkin, and virtual elements. See, for example, [16, 20, 36, 38,41, 43, 50, 51, 55, 57-58].

The formulation of viscous flow equations using vorticity, velocity and pressure has been used
and analysed (in terms of solvability of the continuous and discrete formulations and deriving error
estimates) extensively in, for example, [1, 2, 6-9, 14, 23, 27-28, 56]. Methods based on vorticity
formulations are useful for visualization of rotational flows and they are convenient when dealing
with rotation-based boundary conditions. The coupling with other effects such as mass and energy
transport has also been addressed, see for example [4, 15, 44]. These contributions include fully mixed
finite elements, augmented forms, spectral methods, and Galerkin least-squares stabilized types of
discretizations. At the continuous level, one appealing property of some of these vorticity formulations
is that the H'-conformity of the filtration flux is relaxed and velocity is sought in H(div, Q) and the
vorticity is sought in either H(curl, Q) or L*(Q). Then, using simply a conforming method, resulting
discretizations are readily mass conservative. Also, mixed methods that look for both vorticity and
velocity will typically deliver approximate vorticity with the same accuracy as velocity (as opposed
to schemes needing numerical differentiation to get vorticity from approximate velocity). Another
advantage of using a vorticity-based method is that an exactness sequence exists between the spaces for
velocity, vorticity, and pressure, yielding a framework that can be straightforwardly analysed with finite
element exterior calculus [34]. We also stress that solving directly for vorticity enables a more thorough
investigation of vortical patterns, interactions at boundary layers, and the formation of turbulent eddies,
all of which are crucial in a diverse array of applications.

Note however that, differently from the aforementioned works, in the case of the Biot—Brinkman
problem, the divergence of the fluid velocity is not zero (or a prescribed fluid source), but it depends
on the velocity of the solid and on the rate of change of fluid pressure. Also, an additional term of
grad—div type appears in the momentum balance for the fluid.

In this article, we prove the well-posedness of the continuous and discrete formulations for
the coupling of mechanics and fluid flow in fluid-saturated deformable porous media using
Banach—Necas—Babuska theory in parameter-weighted Hilbert spaces. The appropriate choice of
weighting parameters yields automatically a framework for robust operator preconditioning in the Biot
equations, following the approach from [42]. This operator scaling yields robustness with respect to
the elastic parameters, storativity, Biot—Willis coefficient, and with respect to permeability. For the
Brinkman component, our present formulation is such that the filtration flux terms have a different
weight in their L*(Q) and H(div, Q) contributions, which requires a different treatment for the analysis
of the pore pressure terms. To address this issue it suffices to appeal to the recent theory in [13] (see also
[46]), which was developed for Darcy equations using nonstandard sum spaces, and we appropriately
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modify the scalings in the momentum equation. This modification entails the use of (discontinuous)
Laplacian operators in the fluid pressure preconditioning.

Our proposed approach also offers a novel contribution to the field of operator preconditioning
for the interaction of mechanics and fluid flow in fluid-saturated deformable porous media, which are
challenging to solve, and the design of efficient preconditioners is highly problem-dependent [29].
Previous works have explored the use of block-diagonal preconditioners, Schur complements, and
pressure-correction methods, which have improved the convergence rate and computational efficiency
of numerical solutions for poromechanics problems [24, 32, 37, 45]. In this work, we also derive
parameter-robust solvers, but following [35] and also [38, 43, 50]. Our results confirm that, additionally
to the Laplacian contribution needed in the Riesz preconditioner associated with the fluid pressure
mentioned above, we also require off-diagonal contributions in the total pressure and fluid pressure
coupling terms (as employed in [16]). The overall parameter scalings that we propose are motivated
by the stability analysis and we verify computationally that robustness holds for this particular choice.
Note that we only discuss one type of boundary conditions, but the extension to other forms can be
adapted accordingly.

Research on preconditioning techniques for advanced discretizations of block multiphysics sys-
tems has also crystallized in a number of high quality open source software packages. One of the
earliest efforts was the BKPIT C++ package [25] which, following an object-oriented approach, pro-
vides an extensible framework for the implementation of algebraic block preconditioners, such as
block Jacobi or block Gauss—Seidel. More recently, as the field of physics-based and discretization
tailored preconditioners has evolved with breakthrough inventions in approximate block factorization
and Schur-complement methods towards ever faster and scalable iterative solvers for large-scale sys-
tems, more sophisticated block preconditioning software is available. The widely-used PETSc package
offers the PCFIELDSPLIT subsystem [19] to design and compose complex block preconditioners.
The Firedrake library extends PETSc block preconditioning capabilities and algebraic composabil-
ity further [40]. Another tightly-related effort is the Teko Trilinos package [26], which provides a
high-level interface to compose block preconditioners using a functional programming style in C++.
The authors in [10] present a generic software framework in object-oriented Fortran to build block
recursive algebraic factorization preconditioners for double saddle-point systems, as those arising in
MagnetoHydroDynamics (MHD).

In this article, we build upon the high momentum gained in the last years by the Julia program-
ming language for scientific and numerical computing. In particular, the realization of the numerical
discretization and preconditioning algorithms is conducted with the Gridap finite element software
package [12]. We leverage the flexibility of this framework, and its composability with others in the
Julia package ecosystem, such as LinearOperators [48], to prototype natural Riesz map pre-
conditioners in the sum spaces described above, leading to complex multiphysics coupling solvers
that are robust with respect to physical parameters variations and mesh resolution. For the sake of
reproducibility, the Julia software used in this article is available publicly/openly at [21].

The remainder of this article is organized as follows. The presentation of the new form of
Biot-Brinkman equations and its weak formulation are given in Section 2. The modification of the
functional structure to include parameter weights and the unique solvability analysis for the con-
tinuous problem are addressed in Section 3. The definition of the finite element discretization and
the specification of the well-posedness theory for the discrete problem is carried out in Section 4.
The error analysis (tailored for a specific family of finite elements but applicable to other com-
binations of discrete spaces as well) is detailed also in that section. Numerical experiments are
collected in Section 5 and we close in Section 6 with a brief summary and a discussion on possible
extensions.
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2 | MODEL PROBLEM AND ITS WEAK FORMULATION

2.1 | Preliminaries

Let us consider a simply connected bounded and Lipschitz domain Q C RY, d € {2,3} occupied

by a poroelastic domain with one incompressible fluid network incorporating viscosity. The domain

boundary is denoted as I' := aQ. Throughout the text, given a normed space S, by S and S we will

denote the vector and tensor extensions, S¢ and §4%9, respectively. In addition, by L2 () we will denote

the usual Lebesgue space of square integrable functions and H"(€2) denotes the usual Sobolev space

with weak derivatives of order up to m > 0 in L2(Q), and use the convention that HO(Q) = LZ(Q).
Next, we recall the definition of the following Hilbert spaces

H'"™(Q) := {y e H(Q) : Vy € H"(Q)},
H"(div, Q) := {¢ € H"(Q): div¢ € H'(Q)}, H"(curl,Q) := {6 € H"(Q): curl 0 € H"(Q)},

and in the case that m = 0 the latter two spaces are denoted H(div, 2) and H(curl, 2), and we use the
following notation for the typical norms associated with such spaces

lullo = lluliGo + IVulie, WlEve = P50 + Idivyliie, ElGme =I5 + leurl £1i5,,
respectively. Furthermore, in view of the boundary conditions on I" (to be made precise below), we
also use the following notation for relevant subspaces
Hy(Q) :={yeH'(@Q :y=00nT},
Hy(div,Q) :={¢ € H(div,Q) : {-n=0o0nT}, 2.1
Hy(curl, Q) := {6 € H(curl,Q) : 6 xn=00onT},

L3(Q) := {g eL’(Q) : /g =0}.
Q

For a generic functional space X and a scalar n > 0, the weighted space #X refers to the same X but
endowed with the norm 7| - ||x. In addition, we recall the definition of the norm of intersection X N Y
and sum X + Y of Hilbert spaces X, Y

2 2 2 2 : 2 2
llzllxny = llzllx + llzlly, lallxey = inf - llxllx + [Iy1ly- (2.2)
xeX,yeY

2.2 | The governing equations

The viscous filtration flow through the deformed porous skeleton can be described by the follow-
ing form of the Biot—Brinkman equations in steady form, representing the mixture momentum, fluid
momentum, and mixture mass balance, respectively

—divQeue(m) + [Adivu — ap]l) = b, (2.3a)
L Yavevp =7 (2.3b)

K K
—cop —adivu —divv =g, (2.3¢)

where u is the displacement of the skeleton, e(u) = %(Vu + Vu") is the tensor of infinitesimal strains,
v is the filtration flux, and p is the pressure head. The parameters are the external body load b, the
external force applied on the fluid f, the kinematic viscosity of the interstitial fluid v, the hydraulic
conductance (permeability field, here assumed a positive constant) x, the Lamé coefficients of the
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solid structure A, u, the storativity cg, and the Biot—Willis modulus a. Equations (2.3a) are equipped
with boundary conditions of clamped boundary for the solid phase and slip filtration velocity

u=0 and v-n=0 on T.

Next we introduce the rescaled filtration vorticity vector

.= \/chrl v, 2.4)
K

which has a different weight than that used in [9] for Brinkman flows. We also define, following the
developments in [43, 49], the additional total pressure field

@ :=—-Adivu + ap.

In order to rewrite the fluid momentum balance in terms of the rescaled filtration vorticity (2.4), we
employ the following vector identity, valid for a generic vector field v:

curl curlv = —Av + V(div ).

These steps, together with a rescaling of the external force f = vf, lead to the following equations
(mixture momentum, constitutive equation for total pressure, fluid momentum, constitutive equation
for filtration vorticity, and mixture mass balance)

—divQeue(u) — ¢l) = b, (2.5a)
- %(p+ %p—divu =0, (2.5b)

1 v v .
—v+ \/7curl »— —V(divv)+ Vp =f, (2.5¢)

K K K
-0+ \/chrlv =0, (2.5d)
K
e+ ) prtp—divy=g: (250)
0T~ p A?’ 85 .
and the boundary conditions now read

u=0 and v-n=0 and @exn=0 on TI. (2.5f)

2.3 | Weak formulation

Let us assume thatb, f € L3 (Q), g€ L?(Q) and that all other model coefficients are positive constants.
We proceed to multiply the governing equations by suitable test functions and to integrate by parts
over the domain. Note that for the divergence-based terms we appeal to the usual form of the Gauss
formula, whereas for curl-based terms we use the following result from, for example, [33]:

/curly 0= / y-curl0+ [ (@xn)-y VO e H(url,Q), y € H(Q),
Q Q oQ
together with the scalar triple product identity

O@Xn)-v=0-(nxv).

We observe in advance that Equations (2.5b), (2.5¢) suggest that, in the limit of ¢y — 0,4 — oo,
both pressures are not uniquely defined and so we require to add a constraint on their mean value (to be
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zero, for example). We then arrive at the following weak formulation for (2.5a): find (u,v, @, @,p) €
H)(Q) x Hy(div, Q) x Hy(curl, Q) x L3(Q) x L3(Q) such that

2;4/£(u) : s(y)—/(pdivy = /b-y Vy EH(I)(Q), (2.6a)
Q Q Q

1/v-§+\/7/curlco-c+v/divvdivC—/pdivC:/f-C V¢ € Hy(div, Q),
K Ja K Ja K Ja Q Q

(2.6b)
—/w-9+ \/V/curle-v=() VO € Hy(curl, Q), (2.6¢)
Q K Ja
—%/(pty%—g/pw—/u/divuzo VweL%(Q), (2.6d)
Q

<co+2>/17q+ /(pq /qdwv_/gq Vg € L3(Q),  (2.6e)
Q

where we have also used the boundary conditions (2.5f).
Let us now define the following bilinear forms and linear functionals

ai(u,y) 3=2H/5(u) ey), bi(y,w) = /wdiv v, biC,q) : /qdw{
Q

w0, ) = K/v c+ 2 /dlvvdwC ba(6,8) : —\/7/cur19 .

a

a3(@, 0) 1=/w-9, as(@. ) :=%/<pw, bi(q,y) :=7/qt//,
Q Q Q
a,2
as(p,q) 1= <C0+/1> /p qs
Q
B(y) :=/b-7, F(©) :=/f-c, G(g) :=/gq,
Q Q Q

with which (2.6) is rewritten as follows: find (u,v, @, @,p) € H(])(Q) X Hy(div, Q) X Hy(curl, Q) x
L3(Q) x L3(Q) such that

~

arw,y) +bi(y. ) = B(y) Vy € Hy(Q), (2.7a)

ar(v.£) + by(@. &) + by(¢.p) = F({) V¢ € Hy(div, Q), (2.7b)
b2(0,v) — a3(w,0) = 0 VO € Hy(curl, Q), (2.7¢)

bi(u,y) —as(@,y) +b3(p,w) =0 Yy € Li(Q), (2.7d)
bi(v. ) + b3(q. ) — as(p.q) = G(q) Vg € Lj(Q). (2.7e)

3 | SOLVABILITY ANALYSIS

3.1 | Preliminaries

The well-posedness analysis for (2.7) will be put in the framework of the abstract
Banach—Necas—Babuska theory, which we state next (see, e.g., [30]).

Theorem 3.1. Let (E1, || - ||,) be a reflexive Banach space, (E, || - ||g,) a Banach space,
and T : E\ — E} a bounded, linear form satisfying the followings conditions:
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(BNB1) For each y € E;\{0}, there exists x € E; such that
(T, y)e,E, # 0. 3.1

(BNB2) There exists ¢ > 0 such that

||T(x)||E£ > c||xl|g, for all x € E. 3.2)
Then, for every x* € E} there exists a unique x € E, such that

T(x) = x*.
Let us first consider the product space
X = H}(Q) x Hy(div, Q) x Hy(curl, Q) x L3(Q) x L3(Q),

and, using the notation ¥ := (u,v, @, @, p) € X, we proceed to equip this space with the norm
=2 . 2 Lo o Vi o2 2 2
[I*]lx = 2ulle@)lloq + ;”V”o,g + E”le v[loq + ll@llgq + viicurl ®||5 o

1
+aolipligq + Ell(p+apll(2),g- (3.3)

Remark 3.1. Note that the scaling of the vorticity seminorm with the viscosity (fifth term
in the right-hand side of (3.3) is not readily apparent from the weak formulation (2.7), but
it is suggested by the stability analysis in Lemma 3.1, below.

Let us also introduce the bilinear form
(Ac@®),¥) 1= a1, y) + bi(y, @) + a2, §) + b (@, &) + b1 (L, p) + b2(6,v) — a3(w, 0)
+ b](u’ lll) - 04((Pa W) + b3(p’ V/) + El("‘? ‘]) + b3(q’ (0) - aS(p, Q), (34)

induced by the operator A, : X — X’ (where the subscript e indicates dependence with respect to the
model parameters «, a, y, v, cg, 4), and again we emphasize that we have different scalings than those
used in [5, 35].

From the Cauchy—Schwarz inequality we readily have the following bounds for the bilinear forms
in (2.7)

a (u,y) 2 2ululialylie, b1y, @) < llolloalrlia, bi(¢, ) < llglloalldiv ¢lloqs

1 . .
a(v,§) < ;||V||0,9||C||o,g + %Hdlv vlloelldiv &lloq. b (0,¢) < \/Zucurl OlloallCllo.

1
a3(@,0) < [|@loallflloe.  ale.w) < ~lleloalvioe.

a?

p >|Ip||o,gllq||o,g, (3.5

a
bi(g,y) < ;HQHO,Q”WHO,Q, as(p,q) < <Co +

forallu,y € HI(Q), v, € H(div,Q), ®,0 € H(curl,Q), ¢, w,p,q € Lz(Q).

Lemma 3.1. Consider the bilinear form defined in (3.4). For allX € X, there existsy € X
such that

(AE.F) 2 IFIE and  [Flx < V2IFlIx. (3:6)
Proof. Using first and second Young’s inequalities it is not difficult to assert that

1 1 e 1
(¢, curl O) o < §||§||%,g + §||Clll‘19||g,g and (¢, ¥)oq < EHQH%,Q + leW“%,Q' 3.7
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Next, for a given Z 1= (y,¢,0,w,q) we can construct y 1=
(y, &+ %\/KV curl 6, -0, —y, —q). We then invoke (3.7), so that we can ensure that

Lo Vv

1% . \%
(Ac@).¥) =2ulyliq+ — NElGq + = (C, curl ) + —lldiv Cllgq +  lleurt 0I5 o

24/x
1 a a
+ 1615 + ;”W“%,Q - E(q’ Voo — E(q’ v) + <Co +— >||Q||osz

ﬂ
2x

a2 1
+(co+E -2 -
<CO 2 2/1>|| ||og (/1 2%e )”W”og

\Z . 12
> 2ulyliq+— IICII%,Q + (¢ curl O)oo + _||div ¢l + 5 llcurl 6li5qo + 11615 ¢

Now, taking € := %‘X + % we can deduce that
2 3 2
c0+0;—§(;28<co+0;>, (3.82)
1 /1C()
,+7
1 o 4 2111
PR TP T R Py (-80)
4 a2

and using (3.8a) and (3.8b) we readily obtain the bound

(Ac®).¥) = 7”z”X

Finally, the definition of the preliminary X-norm (3.3) and triangle inequality yield the
estimates

curl 6

¢+

N
2

Vg 2 2 2
+ ;Ildw Cllg + vileurl 0]l o + 110115,

Iyllx = 2/4|7|1,Q + ‘
K 0.Q

a2

1
2 2
+ <Co + /1> llglloq + ;”W“o,ﬂ
2 2v 2 Vv . 2 3v 2 2
<2ulylig+ *”C“og + ;”d‘V Clloq + ?chrl Olloo + 110150

1
# (s )nqnm Liwiia
< 20l

which completes the proof. [

Using the Banach—Necas—Babuska result, from (3.1) and (3.6) we immediately conclude that
problem (2.7) has a unique solution (u, v, @, @, p) in the space X. However we can note that the bound
on (u,v, , @, p) in the X-norm will degenerate with e (tending either to zero or to infinity).

As a preliminary result required in the sequel, we recall the following classical inf-sup condition
for the bilinear form b, (which coincides with that of the Stokes problem, see, for example, [33]).

Lemma 3.2. There exists f; > 0 such that

biw.y) _ o, ~Wdivioe

= > fillylloe  forally € Lj(Q).
yEHLQ\{0}) I7lie reH@)\(0) lrlie
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3.2 | Parameter-robust well-posedness

Before addressing the well-posedness of (2.7) robustly with respect to €, we first note that the bilinear
forms defining the solution operator suggest to modify the metric in X and include the following
particular parameter-weighting of the functional spaces

X, := V2uH)(Q) x l\/zﬁ(g) N \/ZHo(div, Q)] x [L2(Q) n y/vHy(curl, g)]

1 1 / 2
X l\/;LZ(Q)n A /ng(Q)] X l o+ %Lz(ﬂ)n <\/EH3(Q)+ \/SL%(Q)H .

An important observation is that X, contains the same vectors X that are in X, but which are bounded
in the norm || - || to be defined later.

Note also that, proceeding similarly as in [13] (see also [46]), we have decomposed the space for
fluid pressure as the sum

L3(Q) = \/fL%@) +/xHH(Q) N L3(Q),

and have endowed it with the norm || - ||, defined, thanks to (2.2), as follows
. K
lgi? == _inf  {(E4a)lg=slBa+eolslia+ IVeVsiia) (9
s€\/KH QNL3(Q) v

With this norm we see that, for example, the boundedness of the bilinear form b 1(-,+) can be written
as follows

(g.div oo = (g — s+ 5,div oo = =(Vs, Oog + (g — 5,div oo
« 1/2 ¢ 1 v 1/2
<{xiska+Slla=slia} {I6IFa+2dvelRa} .

for all s € H)(Q), so from (3.9) we have
. 1 2 Vv . 2 1/2
(@.4iv Ooa < llall{ ¢ IFa + “ldivElRa |

On the other hand, we have the following robust-in-¢ inf-sup condition for b, (-, -).

Lemma 3.3. There exists fy > 0 independent of the parameters in €, such that

—(g,div
sup @IVE) > pllgll,  forallgeLi@.  (3.10)
N0 L1 + ldiv €1, |

Proof. Owing to [33], we know that there exists f; > O (independent of the parameters)
such that
IVgll-1.a > Billglloq for all ¢ € L.

Then, for the operator V™! : VL3(Q) — L3(Q) (where VL3(Q) is a closed subspace of
H~!(Q)), we can deduce that

-1 -1
v ”g(VL(Z)(g),L(Z)(Q)) < ﬂl .
Using the Poincaré inequality we can find a positive constant ¢ := ¢(£2) such that

llglloe < clgliq for all ¢ € H'(Q) N L{(Q),
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10 of 26 Wl LEY CARABALLO ET AL.
or, equivalently,
IVl cwar @nz@pi @nz@) < ¢ G.1D)
0 0
Then, we have that
1/2
-1 . 2 1 2
||VQ||L2(Q)+V-1/2H-‘(Q) > max{c, f; } (1=1(1r11‘1:'(12 { lg1 |1,Q + ;”‘12”0,9} . (3.12)
g EHYQNLI (),
$ELY(Q)

Multiplying (3.12) by \/E and applying algebraic manipulations, we can conclude that the
inf-sup condition (3.10) holds with fy := max{c, ﬂl‘l }. [

As done in the previous subsection, the unique solvability analysis will also follow from the
Banach—Necas—Babuska theory, but now using the space X, endowed with the new norm

- - 1
%12 2= %I + llpll7 + Z”(p”aﬂ' (3.13)

Problem (2.7) is written as: find ¥ € X, such that
(A(®),y) =F@F)  forally e X,,
or in operator form as follows
AE)=F  inXg, (3.14)
and the norm of the solution operator is defined as
[ Aellzx xy = sup M
R G FITTE

Translating Theorem 3.1 to the present context, we aim to prove that the operator A, is continuous,
that is
(Ac(@).¥) S Ixllellylle WXy € X, (3.15)

and that the following global inf-sup condition is satisfied
Sup <A€£x )’y >
yexe\{[j} ”y”e

Theorem 3.2. Let || - || be defined as in (3.13). Then the bilinear form induced by A, (cf.
(3.4)) is continuous and inf-sup stable under the norm || - ||, that is, the conditions (3.15)
and (3.16) are satisfied.

2 ¥l vX¥eX.. (3.16)

Proof. For the continuity of A,, it suffices to use (3.5), the norm definition (3.13),
Cauchy—Schwarz inequality, the definition of A, and (3.10), to arrive at

(Ac@),3) < 2%yl

For the global inf-sup, we take a given ¥ € X, and for Lemma 3.1, there exists j; € X
such that

. 1= > >
(A0, y,) 2 Tollxlli and |7 [Ix < V2.

Using Lemmas 3.3 and 3.2 we can find {,, y5 and constants C;, Cy, C‘l, C'z such that

. 1 V. 172
~(.divey) = Cilpl and { liGalha+ S 1AV G IRa | < Calpll.
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and

—(p,divy) > Cl ||‘P||og and /2ulyslie < Cz

1
llellog-
\V2u

Taking y, :=(0,¢5,0,0,0),¥; :=(y5,0,0,0,0), § > 0, and § > 0, we have that
(A(), 10y, + ¥, + 8Y3) = X% + 8(ax(v, &) + ba(@, &) + b1 (&5, p)) + S(ar(w, y3) + bi(¥3, )
1 (VR 172
> 1% —5{— + Z||div w2 }
> |1¥]I% lvlloe + —ldivvilg

1 Vo 12
x{ - N8alloa + Ylldiv &, |
K K

‘/ A
— 6——=llcurl ®lollC,llo + 8CilIplIF — 2udlulialyslie

NG
.C
+65lloliq
M
o 1/1 v, .. v
>x2—7(—v +—d1vv2)—fcurlco2
2 IFlI% = 5 (L Illoa + ldivvligg ) = S I13q
— ululiq +8C|pll?
~C 1 v . 2
+6 ol — 8= 11Calloq — 8° == Idiv &, I3, — 268 |y313 g
2u K 2K

L~ a1l (2 242
2 SIEI +5(C = 5CHIpIE + 85 (& =367 )lloli o

. C .

Then, choosing 6 := CC‘Z and 6 : ﬁ, we can deduce the estimates
2

2

4C2 2u

2 ;2
Zlmm{l,clz,c’}}||5é||§, and
2 2C3° 202

- . - Y |
1105, + 6%, + 853 llc < 10V2[Fll. + 5Callpll, + 3C, \/2_”(.0”0,9
u

<max{10\/_ a & }||5c'||e.

2C,7 20,

. L~ C
(Ac@®), 105 + 85, + 6y3) = S II¥llx + 4C2 lpll7 + I|<0||og

And from these relations we can conclude that:

. mm{l et 2}“ 2
sup <Ae(x),y> (Ac®), 10y, + 5y, + 6y3) > 2C

sexa@ Wlle = I105, + 65, + sl {10 /i G }”fne
2C2 20 )

P

3.3 | Operator preconditioning

We recall from, for example, [39, 46], that since .4, maps X, to its dual, when solving the discrete
version of (3.14), iterative methods are not directly applicable unless a modified problem is considered,
for example

BA(X) = BF in X,
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12 of 26 Wl LEY CARABALLO ET AL.

where B : X, — X, is an appropriately defined isomorphism. As usual, one can take B as the Riesz
map (self-adjoint and positive definite) whose inverse defines a scalar product (-, -)x_ on X,, and the
operator B.A, is also self-adjoint with respect to this inner product. Then

(Ac(®),y) = (BAX),y)x, and  [[BAM@)llx, = [ 4:®)llx’»
and therefore, using the definition of the operator norms, it is readily deduced that

-1 -1
I1BAlcx, x,) = ellex, xy and  [[(BA)™ llex,x,) = I A llex, x)-

Then, if an appropriate metric is chosen such that the norms of A, and of Az ! are bounded by constants
independent of the model parameters e, then the condition number of the preconditioned system will
also be independent of the model parameters.

Proceeding then similarly as in, for example, [13, 16, 43], we consider the following block-diagonal
preconditioners focusing on the case of mixed boundary conditions (and therefore not including
contributions related to the zero-mean value of fluid and total pressure)

B, =
(—div(2pe))! 0 0 0 0
-1
0 (K_II -ty div) 0 0 0
0 0 (I+ v curl)™! 0 0 ’
-1
1 1
: o e I
N
(3.172)
B =
(~div(2pe))! 0 0 0 0
-1
0 <K—11 -ty div) 0 0 0
0 0 I+ vcurl)™! 0 0 ’
: o0 (e
A 2u l
0 0 0 0 ((Co + 1;)1 - KA)
(3.17b)
B; =
(~div(2ue))”! 0 0 0 0
-1
0 (K—'I—<1+§>Vdiv) 0 0 0
0 0 I+veur)™ 0 0} (3.17¢)
0 0 0 B
0 0
with

-1 -1

1 1 a 1 1 a
(Gt 2 G i
2 2
o1 (I+co+ )1 =1 (co+ "I — kA
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CARABALLO ET AL. Wl LEY 13 of 26

Note that only B3 results from the Riesz map corresponding to X, with the complete norm as
in (3.13), while By, B, are approximations of /3. In particular, B; simply considers the parame-
ter weighting suggested by the weak formulation (2.6) (but taking into account the scaling of the
vorticity seminorm according to Remark 3.1) combined with the Riesz map associated with the
natural regularity of that formulation, and /3, includes also the sum of spaces leading to the pres-
sure Laplacian forms which are key in achieving robustness for Darcy-type problems [13]. The full
form B35 also includes the nonstandard Brezzi—Braess type of block B for total and fluid pressures,
which is needed in perturbed saddle-point problems with penalty as proposed in [16, Section 4]
(see also [17]).

4 | ANALYSIS OF A FINITE ELEMENT METHOD

Let 7, denote a family of tetrahedral meshes (triangular in 2D) on Q and denote by &, the set of
all facets (edges in 2D) in the mesh. By hx we denote the diameter of the element K and by hp
we denote the length/area of the facet F. As usual, by & we denote the maximum of the diameters
of elements in 7;,. For all meshes we assume that they are sufficiently regular (there exists a uni-
form positive constant #; such that each element K is star-shaped with respect to a ball of radius
greater than #;hg). It is also assumed that there exists 7, > 0 such that for each element and every
facet F € 0K, we have that hp > mhg, see, for example, [30, 52]. By Px(®) we will denote be
the space of polynomials of total degree at most k defined locally on the domain ®, and denote by
P;(®) and P(®) their vector- and tensor-valued counterparts, respectively. By &, we will denote the
set of all facets and will distinguish between facets lying on the interior and the two sub-boundaries
En=EMmuel

For smooth scalar fields w defined on 7}, the symbol w* denotes the traces of w on e that are
the extensions from the interior of the two elements K* and K~ sharing the facet e. The symbols
{{-}} and [[-] denote, respectively, the average and jump operators defined as {w}} := %(w‘ + wt),
[wl := (w~ —wt). The element-wise action of a differential operator is denoted with a subindex #,
for example, V;, will denote the broken gradient operator.

The discrete spaces that we consider herein correspond, for k > 0, to the generalized
Taylor-Hood element pair (Py+» — Pr41) for the displacement/total pressure approximation, the
H(div)-conforming Raviart-Thomas elements of degree k (denoted RTy) for velocity approximation,
the H(curl)-conforming Nédélec elements of the first kind and order k + 1 (denoted NDy, ) for fil-
tration vorticity (see, e.g., [18, 31] for precise definitions of these families of spaces), and piecewise
polynomials of degree k for the approximation of interstitial pressure

U, = {w, € HYQ) : uplx € Pria(K), VK €T3},

V, i= {v, € Hy(div, Q) : vy|x € RTi(K), VK €Ty},

W, :={@;, € Hy(curl,Q) : w,|x € NDy(K), VK €T},
M} = {u, € L(Q) : uylx € P(K), VK €T}, “.1)
Ui 1= {uy € Hy(Q) : uplx € Pu(K), VK € Ty},

Zy := {yn € COQ) : wilx € Peri(K), VK € Tp},

Q= {qn €LXQ) : qulx €Pi(K), VK €T}
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14 of 26 Wl LEY CARABALLO ET AL.

Note that other combinations of finite element families are feasible as well (as long as appropriate
discrete inf-sup conditions are satisfied). In 2D we will consider the same space Q,, for both total and
fluid pressures and we will use the P, — Py pair for displacement and total pressure approximation.

The (conforming) finite element scheme associated with (2.7) reads: Find

@n, i, @p, @i, p) € Xy i=Up XV X Wy X Zy X Q,

such that
arWp, yy) + b1y, o) = B(y;,) vy, € Up,
a (i, ) + ba(@n, &3,) + b1(&)o i) = F(&) V¢, € Vi,
ba(On,v) — az(@y, 6,) =0 VO, € Wy,
bi(un, wi) — as(@n, wn) + b3(pn, wn) =0 Yy, € Zy,
by(vh. qn) + b3(qn. 1) — as(pn- qn) = G(qn) Vagn € Q.

Similarly as in the continuous case, we define

| v k+1 1 1
X :=2uU;, X M, Nn4/=V,| XIM;T N W,1X |=-Q,n—7Z
y uUj, l\/: h \/: 1] (M, \/; nl /lQh 2

o o)

and the associated discrete norm is

S 2 . 2 1 2 Vo 2 2 2 1
1XR Iz, 2= 2ulle@nlloq + ;”Vh”(),g + E”le villog + ll@nlloq + viieurl @yl o + ZH(/M

+ inf

€Y,

K 2
(co+ = )ips = sulif + collsll® + H\/Evhsh)]m]

1
+ E”(Ph + apull§q + collpallf -
As in the continuous case, now problem (4.2) is written as: Find ¥;, € X, such that
<A€(£h),5’)h> = Fh@h) fOI' all .;;h € Xe,h,

or in operator form as follows
Ac(Xp) = Fy in X .
Lemma 4.1. There exists p; > 0 independent of the parameters in € and h, such that

—(gqp, div
sup @.0Vehe s pigll,  forall g, € Q. (4.5)

v\ {0} [ 1 i
GEVAO L g, g + Yldiv &R |

Proof. The proof requires to assume that the continuous inf-sup condition holds. Then,
similarly to the proof of that result (Lemma 3.3), the first part (steps until (3.11)) is a con-
sequence of the fact that the spaces V;, and Q,, satisfy the usual discrete inf-sup condition
for the Stokes problem. Then, it suffices to follow the scaling argument in (3.12), also
valid at the discrete level, to complete the desired condition. [ ]

(4.22)
(4.2b)
(4.20)
(4.2d)

(4.2¢)

2
|(),Q

(4.3)

4.4)
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Analogously to the continuous case, we need the following conditions to be satisfied to guarantee

existence and uniqueness to problem (4.4):

(Ac@n), ) S IEnllellypllen VX3, ¥, € Xeps
Sup <A€£xh)3yh>
?hexs,h\{—d} ”yh”e,h

Theorem 4.1. Let || - || be defined as in (4.3). Then the bilinear form induced by A,
(cf. (3.4)) is continuous and inf-sup stable under the norm || - ||c 4, that is, the conditions
(4.6a) and (4.6b) are satisfied.

2 1% llen VX, € Xep.

Proof. We use again that the pairs (Uy, Z;) and (Vj,Q,,) are inf-sup stable spaces for
the usual bilinear form in Stokes problem, which ensures that we can find discrete ver-
sions ¥, 5, ¥, 3 of the tuples ¥, and y;, respectively, constructed in Theorem 3.2. We also
note that curl W;, C V,,, and therefore we can prove the discrete version of Lemma 3.1.
Then the desired result is a consequence of repeating the arguments used in the proof of
Theorem 3.2. [

Theorem 4.2. For given b,f € Lz(Q) and g € L*(Q), problem (4.2) has a unique solu-
tion Up, Vi, On, Pn, Gn) € Xep. In addition, the solution satisfies the following continuous
dependence on data

@, i, 01, @ pi)lle S (B0 + LAloe + lIgllo.Q)s

and the following Céa estimate

l(u — up,v = Vi, @ = @1, @ = @n.p — p)lle < <1 +a! ||Ae||£(xé,x;)>
”(u — VYV~ Chsw - 01’!9 @ —=Yp,p— Qh)”e‘v

SJorall (¥, &1 Ons Wi, qn) € Xen, where a is the positive constant associated with (4.6b).

Proof. The existence and uniqueness of the solution is obtained in a similar way to its
counterpart in the continuous level. For the corresponding Céa estimate, we proceed to
denote as ¥ 1= (W, v, ®,@,p), ¥ 1= Wn Vi @4 @ropp) a0d 3y, 1= (1 s Op Wi ).
From (4.6b), we can infer that there exists a positive constant a independent of the
parameters such that

p (A5

= > allXple VX, € Xep
Zhexs,h\{ﬁ} ”zh”e

Using the error equation, we readily obtain that {A.(¥),y,) = {A(¥3),y,). Furthermore,
since y, — ¥, € X, we can deduce that

1% = Xalle < 11X = Yplle + 1Yy — %alle

o P
<IE-Fylle +a sup (ALRZ TG

zhexg’h\{ﬁ} ”zh”e

<IE-Fle+o sup ALZDE)

(4.6a)

(4.6b)
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I Aelleex, x0) 195 = %llellznlle

<X =Fylle+a" sup =
zhexe,h\{ﬁ} ”Zh”e

-1 - o
<(+a ||Ae||£(x€,x/€))||x = Yulles

which finishes the proof. L

Let us recall, from, for example, [30, Chapters 16, 17, and 22], the following approximation
properties of the finite element subspaces (4.1), which are obtained using the classical interpolation
theory. Assume that (u, v, , @, p) € H'¥(Q) x H*(div, Q) x H'(curl, Q) x H*(Q) x H*(Q), for some
s € (1/2,k + 1]. Then there exists C > 0, independent of A, such that

lle — Ly@)lloo < Ch'luli4s0,
llp = IL@Mlloe < CHplsa,
v = I 0Wllog < CH|v]s0.

lo - I} (@)oo < CHlo|;q,

(4.7a)
(4.7b)
(4.7c)
(4.7d)

where IT, : L§ — Z;, C Q,, is the L?-projection and 7, : H'(Q) — U, IF" : Hy(div,Q) — V),
Hy(curl, Q) — W,, are the Lagrange, Raviart-Thomas and Nédelec interpolators respectively.

1)

Theorem 4.3. Let (u,v,0,p,p) € X, and Uy, vy, @, @n,pn) € Xcp be the unique
solutions to the continuous and discrete problems (2.7) and (4.2), respectively. Assume
that (w,v,®, @,p) € HT(Q) x H'(div, Q) x H'(curl, Q) x H(Q) x H(Q), for some
s € (1/2,k+ 1]. Then, there exists C > 0, independent of the mesh size h and of the model
parameters €, such that

@ —up,v — vy, 0 — @p, @ — @p,p — prlle < CH ||, v, @, @, p)ls.e
where

2 . 2 L Voo 2 2 L,
|, v, @, @, p)llse := 2M|u|1+s,g + ;|V|S,Q + E|le V|S,Q + |(0|s,9 + v|curla)|S,Q + ﬂkﬂh,
K 2 1 2
+(co+ v |P|5‘,Q+E|(P+ap|s,g-

Proof. This result follows immediately after choosing the tuple

i S O Wi @) 2= (Tn(@), I ), ;! (@), (), TTa(p)),

in Theorem 4.2, and then using the estimates (4.7a)—(4.7d) together with the following
commuting properties of the Raviart-Thomas and Nédélec operators

divIf (v) = I, (div v), curl 7)) (@) = TT;(curl o).

Finally, it suffices to invoke the fact that ||g]|, < (% + co) llgllo.c- n

Remark 4.1. The error estimate above holds true also in the limit cases of near incom-
pressibility (A — o0) and near impermeability (« — 0). This robustness in these cases
(along with variations in other parameters) is explored in Section 5.2. We also stress that
in the non-viscous regime (v = 0) we do not have a velocity Laplacian in the fluid momen-
tum equation (2.3b), and no vorticity is required. In that case the formulation in (2.7)
recovers the 4-field Biot formulation from [16]. Optimal convergence for the Biot limit is
confirmed numerically in Section 5.1, below.

Q
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5 | NUMERICAL VERIFICATION

The aim of this section is to experimentally validate the theoretical results presented in Section 4. We
certify by error convergence verification the proposed finite element method, and then we apply the
formulation in the simulation of a representative viscous flow in a poroelastic channel. We also evaluate
the robustness of the preconditioners in (3.17). The numerical implementation uses the open-source
finite element framework Gridap [12], and is available in the public domain [21]. For the solution of
the linear systems in the accuracy verification tests we employ the sparse direct method MUMPS, while
in the preconditioner tests we use the preconditioner MINRES iterative solver; see the corresponding
section below for the full details underlying the setup of the preconditioner tests.

5.1 | Accuracy tests

Let us consider the unit square domain Q = (0, 1) together with the manufactured solutions

ugry) = (S ) = sinrr + ) sinGry),
cos(z[x? +y?])

sin(zx) sin(zy) \/7 .
v(x,y) = R w(x,y) =4/ —curl v, o, y) =—Adivu + ap.
cos(zx) cos(2rzy) K
The model parameters assume the arbitrary valuesv=1,A=1,u =1,k =1,co =1, a = 1; and the
loading and source terms, together with essential boundary conditions are computed from the manu-
factured solutions above. The mean value of fluid and total pressure is prescribed to coincide with the
mean values of the manufactured pressures, which is implemented by means of a real Lagrange multi-
plier. Sequences of successively refined uniform tetrahedral meshes are used to compute approximate
solutions and to generate the error history (error decay with the mesh size 4 and experimental conver-
gence rates, using norms in non-weighted spaces for each individual unknown and at each refinement
level). We display the error history in Table 1, where the method confirms an asymptotic optimal con-
vergence of O(h**1) for each variable and for both polynomial degrees. We remark that for this test we
use continuous and piecewise polynomials of degree k + 2 for displacement and discontinuous piece-
wise polynomials of degree k for total pressure. Note that in 2D, the filtration vorticity is a scalar field

W= \/g curl v and the appropriate functional space is H)(Q). In the discrete setting we then select

W, 1= {w, € Hy(Q) : wulx € Pi(K), VK € T;}.

Moreover, to strengthen the numerical evidence, in the last column of the table we report the
(L2-projection onto Zy, of the) loss of mass

. o? a .
loss, :=—|{co+ - pn+ ;(ph —div(vy) — g, 6D

for each refinement level, confirming a satisfaction of the mass conservation equation on the order of
machine accuracy. This test has been performed using pure Dirichlet boundary conditions.

In regards to Remark 4.1, we perform exactly the same error history as reported in Table 1, now
in the non-viscous regime (setting v = 0). Of course, then vorticity is zero and optimal convergence is
attained for all other fields also in this case, as shown in Table 2.

5.2 | Robustness of the convergence rates

Next we conduct a second test of convergence, now in the unit cube domain Q = (0, 1)? and with
mixed boundary conditions (displacement, normal velocity, and tangential vorticity are prescribed on
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TABLE 1 Accuracy test in 2D.

DoF h e1(u) r egiv(¥) r ean(®@) T (@) r 2012) r loss;,
Discretization with k = 0

93 0.7071  2.36e+00 * 1.98¢+00 * 8.43e+00 % 3.10e+00 % 4.77e-01 * 2.66e—15
309 0.3536  1.04e+00 1.18 1.36e+00 0.53 6.74e+00 0.32 1.75¢+00 0.83 2.59e—01 0.88 8.88e—15
1125 0.1768 4.68e—01 1.16 6.94e—01 0.98 3.47e+00 096 898—01 0.96 9.13e—-02 1.50 1.66e—14
4293 0.0884 2.27e-01 1.04 3.49¢e—01 0.99 1.74e+00 0.99 4.52¢e—01 0.99 3.87e—-02 124 3.68e—14
16,773  0.0442 1.13e-01 1.01 1.74e—01 1.00 8.73e—01 1.00 2.26e-01 1.00 1.84e—02 1.08 1.20e—13
66,309  0.0221 5.65e—02 1.00 8.73e—02 1.00 4.37e-01 1.00 1.13e—01 1.00 9.05e—03 1.02 1.99e-13
Discretization with k = 1

221 0.7071 8.54e—01 x 1.27e+00 * 5.40e+00 x 1.26e+00 * 2.04e—01 x 8.95e—15
789 0.3536  1.90e—01 2.17 3.0le—01 2.07 1.47e+00 1.87 3.92e—01 1.69 3.72e—02 246 2.30e—14
2981 0.1768 4.80e—02 1.99 7.75e—02 1.96 3.86e—01 193 1.0le—01 1.96 7.69e—03 227 5.56e—14
11,589  0.0884 1.20e—02 2.00 1.95¢—02 1.99 9.84e—02 197 254e—02 199 1.82e—03 2.08 1.15e—13
45,701  0.0442 3.00e—03 2.00 4.89e—03 2.00 2.48e—02 199 6.36e—03 2.00 4.50e—04 2.02 2.40e—13
181,509 0.0221 7.50e—04 2.00 1.22e—03 2.00 6.23e—03 1.99 1.59¢-03 2.00 1.12e—04 2.00 5.00e—13

Note: The symbol x denotes that no experimental convergence rate has been computed at the first refinement level. Error history (errors
for each field variable on a sequence of successively refined grids) using non-weighted spaces, convergence rates, and #*-norm of the
loss of mass (the residual of the mass conservation equation at the discrete level, Equation (5.1)).

TABLE 2 Accuracy test in 2D.

DoF h e () r eqiv(v) T eo(@) T eo(p) r loss,
Discretization with k = 0

93 0.7071 2.36e+00 * 1.93e+00 * 3.08e+00 * 2.61e-01 * 2.6le—15
309 0.3536 1.04e+00 1.18 1.34e+00 0.52 1.74e+00 0.83 1.40e-01 0.90 1.04e—14
1125 0.1768 4.68e—01 1.15 6.91e—01 0.96 8.97e-01 0.95 7.15e—02 0.97 8.17e—14
4293 0.0884 2.27e—01 1.04 3.48e—-01 0.99 4.52e—01 0.99 3.59¢—02 0.99 3.37e—13

16,773 0.0442 1.13e—01 1.01 1.74e—01 1.00 2.26e—01 1.00 1.80e—-02 1.00 3.64e—12
66,309 0.0221 5.65e—-02 1.00 8.73e—02 1.00 1.13e-01 1.00 9.00e—-03 1.00 2.43e-11
Discretization with k = 1

221 0.7071 8.54e—01 * 1.26e+00 * 1.25e+00 * 9.43e—-02 * 7.75e—15
789 0.3536 1.90e-01 2.17 3.01e-01 2.06 3.90e—01 1.68 2.54e—02 1.89 2.37e—-14
2981 0.1768 4.81e—02 1.99 7.76e—-02 1.95 1.01e-01 1.96 6.48e—03 1.97 5.83e—14

11,589 0.0884 1.20e—02 2.00 1.96e—02 1.99 2.53e—02 1.99 1.63e—03 1.99 1.25e—13

45,701 0.0442 3.00e—03 2.00 4.91e-03 2.00 6.35e—03 2.00 4.07e—04 2.00 4.19e—13

181,509 0.0221 7.51e—04 2.00 1.23e—03 2.00 1.59e—03 2.00 1.02e—04 2.00 7.12e—12
Note: The symbol * denotes that no experimental convergence rate has been computed at the first refinement level. Error history for
the non-viscous regime with v = 0 (errors for each field variable except vorticity on a sequence of successively refined grids) using

non-weighted spaces, convergence rates, and £*-norm of the loss of mass (the residual of the mass conservation equation at the discrete
level, Equation (5.1)).

the sides x = 0, y = 0, z = 0 and known normal stress, flux, and pressures are imposed on the
remainder of the boundary) considering closed-form solutions to the vorticity-based Biot—Brinkman
equations as follows

sin(z[x +y 4+ z])
ux,y,2) = % cos(z[® +3? + 22]) :
sin(z[x +y + z]) cos(z[x + y + z])
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TABLE 3  Accuracy test in 3D.
DoF h e((u,v,®, p,p)) r
Discretization with k = 0
4675 0.6124 1.02e+01 *
19,939 0.3062 3.87e+00 1.402
110,083 0.1531 1.18e+00 1.718
718,339 0.0765 3.24e-01 1.862
5,162,755 0.0383 8.51e—02 1.928
Discretization with k = 1
12,766 0.6124 3.03e+00 *
55,514 0.3062 7.32e—01 2.048
310,450 0.1531 1.34e—01 2.454
2,041,058 0.0765 2.03e—02 2.715

Note: The symbol * denotes that no experimental convergence rate has been computed at the first refinement level. Error history (total
error in the weighted norm that leads to the definition of 35 on a sequence of successively refined grids).

p(x,y,2) = sin(zx) cos(wy) sin(zz),
sin’(zx) sin(zry) sin(27z)
v(x,y,2) = sin(zx)sin?(zy) sin(27zz) )

—[sin(27zx) sin(zy) + sin(zx) sin(2zy)]sin’(xz)

o(x,y,7) = \/Zcurl v, @x,y,z7)=—-Adivu + ap.

The 3D example uses generalized Taylor—-Hood elements for the displacement/total pressure pair, but
differently from (4.1), we take one polynomial degree higher for the approximation of velocity, vor-
ticity, and fluid pressure. This to maintain an overall O(h**?) convergence. This time we consider the
parameter values v = 0.1, 4 = 100, y = 10, ¥ = 10_3, co = 0.1, « = 0.1, and in Table 3 we only
show the error decay measured in the total weighted norm that leads to the definition of 33, that is
I¥ — xX3lle = \/& —x3,) - B3 (¥ — x,). This shows an asymptotic 4#**2 order of convergence. For sake
of illustration, we depict in Figure 1 the approximate solutions obtained after four levels of uniform
refinement.

We also explore the dependence of the order of convergence upon variation of the base-line param-
eter values used in Table 3. We consider several sample values of model parameters u € [1, 108],
Ael, 108], vV E [10_6, 1],k € [10_8, 1, € [0,1],and ¢¢ € [10_8, 1]. These ranges are encountered
in typical applications of poromechanics of subsurface flows and of linear Biot consolidation of soft
tissues [16, 24, 43, 47, 55]. For the sake of brevity, however, we only report a subset of representative
results we obtained with y = 1,a =1, A = {1,108}, v = {1078, 1}, x = {1078, 1}, and cp = {1078, 1}.
In any case, the software in [21] is written such that the reader might also run additional tests with other
parameter values as per-required. We consider the unit cube domain discretized into uniform tetrahe-
dral meshes. In particular, we consider four mesh resolutions, from one up to four levels of uniform
refinement of the unit cube discretized with two tetrahedra. We use mixed boundary conditions, with
I" being conformed by the faces x = 0, y = 0, z = 0 and X the remainder of the boundary.

The results are shown in Figure 2 for k = 0. Overall, the different convergence curves confirm
O(h**?) convergence in the weighted norm that leads to the definition of /35 regardless of the parameter
values, as predicted by the theoretical analysis.
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FIGURE 1  Accuracy test in 3D. Approximate solutions of the Biot—-Brinkman equations on a relatively coarse mesh.
Displacements on the deformed configuration, velocity streamlines, vorticity vectors, total and fluid pressures computed with
the lowest-order method.
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FIGURE 2  Error convergence curves in 3D for k = 0 and different combinations of the physical parameters values. The
errors are measured in the weighted norm that leads to the definition of ;.
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FIGURE 3  Comparison of parameter robustness for preconditioners /3, /3,, and ;.

5.3 | Preconditioner robustness with respect to model parameters

Finally, we proceed to study the robustness of IS’J.‘1 in (3.17) with respect to varying model parameters
and increasing mesh resolution. We use the same combination of parameter values as in the previous
section, namely y = 1, @ = 1, A = {1,108}, v = {1078, 1}, k = {107, 1}, and ¢o = {1078,1}, and
five levels of uniform refinement of the unit cube discretized with two tetrahedra. We used the same
boundary conditions as in the previous section. We used the definition of FE spaces in (4.1) for k = 0.
The action of the different inverses arising in the diagonal blocks of Bj‘l in (3.17) is implemented
with the UMFPACK direct solver. For each combination of parameter values and mesh resolution, we
used these preconditioners to accelerate the convergence of the MINRES iterative solver. Convergence
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FIGURE 4 Comparison of parameter robustness for preconditioners /3, /3,, and ;.

is claimed whenever the Euclidean norm of the (unpreconditioned) residual of the whole system is
reduced by a factor of 10°, and stopped otherwise if the number of iterations reaches an upper bound
of 500 iterations. The (discrete) Laplacian operator required for /3, 33 acts on discontinuous pore
pressure approximations so we use (for a given piecewise-defined field #) the following form (see [13])

(=1 didoe = X, Vapn Vipdox + <{{"}}[[ph]], [[qh]]> + ) (L) (5.2)

ker, Lo \ e} e

while for the lowest-order case we only keep the second and third terms on the right-hand side of (5.2).
In Figures 3 and 4, we show the number of preconditioned MINRES iterations versus number
of DoFs for the B, B, and 33 preconditioners with the particular parameter value combinations
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mentioned above. Each of the plots in these figures contain four curves corresponding each to one of
the four combinations of k¥ = {1078, 1}, and ¢y = {1078, 1}. To facilitate the comparison among By,
3, and Bj, the six plots in each figure are grouped into two groups of three horizontally adjacent
plots each. Each group correspond to a combination of 4 = {1,108}, v = {1078, 1}; the particular
combination corresponding to a group is indicated in the title of the three plots in the group.

From Figures 3 and 4, we observe that the number of MINRES iterations with /33 reaches an
asymptotically constant regime with increasing mesh resolution for all combinations of parameter val-
ues tested. This is also the case of /3; and 3, in the majority of cases, except for some combinations
of parameter values in which v = 1078 (see,eg, Biandu =1, 1=1La=1v = 1078, k=1,
and ¢y = {1078, 1}), where preconditioner efficiency (number of MINRES iterations) significantly
degrades (increases) with mesh resolution. (We recall from Remark 4.1 that in the limit v — 0 the
system at hand becomes a four-field Biot system [16].) For these combinations of parameters, the
coupling among the two pressures in the last leading block of 35 is essential to retain mesh indepen-
dence convergence. This observation agrees with the experiments in [16] for four-field formulations
of Biot poroelasticity and simpler problems (including Herrmann elasticity and reaction-diffusion
equation), where comparisons were performed against sub-optimal preconditioners. On the other hand,
we observe a relatively low sensitivity of the number of MINRES iterations (and thus robustness) with
respect to the value of the model of parameters for all preconditioners (leaving aside the aforemen-
tioned combination of parameter values). For example, for y = 1, 1 = 108, a=1,v=1078, B, and
finest mesh resolution, the number of iterations varies between 40 and 50 despite the disparity of scales
in the values of ¢y and k. It is worth noting that B, and B, lead to a similar or even lower number of
iterations than B3 in most cases, despite it being a computationally cheaper preconditioner. This is the
case, for example, for and B, y = 1, A =1, a = 1, v = 1, and all combinations of k and ¢ tested.

6 | CONCLUDING REMARKS

We have presented a new formulation for the Biot—Brinkman problem using rescaled vorticity and
total pressure, and have carried out the stability and solvability analysis of the continuous and discrete
problems using parameter-weighted norms. We have derived theoretical error estimates and have sub-
sequently confirmed them numerically; and we have constructed suitable preconditioners that achieve
mesh-robustness iteration numbers when varying elastic and porous media flow model parameters. In
order to be able to apply these algorithms to more realistic problems one needs to efficiently exploit
the vast amount of hardware parallelism available in high-end supercomputers. As future work, we
plan to address the parallelization of the algorithms proposed using the GridapDistributed.j1l
package [11].

Parts of the theoretical framework advanced herein (in particular, the use of a vorticity-based
formulation for the filtration equation) extend naturally to more complex setups, for example to the
multiple network generalized Biot—Brinkman model from [35]. Further improvements to the model and
to the theory include the rigorous treatment of different types of boundary conditions, the interfacial
coupling with free-flow or with elasticity, and robust a posteriori error estimates.
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