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Abstract

A fully discrete approximation of the dynamic von Kdrméan equations combines nonconforming Morley finite ele-
ment methods for spatial discretization with an energy conserving modified unconditionally stable Newmark second-
order time-stepping scheme. Brouwer’s fixed-point theorem establishes existence of a solution to the fully discrete
scheme and further uniqueness and stability estimates follow for small loads. Optimal order a priori error estimates
in the piecewise energy norm with quadratic convergence in time are derived for the fully discrete scheme. The
results of the numerical experiments validate the theoretical error bounds.
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1 Introduction
1.1 Mathematical Model

The von Karman equations provide a fundamental mathematical framework for describing the nonlinear bending be-
havior of thin elastic plates. These equations, originally developed in the context of classical elasticity, account for
large deflections while retaining the assumption of small strains, making them particularly useful in modeling geo-
metrically nonlinear deformations. This paper analyzes a discretization scheme for the dynamic von Kérmén system

u, + A% —[u,v] = f(x,1) at (x,1) € Qx(0,T], (1.1a)

sz+%[u,u]=Oat(x,t)€QX[O,T] (1.1b)

with initial and clamped boundary conditions

_ou _ ov

u(x,0) = uy(x), u(x,0)=u;(x)inQ; u=—=0,v=-—=00n0Q2x%x(0,T]. (1.1¢)
on on

Here and throughout the paper, [o, ¢] is the Monge—Ampere form operator or von Karmén bracket,

- 0%ud*v  0*ud*v 0’u 0%v
[u,v] i=——+—-—— —
0x20y?  0y? 0x2 0x0y 0x0y

while Q is a bounded polygonal Lipschitz domain in R? with outward-pointing unit normal n to the boundary 0%,
A’w = 0*w/ox*+20*w/dx?>0y*+0*w/dy* denotes the biharmonic operator, ou/dn = Vu-n (resp. dv/on = Vv-n)
is the outer normal derivative of u (resp. v) on 0d€, and u,, u,, denote the first- and second-order derivatives with
respect to time, respectively. The system of equations (1.1) describes the transversal displacement u and the Airy-stress
function v of a vibrating plate, whose boundary is clamped in transversal direction but free in horizontal direction. For
a derivation of the equations from physical principles, we refer to [19] and the references therein.
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1.2 Literature overview

Several contributions in the literature discuss the discretization of the static von K4rman equations [12, 30, 32, 33];
[4,20,28] and the references therein study existence of solutions, regularity, and bifurcation phenomena. The weak
solutions u,v € HS(Q) to the static von Kdrméan equations belong to Hg(Q) N H?**°(Q) with the index of elliptic
regularity o > 1/2 determined by the interior angles of the polygonal boundary 0Q with ¢ = 1 for convex domains [8].
In [32] and [33], the authors analyze conforming and nonconforming finite elements for the static von Karman model
and derive the optimal-order error estimates in the energy, H', and L? norms. A unified analysis for fourth-order
quadratic semilinear problems in [15] applies to Morley, discontinuous Galerkin, C? interior penalty, and the weakly
over-penalized symmetric interior penalty schemes. A conforming C! virtual element method in [30] approximates
isolated solutions to the von Karmén equations.

Despite the rich literature on the numerical analysis of the von Karman static model, not many results are avail-
able for its challenging time-dependent counterpart. The underlying biharmonic wave equation has been the subject
of several numerical studies: [3] considers the C!-conforming Bogner—Fox—Schmit elements in space coupled with
Galerkin and collocation methods in time and [35] analyzes lowest-order nonstandard finite element methods (Morley,
discontinuous Galerkin, and C? interior penalty) combined with explicit and implicit time-stepping schemes. One
reference for the dynamic von Karman equation is [7] with a semidiscrete (in time) energy conserving finite differ-
ence schemes. The dynamic von Karméan equation (1.1) over rectangular domains in [40] employs Chebyshev and
Legendre-collocation methods for the spatial discretization and the implicit Newmark-f scheme combined with a non-
linear fixed-point algorithm in each time step. Bilbao et al. [5-7] have developed a line of finite-difference schemes
for the dynamic von Karman plate, from closed-form energy-conserving but conditionally stable schemes.

1.3 Contributions

This paper presents a rigorous analysis and implementation of a novel fully discrete scheme for the dynamic von Kar-
man equations with clamped boundary conditions. A nonconforming Morley finite element method for the spatial
discretization and a modified Newmark second-order time discretization scheme in this article lead to an uncondition-
ally stable scheme. The main contributions of this work are as follows.

e An implicit modified Crank—Nicolson scheme leads to an unconditionally stable quadratic scheme with optimal
convergence rates for the initial discretization.

e A classical implicit time-integration approach for plate dynamics is the Newmark constant-average acceleration
method [34] that is unconditionally stable for linear problems. It is observed that the Newmark constant-average
acceleration method loses its unconditional stability in the nonlinear problem [2, Page no. 9]. Since the Courant—
Friedrichs—Lewy (CFL) condition k = O(h?) [2, eqn. (36)] appears too restrictive, we propose a new scheme
which preserves the energy conservation property at discrete level and exploits the advantage of unconditional
stability of implicit schemes.

o The smallness assumption on the data u,, u;, and the time step ensures the well-posedness of the fully discrete
scheme. Optimal-order a priori error estimates in the energy norm are obtained for the fully discrete solution
under additional smallness assumptions on f: We obtain quadratic convergence in time and optimal convergence
rates in space.

e Numerical experiments validate the theoretical analysis and confirm the predicted spatial and temporal conver-
gence rates in Example 1 of Section 6. Example 2 in Section 6 demonstrates that the von Kadrmén thin plate
model is effective. The findings indicate that as the plate thickness decreases, the two-dimensional simulations
closely approximate the results from three-dimensional modeling.

1.4 Outline of the paper

The remaining parts of this section introduce overall notation. Section 2 presents the weak formulation of the problem,
describes the Morley finite element space and the fully discrete scheme, and states the main results of the paper.
Proofs follow in Sections 4-5. Section 3 introduces a companion operator, a Ritz projection, and other auxiliary
results. Section 4 establishes the well-posedness and a priori error estimates for the initial time steps of the fully
discrete scheme, while Section 5 addresses the remaining time levels. Finally, Section 6 presents the Newton—Raphson
procedure together with the results of numerical experiments.



1.5 Notation

Standard notations on Lebesgue and Sobolev spaces [22] apply throughout the paper. We denote the L? scalar product
by (e, %);2(q) and its induced norm by ||  ||; the same notation applies to the vector and tensor-valued functions.
Throughout this paper, 7 denotes a shape-regular triangulation of the bounded polygonal Lipschitz domain Q into
triangles, H™(7T") denotes the Hilbert space [] ker H™(K),and P(T) C L*(Q) is the space of piecewise polynomials
of degree at most r. The notation ||| « || denotes the global seminorm | ¢ | 52, and || « l,,,, is the piecewise seminorm
| * | 27y for T —piecewise H 2_functions. The operators D? and Dgw denote the global and piecewise Hessian. The
notation a < b abbreviates a < Cb with a generic constant C, that is independent of the discretization parameters. The
weighted arithmetic-geometric mean inequality ab < %az + %bz for positive real numbers a, b, € applies throughout.

Let (X, |||l x) be a Hilbert space and 0 < a < b < T, the Bochner space L?(a, b; X) consists of all strongly measurable
functions ¢ : (a,b) —» X [22] with finite norm

b 1/p
gl oapx) i = (/ eIl dt) for 1 <p<oo andelse |[|g|lLo@px) := €sssupllg®)|lx-
a

a<t<b

For m € N, the Sobolev-Bochner space H™(a, b; X) consists of all functions g € L%(a, b; X) such that d" f (S
L?*(a,b; X) fork =0,1,...,m and is equipped with the norm
9 1/2
dt> .
X

m 2 1/2 m b
gl prmcapix) == <Z > = (Z /
L2(a,b;X) k=0"4a

k=0
The space C¥([a, b]; X) denote all k—times continuously differentiable functions g : [a, b] — X with

d*g(1)
dtk

dkg

dtk

llgllckqaprx) =

o

a<t<b

2 Main results

This section presents the weak formulation of (1.1), summarizes its well-posedness results from the literature, and
derives energy conservation identities in Subsection 2.1. Subsection 2.2 discusses the spatial and temporal discretiza-
tion framework. Subsection 2.3 motivates an unconditionally stable modified Newmark fully discrete scheme (2.10)
from the energy conservation identity (2.3) at the discrete level and Subsection 2.4 proposes this scheme to approxi-
mate the solution at higher time steps. Subsection 2.5 introduces the initial approximations at the first two time steps
using a modified Crank—Nicolson scheme. The stability and error estimates for the fully-discrete scheme are stated in
Subsection 2.6.

2.1 Weak formulation

Let a(e,*) : H, S(Q) X Hé(Q) — R denote the energy scalar product in Hg(Q) defined by
a(p,y) 1= /Q D¢ : D*y dx forall @,y € Hy(S).
Let b(e,e,¢) : H g(Q) X H g(Q) X H OZ(Q) — R be the symmetric trilinear form given by
b, b w) = - /Q [, $lw dx for all o, b,y € HA(Q).

The global Sobolev embedding Hg(Q) & L*(Q) [1] and the Friedrichs inequality reveal ||@|| 1) < Csll |l for all
g€ H g(Q) and Cg > 0. Holder and Cauchy—Schwarz inequalities lead to

b, x,w)| < IIIIJIILoo(g)/Q lle, x11dx < Cslliwl /Q [, 211 dx < Cslli@ll 2 M Il 2.1)

The weak formulation of (1.1) seeks (u,v) € (L°°(O, T; Hg(Q)))2 with u,,u, € L*(0,T; L%(Q)) such that, at a.e



0<t<T,

Uy @) 122y + A, @) + b(u, @, 0) = (f, )12y forall p € H(Q), (2.2a)
a(v, ) — %b(u, u,p) =0 for all y € H}(Q), (2.2b)
u(0) = ug and u,(0) = u;. (2.2¢)

The dependence of functions on ¢ will be skipped whenever there is no risk of confusion, e.g., u := u(t) and v = v(¢)
in (2.2).

Existence, uniqueness, and regularity results

The well-posedness of the dynamic von Kéarméan equations depends on the regularity of the given data and the smooth-
ness properties of the domain. In Table 2.1, we present the main existence and uniqueness results from the literature
when Q is a smooth bounded domain in R?. These results highlight the assumptions on given data and the corre-
sponding regularity of solution. Moreover, under the assumptions u, € H, g(Q), u, € L*(Q),and f € L*(0,T; L*(Q))
(see [9] in Table 2.1 below), the Faedo—Galerkin technique (cf. [24, Eqn. 4.3]) leads to the following energy conser-
vation identity

t
me+nD%m?+mﬂmP=num2+HD%MP+HD%mF+2/Yfm9Umﬂh atany 1 €[0,T].  (2.3)

0
Consider (2.2b) at # = 0 and test it against v,. Then, from (2.1) we obtain the inequality |vy| g2y < Cs lluglll%. This,

Table 2.1: Summary of existence, uniqueness, and regularity results for (1.1) ( C R? is smooth and bounded)

Ref. Details

[391  Assumptions: uy € HJ(Q) :={p € H* n HYQ)n HA(Q) : A%p =0 on 0Q},
u € H3*Q)n HA(Q) for0 <6< 1 =0

Result: Local unique solution on maximal interval I* = [T_, T, ) containing zero

Regularity: ue oI, H]5)+5(Q))nC1(I*, H3+5(Q)nH§(Q))nc2(1*, H1+5(Q)nH5 (Q)) (Classical solution)

[29] Assumptions:  Case 1: uy € H*(Q) N Hg(Q), u € HS(Q), f=0
Case 2: uy € H3"(Q),u) € H¥*(Q n HX(Q) for0<5< 3, [ =0
Result: Global existence and uniqueness for both cases
Regularity: Case 1: u € CO(R, HY(Q) n H3(Q)) n C'(R, H*(Q)) n C*(R, L*(Q))
Case 2: u € CO(R, HJ"(Q)) n C'(R, H**¥(Q)) n CX(R, H'*%(Q)) (Classical solution)

[9] Assumptions:  uy € Hg(sz), uy € L2(Q), f € L*0,T; L*(Q))
Result: Existence and uniqueness of weak solution on [0, T']

Regularity: ue L®0,T; Hg(g)), u, € L®(0,T; L>(Q)), u, € L*0,T; H"*(Q)), v € L®(0, T; Hg(sz))

Cauchy-Schwarz and Young’s inequalities reveal 2(f, u,);2q) < 2| f || llu, ]l < T\ f1> + |lu,||>/T and lead to

1 t
WW+M;@+M;®SWﬂ%+@%ﬂ%ﬂMW+Nﬂ@mw@ﬁ;Anw%r
1 t
=: M| (ug,uy, f) + —/ llu, 1|2 dt
T Jo
with fot IFN2de < |If ||2L2 OT:12() in the first inequality. Gronwall’s inequality [17, Lemma 2.1] leads to stability of

the continuous solution
1 /[ t—s y
e 1%+ 1l ) + 10152 < <1 + 7/0 exp(T)ds> M (ug, uy, f) < eM' (ug, uy, f) =2 My(uguy, f)  (2.4)

with the Euler number e = 2.71.



2.2 Preliminaries

For atriangle K € 7 with diameter hy, area | K|, and the outward unit normal ny along 0K, leth = h,,, := max hg.
Ke

Let V(Q) (resp. V(0Q2)) denote the set of all interior (resp. boundary) vertices of 7 and let ¥V = V(Q) U V(0Q). Let
E(Q) (resp. £(0Q)) denote the set of all interior (resp. boundary) edges of 7 and let £ = £(Q) U £(0Q). The
nonconforming Morley FE space M(7") [14] reads (see Figure 2.1)

M(T) := {(pM € P,(T) : @y is continuous at interior vertices

and its normal derivatives are continuous

at the midpoints of interior edges}, K
M(T) := {(pM € M'(T) : @y vanishes at the vertices of 9Q ¢ l A

and its normal derivatives vanish

at the midpoints of boundary edges of (39}. Figure 2.1: Morley finite element.
Define a discrete bilinear form apw(-, o) : (H;(Q) +M(7)) x (Hg(Q) +M(T)) - Rby

p (@) 1= /Q Dgw(p : Dﬁww dx for all @,y € HJ(Q) + M(T).
This is a semi-scalar product and induces a semi-norm on H?(7T") given by
Nolls, = X 10l = apu(@. @) forall g € HX(T). 2.5)
KeT

It is known that @, (s, +) is a scalar product on H(Q) + M(T) [13,23] and (H () + M(T), @, (s, *)) is a Hilbert
space with the induced norm ||| ||| 5y,
The piecewise trilinear form by (s, s,¢) © (HZ(Q) + M(T)) X (Hg(Q) + M(T)) X (H}(Q) + M(T)) — R is defined by

byo(@, 1, y) 1= — Z /[(p, xlydx=: - /[(p, Klpww dx  forall g, y,y € HJ(Q) +M(T).
Ker /K Q

The trilinear form bpW is merely symmetric with respect to the first two arguments, that is, bpw((p, W)= bpw( 2P, ¥).

The definition of by, (s, «, «) from the last displayed expression, a Holder’s inequality, and a discrete Sobolev embedding

lwll Lo < Casllwll pw (2.6)

(cf. [11, Lemma 4.7] and [12, Lemma 2.5] for proofs) reveal

16pw (@, 2, W) < Cas @l M2 Mo Ml e - 2.7

The time discretization on a uniform partition 0 = 1, < #; < ¢, < -+ <ty = T of the interval [0,T] into N € N
congruent intervals with 7, = nk, focuses on a uniform time step k = 7'/ N. The following abbreviations apply to any
function ¢(x, ?):

P" = p(x,t,) = o(t,), "= % ("' +9"), "/t := % ("™ +2¢" + "), (2.82)
n+1 n n+1 n n—1 n+1 n—1
ST I A A S R ik 4 o9 -
0, = . , 09" 1= 2 , 6" = o (2.8b)
The identities below result from (2.82)-(2.8b) and are straightforward.
kétZ(pn — 5t(pn+1/2 _ él(pn—l/Z’ 2(pn,1/4 — (pn+1/2 + (pn—l/Z, (293)
(Pn+1 _ (pn—l — 2((Pn+1/2 _ (pn—l/2) — k(at(pn+1/2 + gt(pn—l/Z) — 2k5t(pn (29b)



2.3 Motivation

The algorithmic energy momentum method by Simo and Tarnow’s [37,38] first established that midpoint or trapezoidal
time discretizations of nonlinear elastodynamics fail to conserve energy exactly and could be numerically unstable in a
related but different application to shells. They introduced a stress evaluation built from a discrete gradient that restores
exact conservation of energy and momentum. Bilbao et al. [5, 7] later adapted this discrete gradient framework to the
von Karman bracket and derived closed form energy conserving finite difference schemes that are stable conditionally,
later generalized to the full system with in plane inertia. While [6] establish unconditional stability in general, their
treatment of the plate case falls back to a conditionally stable variant; to the best of our knowledge no fully-discrete
scheme with rigorously proven unconditional stability is available for the nonlinear, coupled dynamic von Karmén
system on a nonconforming spatial discretization with particular attention to the choice for the initial approximations.

Suppose that U” denotes the approximation in a semi-discrete problem at a time ¢, = nk and consider U(¥) as a
piecewise linear spline in a uniform time discretization with time-step size k > 0. Let U"*1/2 := (U"*! + U")/2 be
the approximation at the midpoint 7,,, , = (n + 1/2)k and 6,U"*!/2 := (U"*! — U")/k be the approximation of the
velocity in the time interval (¢,_;,¢,). The discretization of the time derivative u,, at time ¢, by a central difference
quotient k=2(U"*! — 2U" + U""") = k~'(U"*'/2 — U"1/2) is the most natural choice and thereafter we need an
approximation of A%u at time 7, by an average of values of U"~!, U", U"™*! to allow energy conservation. It is known
from [35] that (U"*!/2 + U"~1/%) /2 allows for the following arguments. The resulting discrete problem for the wave
equation and f = 0 reads

1

K QU™ =0U" 1 @) ) + 5 UM+ UM ) = 0.

The test with @ = k(9,U"+'/2 + 9,U""1/?) = U™! —U"~! = 2(U"*1/? — U"1/2) leads to telescoping terms
18,0212 = 13U 2P + U, - o 2, = 0
that (up to initial values for U°, U, 9,U"/?) provides energy conservation (for the wave equation) viz.

E) . i= 10U PP+ U212 = E_ ), forn € N.

Adopt the notation V", V"*1/2 "+1 for piecewise linear approximations for the variable ¥ (¢) that approximates v
in (1.1b). This preliminary consideration eventually reveals a technique for energy conservation and its repeated
application favours the subsequent scheme

k—l(étUn+1/2 _ étUn—l/Z, ¢)L2(Q) + %apw(Un+1/2 + Un—l/z’ (p) + ibpw(Un+l/2 + Un—l/z’ @, Vn+l/2 + Vn—l/z) =0.

The test with ¢ = k(9,U"+'/2 4+ 9,U""1/2) = U™ —U"~! = 2(U"*'/2 — U"~1/?) and the above calculations lead to

2E’ -2F’

iy /2 — pr(Un+1/2’ Un+1/2’ Vn+1/2 + Vn—1/2) _ pr(Un—l/Z’ Un—1/2’ Vn+1/2 + Vn—l/Z)

provided the trilinear form b, is symmetric in the first two components. The second discrete equation may be evaluated
in an averaged sense with
1/2 1/2 1/2
by U2 U2y = 24, (V2 ).

For the test function y = V"+1/2 4 7"=1/2_this leads to

;_1/2 _ Erlz+1/2 =a,, Vn+1/2 _ Vn—1/2’ Vn+1/2 + Vn—l/Z) — |||Vn+1/2|||IZ)W _ |”Vn—l/2|”12jw

and so to energy conservation in the sense of

E 1= E,’,H/z + |||V"+1/2|||§W =E,_i).

This novel motivation for the semi-discrete scheme is examined for the fully-discrete scheme below in this paper.



2.4 Fully-discrete scheme

This subsection presents the fully discrete scheme for the von Karman equations under the assumption that discrete
solutions at the first two time steps are available. Initial discretization computes the discrete solutions at the first two
time steps in Subsection 2.5 below. We state the main well-posedness and error estimate results for the scheme here,
while the detailed proofs follow in Section 5.

Let (u"M, U’I(,l) denote the Morley approximation of (u(f), v(¢)) at time ¢, for n = 0,1,..., N. Assume that (uM, M)
and (”11\/1’ Ullvl) € M(T) := M(T) x M(T) be approximations of the continuous solutlon (u(t), v(t)) at times t, and

t,, respectively. Forn = 1,2,..., N — 1, the fully discrete scheme motivated in Subsection 2.3 seeks the solution
1 ively. F 1,2 N — 1, the fully di h ivated in Subsection 2.3 ks the soluti
@i, vy € M(T) to
_ 1/4 l 4
(07, o) 120y + apw(un L on) + bow Uy o, i = (f”’1/4,(PM)L2(Q) forall oy € M(T),  (2.10a)
an Wiy — ; by (1 "“/2,u;;‘/2,w> =0 forall yp € M(T). (2.10b)

With reference to (2.10a), a Newmark scheme for u,, with r > 7, and the approximation b, (u” 1/ 4,(/), .t/ 4) for

the non-linear term imply a quadratic convergence in time . To see this, we look back at the key 1dent1ty (2 3) and
Subsection 2.3 for the nonlinear term that ensures the energy conservation of (2.2). For its discrete counterpart,
in the proof of stability, the test function is chosen as 2ké,uy, in (2.10a) and the linear terms telescope perfectly as

||5,ul’\l/;r1/2||2 — |lo,uy, 1/2||2 + |l "H/zlllﬁw (7% 1/2|||gw. From the design of (2.10b), the non-linear term reduces to

n1/4 n1/4

1/2 1/2 1/4 1/2 -1/2 ,1/4
Dol 2k, 0% Yy = by @2 o <Pl R o
n+1/2 12 n—1/2,2
= oy 22, = oy 22, @.11)

The second equality in (2.11) holds precisely because UH 12 satisfies (2.10b): (2.10b) is therefore not an independent
approximation of a separate Partial Differential Equation (PDE), but the exact discrete condition on v forced by the
requirement that the nonlinear energy balance closes. The sum of (2.11) over time steps then leads to a global discrete
energy inequality with no restriction on Az. Beyond accuracy, the chosen weighted time-averaging strategy is motivated
by stability: The discrete energy balance for the nonlinear von Karmén system ensures unconditional stability, unlike
classical implicit Newmark schemes which are only conditionally stable in the nonlinear setting (see, e.g., [2, eqn.
(36)]). Theorem 2.4(a) provides the details of unconditional stability of this discrete scheme. The design is further
guided by the requirement that the same quarter-average structure must simultaneously deliver a discrete energy law

(see Subsection 2.3 for details.)
2.5 Initial discretization

We propose approximations for the solution (u, v) at the initial time discretization points #, and #;. This is crucial for
the design of the fully discrete formulation in Subsection 2.3, since the multi-step scheme (2.10) requires not only the
solution at these two initial steps, but its stability and error estimates also depend critically on these approximations.
The results on well-posedness and error control are stated in Theorem 2.1 and Theorem 2.3 respectively, while the
proofs follow in Section 4.

Foru, € H 5(9), we propose (ug,l, vg,[) as an approximation of (u(t), v(¢)) at t = ¢, defined by

1
apw(ul(i/[’ ¢M) = a(u07 J(pM)7 apw(UOM’ lI/M) = Ebpw(uﬁ/{’ ul(i/[’ WM) for all ((pM7 WM) € M(T) (212)
Next, foru; € L*(Q), the approximation (ull\/[, UIIVI) of the continuous solution (u(?), v(¢)) at ¢t = ¢, is then derived from
1,5 12 172 1/2
2k l(a,uN{ — U, OM) ) + apw(u ,(PM) + by (U / >, Py U / )= (Y ,(PM)Lz(Q), (2.13a)

1
oy Oy Vi) — 5bpw(uM, tyg Y1) = 0. (2.13b)

The key identity (2.3) for the nonlinear term ensures the energy conservation of (2.2). To arrive at discrete counter-
part of (2.3) in the proof of stability, the test function will be 0, ul/ 2. For the discrete scheme in (2.13), elementary
manipulations lead to

12 5 1/2 1)2 1 112

1/2 1
o (iyg - Orttyy > Uy ) = 5 (B ttygs thygs Oy ) = by, (i o)) = 77 Ul = Moy I, )- (2.14)



The above identity facilitates the proof of stability of the discrete scheme (see Theorem 2.1(c) below, for details).
2.6 Key results

In this subsection, we present the main results on stability and error estimates for the fully discrete scheme (2.10)-
(2.13). The proofs are given in Sections 4-5.
The first theorem provides sufficient conditions under which (2.12) and (2.13) are well-posed. The proof is provided
in Subsection 4.1 and utilizes the expression

Mgty £K) 5= I I (1 + TCE I P o) + 4l I+ KA1, )

with the operator norm ||J || := ||| z(ps(7.12(q)) for @ bounded linear companion operator of Subsection 3.1 below.
70
Recall Cyq from (2.6).

Theorem 2.1 (well-posedness). Suppose that the initial data satisfy u, € Hg(Q), u € L%(Q), and the source f €
C(0,1; L*(Q)). Then (a)-(d) hold viz.

(a) (2.12) is well-posed with |||u®

Mllow < Il Il and v

oillow < 3Cas T gl

(b) there exists a solution (ui/[, Ullvl) to (2.13),

, 1/2
(c) (uly, v,) satisfies Nkl + 0% Moy < V2(My(ug, uy. £, 6))
(d) the solution (”11\/[’ Ullvl) to (2.13) is unique under smallness assumptions on uy, u;, and the temporal discretization
parameter k, precisely My(ug, uy, f, k) 1= st(ll.fllzllluolll2 + l\v/Iz(uo,ul,f, k)) <L

Remark 2.2 (well-posedness of (2.12)). Theorem 2.1(a) does not require smallness data assumptions. This is because
(2.12) is linear and its equations decouple. Hence the unique solvability of its first equation follows from the Lax—
Milgram lemma, and the solution is used to uniquely solve the second equation.

The next result provides the discretization error bounds for (2.12)-(2.13). The proof is postponed to Subsection 4.2.
Theorem 2.3 (initial error bounds). Suppose that the solution u to (2.2) belongs to H*(0, t s H g(Q) N H**°(Q)) and
U, € L*(0,t,; L*(Q)). Let 6 € (1/2, 1] be an index of elliptic regularity for the biharmonic problem [8]. Then
= L2 A2 172
13, =y + a2 = g, + 0172 = 0y, = O + K2).

The next theorem provides sufficient conditions under which the scheme (2.10) is well-posed. This result utilizes the
expression

m
. 1 n
Mg,y £.K) 2= & (I 1PNl (1 + ZCE 1T 1P u 1) + 20l | + ||f||c([0, Loy T TK lef AP
n=

and the proof is presented in Subsection 5.1.
Theorem 2.4 (well-posedness). Suppose that the initial data satisfy the smoothness assumptions uy € H g(Q), u, €
L*(Q), and the source f € C([0,T1; L*(Q)). Then
(a) the fully discrete scheme (2.10) is unconditionally stable, in the sense that if (uﬁ“, Uﬁ-H) solves (2.10) for any
1<m< N -1, then |||u’”+1/2|||pw + 1y < V2(My g uy, £,600) 7,

(b) foranyn=1,2,---,N — 1, there exists a solution (u”Jrl ”“) to (2.10),

(c) IfMy(ug,uy, f.k) := CEMs(ug, uy, f. k) < 1 then the solution (uyf", v to (2.10) is unique.
Next, we present a theorem that provides the error bounds for the discretization (2.10). It utilizes the expression
M, (ug,uy, f) :=||J||Cys (Ml(uo, up, f)) 12 with Ml(uo, uy, f) from (2.4). The proof is provided in Subsection 5.2.

Theorem 2.5 (energy error bounds). Letu, € Hg(Q), u, € L*(Q), and f € H'(0,T; L*(Q)) be such that M (uy, u,, f)
< 1/2. Suppose that u,u,,v,v, € H'0,T; Hg(Q) N H?**°(Q)) and u € H*(0,T; L*(Q)). Then, forany 1 <m < n
withl <n < N —1, we have

3 +1/2 +1/2 +1/2
19,12 — WA 4 a2 = 2 e = oI = 0+ ).



3 Auxiliary results

The fourth-order terms and the nonlinearity in the coupled system create several technical difficulties, and these are
further enhanced by the complexities of second-order time discretization. In this section, we present some technical
results that prepare us for the proof of the main results presented later on.

3.1 Companion operator

In contrast to other averaging operators [10], the conforming companion operator (see, e.g., [14, 16,23]) preserves the
integral mean of the function and its Hessian, and it also satisfies an enhanced best-approximation property. In this
article, companion operator serves two main purposes: (a) it allows a nonstandard Ritz projection in Subsection 3.2,
below. This projection possesses optimal approximation features and plays a central role in the error analysis, (b)
during the derivation of the error bounds, the test functions in the continuous weak formulation are chosen from the
range of this operator. This produces cleaner estimates and removes the need for boundary-term computations that
arise when the PDE is tested with discrete functions. The next lemma gives the construction of this operator and
utilizes the Cl—conforming Hsieh—Clough—Tocher (HCT(7")) element [18].

Lemma 3.1 (companion operator — [14, Lemma 3.7] and [16, Lemma 5.1]). There exists a linear mapping J

M(T) - HCT(T)+ P(T))n H, g(Q) such that any @y € M(T) satisfies

(a) Jou(2) = ou(z)  forz€ V. () VU o)(@) = [T@I™ Y, Voul)@ forz € V().
KeT(z)

0J oy 0Py .
(c) o =1 5 dsforanye €&, (d) llom — Jomllpw < € min Jloy — @ll,y-
e On e 0N PEHL(Q)

N

(e) llom — J(PM”HS(T) < Czhz_ Hfllizlgg) e — (,0M|||pW Cy,>0,and0 <s <2,
@

0

(f) (o = Jop) =0 and T(D3 (om = Joy)) = 0.
3.2 Modified Ritz projection
The modified Ritz projection Ry, : Hg(Q) — M(T) is defined as:
ap (Ry@. o) = alg. Joy)  forall oy € M(T), @ € Hj(Q). 3.1
The choice gy = Ry in (3.1), together with the continuity of a(e, ¢) and J, imply the stability of Ry,
IRM@llpw < 11 for all € Hy (). (3.2)

The next lemma states the approximation properties of (3.1). For a proof, see [31, Appendix A.5-A.6].

Lemma 3.2 (approximation properties for Ry, [13,31]). Let ¢ € H, g(Q)nH 2+o(Q), and let Rym@ be its Ritz projection
defined in (3.1). Then, there exists a constant C;3 > 0 such that

lo — Ruell + 2% lle — Ryl < C3h26||(P||H2+6(9)- (3.3)
3.3 Trilinear forms

Lemma 3.3 (properties of trilinear forms). For all y,& € Hg(Q), @,y € Hg(Q) +M(T), ¢ € Hg(Q) N H*o(Q),
and y\, v € M(T), there exist positive constants Cy, Cs, Cg, Cy, and Cg such that

(a) 16w, T n)ls 168, T o> w1 < Cyll ST NI vl v »
(b) |bpw((p’ J},’M’ WM)l’ |bpw((p’ XM’ JWM)' S CS ”l(p”lpW”lXMlllle”u/M "lpw:
(C) |bpw((p, Ve (J - I)WM)') |bpw((p’ (J - I)WM’ X)l S C6”l(pl”pw|||X|”pw”|ll/M|||pWa

(d) 1By 0. (T = D) < CohllW @l sl and
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(e) by (&, (J = Dy, O < Ch?IIC 1| vy llana llpw MENI-

Proof. (a) An application of (2.1) and the continuity of J reveals that

16w, T o)l < CsllIS T T 2enalll < Call U AN 2n v

with C, :=||J||Cg. The bound for b(¢@, J y\, ) follows analogously.
(b) The boundedness of the discrete trilinear form byy (e, ¢, ) from (2.7) and continuity of J lead to

|bpw (@, I s D] < Cas @l 1 ana ll vl v < Csll @l M an Ml o Mwng

with Cs = ||J||Cys. The bound for by, (@, v, J ) follows analogously.

(¢) The boundedness of bpw(-, e,¢) from (2.7) and Lemma 3.1(d) allow us to show that

|bpw((p> x> (J - I)WM)l < CdS ”l(plllle”}(”lpwm(J - I)WMlllpw < C6|||¢|”pw”l)(”lpw”lWM”lpW

with Cq 1= C;Cys. The bound for by, (@, (J — Dy, ) follows analogously.
(d) The definition of bpw(o, o,¢), a Cauchy-Schwarz inequality, and an inverse estimate hg|[(J — I)yyll Lok) <
Cinv”('] - I)XM”LZ(K) [2] , Lemma 121] lead to

1bpw (s @, (J = D)l < Mlwllll @l 1 = Dl Loy
< Cnlw @l 187 T = Dl 120y < CrANW I N M 2na s

with Lemma 3.1(e) in the last step and C; := C,C;

mv:

(e) The definition of bpw(-, e, *), (¢), a Cauchy-Schwarz inequality, and pr(RMC ,(J=1) . 11pé) = 0 (Lemma 3.1(f))
show

16w (&, (J = D v O = by (€ = R (J = D O + by R (I = D O
< Gl = R llpw e llpw ST + MRME M pw 1T = D aemlllpw 1€ = Toé Ml £ ()-

We apply (3.3) to bound the first term on the right-hand side, (3.2), Lemma 3.1(d), and [[£—T1(¢|| () < CH0h||§ |l 2
[21, Theorem 18.16] to bound the second term on the right-hand side above. This eventually gives

|bpw (s (J = D> ) < CCsh° I o llamlpw IS I+ 11T 11C Cryy ANE MmN o €1 2120
< Gh® IS pr2vo iy armll g 1€ 12

I,
with ISl < 1€l g2gqys NEN < NS g2voq) and Cg 2= C3Cq + 1T [|C, Cry |2 2 in the last step. O
3.4 Temporal discretization results

Lemma 3.4. Let (X, || « || x) be a Hilbert space and ¢ : [0,T] - X. If ¢ € C([¢
N — 1, then

ti1ls X), for some 1 < m <

m—1>

m+1/2 m,1/4

(@) lle"llx, lle lx < ”§0”C([1m,tm+1];X) and (b) ||l lx < ||(P||c([;m_l,;m+l];x)-

In addition, if ¢, € L*(t tuios X) for some 1 <m < N —2, then

m—1>
(¢) 13,012l <N illpog o xy (@) 1107172 = 120y < VKT N0l 2, oty

(@) 16,0"lx < @l oq, ooy and (F) 1™ = V4 < \RT2N@, 2, o ixy

. 2 . m 2 2 4 2

Furthermore, if € H*(0,T; X), then (g) k X", ||0; @"|I% < §||§”tt”L2(o.T;X)'

Proof. (a) From (2.8a), we have ¢™ = ¢(t,)) and hence

o™y = el < lolleq, . 1 (3.4)
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The definition of ¢™*!/2 from (2.8a), triangle inequality, and arguments as above, imply that

1 1
le™ 2y = 519" + 9" e < 5 (19" 1x + 19" 1) < Nelleiy i, 0

(b) The proof proceeds analogous to that of (a) by using definition (2.8a) and triangle inequality.
(¢) From the definition (2.8b), there holds 9,¢™*!/? = k=1 (¢! — ™) = k™! f,’m“ @,(t) dt, and hence

- Tmt1 fm+|
10 Pl =1 [ 0ty <k [T Ol dr < oyl o0y
. t

(d) Since @™t1/2 — pm-1/2 = %((pm“ — @" 1) holds from (2.8a), a Cauchy-Schwarz inequality shows
B 1 Tnt1 1 Tnt1 k
lom 12 =g P = 20 [ gt <3 [ ol dr < \ﬁ||(p,||p(,m_l,,mﬂ;x).
2 Ln—1 2 In—1 2
(e) Since 6,p™ = %((p’"“/ 2 _gml/ 2), analogous arguments to (d) provide
1

1 _
16,6 llx = 7 llg" /2 = @" 12l < \/ﬂll(ptllyum_],rmﬂ;m S N@ll oy 0

(f) A triangle inequality ||@™+b1/4 — @m1/4||, = %ll(p’””/2 — @™ 12| + |l @"1/2 — @™ 1/2||y and (d) lead to

1.1/4 1/4 k k
™" s " / lx < \/;(||(P;||L2(tm,tm+2;)() + ”(pt“Lz(tm_l,th;X)) < \/;||¢t||L2(tm_l,tm+2;X)‘

(g) From Taylor’s theorem (with integral remainder), we have

tn+l t,
" =" + koy +/ (tpr) — D@, dt and "' = ¢" — ko} + / (t,_; — D, dr.
t [

n

These two identities and (2.8b) allow us to assert that
= tn+1 ty,
107"y = llo™! = 20" + 0" Iy = | / (thp1 = D@y dt + / (ty-1 = Dy dill
1, thet

tn+1 tn
< / 1 — 11l @ully i + / ) — 11l d.
t t

n n—1

An appeal to a Cauchy-Schwarz inequality and ftt"“(tn L —D2dt = g = ftt"_ ] (t,_; — 1)? dt and elementary manipula-
tions provide

m m t m t
2 a2 _ 2 ! 2 " 2 4 2
ONRAEEDY / loul i+ Y / 4l 1) < 0 010y
n=1 n=1"v"n n=1 " -1

This concludes the proof. O

Lemma 3.5. Let & = ¢ — Ryo. If (a) ¢ € C([t,,, 1,11 ]; Hg(Q) N H>**°(Q)) for some 0 < m < N — 1, then ™ M g
™12y < C3hC Nl @l i, 1ty (B) @ € Clllyyeis byl HA(Q) 0 H*0(Q)) for some 1 <m < N — 1, then
E™ s < C3h? @l 011240 )

Furthermore, ¢ € Hl(tm_l, a2’ Hg(Q) N H>*°(Q)) for some 1 < m < N — 2 satisfies

(c) llko,&™ ”lpw <Gy k/zha||(Pt||L2(zm_],tm+];H2+v(Q)), (d) |||§m+1’1/4 —fm’1/4|||pw <G k/2h6||(ﬂt||L2(tm_1,tm+2;H2+o(Q))-

Proof. (a) Lemma 3.2 and arguments similar to those used in (3.4) reveals

HE™ M = 10" = Rog@" s < C3h® 6™ 2oy < Csh Nl s ir2ron)- (3.5)
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Definition (2.8a) and triangle inequality followed by application of (3.5) twice, shows that

1/2 1 1 1 1
flem+t/ llpw = §|||§m +EM lpw < §(|||§m|||pw + [IlE™* ”lpw) < Ghlelleq, i, 1124 @)

(b) The proof follows analogous to (a).
(c) Owing to similar arguments employed in Lemma 3.4(d), we can assert that

_ k 1 1/2
"lkatgm”lpw = |||§m+1/2 - ém l/zlllpw S 5(/ “51”;2(9)) / *
t

m—

. . ) 12
The inequality (f,;fll Hft”iﬂ(sz)) < G N 2

(d) The definition (2.92) and triangle inequality leads to

.H2(q) follows from the definition of £(7) and (3.3).

m—1m+1

M-

1
g+t — Ay, < Elllé”'”/2 = &2,

1 -
+ §|”§m+1/2 _ gm 1/2

As a consequence of (¢) we conclude the proof. O

Lemma 3.6. (discrete Gronwall [25, Lemma4.1]) Let {a,}, {b,}, and {c,} be three non-negative sequences, with {c, }
m—1

monotone, that satisfy a,, +b,, < c,,+ p Z a, u>0,ay+by<cy Thenform >0, it holds that a,,+ b,, < c,,e™.
n=0

Lemma 3.7. (truncation error [25, Theorem 4.4]) Let ¢ € C2([0, T]; L*(Q)) satisfy

—1,3 1/2
(@) @y € L¥(O0,1y; LX(Q), then |12k (0,0 - ¢,0)) — 9, || < k@l Loco.4,:L2(02))>

N-1 n1/4

(b) @ € HY0,T; L*(Q)), then k Y, 109" — @}, " ||I> < C(@yy)k*.

The constant C(@,,,) in (b) depends on || @l 120 7:1202))-

4 Proofs of results for the initial discretization

This section presents the proofs of the well-posedness result in Theorem 2.1 and the a priori error estimates in Theo-
rem 2.3 for the initialization schemes (2.12)—(2.13).

4.1 Well-posedness of initial discretizations

The proof of Theorem 2.1(a) (resp. Theroem 2.1(b)) below establishes the existence of the discrete solution (u&, vg,[)
(resp. (ullvl, Ullv[)) to (2.12) (resp. (2.13)). Theorem 2.1(c) establishes stability of the solution to the initialization
schemes (2.12)—(2.13) and Theorem 2.1(d) provides the uniqueness. This result is subsequently employed in the error
analysis of Theorem 2.3 and serves as the base case for the inductive well-posedness argument for the fully discrete
scheme (2.10) in Theorem 2.4.

Proof of Theorem 2.1(a). The proof relies on a Lax-Milgram lemma. For given u, € H, S(Q), the map a(ug, J (o)) :
M(T) - R s linear. This follows directly from the fact that J is linear and a(e, ) is bilinear. Also, from continuity of
a(e,*) and J we have

la(ug, Jon)l < Mol oml a2y < 11 HlTuo l ll@nll -

This implies that a(u, J (+)) is a bounded linear functional on M(7"). This, the continuity and ellipticity of the bilinear
form apw(o, ) on M(T') lead to the existence of a unique solution ug,[ to the first equation in (2.12). Similarly, the

0 0 . . .
boundedness of bpw(uM, Uype) M(T) — R from (2.7), and the ellipticity of apw(-, «) ensures the existence of a

unique solution UR,I to the second equation in (2.12).

The bound |||uoM lpw < 11 l[uolll follows from ¢y, = uOM in (2.12), 1the continuity of a(e, »), and J. The choice y; = UR/I
in (2.12), (2.7), and the a priori bound for uﬁ,[ lead to |||U1(3/[|||pw < ECdS 11 et NI O
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For any (@y, wy) € M(T), recall from (2.13) that the solution (ui/l, Ull\/[) of (2.13) (near (u(t,), v(t;))) satisfies

—-1,5 1/2 1/2 1/2 1/2
2k Gy )” — uy oy 12 + AUyl o) + by nt s g 01 = (2, o) 12

1
apw(”l{/l’ WM) - Ebpw(ui/l’ ull\/l9 WM) = 0

Unlike the coupled system in (2.12), where the first equation does not involve vg,l (allowing the equations to be solved
sequentially and the system to remain linear), the proof of the existence result for this nonlinear coupled system requires
say, fixed-point theory; we employ a corollary of Brouwer fixed-point theorem.

Theorem 4.1 (Brouwer fixed-point theorem [27, Theorem 5.2.5] [22, Page no. 529]). Let H be a finite dimensional
Hilbert space with the norm |||y induced from the inner product (e,#)y. Let L : H — H be a continuous mapping
such (L(@), @)y > 0 for all ¢ € H with ||@||g = R > 0. Then there exists ¢* € H with ||@*|lg < R such that
L(g*) =0.

Proof of Theorem 2.1(b). We follow four steps. The first step describes the settings in the context of Brouwer’s
fixed-point theorem. This is followed by verification of the assumptions in Steps 2 and 3. Step 4 concludes the proof.

Step 1. Setting. Choose H = M(7) and for all ¥y = (Wi W) » Py = (@M1, @v2) € M(T), define the inner
. 2 .
product in H by (Wyp, @nppy, 2= 2Wmis @M 2@) + % (@pwWnt1s 1) + Gy (Wi @p12))- The norm induced by

1/2 .
pév . The definition of || « ||, leads to

this inner product is [|®yg ||y, = (Pp, Pyyp)
Next, we introduce the map Q\PM : M(T) — R that helps to define L via a Riesz representation. For a fixed ¥y; =
(Wm1» Wamz) € M(T) define
k2
Gy, (@) = (Pt Prpdp + 7 [ Wt + 200y, @t Ywiz) = b Waa + Uy Wt + > O]
_ 1

=K [(f12 4 2Ky, o) 120y — dpw (g @) + Eapw(ug/l, o) 42

(The definition of Q\I,M is in fact motivated by (2.13) as seen in Step 4). It is easy to verify that Q\I,M (o) is linear. We

establish its continuity with respect to || ¢ ||,,,. Since (2.7) and (4.1) hold and k < T', we conclude that

k? 0 0 0
Z|pr(WM1 + 2upg, O W) — bpw (Wit F Uy Wi + iy (PM2)|
K 0 0 12
< CdSZ [|||WM1 + 2uyg e Ml @nan llpw eni llpw + v + MM|||pW|||(PM2|||pw]

T
< Cds% [Mwnar + 26y M Mo M + Mgy + g2 1@yl -

Elementary manipulations with (4.1) and k < T provide

_ 1
K12, on) 120y + 267 g o) 2 < T(Tznfl/zn + 2T [|ug 1) 1@yl -
2

1 1
¥y 3 Pr11) = (0 @3] < V2T Uyl + Syl 1Pl

A combination of the last three displayed inequalities and (¥yg, @pp) I v [l [P ]y 0 (4.2) reveals that Q\I,M (¢)

is a bounded linear functional in the Hilbert space (M(T), || o ||pw). Its Riesz representation L£(W),) defines the map
L : M(T) » M(T) given by

PWS

Step 2. L is continuous. For Wy = (WMI,WMQ),‘P;‘/I = (W0 Vap) € M(T) and for all @y = (@, omp) € M(T),
the relations (4.2) and (4.3) show

1 [pr(U/Ml + 2“1(34’ @M1 W)
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0 0 ‘ 0 * 0 0
- pr(WMl + Un Y + Uy ¢M2) - bpw(l//;/u + 2l/lM, Pm1s ll/:/IZ) + bpw(l//Ml + Uyt W;\k/” + Uns (le)] .
Abbreviate L(Wyy) — [Z(‘I’l”\‘/l) = Oy = (Oy1, Ovp) and test Dy = Oy in the above expression to infer
Opll%, = Py — Pi .0 L 2u0,, 6 b 0 0.0
” M”pW - ( M — & M)pw + Z[ pW(WM] + uM’ Ml> WMZ) - pw(ll/M] + uM’ YM1 + uMa MZ)
=Dy Wiy + 20y Opy s W) + b Wiy + U Wiy, + Uy Oap)] - 4.4)
Applying Cauchy-Schwarz inequality we readily obtain (Wy; — ‘I’l’\"/l, Orpw < 1Py — ‘I’;{HPWHG)MHPW. The linearity
of by, (s, *, ¢) in each component and elementary manipulations then show
0 0
bow W1 + 2uyy, Onirs Wivin) — by Wy + 20y, Oyt W)
bpw(l//];k/ﬂ + uOM’ ll/{\k/[l + uOM7 HMZ) - bpw(ll/Ml + uOM’ YMi + ug/p HMZ)
= bpw(wlf/[l — ¥mi W;/[l + ug/l’ On) + bpw(WMl + u&, Wﬂk/[l = Y Ovn)-
The boundedness of bpw(-, e,*) from (2.7) and (4.1) with the abbreviation (yy;; — 1//1\*/“, Yo — W:/IZ) =¥y - \I’;[,
(QMI, 0M2) = @M lead to
bpw(‘l/Ml - Wik/na Onis W) < Casllym — ll’f/n ”lpW 1O |||pw|||lI/M2|||pw
< 2Csk 72 ¥y — Wiy llow 1Ol lwnra M-
Analogous arguments reveal
bow Wy + 2680 Onit Wiz — W) + Bou Wy — Wt Wy + U Onin) + b Wty + 13 Wt — Wiy Oai)
< 2Cusk™ (I, + 2068 My + My + 0l + Moty + 1M ) 11— 2 @ -

A combination of all this in (4.4) shows that the map L is (locally Lipschitz) continuous.

Step 3. (L(¥yp), ¥m)pw = 0. Select Wy € M(T) such that I'¥mll,w = R, where

— 2 2 2 2 2 2 2 2
R = k220512 o, 1oy + 810 1P + 1 12N (44 C11 1Pl 12). *5)

First observe that the linearity, symmetry of b e, ) in its first two components, and (2.12) shows

pw(.y
b, (wap + 2u Y= b (way + 1) +u? y=—b ., @, ul y=—2a,, () )
pw \¥M1 M M1 ¥YM2 pw¥M1 M’ M1 M> M2 pw e Uy WM2 pwlUvp WM2)-
The choice @y = Wy, in (4.3), (4.2), and the last displayed identity lead to
LYy, Yapow = ¥M 112, — K2(f1/? — 2k Ka_, 1l — kK*a,,(1°
(LM, Fa)pw = [Pl 7 vmD g (U, W r2@) + k7 apy, (U W) Apw Uy W)

A Cauchy-Schwarz inequality and Young’s inequality with a = k?|| /% + 2k~ uy ||, b = ||y |l € = 1/2 followed by
a triangle inequality and the bound || f'/2|| < ||.f ||C([0,z1]; 12(q) from Lemma 3.4(a) reveal

k4

20 £1/2 -1 211 £1/2 -1 2 2 2 2

k (f / + 2k ulv WM])LZ(Q) S k “f / + 2k ulllllWMlll S ?”f”C([O,tl];LZ(Q)) + 2k ”ulll + ”WM]” .

The continuity of bilinear form ay,,(s,+), Young’s inequality with a = |||u§/[|||pw, b = llymilll,w, and e = 2 (resp.
a= |||v§,[|||pw, b = llyamlllpw- and € = 2), and the bounds from (a) reveal

0 0 0 12 1 2 2 2 1 2
| (Ungs W) < ety Ml MW Mlpw < Ml M5y, + Zl"WMllllpw <IN Mo 1= + lelWM1|||pW,

0 0 om2 , 1 2 1 » 4 4 1 2
(resp. apy Oy W) < MoRgllpw llwna llpw < Moplllsy, + lellI/lellpW < chs“']” Mo lly2 ) + Zl”WMZ”lPW)'

A combination of the four last displayed results and the definition of R from (4.5) show
2

k? k? R
(L¥n), ¥n)pw = ||\I’M||12,W - (”WM]”Z + lelellllﬁw + Z”lWMZ”lIZ,W) R
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. 2 2 eqe . .

Recall that Wy, € M(T) is chosen such that ||‘I‘M||§W = 2|y I + %”W/Ml |||§W + % |||1//Mz|||§W = R2. Utilize this in
the last displayed inequality to obtain

_R R

2 4
Step 4. Conclusion. Steps 2 and 3 show that L is continuous and there exists R > 0 such that (L(¥yp), ¥pp)py = 0
for all Wy with |[¥yll,, = R. Theorem 4.1 establishes the existence of ‘I‘;[ € M(T) such that ||‘I‘;I||pW < R and
L(¥;) = 0. Define Uy Upp) 1= (Wi, + Uy Wiy — UNy) choose @y = k™%(gy, 0) (resp. @y = k~2(0, 2yy)) in
4. 3) and utilize E(‘I‘* ) = 0 to obtain (2.13a) (resp. (2.13b)). O

Proof of Theorem 2.1(c). This part establishes the stability for (”11\/[’ Ull\/l) by deriving a discrete energy estimate for
the scheme (2.13), with the key ingredient being the nonlinear identity (2.14).

1 .
= ( |||u11v[|||[2)W - |||u§/[|||gw) and (2.14) to obtain

Choose ¢y = ul —u = kd ul/ in (2.13a), utilize apw(u /2, Uy —ly) = 3

M
20" P + 5 (Mg, = Wy lIZ, + Moy l2, = Mol ) = (7172 4 26wy = )2y 46)

A Cauchy-Schwarz and a Young’s inequality with a = || f1/% + 2k~ u,||,b = ”“11\/1 - ”1(3/[”, and € = k?/2 reveal
12426 gy — ) gy S Y2 4 26 g g — ugyll < —||f||C([0t Lray 2l P+ 10?1 @4.7)

with || 172 < 11/ ll ¢o. ¢, 1.12() from Lemma 3.4(a) in the last inequality. A combination of (4.6)- (4.7) and the bounds

Mt Mo < N Mo Il and ol < ZCdSIIJ |1 lgI* from (a) shows
= 1/2
2T 1P + g2, + W2, < 11PN (1+ TCRII P Hul?) + 4l P+ K12 o, ey 49)
Elementary algebra concludes the proof. O

Proof of Theorem 2.1(d). If possible, let (”11\/[’ Ull\/I) and (ﬁllvl, 011\4) be two solutions to (2.13) and ey, = u!, — a11\4’ ey =

M
Ullvl - 131{/[. For all (@, wy) € M(T), (2.13) provides

1 1
ﬁ(eMv Pz t+ Eapw(eM’ o)+~ I pw(”M + “M’ Pwm> UM + UM) 2 pw(”M + “M’ Pwm> UM + UM) =
- 1 1 N
apw(eM’ WM) 2 pW(uM’ M WM) 2 pw(u WM)
The choices of test functions ¢y, = 4ey; and yy; = 2¢), in the two equations above, respectively, lead to

8

ﬁneMnZ + 2|||eM|||§ — by (tng + Uy eng Uy + Vi) + By (g + Uy eng. Dy + U3 (4.92)
2MenllS, = bow gy tygs W) = By (s By Wp)- (4.9b)

Add +bpw(u + uM, em» v + UM) and utilize trilinearity of b », ») to simplify the right-hand side of (4.9a) as

pw("
1 0 1 0 A1 0 >
— bpw(uyg +uyg ey, Uy + Uy + bpw(uM + uM, e UM + UM) = —b,(en, ens UM + UM) by (g + g, enps epp)-
Add +bpw(uM, v Wam) and utilize symmetry of by, (s, », ) to rewrite the right-hand side of (4.9b) as
11 5 Alal o 1 5 Al = 1 Al >
bpw(uM, uM, eM) - bpw(uM, uM, eM) = bpw(eM, uM, eM) + bpw(uM, eM, eM) = bpw(uM + uM, eM, eM).
A combination of last four displayed equations and boundedness of b, (s, ¢, ¢) from (2.7) imply that
2 2 S 2 1 0 1 0 ~
ﬁ”eM” + 2|"eM|”pW + 2|"eM|”pw = _bpw(eM, eM’ UM + UM) + pr(uM - uMa eM’ eM)

1 0 2 1 0 ~
< Cysllvgy + o8yl el + Cas kg =l el Iyl
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Ignore the first non-negative term on the left-hand side and apply Young’s inequality witha = Cyl| “11\/[_”1(\)/[ Il pw et v »
b = |leyplll,w, and e = 1 for the last term on the right-hand side to derive

- 1/2 _
HlemlIZ,, + 4lleyllZ, < Cas (4lloyy M + Caslliugg — w2, ) NeadlZ, + Nyl (4.10)
Choose yy; = UOM (resp. yy = 011\/1) in (2.13b) and utilize (2.5) followed by (2.7) to obtain

1 2 1 1 12
”lUMl"pW < 2CdS |||UM [ (resp. Moy llpw < ECdS |||”M|||pw)-

from (a), and that of |||u!

This, a triangle inequality, the bounds for [[|u’ Mllpw

Mlllow from (4.8) yield

1/2
Aoy, M + Cas el = w2, < 2(103 My + Mokl ) +2Cas (Mgl + Ny 12,)

< SCds(nlu‘mnf,w by l12,) < 3Cas (1P e 1> + MGty £.K)) = 3CH MaGutgouy. f.K). (4.11)
Utilize this in the right-hand side of (4.10) to obtain
Hlewll2,, + 3lemll?, < 3MyGug, uy, £, )lleyll,,. (4.12)

For sufficiently small u, u;, and k, we assume M, (ug,u;, f,k) < 1 and then (4.12) reveals |||eM|||§W + 3|||e'M|||;W <
0.

4.2 A priori error analysis for initial discretization

Foranyn=0,1,2, -, N, let us split the errors as follows:

u"—ug/I:(u"—RMu) (RMu —ul ) =p"+ ", (4.13a)
V' — oy = (V= Ry") 4+ (Rt — o) 1= 1"+ 0" (4.13b)

This, the linearity of Ry, and the definitions in (2.8a)-(2.8b) lead to

n+1/2 %( n+1 +p ) nl/4 _ i<pn+l +2pn+pn—l)’
3,0/ = %( ), 6, = i(prﬁl — ), 32 = é(prwl —2p" 4+ ).

Analog notation replace p”" by ", ", and 6".

Proof of Theorem 2.3. We follow five steps. Firstly, we derive the error equation. Step 2 bounds the linear terms
appearing in the error equation. In Step 3, the nonlinear terms are rearranged. Bounds for these terms are derived in
Step 4. In Step 5, the truncation term is estimated. Step 6 concludes the proof.

Step 1. Error equation. For any @y, € M(T), choose the test function in (2.2a) as J ¢, and consider the average of
(2.2a) att =t and ¢,. Subtract (2.13a) from the resultant expression to arrive at

1 1/2
> Ton) 12 + a2, Toy) = 267 @uy)” = uy. op) 120) = Gy} @)

= (/2. = Doy 1) — E(b(u T ou 01) + bug, T opg, 1) + by () oy 0yl ). (4.14)

The linearity of b(e, ¢, ¢) in each component and definitions (2.9a)-(2.9b) with elementary algebra lead to
2 - -
b(u', T pyg, 01) + blug, J oy 1°) = 2b(u'/?, T oy, v1/?) + %b(@,ul/z, J oy 0,0'%).

Then, a(u'/?,J QM) = apw(RMul/ 2, @\ from (3.1), (4.13a), and elementary manipulations in (4.14) establish

—1,3 1/2 1=
2k 0,612, o) ey + ap (2 0y = (FY2 = 1)? (T = Donp 120y — 2671 0,02 oa) 120

1,3 1/2 172 1/2 K2 < -
+ QKO — )~ ] o) ) + Bty o 03 ) = b Ty, 07 = b T oy, 0,01,
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From (2.12) and (3.1) , ud; = Ryug. This and (4.13a) imply % = 0. The choice gy = ¢/ and 2¢1/2 = ¢! 4+ ¢0 =
¢l —¢% =ko,¢1/? and (2. 5) in the above displayed equation reveals

/2 1/2

- k - -
10,6121 + 25, = £ = u,/ " () = DEYV?) g + @0 —ul—gu =0,0'%,0,0" ) )

by (gt E2 007 = b2, T2, 012) b(étul/z,JCI/z,étvl/z). (4.15)

Choose the test function in (2.2b) as Jyy, for any yq; € M(7) and consider the average of (2.2b) at t = ¢, and ¢, to
. 1/2

obtain a(v'/?, Jyy) = 3 (b, u', Jyy) + blug. ug, Jyy)). Subtract this from ap, (0y)>, W) = +(byy (ahy. uly ) +

bpw(u&, u&, q/M)) for all yp; € M(T') (obtained from a combination of (2.12) and (2.13b)) to show

1/2

a('?, Tyny) = ap, (041> W)

= Z(b(u ', Twing) + b, g, Jwing) — by (st wiag) — by (U 4 win) ). (4.16)

The definition of R, once again shows a(v'/?, Jyy) = apW(Rle/z, wy)- The identity bpw(gol o', ;()+bpw((p0 o0, x) =
4pr((p1/ 2 0'2, ) - W(goo, @', y) follows from the trilinearity of by (s, #, ¢) and its symmetry in first two compo-
nents. A combination of these steps for yy; = 6'/2 in (4.16) with the definitions 6'/? from (4.13b) and || » ||, from
(2.5), eventually shows that

1/2 172

@2 ul 01/ 4 Ly

6217, = b'/2,u'’2, 76'/2) — %b(”o,ul, J6'%) ~b (g 1y, 0). (4.17)

2 Bpw
A combination of (4.15) and (4.17) with a re-grouping of the nonlinear and truncation term, lead to

10,6217 + M2, + W0'/2113,

k _ _
_ [(f1/2 tlt/z’(J I)Cl/z)Lz(g) " (au —uy - 5”:11/2 _ 6,p1/2,0t51/2)Lz(g)]

[pw< VA o) = b2 g 0 )| (b a2, 50 = by 6172

+5 [bpw(u&, tyy, 01%) = blug,u', J6'/?)] - Zb(é,ul/z, JS2, 0,07 (4.18)

The first term on the right-hand side is linear contributions, the last term is the nonlinear truncation term, and the
remaining terms involve the trilinear terms.

Step 2. Bound for linear terms in (4.18). The three inequalities below come from Cauchy-Schwarz inequality (applied
in all the three), the definition of 5t pl/ 2 followed by Lemma 3.1(e), Lemma 3.7(a), and Lemma 3.2, respectively:

1 2 1 2 1 2
(FY2—w/* (T = DSV gy < N2 = w2 I = DSV < CRALEY? = w21 s
_ 1/2 1 2
k(2k <a,u‘/2—u1>—ut/ .0, /2>Lz(g>s1c||2k 'O —uy) — u/ ||||ac:‘/2||<k2||u,,,||m0tl apllag I,
- _ - - 1 h - -
10,0'72,0,8 ) 2y| < 100 21102 = / P dtl108 211 < Coh* Ml oo gy rve e 19,621
0
We apply Young’s inequality to each of the three inequalities above with the following choices: a = C,h?|| f1/2— 1/ 2 Il

b = |||C1/2|||pw, = 8 (for the first term); a = kllugyll Loy .20 0 = 10,6'/2||, € = 1 (for the second term)
a=Cyh? Netgll Lo 0., 1120002y b = 10,61/2||, € = 2 (for the third term). This leads to

2 k 0 0
2= (= D) gy + @' —uy — 5”:11/2 ~0,0"2,0,6) g

1, =
< Ottt g I + )+ IE IR, + 213,62 (4.19)

In the sequel, the notation C denotes a generic term that depends on f, u, v, u;, v, uy,, Uy, Uy, €tc. with the dependence
pointed out explicitly, but is independent of the spatial and temporal discretization parameters.
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Step 3. Rearrangement of nonlinear terms in (4.18). The nonlinear terms on the right-hand side of (4.18) require a
clever manipulation to introduce errors that can be controlled. The trilinearity of b(e, «, «) and b,,,, (s, *, ), their symmetry
with respect to the first and second variables, (4.13a)-(4.13b), and elementary algebra leads to

pw(ul/z,Cl/z 1/2) b(u1/2 J§1/2 1/2)_bw(u1/2 I — J)Cl/Z 1/2)
= b (C2E 2, 0013 = by @2, 612, 012) = by (012,612, o) = by @2 2, 1R,

Analogous arguments also imply that

b(ul/z’ul/z,Jel/Z) pw( 1{/{2’ ;/{2’ ]/2) — b (ul/z 1/2 (J— 1)91/2)+b (ul/z €1/2’91/2)

b (2 W2 012 b (w2, 12, 01/2) + b (02, ull, 0172,
I

3 [bpw(u&,u1 0'/%) = b(ug, u ,Jel/z)] = ——bpw(uo,u (T = DO = b Y. ¢, 017

M?

2 by (ting: 0", 0'/%) — b W (00 ut, 0177

with ug,[ = Rypylg from (2.12) (which shows ¢% = 0 and ¢! = 2¢'/2 from (4.132)) in the last identity. Since

1/2 1/2
pr(Cl/Z / , 1/2) — bpw(u/
can be combmed as b, (£'/2, 11\4/2, 0'7%) — by, W), 112, 61/%) = %bpw(u;w —u). £1/2,60'/2). Since by, (u'/2,£1/2,61/%)
cancels out, the nonlinear terms on the right-hand side of (4.18) rearrange as

,&1/2,01/2), two terms appearing on the right-hand side of the above two identities

(€2 0D 4 by — . €20V 4 By (T = DEV 0 ) 4 by 2 (T = D)

2 bow
1/2
bp (u()’ Lll, (J - 1)91/2) - bpw(p1/29 Cl/z’ UN{ ) - bpw(ul/zv Cl/ze /Yl/z) + bpw(ul/za p1/27 91/2)

+b(p'2, )7, 0'2) — 2 b (s 9", 01/%) = %b(po,ul,ﬁl/z) =T, + T+ +Ty,. (4.20)
Step 4. Bound for nonlinear terms in (4.20). Applying (2.7) (twice) shows T} + T, := —pr(Cl/z,Cl/2 l/2) +
%bpw(uM - ”1(3/[’ ¢1/2,91/2) can be bounded viz.

Ty + Ty < by (CV2 02, 0] + —|bpw<uM —ud, 12,01/
< CslE 22, Moyl + Ecds etk — 6y Mg S 2 M 11622
< Cas (llog M + icds Mgy — gl IE 72102, + inw“ﬂnﬁw
with the Young’s inequality (taking a = %Cds m”llv{ - ug,[ |||pW|||C1/2|||pW, b= |||91/2|||pw, € = 2) for the second term in

the penultimate step. This, (4.11) and the smallness assumption M, (u, 1, f, k) < 1 from Theorem 2.1(d) lead to

3 12m2 4 Lwal/22 12m2 4 Lwal/2n2
I +T, < ZMZ(MOaul,f,k)”lC |||pW+Z|||6' il |||C Mo + Z|||9 ([

pw = 4
Lemma 3.3(e), Lemma 3.4(a), and Young’s inequality (skipping details for brevity) lead to

c e, 1
T3 := bpw(u1/29 I - J)éll/z, 01/2) < Ggh ||u||C([0,rl];H2+o(gz))||U||C([0,tl];H2(Q))|||C1/2|||pw < C(u, U)h2 + 6—4|||Cl/2|||§w-
Analogous arguments with Lemma 3.3(d) reveal
1
Ty +Ts i= by ' u? (] - 1)0'/?) - Ebpw(uo,ul, (I - 0)8'/?)
< by 2,02, (T = DOV + 3 by g, ! (1 = 110/

2 1 1/2 2, 1/2 12
< C7h(”u”C([0,t1];H2(Q)) + 5”uO”H2(Q)”u”C([O,zl];HZ(Q)))|||9 / |||pw < Cuwh” + |||9 / |||pw-
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Next, we utilize (2.7), Lemma 3.5(a) followed by Lemma 3.4(a) to obtain

To+ Ty i= =y (02,2, 007 = by /2,612, 2112 < 15y (012, 6172, 0] + b 12,112, 41/

1/2

1/2 2 L1202
< CasC3h° (Null e oz, 1o @p oy Mpw + Mulleqo. 12 10l cor, 1 2oy ) IS "y < C@h™ + 3—2|||C / ([

1/2

with Young’s inequality, the bound [[vy; "Il < %Mz(uo,ul, k) < % from (4.11), and the smallness assumption

from Theorem 2.1(d) in the last step. Slmllarly, we infer

1

2 1
Ty +To+ T+ Ty < |byy ('/2, p172,6Y/%)] + (02, uy)?,6'/)] + | bowltigg: 2,012 + 1o, u!,0172)]

1/2

1 1/2
< CysCllull o, :mro@ph? (1l oo 1y + Mgy M + §|||“M|||pw + 5 lullcqon ) 10 Mo

< C(u)h* + |||9‘/2|||

pw’

Vel

where we have utilized |||u %(Illu&lllpw + ”lull\/I”lPW) and the bound from (4.11) in the last step.

Step 5. Control of the truncation term. Apply Lemma 3.3(a) and Lemma 3.4(c) to observe
K25 10 12 510 k? 1/2 4, 1212
le(a’” SIS 007)] < C4Z||”t||Loo(o,;];HZ(Q))”U;||Lw(o,zl;H2(Q)) 14 |||pw < Cluy, )K" + 64 |||§ |||pw

) , . . 1 .
with Young’s inequality (a = §C4k2”ut”L°°(O,t1;HZ(Q))”Ut”LW(O,t,;HZ(Q))a b= |||Cl/2|||pw, and € = 32) in the last step.

Step 6. Consolidation. A Combination of (4.19), the bounds of the terms in (4.20) from Step 4, Step 5, and (4.18) lead
to
1, = 1
2L + NEVIE, + OV, < Cltgs ottt Uyt ) + K, (“21)
. . . .. = 2 2
This and triangle inequalities show [19,(u'/2 = uy )l + Wu/2 =yt Iy, + W02 = 0322l < 10,0120 + "l

|||)(1/2|||pW + 10,812\ + |1¢1/? lllpw + |||91/2|||pw. Usmg Lemma 3.2 for the first three terms and (4.21) to the remaining
terms, we conclude the proof. Ul

S Proofs of results for fully discrete scheme

This section presents the proofs of the well-posedness result in Theorem 2.4 and the a priori error estimates in Theo-
rem 2.5 for the fully discrete scheme (2.10). Subsection 5.1 establishes the existence, uniqueness, and stability of the
discrete solution (u"+1 ”“) via an inductive argument, where the base case is established in Theorem 2.1. Subsec-
tion 5.2 derives the optlmal error estimates in the energy norm, achieving optimal convergence in space and quadratic
convergence in time, building on the error equation, approximation properties of the Ritz projection, and the truncation
error bounds from Lemma 3.7.

5.1 Well-posedness of fully discrete scheme

This subsection presents the proof of Theorem 2.4. We begin by proving Theorem 2.4(a), which establishes that any
solution (u”+1 ”“) to (2.10), if it exists, satisfies an a priori bound via a discrete energy estimate, with the nonlinear
identity (2. 1 1) as the key ingredient. This result reveals that the scheme (2.10) preserves the energy balance property
at a discrete level and ensures its unconditional stability.

Proof of Theorem 2.4(a). We establish the a priori stability bound (5.6) for the fully discrete scheme (2.10) via a
discrete energy argument, with the nonlinear identity (2.11) and a discrete Gronwall lemma as the key ingredients.

Choose @y = ult! — il = k@ui? + 9l %) = 2lT? —ul'/?) = 2k6,u2, (from (2.9b)) in (2.10a) to obtain

k(az n a n+1/2+aun 1/2 )LZ(Q)+2apW(un 1/4’unM+1/2_ };/[—1/2)

ZSVE
2k ", Sy U0 = k(A 0l 4 0l ) - (5.1)
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Utilize 07, = k' Gy /> — iy /%) from (2.8b) and wp™* = Lupr'/? + uf'/?) from (2.90), linearity, and
symmetry of (e, ¢)2(q) and a, w(®®) to show

+1/2 1/2 3 +1/2 3 -1/2 =3 +1/2 1/2 +1/2 3 1/2
k@2l Ot 4 3l ) oy = @i = 0l Bl P 4 0l oy = N0 P IP = N9 I
1/4 +1/2 1/2 +1/2 1/2 +1/2 1/2 +1/2 1/2
pw(un/,ugd/ uny %) = agy unt ' g Pt — />—|||" P12, = ey 2,

A combination of these identities and (2.11) in (5.1) leads to

= n+l/22 3 1/2,2 +1/2,,2 1/22
13,y 212 = Ny 212 + Mgy 212, = My 202,
+1/2 1/2 = +1 2 1/2
+ oy 2, = Moy 2, = kG4, By y + 0 2
We sum over n = 1,2, ..., m and utilize the telescopic behavior of the left-hand side terms to derive

5 m+l/2,2 m+1/2 2 m+1/2,2 1/2,,2 /22 1/2 2
0y 1%+ Moy 7l + Moyy 7l = 10,y 17 + Mg "I, + Moyl

+k Z(f”’1/4, Wi 4 0ul ) g foralll <m < N — 1. (5.2)

An application of Cauchy-Schwarz and Young’s inequalities with a = || f/™'/4||, b = ||0,uy, M2 G 1/ 2, e =2T

followed by a summation from n = 1 to m, and ||a,u"M+l/2 + O,y 22 < 2||<),u"M+1/2||2 + 2||0,ul’<,I 1/ || from triangle
inequality lead to

m
kYA o+ >Lz<g><Tk2||f“/4n2 ||‘ w22+ Zna ud PP (53)

with % < 1 in the second term on the right-hand side of (5.3). A combination of (5.2)-(5.3) reads

m+1/2,,2 m+1/2 2 m+1/2 2
—||au IR gy 202, + oy 202,

= 1/2 1/2 1/2 3 n+l1/2
< N3y 12+l 12, + Moy M2, +Tk2||f"1/4||2+#2 up )2
n—O
with y = 2% Lemma 3.6 witha,, = H1d,yy /112, b,, = lluyy 2112, + 0y 72112, and c, = 19y, 12+ g 12, +

1/2 = 1/2 l 2 1/2
oy 02, (resp. ¢, = N0uys 12 + Ny I3, + Noyg I3, + Tk S 1Lf"V/412) if m = 0 (resp. if m > 1), leads to

1,5 m+1/2,2 +1/2,2 +1/2,2
SN 1P + My 2102, + Moy

m
1/2 1/2 1/2
> 2 < (1 1P + Mgy W2, + Moyg I3, + Tk YIS 42)  (5.4)

k
with e™ = *"7 < ¢? from mk < T in the last step. Triangle inequalities and (4.8) result in

1/2)2 /22 1/2y2 122 12 12 0 2 0 2
13,y 12 + My 12, + Noys 22, < Ny 17 + (|||uM||| + Mg, + M 2, + oS 12, )

pw —

< I PNl (14 SC2 11 I) + 20 1+ 11, (5.5)

with the bounds for |||u(13,1|||pW and |||U(13/I|||pw from Theorem 2.1(a) in the last step. Then (5.5), (5.4), and elementary
algebra lead to

—||a g 1P+ W22, + o 22, < Mg,y £ K). (5.6)
Some elementary manipulations conclude the proof. O

We next prove Theorem 2.4(b), which establishes the existence of a solution (u’“rl ”“) to the nonlinear coupled

system (2.10) at step #,, ;. The proof proceeds by induction, assuming the existence of solutions atlevelst, and 7,_,,
where the base case is furnished by Theorem 2.1. The existence is established via a corollary of Brouwer’s fixed-point
theorem (Theorem 4.1), utilizing the a priori bounds from part (a).
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Proof of Theorem 2.4(b). The existence follows as in Theorem 2.1(b) and hence we highlight the choices of the inner
product and the mapping, which differ because the initial discretization and fully discrete schemes are different.

Choose H = M(7) and for all Wy = (w1 Wwm2) » Py = (@M1, @vn) € M(T), consider the inner product in H

2 .
defined as (Wy, Pypw = Wnmi> @M 12@ + (apw(WMl’(le) + (Wi Pmp))- Given ¥y = (Wi, ¥wmo) €
M(T) and motivated by (2.10), we define Q\I,M M(T) - R by

G, (Py) = (Pt Prppw + 7= [ Wiy + 4y v ) - bpw (W1 + 2”n_1/2, v + 2”nM_1/2’ )

k?
16

—135 n-1/2 2
—K2[(mA 4 2k 0l o) ey — ap il 2 ongt) + Sty 1/

L)) (5.7)
Note that Q.PM(-) is linear and bounded with respect to || « ||,,,, and hence by the Riesz representation theorem, we
have that £ : M(7) — M(T) defined by (L(¥y), Dpp)py = Q.I,M(QM) is well defined and continuous. To apply

Theorem 4.1 it remains to prove that there exists some R > 0 such that (L(¥y;), ¥p),ow = 0, for all Wy, € M(T) with
I'"¥mllpw = R. For this, we set

pw =

1/2 1/2 1/2
R? 1= 2k [I7[| 112, + 400y P + 2y 2, + 200y 2, ) (5.8)

[0,T];L2(Q))

and choose Wy; € M(7') such that I¥mllpw = R. Selecting @y = Wy in (5.7) we observe that the linearity, symmetry

of by, (e, « #) in first two components, and (2.10)(b) implies by, (yy; + 4u1'<4_1/2, Wi Wm2) — bpw (W + 2u"M_1/2, W+
-1/2 /2 n-1/2 1/2
21/{;/[ / ’WMZ) = pw( ml/ aunM / 7WM2) 8apw(Un / ’WMZ)' Hence
(£(\PM)),\PM)I,W = gwM(‘PM)
15 n-1/2 1/2
= a2, — [ + 267 Gy 2, a2 — B Gy ) + a0 2 v (5.9)

Cauchy-Schwarz and Young’s inequalities with a = k2|| f"1/% 4 2k~ Yo,uy 1/2|| b = |y ll, € = k%, and | Fm14) <
|/ I cory:12()) from Lemma 3.4(b) reveal

n—1/2

1
k2<f"1/4+2k 0 i) ey < KLY 2670 Iy |

1 2 1/2 1
B 26710 P Mo <RI ey + 2800 I+ L 12
The continuity of the bilinear form a,,,, (e, ) and Young’s inequality (applied twice) gives

n—1/2

1 1/2 2 1/2 12 1 2 2
gty 2w ] + lap vl < 200 G, + s I5,) + 5 (w5, + N i, )-

2
Combine the last two displayed inequalities with ||‘I‘M||§W = |lya 1 + % (|||l[/M1 ”lrzwv + |||1//M2|||§W) = R? and utilize
(5.8) to obtain

n—1/2 -1/2

n n—1/2
> ‘PMl)L2(Q) - apw(“M

K+ 2k o,

1
2R2 + K2 (KNFN12

’II/M2)]
5 n—1/2 -1/2 -1/2
+ 4Gy, I+ 2l U2, + 200y P, ) =

5 WMl) apw(U
3r2,

C([0.TT;L2()) 4

This and (5.9) along with the fact that ||¥y[l,, = R leads to (L(¥pp), ¥a)pw = RTZ > 0. Theorem 4.1 shows that there
exists W5, = (W3 Wap,) € M(T) such that [|¥ Il < R and L(¥}) = 0. Define Wit onthy = (wi +up v, -

2U"M - " 1) This, (5.7), and the definition of £ show that (u”+1 ”“) solves the fully-discrete scheme (2.10). O

We conclude this subsection with the proof of Theorem 2.4(c), which establishes the uniqueness of the solution
(u"M+ ! vl’(;' Y to (2.10) at step 7, +1- The proof again proceeds by induction, assuming uniqueness at levels 7, and 7,_,
and employs the a priori bounds from part (a) and the smallness assumption of the given data.

Proof of Theorem 2.4(c). If possible, let (u’”’1 '”'1) and (iy, L onf 1) be two solutions of (2.10) at #,,, given that

(uyy, vy,) (resp. (uM JUR 1) are unique solutions at ,, (resp. t,_;). Define ey, := u"! — a+! kL prkd

M Uy andey i=oy — O
With the definitions from (2.82) and (2.8b), (2.10) implies

1 1 1 1 1 1
ﬁ(eM’ oM Zapw(eM, om) + Ebpw(”nM+ +2uy, +uyy ! oy v+ 200, + oY)
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1
16

1 A N
G @ W) = by 0" 0+ 0y ) = 4pw< Yl 0 4 ) for all wy € M(T),

by AL + 20y + Tt oy, D0+ 200, + Ui ') = 0 for all gy € M(T),

The test functions @y; = 16ey; and yr; = 4é); in the above system of equation lead to

-2 2 2 1 -1 1 -1
16k llepl” + 4llemll,, = —byy (s + 2+ Uy ey, Uy + 208 oy )
by R+ 2uyy + ey 05+ 208 + o), (5.10a)
=2 1 1 _ ntl ] _
e, = bow (g + g iyt + g, ey = by (AN + g, an + uyy, ). (5.10b)

The linearity of by, (e, ,+) in each component and its symmetry in the first two components reveal that the terms on

the right-hand sides of (5.10a) and (5.10b) can be combined as 2b (un+1/2 u"M_l/z, e ep) — 4bpw(eM, e U"N’IIM).

This, an addition of (5.10a) and (5.10b), and the boundedness of bpw(- e, o) from (2.7) leads to

-2 2 2 ~ 2 +1/2 -1/2 _ 1/4
8k len I + 2llentllZ, +2M12wllZ, = byt = 2. ey, ) = 2y ey ent. v )

+1 2 —1/2 +1/2 —1/2
< Cys (a2 = 172 w2

2
oullexllo eyl + Nt pullenll,)-

A Young’s inequality with a = |||u"+1/ 2y 1/ 2

imply

llpw llentlllpws & = ey, and € = C4s/2, and a triangle inequality

n+12 n—12 _ n+1/2 2 n122 2 1
(Mot / |||pw|||eM|||pW|||eM|||pw_ =35 (Mg 202, + Mgy 202, ) enall, + Cal Ml

Choose y = v"+1/2 in (2.10b) and utilize (2.7) to show ||| 1)"1\/I+1/2 Il CdS |||u"+1/2 |||2 From the bound ||| U" 12 Il

PW—2 PW—

LCyslluy; /12, (obtained by replacing n by n — 1 in the last inequality) and triangle inequality, we have
12, -l 2 1/2 1/2 L 12 2
ey 0 P < W + el P < 3 Cas (Ml 22, + 52,

In turn, a combination of the last three displayed inequalities followed by (5.6) (applied twice) implies

) 2 2 ~ m2 +1/2 12 /22 2 2
8K leyg 12+ 2llenlI3, + MewllZ, < CX (I I3, + My V212, llem I, < 2Ms(ugs ., £ Ollenl?,

pw — pw —

Under the smallness assumption on u, u;, k from Theorem (2.4)(c), we have M;(uy, u;, f, k) = 6 for some 6 < 1.
This shows that 8k72||ey;]1? + 2(1 — 8)[[leys |||§W + |||éM|||§W < 0, which is only possible if [leylll = llepllpy = 0. O

5.2 A priori error analysis

In this subsection, we first present the error equation. This is followed by Lemmas 5.1-5.3 with estimates for the
intermediate terms appearing in the error equation. The proof of the error bound in energy-norm for the fully-discrete
scheme concludes this subsection with optimal convergence in space and quadratic convergence in time.

Error equation. By the definition of the companion operator, we have J ¢\, € H g(Q) for all @y; € M(T). With this

choice of the test function, consider the convex combination of (2.2a) with coefficients l % and % at the three time

levels¢t,_,,t,, and t, |, respectively, and subtract (2.10a) from resultant equation to obtaln

1/4 174
p Jon) 2 + aW™ ', Ty — (07U, oy 120) — (T " o) = (44 - Do)

[b(u"+1 Topt, V") + 26", T oy, ") + bW, T oy, 0] + by i, op, V7). (5.11)

(u,

The linearity of b(e, ¢, ¢) in each component and (2.92)-(2.9b) with elementary algebra leads to the identity
b, Ty, U + 26", I gy, 07) + b, Ty, 0"

2 _
= 4b™/4, Ty, 0 + 22 [b(S ", T @y, 8,0") + %b(afu", J oy, 070)].
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This, a(™'/*,J oM) = apW(RMu"’l/ 4 @) from (3.1), (4.13a), and some elementary manipulations in (5.11) with the
truncation error r" = 92u" — uft’l/ * lead to

1/4
n/ (I = Doy 2 + = 070" on) 12

07", oap) 120 + Apu (C M ) = (f14 -
+ bpw(un 1/4 , Oups U"M1/4) _ b(un,1/4’ J oy, Un,1/4)
2 - -
+ 7 [b(a,u", J oy, 8,0™) + %b(afu", J oy, 070"
The choice @y, = 2k5,{" in the above equation, (2.92)-(2.9b), and (2.5) reveal

= 3 on— . nl 4 5
13,212 = 13,821 4 W22, = e, = 2k =t (0 = D8y + 2k - 02", 8,8
+ 2k [byy iy T, 8,67 00 = b, T8, 0] + I3 [b(su, T6,L", 8,0 + gb(éfu",m,g",éfu")]. (5.12)
Choose the test function in (2.2b) as Jys, and consider the difference at t = ¢,,; and ¢+ = ¢,_;. Utilize the lin-

earity of a(s,*) to show a(v"*! — v"1, Jyy) = lb(u”+1 u"™t Jyny) — lb(u”‘l,u”_1 Jyny) for all yy, € M(T).
n+1/2 n-1)2

Also multiply (2.10b) by 2 and consider its difference at n and n + 1 steps to obtain 2a,, (v, "~ — vy " ym) =
b (ttyy W't u"MH/Z, M) — by (g, 12 Uy 12 wy)- Subtract the two equations and utilize (2.9a) to arrive at
a(vn+l _ Un_l, JWM) _ apw(vlr(/-ll-l n 1 WM) — (b(u"“,u"“, JWM) _ b(u"_l,u"_l, JWM))
1/2 1/2 1 2 1/2
— by W2 a2 )+ byl T ). (5.13)

The identity a(v"+! — v"~1,J M) = aPW(RI\,,(U”Jr1 — v, ) from (3.1) and an application of (4.13b) rewrite the
left-hand side of (5.13) as

a(Un+1 _ Un_l’JWM) _ apw(vlnv-ll—l _ UnM_l’WM) — apw(9n+1 _ gn—l’WM).

The linearity of b(e, e, ¢) (and bpw(o, e,¢)) and (2.92)-(2.9b) modify the right-hand side of (5.13) as

30 _
% (b(u"+1, u"!, Jyy) — bu" "t u JWM)) = 2kb(u™'/*, 5 " Jyny) + %b(azzun’ S, Sy,
1/2 1/2 1/2 1/2 1/4
pw( n+l/ ’ulf\l/:'/ M)_bpw(un / , "M / JWm) = 2kbpw(u" / 5,141’\!4311/1\/1).

A combination of the last three displayed identities in (5.13) shows

n,1/4

3
ap (0" = 0771 yng) = 2k (b4, S, Tyrg) — by (T Sy w)) + %b(afu", su", JTyyp).

The choice ypy = 0™1/4 = 2(0"+1/2 4+ 9"=1/2) and the identity 9"*! — 9"~! = 2(9"*+1/2 — ¢"~1/2) from (2.84) then
gives

n,1/4

3
|||9"+1/2|||§W - |||9"-1/2|||§W = 2k [b@" 4, Su", JO™Y = by (L Sy, 071 + %b(afu", su", JOmH,

We then add this and (5.12), sum from n = 1,2, --- , m, and utilize the telescopic property to arrive at

19,6217 4+ W™ 20, + 6™ 2110, = [119,¢ 211 + NS, + 16211, ]

m
+2k2 [ = (= Da L™ + (" = 32p" 6,8
L2k Z bpw( n1/4 8,8 v n, 1/4) b(un,1/4, Js,c", Un,1/4) + b(un,1/4,5tun’ J@"’1/4) bpw(un 1/4 ,911,1/4)]

K - - 1, -
+ i3 Z [b(3u", T 6,5, 8,0™) + gb(afu", J6,0", 070" + Eb(afu", s, Jo™/%)]
n=1

=T +T,+T;+T, for I<m< N —1. (5.14)

This is analogous to (4.18); with an (additional) initial error contribution 7}, linear contributions 7,, nonlinear contri-
butions T3, and truncation terms 7. The term T is controlled in (4.21). The estimates for T5-T, are technical and we
present them in the Lemmas 5.1-5.3 below. Combining these arguments gives the proof of Theorem 2.5.
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Lemma 5.1 (bound of linear term-T,). Let f € H'(0,T; L>(Q)), u,, € L*(0,T; H**°(Q)), andu € H*0,T; L*(Q)).
Then the following bound holds:

m
Ty 1= 2k Y [ =y P = D5E ) + 0 = 50" 6" )] < Cltth e £ F) (7 4+ KY)

m—1 m—l
1 /22 m+1/272 1/2412 m+1/2 n+1/22 3 #n+1/212
Y (¢ ([ 4 l W] + 5 [Ila SN+ 10,8 1] + & nzo ¢ 5w + nzzo l9,¢ -

Proof. The definition (2.8b) and the identity (2.9b) show k8, = ¢"+1/2 — ¢"=1/2 Then, we obtain

kz(fn,1/4 n1/4 (I = DsL" )Lz(g) (fml/4 m1/4 = I)§m+1/2)L2( +(f“/4 11/4 U —-J) 1/2 )Lz(g)

m—1

+ Z ((fn+1,l/4 _ fn,1/4) _ (u;”t':'lal/‘]' :lnl/4) (I J)Z:,H—I/Z)LZ(Q)' (515)

n=1

A Cauchy-Schwarz inequality, Lemma 3.1(e), and Young’s inequality with a = C,h?|| f m.1/4 um 174 I, b= [IIC"™172|

pw>
and € = 32 lead to
Y == DE) gy < N -y ”“||||<J nemR
24 L eme2g2
< 32C h (”‘f”C(OT Lz(Q)) + ”utt”C(OT LZ(Q))) + 64 ”lé:m ”lpW (516)
. 1 4 .
with || fm1/4 — ™ / | < 2||f||C(0T 12@) 2||u,t||2C(0,T;L2(Q)) in the last step. Analogous arguments show
1 1/4
(FLVA B3 (= el @) < 32C2h4(“f”C(0T 2oyt ”u"”C(OT LZ(Q))) + a|||Cl/2|||12)w_ (5.17)
The definition (2.9a) reveals
" n ) 1 %) Tntl
(f +1,1/4 _ f 1/4) ( n+1,1/4 ”:1,1/4) = Z(/ (ft(t) - um([)) dr +/ (ft(t) - um([)) d[)_ (5.18)
I, ]

A Cauchy—Schwarz inequality, Lemma 3.1(e), and elementary manipulations lead to

ln+2 Tnio
(00w i =) <) / (0 = ) ST = D
g t

n

Tht2
<G R / (f0) = @O ALNE" 2 gy € CoVRRP N, = il 12, s 12 IS Pl (5.19)
tn

with || fti"”(ft(t) —u,, () dt]| < ft:”” £ — u DIl dt < V2K f; — wyll 12,41, 12() 10 the last step. A Young’s

inequality with a = C,h?|| f, — u,,,|| L2ty 0. L@ D = V2K[IE /2 llpw- and € = 1 on the right-hand side of (5.19),
and a triangle inequality result in

Lny2
( /t (fl(t) - uttt(t)) dt’ (I - J)Cn+l/2)L2(Q) < C2h4(”ft”L2(t t LZ(Q)) + ”ul‘tl”LZ(t t LZ(Q))) + klllCn+1/2|||§W

n

Analogous arguments show

Tl
( / O = (@) de, (L= D) o < CTRA I, oy + Il
t b

n—1

n+1/2y2
L2(t,_ .t +1,L2(Q)))+k”|§ ”lpw'

A combination of last two inequalities in (5.18) and Zl ) ||(p||L2(t b L) < ||(p||L2(OTL2(Q)) forp € {f,uy},
reveals
m—1
+1.1/4 _ nl/4
((fn+l,l/4 _ fn,l/4) _ (u:‘n / :ltt/ ) (I J)§n+1/2)L2(Q)
n=1
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m—1
k
< C2h4(”ft ”L2(0 T: LZ(Q)) + ”unt”iz(O,T;Lz(Q))) + E 21 |||gn+1/2|”§W.
n=
This and a combination of (5.15)- (5.17) with h* < h?® establish

m
2k 3 (A =l (T = D6 0
n=1

m—1

s 1
< Cltg s [+ SR + S S22, + S22 ] + & Y NE™2IE, (5.20)
n=

1L

Cauchy-Schwarz and Young’s inequalities (with a = [|r" — étzpnll, b = |6,£"|l, and € = 4T /7), a summation over n,
a triangle inequality ||r" — 53 PHIF <201 + 2||5t2p”||2, the bounds from Lemma 3.7(b) for the truncation error, and
Lemma 3.2 result in

m . _ . k m
2k Y (" = 02", 68" 2 < [C(u,m)k4 h4"llunll Dorea] T a7 2 18"
— n=1
From (2.9b), we have 26,{" = 9,¢"~'/? + 9,{™*!/2. This and a triangle inequality infer

m
k 2 1/2q2 1722 /22 +1/2¢12
?,,Z 6.5y < 5+ Z [llo,¢" 15, + llo,g" |||pw] [III0C 1%, + M, g™ |||pw]

pW_2T =27

— m—1
k = k =
+ 21 13,6213, < 3 (13,6 202, + N3, IR, + & 21 10,2115,
n= n=
with k < T for the first two terms on the right-hand side. The last two displayed inequalities and A*° < h%°|Q|° reveal

Tk
2k2<r — 0", 6,8 1) < Cltgsthy ) + H2) + (19,81 217 + o, 211 + 2‘,"6@"“/2”2
n=1

n=1

This in combination with (5.20) and the addition of non-negative terms k|[|¢!/ lelgw + % 10,¢1/2||? to the right-hand
side conclude the proof. Ul

The next lemma provides bounds for the nonlinear contributions 73, representing the main difficulty. The estimates
rely on the stability of continuous and discrete trilinear forms, approximation properties of the Ritz projection (cf.
Lemma 3.2) and of the companion operator (cf. Lemma 3.1(d, e)).

Lemma 5.2 (Bound for nonlinear term T3). Let uy € H}(Q),u; € L*(Q), and f € L*©0,T, L*(Q)) be such that
M, (ug, uy, f) < 1/2. Assume that u,v, € HY0,T; Hg(Q) N H*°(Q)), u,v, € L*°0,T; H2(Q)). Then

m

Ty = 2k2 [ pw( n1/4 54471 n1/4) b(un,1/4,J5té«n’Un,l/4)+b(un,l/4,6tun’J9n,l/4) bpw(”n 1/4 5:”1?4’9%1/4)]
n=1
17 9 25 m 13
< Cl 0,001 + NP IR+ N0 I, + SUE™ PR, + o™ I,
m—1
k(C5[||“t||L°°(o,T;H2(Q)) + ||Uz||L°°(o,T;H2(Q))] + 3) Z |||C"+l/2|||§W
n=0
m—1
(C5||ut||Loo(0T me) t o= ST 2 |||9"+1/2|||§W holds for any m with1 <m < N — 1.
n=0

Proof. Definitions (2.82)-(2.8b) and linearity of b, (e, ¢, +) in each component imply the relation

n1/4 n1/4

by 8,87 0T = b T 6,87, oM = by (Y, 5,67, 0m11
- Pw(gn 1/4’ 5t§n’ RMUn’IM) + bpw(Pn’1/4, 5té’n, 9"’1/4) - bpw(ﬂn’1/4, 51Cn, RMU"71/4)
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_ bpw(un,l/4’ 5tCn,9n,l/4) _ bpw(un,l/ﬁl’ 51Cn’1n’1/4) + bpw(un,1/4’(1 _ J)été«n’ U"’1/4).

Analogous arguments with 6,(Ryu") = Ry0,u” from linearity of Ry, lead to

b(un’l/4,6tun, Jen,l/4) pw(un ,1/4 5 u en 1/4) _ b (éln ,1/4 5 Cn o 1/4)

+ pr(Cn’l/4, RMatun’ o™ 1/4) _ bpw(pn 1/4’ 6tcn’ o™ 1/4) + bpw(pn 1/4’ RM(Stu , 9"’1/4)
+ bpw(un,l/4’5té'n’0n,1/4) + bpw(un,l/4,5lpn,9n,l/4) + bpw(un’l/“’ézuna J - I)H”’IM).

Then, noticing that by, (¢4, 6,¢", 0™1/4), b, (p™/*,5,£",0™1/%), and by, (u™1/4,5,¢", 0™1/*) cancel out, we arrive at

m
T3 =2k Z [_ bpw(Cn,l/ét’étCn’ RMUn,l/4) + bpw(é«n,l/4’ RMér”n’ 9"’1/4) _ bpw(pn,1/4’ 6[4«}1’ RMUn,1/4)
n=1

+ bpw(pn,l/47 RMS,u", 9”’1/4) _ bpw(un,1/4’ 51Cn’ Xn,1/4) + bpw(un,1/4, 5;/)", 0n,1/4)
8
by WA (T = D)8, 0 4 by W S (= DO =2 NS (5.21)
i=1
The rest of the proof focuses on bounding the terms S, .5,, ---, Sg.

Bound for S,. Using 2¢mV/4 = ¢n+1/2 4 ¢n=1/2 kg ¢n = ¢m+1/2 — ¢n=1/2 (obtained from (2.82)-(2.8b)) followed by
linearity of by, (e, +, ) in each component and symmetry in first two components show

_ 2kbpw(z_:n’l/47 6[@4’!’ RMUn,1/4) — _bpw(§n+1/27 Cn+1/2’ RMUn,1/4) + bpw(ézn—l/Z7 é/n—l/z, RMUn’1/4).

Utilize Ryv™!/* = Ry 0" *+1/% — %RMét v" and Ry o™1/4 = Ryo"~1/2 + %RM@U” in the third components of first and
second term, respectively, to infer

_Zkpr(CnJ/“.a 6[4«}’!’ RMUn,1/4) — _bpw(€n+1/2, Cn+1/2’ RMUn+1/2) + bpw(cn—l/z’ Cn—l/z’ RMUn—l/Z)
+ g(bpw(ézn+1/2’ Cn+1/27 RM5[Un) + pr(Cn_1/27 ézn—l/Z7 RMatUn))~

A summation over n = 1,2, -, m (for 1 < m < N — 1), the definition S} := =2k 377" | b, ({" A14 5.0n Ryu 14,

and a telescopic sum property in the first two terms on the right-hand side show that

Sl — _bpw(cm+1/2’ Cm+l/29 RMUm+1/2) + bpw(gl/Z’ ézl/z’ RMUI/Z)

m
k —_— —
+3 D (b (2,2 R8,0") + by ("2 E 2 Ry8,0M).
n=1

Utilize Ryv"™!/? = Ry /4 + = R 8,0™ and linearity of b (s, , ) in third component to obtain

pw(.’

m
_ pw(§m+1/2’Cm+1/2’RMUm+1/2) + % Z bpw(€n+l/2’ Cn+1/2’RM5[Un)
n=1

m—1

k
- _ pW(Cm+l/2’ Cm+1/2’ RMUm’1/4) + 5 Z pr(Cn+l/2’ §n+1/2, RMétvn)'
n=1

A combination of last two displayed identities reveal

1= pw(c"’“/2 Y2 R0 ) by (EV2, 2, Ry )
i %[ Z by (§"F2, M2 Ry6,0") + Z b (§"1 2, ¢ Ry 30 | (5.22)
n=1 =1

Then, from (2.7), (3.2), Cs5 = ||J||Cys. 0™ 1/4|||pw < 4(|||U'” l|||pW + 20" Nl pw + |||U'”+1|||pw) from (2.8a), a triangle
inequality, (2.4) witht =1¢,_,,7,,and 7, ;, we obtain

b (€712, 62 Ry™ ] < CyslE™ 212 MR 0™
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1
< Gl PG MO g < MyGatg, s HIE G, < SIE™IG,-

The last inequality follows from the smallness data assumption M, (¢, u;, f) < 1/2. Similar arguments lead to
1
by (/2,812 Ry ) < SHIEVI, -
Recall C5 := Cyl|J||. The inequalities (2.7), (3.2), and the bound

N6 0" Mpw < 16,0 2y < N0ell o 0,7 5202 (5.23)
from Lemma 3.4(e) reveal

1/2 1/2 1/22 1/22
b (E"H12, 62 Ryi8,0") < CslIE™2 2 8,0 e < Csllogll ps o sz I/

pw’

bpw(Cn_l/Z, g2 Ryys,0™) < Cs |||§n_1/2|||§w l6:0" Mpw < Csllogll Lo, 22y |||é'n_1/2|||§w-

A combination of all this with an addition of the term Csk||v, | Lo 7 2 1S /2 |”§w on the right-hand side in (5.22)
leads to

m—1

1
S < §(|||Cl/2|||§w + |||Cm+1/2|||§w) + Cskllvll oo go.7: 12 02)) Z |||C"+1/2|||12)W- O
n=0

Bound for S,. Recall 2g™1/* = ¢n+1/2 4 ¢n=1/2 and 20™1/% = ¢"+1/2 + 6"=1/2 from (2.8a). The linearity of by (s, s, )
in first and third components, (2.7), and (3.2) lead to

m m
1
85 1= 2k 7 by (€ Ryl 0114 < ZCske M8 Mg [I1E™ g 110"/
n=1

n=1

+ 12 11672+ IS 2 02 + WE 2 116" (5.24)

We now control the terms on the right-hand side of (5.24). A Young’s inequality with a = { /Cs|l|5,u" [l 5, Il € n+1/ 2|||pw,

”lpw’ ”lpW’ and € = 2) for

b = \/Cs|||5;M"I||pw|||l9"“/2 and € = 1 (resp. a = Cs|||5tu”IIIPWIIIC"+1/2|IIPW, b = ||on+1/2
1 <n<m—1(resp. for n = m) reveals
icsklllfszu"lllpw[IIIC"“/ZIIII%W + I||9”+1/2||I§W] ifl<n<m-1,

1 1/2 +1/2
SCskG " Mo ™2 M 10" My < _
2 e T P YT SRR NS M A NI, + IO A2 i = m.

(5.25)
Then, (2.8b), a triangle inequality, (2.4), and the smallness data assumption M, (ug, u;, f) < 1/2 show
l 2,2 2 1o 12 —1y2 1 2
FCs RS Gy, < Z.C5 (™ T, + ™ IE, ) < 5 (M (g, 1, ) < 1/8. (5.26)

This, the bound similar to (5.23) (with v replaced by u) in (5.25), and a summation from n = 1 to n = m reveal

1

m
SCsk M M ™2 O™ 211
n=1

m—1

1 1 1
< SOkl w2 IE™ 202, + 6™ 202, ] + e IR, + <o 22, (5.2)
n=0

with the addition of iCSkllu,II L1215 2|||§W + lo'/? |||§W] on the right-hand side of the last inequality.

Next we bound the second term on the right-hand side of (5.24). Young’s inequality with a = ||¢"+!/ 2|||pw, b =
|||0"_1/2|||pw, and e = 1 followed by (5.23) (with v replaced by u) for 1 <n < m — 1 and (5.26) for n = m reveals
1., X 1., X
S sk DS Mo E™ 2 Mg 6™ 2, < 3 Csk D B Mg, [HE™ 2105, + 6™ 2115, ]
n=1 n=1
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m—1

17212 1 17212 17212
g+ 5w + chkllutlle(o,T;Hz(g)) 2 [lllC"+ / 5w + "t/ |||pw]
n=0

<

o0 | =—

with the addition of a non-negative term iCskllu, | Lo 0.1 2000 1€ 17212 on the right-hand side.

Interchanging the roles of " and 8", we bound the third term on the right-hand side of (5.24) as

m
1 -1/2 +172
ECSk;nw,u"mpwm:" Mo 116712
1 1 m—1
< SN2, + S Cskllullmo ey 2 [mc*’““mﬁw + |||9"+1/2|||§W].
n=0

Analogous arguments lead to the bounds of the last term on the right-hand side of (5.24) as

m m—1
1 ~1/2 ~1/2 1 +1/2y2 +1/212
ECSanl 3™ Ml S / Il e 116" / llpw < ZC5k||”z||Lw(o,T;H2(Q)) ;:O, [|||C" / 5w + "t/ |||pw]-

Putting together the last three displayed inequalities and (5.27) in (5.24) results in

m—1

(™1 202, + 6™ 1212, ] + Cskeli | ooz 2, (NE™72I2, + 0™ 1212, ] O
n=0

S, <

Bl

Bound for S;. The identity k6,¢" = ¢"+1/2 — ¢"=1/2 from (2.9b) shows
—kbpw(p"’1/4, 5t€n’ RMU"’1/4) — _bpw(pn,1/4’ Cn+1/2 _ Cn—l/Z’ RMUn’1/4).

This and elementary manipulations motivate a split for S5 in

m
1
5513 =k Z bpw(pn,l/ﬁ‘-’ 5[Cn’ RMl)n’l/4) — _bpw(pm,l/4, Cm+1/27 RMUm,1/4) + bpw(pl,l/4, CI/Z’ RMUI,1/4)

n=1
m—1 m—1
+ Z bpw(pn+1,1/4 _ pn,l/4’ §n+1/2’ RMUV!+1,1/4) + Z bpw(pn,1/4, §n+1/2’ RM(UVH-I,1/4 _ Un’1/4)). (528)
n=1 n=1

The boundedness from (2.7), (3.2), Lemma 3.5(b), and Lemma 3.4(b) imply
|bpw(.0m’1/4, §m+1/2, RMUm’1/4)| < C3C5h6||u||c([o,T];H2+v(g))||U”c([o,T];HZ(Q))|||§m+1/2|||pw-

A Young’s inequality with a = C3Csh? ||ull ¢ (0,11, w2+ IVl o, H2@)0 b = |||Cm+1/2|||pw, and € = 96 controls the
first term on the right-hand side of (5.28) viz.

0174, €2 Ry ] < Clu, 07 + S P, (529
Analogous arguments with m = 1 establish
1
by (P, 2 Ry ) < Clu, 0% S PG, (5.30)
Exactly similar arguments with Lemma 3.5(d) and Lemma 3.4(f) lead to

1,1/4 1/4 1/2 1,1/4 1/2
pr(Pn+ AR " / N / ,RMUH 1/ ) < GCsy k/Zhg”“t”L2(t,,_l,t,,+2;H2’+"(Q))||U”c([o,T];}r{Z(Q))|||é,nJr / ”lpw’

1/4 1/2 1,1/4 1/4 1/2
bpw(l’n’ / N / ,RM(Un+ AR ) < C3Csy k/2h6||u||c([0,T];H2+a(Q))||Uz||L2(t,,,1,t,,+2;H2(Q))|||Cn+ / ”lpw‘

A Young’s inequality with b = V k/2|||§n+1/2|”pw, € = 1, a = C3C5h6||ul”Lz(t",l,anrz;Hz"'“(Q))”U”C([O,T];H2(Q)) (resp.
a = GCsh? |lull o,y m2+e@p Vil 2, 1, ,,: 2 (@2)))> @nd the sum for n = 1 to m, and some re-arrangements reveal

m—1
.k
2 by (0" Ry — 0 ) < C o+ ZIEIR,

n=1

28



m—1
k
<resp. Z bpw(pn+1,1/4 _ pn,1/4,§n+1/2,RMUn+1,1/4) < Cu,, )R + lelcn+1/2|||§w)'
n=1

A combination of (5.29)-(5.30) and the last two displayed inequalities in (5.28) lead to
1 m—1
2 1722 1722 1/2y2
83 < Clw,v,u, )R + S [E2IG, + WE™ 21T, ] + K 20 g™72012,

with the addition of non-negative term k|||¢!/2 |||§W on the right-hand side. O

Bound for S,. The inequalities in (2.7), (3.2), and Lemma 3.5(b) followed by the definition k6,u" = u"+'/? — y"=1/2,
and the bound from Lemma 3.4(d) reveal

kbpw(pn’1/4a RM5tun, 9’1’1/4) < C3C5 V k/Zh'G ”u”C([O,T];HZ‘HT(Q)) ”ut||L2(t,,_1,l,,+l;H2(Q))|||9n’1/4|”pw'
The identity (2.9a), a triangle inequality, and some elementary manipulations lead to

pw 2T

n=1

m m
k /42 k n—1/2y2 n+1/2y12
= ; lom'74012, < == D [l 2I2, + llo™+'/2112, ]

m—1
k 122 m+1/2 12 k n+1/2y2
< 5 OVZIG, + 0™ 20, ] + = 2‘1 /2112,
1 k m—1
< S 620, + WO 2T, ) + = % e+ 2IE, (531)
n=1

with k < T for the first two terms on the right-hand side of last inequality. This, a Young’s inequality with a =
C3C5h6||u||C([O,T];H2+"(Q))”ut”L2(z,,_1,t,,+1;HZ(Q))’ b =1 k/2|||9n’1/4|”pw, and € = 4/3T lead to

m—1 m—1
. 1/4 n ognl/4 2%, 3 Tnal/2u2 1212 3k 1212
Sy =2k 2‘1 by (0", Ry, 0"1/4) < Catuh® + L [N0'2I5,, + O™ 25 | + == 2;) o722,
n= n=l
with an addition of non-negative term ;’—; 161/ 2|”123w on the right-hand side. O

Bound for Ss. The details of the bound for S5 := -2k " bpw(u"’l/ 4,8,0", x™/*) follows verbatim from the bound
for S5 in with u™/4 replaced by p™!/* and y™!/* by Ry v"™!/*. Hence the details are skipped and the final bound is

n—1
2 1 1212 17212 172112
S5 < C(u, v, u;, v)R™ + % [l / 5w + lgm+/ |||pw] +k Z—o gt/ o O

Bound for S¢. The boundedness from (2.7), Lemma 3.4(b), ké,p" = p"t1/2 — pn=1/2 from (2.9b), and Lemma 3.5(c)
lead to

4 4
kb (™14, 8,p",0™11%) < Cys C3 VK /20 Nlull o,y 2o el 226, 1, 2vo @y 107 H -

n+2>

This and analogous arguments as for the bound of .S, lead to
3 3k ©
2 1/2y12 17212 1/2¢12
Ss < Cuuh® + =[0I, + 6™ 2112, | + == ZO o122, O
n=l

Bound for S;. The identity k6, = £"+1/2 — ¢"=1/2 from (2.9b) and elementary manipulations analogous to 3 reveal

m
1 n n _.n m m m
357 1=k D b @A (I = )L, ) = by @A (T = )R o4
n=1
m—1
+ bpw(ul,1/4’ (J _ I)éll/z’ U1,1/4) + Z bpw(ul’l+l,l/4 _ un,1/4’ (J _ I)€n+1/2’ Un+l,l/4)
n=1
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m—1

+ 2 bpw(un,l/4, J - I)Cn-H/Z, prL1/4 Un,1/4). (5.32)
n=1
Lemma 3.3(e) and a Young’s inequality with a = Cgh® [|u™"/4|| oo () 10™/*|| g2y b = NG /2|y, and € = 96
provide
bpw(um’1/4, (I = J)gmH/2 pml/4) < C8h6||um’l/4||H2+a(g) |||é'm+1/2|||pw||Um’l/4||1-12(gz)
1

<C , h20‘ . m+1/22 . 5.33
< C(u,v)h™ + TR ¢ ([ (5.33)

Analogous arguments with m = 1 show
b @M (1 — D)2, s 2%, L w1202 4
W u 7( - )C » U ) < C(“? U)h + @l”g ”lpW' (53 )

Utilize Lemma 3.3(e), Lemma 3.4(b, f), and a Young’s inequality with a = Cgh® |lugll 12, _, 1 ..52+o@pllVllcor;m2 @)

(resp. a = Cgh® ||ullco .12+ @) ||U,||Lz(,n_],,n+2;Hz(Q)))), b= \/k/2|||C”+1/2|||pW, € = 1, followed by some elementary
manipulations to bound the third (resp. fourth) term on the right-hand side of (5.32) as

m—1 m—1
k
; by (S — S, (g — D2, o ) < Cuy, 0?7 + 7 2_‘1 ™12,

m—1 m—1
n n {0} k
(resp. by ™4, (J = D2 S Y < Cu,v)h? + 1 Z} |||C"+1/2|||§W>.
n=

n=1

Combining this estimate with (5.33)-(5.34) in (5.32) leads to
1 m—1
87 < €, v, 0D + S [N, + NE G ] + & Z:,) g2, O

Bound for Sg. Apply Lemma 3.3(d), k6,u” = u"*'/> — 4"=1/2 from (2.9b), and Lemma 3.4(b, d) to obtain

Kby (3", ™A (T — D™ < Coho k8 Iy Ml 11" 41
1/4
< CVk/20 gl 2., o, @ lUllcqo: ez 0™l -

This, a Young’s inequality with a = C;A%llull 2, 1. .12y lellcqorimzy 0 = VK/210™ /41l and € = 4/3T
followed by some elementary manipulations and (5.31) lead to

m m—1

. noonl/4 n1/4 2%, 3 Tnal/2u2 m+1/22 3k /22

Sg =2k Z‘{ b G,V (T = DO < Clusu)h® + S [I10V2I5, + O™ 2| + = Z:,) o712,
n= n=l

with an addition of the non-negative term ;’—; 16/ 2|||§W on the right-hand side. A combination of (5.14), (5.21), and

the bounds for .S, S5, -+-, S§ from above conclude the proof. O

The subsequent lemma controls the truncation error for the nonlinear term 7, (in error equation (5.14)).

Lemma 5.3 (Truncation error for the nonlinear term 7). If u,,v, € H 10, T; HX(Q)), then for any m with 1 < m <
N — 1, the following bound holds:

m
2 - - -
Ty := 1) [beu", J6,", 6,0") + %b(afu", J8,0", 020" + %b(afu", su", JO™1/%)

n=1

1
< Cltp s v 0K+ 2 [IE 212, + 0202, + W22, + o™ 212

2
2,

m—1 m—1
1 k
+ k(1 4+ — n+1/22 + 9n+1/2 2 )
(1+ fo7) 2P, + g 300,
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Proof. The identity k6,§" = ¢ n+1/2 _ en=1/2 from (2.9b) and some elementary algebra lead to

m
kY b(ou, J6,L", 8,0") = b(Su™, JE"V2, 5,0™) — b(su', TE2, 8,01)

n=1
m—1 m—1
= Y b = s, JE 5,0 = N b(S ", T2 S0 - 50m. (5.35)
n=1 n=1

We establish bounds for the terms on the right-hand side of (5.35). Lemma 3.3(a), (5.23) (and then with v replaced
by u) reveal

bSu", JE" 2, 8,0™) < Cyll S M NS s 18,0 M

< Cyllu, |l Le(0,T;H2(Q)) ol L*(0,T; H2(Q)) |||Cm+1/2|||pw-

A Young’s inequality with @ = Cyl|u,|| oo 1. mr2() |04 | L0722y & = NE™ /2l and € = 16k provides
k—2
b, TG, 8,07 < Cluy, 0k + 2 NG G (5.36)
Analogous arguments show
k—2
|bu', JEY2, 8,00 < Cu,, v)k> + 3—2|||§1/2|||§W. (5.37)

Utilize Lemma 3.3(a), the identity §,u"*! —§,u" = %(atzu”“ +0%u") (resp. 5,0 —5,0" = %(5120’”'1 +07u")) obtained
from (2.8b), and (5.23) (for v and u) to obtain

C - -
2 1 4 2 2 2
b = s, "2 5,0 < = kllo7uw™ + 7 Wy 10| om0 E™ 1721
C - -
2 1 4 2 1 2 2
(resp. |b(8u", JE"™H/2, 5,0 — 5,0")| < = Kllugll 0.7 070"+ Ul 1S 7211y, )-

A Young’s inequality with a = %kllléllu”+1 + 07" | 10| Lo 712 B = ME™ /2y and € = k (resp. a =

%kllu,lle(o’T;Hz(g)) |||5t21)’“rl + 5,21)”|||pW ,b= |||C"+1/2|||pW and € = k) and the triangle inequality lead to

2

C - - 1
n+l _ n n+1/2 n+1 4 .3 2 n+1)2 2. ny2 2 n+1/212
DA = ' JE2, 6,0 < Sk (U + NI 1041 )+ 2 NI
o - i 1
n n+1/2 ntl _ ¢ 4 .3 2 2 n+1y2 2 2 n+1/2 2
B TEM2, 801 = 6,00 < =Kl sy (NP0 R, 4 NPPIZ,) + 5 HE™ 2R,

IA

A combination of these two inequalities and (5.36)-(5.37) in (5.35), the estimate Z::ll (llo?g"+! |||§W + |07 " |||§W)
2 Z:,n=1 ||5t2qo” | ir2()» and Lemma 3.4(g) (applied twice) reveals

m m—1
n n n 1 m n
K Db T8, 80" < Clat s v i)k + 5 [E2IG, + WE™ 21T, ] + & 21 120, (5:38)
n=

n=1

Utilizing Lemma 3.3(a), the inequality k020" || 20y < 113,02 20y + 18,0" 21 20y < 200, Lomqo: 1120 (Ob-
tained from triangle inequality and Lemma 3.4(c), and Young’s inequality with a = 2C,[|07u" || 2y 10,1l Lo (0.7 2 ()
b=|6," |||pw, and € = 4Tk, gives

kb(07u", T 8,8",070") < Cylllo7u™ M 18,8 Mo 1607 0"y < 2C 4110706 | 51202 104l Lo 0,772 M1 828" Moy
< SCATHNTA I, 10 e iy + 10
A summation from # = 1 to m and Lemma 3.4(g) shows
© i b(o*u", J6,L", 0%0™) < Clu,,, v)k* + L i Ns.c"l>. .
e A - o 64T & 7707 v
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The identity k6,¢" = ¢"*1/2 — £"=1/2 from (2.9b) followed by the triangle inequality leads to

k¥ n—1/212 n+1/2y12 k 122 m+1/2 2
Z|||5C ||| ﬁz ¢ 5 + IS Il W] < —T[|||C 5 + IS Il W

n

m—1

=1
k +1/2y2 122 +1/2)2 k +1/2)2
F 5T NP, < SNSRI, + 0PI + 5 2 e+ 2g,

n=1

with k < T for the first two terms on the right-hand side. A combination of the last two inequalities reveal

K~ = :
5 X @ 5,87 20" < Cluys vk + 5NV, + ™R, 16TZ|||C"+1/2|||§W

n=1
Lemma 3.3(a) and Lemma 3.4(e), a Young’s inequality with a = C4||ét2un”HZ(Q)”ut”Loo(O’T;HZ(Q)), b= |||0”*1/4|||pw,
and € = 2Tk? reveal
32..n n,1/4 21,21 32,,n n,1/4y2
bGP 5, JO/) < CTRNG Wy 1412 1y + g 10 I,

This, together with the estimate from Lemma 3.4(g) and (5.31) lead to

k3 m B m—1

B X b JO) < K+ 1 [N0V22, + O™, ] + Z oI, (5.39)

n=1

The proof follows by (5.38)-(5.39), adding k(1 + = )|||§1/2|||2 |||91/2|||§W on the right-hand side. O

We are in position to present the proof of Theorem 2.5, which utilizes the bounds for T,-T, from (4.21) and Lem-
mas 5.1-5.3 into the error equation (5.14) and concludes via a discrete Gronwall inequality.

Proof of Theorem 2.5. The bounds for 75, T3, and T, from Lemmas 5.1-5.3 in (5.14) lead to

1 3 o
g [0 + W™ 20E, + |||9'"“/2|||§W] < C(Uy Uy tygs Uyggs Uy Vs Ups Uy o F)(R2 + k%)
15, = 13 n n
+ 5 10217 + §|||c1/2|||§w |||e‘/2|||2 + £ 2 (a2 + ™20, + W72, ]
n=| O

with the constant

1

6T ) STC5”uz"L°°(OT H%(Q)) + 10}

u* = max {8 8T(C5 [”ur”Lm(OT 2@y + 10l Logo.1; HZ(Q))] +5+ —

Next, we apply Lemma 3.6 with the following setting: a,, = %[llé,(j’"“/zllz + |||C’"+1/2|||2 + |||9’”+1/2|||§W], b,, = 0,
= COU Uy Uy Uy U 0,0, 0 £ SR + K + RS2+ 2 22, + £ |||0‘/2||| and y = p*k/T, and

mk s * .
use that mk < T (which implies e 7# < e#") and the bounds from (4.21) to obtain

pw’

13,2722 + 22, + e 2, S B2 4 K (5.40)

pw ~

Inequality (5.40) plus triangle inequality (applied thrice) show |3, (u"+!/ 2—um+1 / 2) |+ [l 12— m+1/ 2 I+l pmt/2

ol < 10,0121+ 0 2+l g+ 110 c'"+‘/2||+|||cm+‘/2|||pw+|||0m+1/2|||pw ‘Applying Lemma 3.2
for the first three terms and (5.40) to the remaining terms, we conclude the proof.

6 Numerical experiments

In this section we present the outcomes of our numerical experiments performed using the fully-discrete scheme de-
scribed in Section 2, with the goal to confirm the theoretical findings established in Theorems 2.3 and 2.5. The numer-
ical realization of the fully-discrete formulation (2.10)-(2.12) is carried out in an open-source finite element library
FreeFem++ [26]. All simulations were performed on a workstation equipped with a 32-core processor, 2 X 32 GB

32



RAM, a 2 TB enterprise HDD, and an NVIDIA RTX 4000 Ada 20 GB GDDR6 GPU, housed in a convertible tower

cabinet. A Newton’s iterative procedure is utilized to solve the nonlinear system arising at each time level, under a
(O]
user-specified tolerance of tol := 10~". The details of Newton’s iterations are given in the Table 6.1. Here (uyps yp)

denotes the it" Newton iterate for the discrete solution at time level t,, obtained by linearizing (2.10) and (2.13) about
(-1 (-1

the previous iterate (uy, , vy, ). Ateach time step ¢, with n > 1, the initial guess for the Newton loop is taken to be the

converged solution (uy, ! Uy 1 from the previous time step, with the solution at ¢ = ¢, itself obtained directly from

the linear system (2.12) and hence requiring no Newton iteration. The loop terminates, i.e., the range of i closes, as

soon as the increment between successive iterates falls below tol. For the tests in this article, Newton’s method takes

Newton iterations (tol = 1077)

Initial step corresponding to (2.13):
() (I) (i) (i- |)

) 1 1
2k upy =ty = Kty @) 20+ 5 Oty + 1 O00) + by - @ 0 + 1)

@i-1) (i) 1 i1 (i— l)
0 1 0 0 1/
+7 by (i +uM,(pM,vM)=—prw(uM,(pM,uMH4 bty @y 03) + (F2, o) 1200

0] (-1 @) (i— 1) (i—
1 1 1 —
apw(UM7 Wm) — bpw( Upp s Uyps Wn) = ) pw( ”M s uM W) + (g WM)LZ(Q)

General step (n > 1) corresponding to (2.10):
0] 1 @) o) (i-1)
K2 = 2uy + 1 v 20 F £ G Wt + 208+ 1 @) + — by oy, U+ 200+ U

4P 16 Do
1 i=1) @ 1 (i— @i=1)
+ Rbpw(u"“ + 2, +ul oy, Ui = — 6bpw(Zu +ul oy 200 + U + — T by (u "M“,(oM, "H)+(f"’l/4,(oM)Lz(Q),
@) @ (-1 @i-1) (-1
la (Unl+1 + o ) ( n’+1 ‘n+1 + n ) _ lb ( n n )_ ~b ( ’n+1 ln+l )+( n+1/2 )
7w M M 4 pw Uy >ty Uyp¥m) = g v Uy Uy WM g W Uy Uy WM g WM

Table 6.1: Newton’s iterative procedure for (2.10) and (2.13).

a maximum of four iterations per time step to converge.

The following notation is adopted for the convergence history tables in the rest of this subsection:

Errory(u) = 0max [|u" — u Errory(v) = 0max [[v" — v
<n< <n<

wmll- Ml

n+l/2 _ ntl/2

+1 2
s n+1/2 _ /

llpw-

Error,(u) = max u R
2= max_| o

Error,(v max v
2(0) = max |

Example 1. (Convergence for smooth exact solution) We choose the right-hand side load functions (f, g) such that
f(x7 Y, t) = u[t + A2u - [u7 U]a

g(x,y.1) = A2+ %[u, ul,

is satisfied on the domain Q x [0, T'] = (0, 1)> x [0, 1] with the exact solution (u, v) given by
u(x,y,1) = (1/10sin(2zt) sin(zx) sin(zy))*> and  v(x, y,1) = exp(t)(x(x — Dy(y — 1))*.

To compute the numerical convergence rates both in spatial and time discretization, we apply k = h/4 at each dis-
cretization step. Table 6.2 shows the errors and experimental convergence rates for the variables uy, and vy,. The
computational order of convergences in L? and energy norms are quasi-optimal and verify the theoretical results ob-

tained in Theorem 2.3 and 2.5.

Example 2. (2D-3D plate deflection comparison) Let Q C R? be the mid-surface (assumed to lie in alignment with
the xy-axis) of a thin, isotropic, flat plate Q= [0,1] x [0 11 x [-d/2,d /2] w1th a uniform thickness d. Building
upon [19], given a space-time dependent loading ( fl (), fz(t) f3(t)) = f@) : Q- R3, the dynamic 3D von Kdrman
model seeks the displacement field u = (u,~)i3:1 and the Piola—Kirchhoff stress tensor o = (6; j)ijzl such that

u, —0; (8, + 64,0,0;) = £(%,1) for (%,1) € Qx (0,T], (6.1a)
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h Errory(u) | Rate | Error,(u) | Rate | Errory(v) | Rate | Error,(v) | Rate
0.707 | 1.47e-02 * 2.89¢-01 * 6.94e-03 * 1.90e-01 *
0.354 | 3.37e-03 | 2.124 | 1.14e-01 | 1.346 | 3.82e-03 | 0.859 | 1.39e-01 | 0.452
0.177 | 8.24e-04 | 2.032 | 6.01e-02 | 0.921 | 1.14e-03 | 1.749 | 7.72e-02 | 0.849
0.088 | 2.14e-04 | 1.948 | 3.08e-02 | 0.965 | 3.00e-04 | 1.925 | 3.99e-02 | 0.952
0.044 | 5.18e-05 | 2.042 | 1.55e-02 | 0.992 | 7.60e-05 | 1.979 | 2.02e-02 | 0.984
0.022 | 1.28e-05 | 2.020 | 7.76e-03 | 0.996 | 1.91e-05 | 1.994 | 1.01e-02 | 0.995
0.011 | 3.18e-06 | 2.006 | 3.88e-03 | 0.999 | 4.77e-06 | 1.999 | 5.07e-03 | 0.998
0.006 | 7.94e-07 | 2.003 | 1.94e-03 | 1.000 | 1.19e-06 | 2.000 | 2.54e-03 | 0.999

Table 6.2: Convergence history in L? and energy norms with smooth exact solution (u, v).

I14+v) . V. 1 R N A X A
( - ) 6y = Foudy = 5 (94 + 0, +9,0,y)  for (%.1) € QX [0.T], (6.1b)
with the boundary conditions, éi; = 0, and &I, i, are independent of z on dQ X [d /2,d /2] X (0, T1, (6.1¢)
d/2
(6,34 830/;) =00on QX {+d/2} X (0,T], 5 / (8,5 + 6/50,15) n, = 0 on 0Q x (0, T] (6.1d)
—-d/2

with i, j,l € {1,2,3} and r,s € {1,2}. Here, E is Young’s modulus, v is the Poisson’s ratio, and n = (n, n,) is the
unit outer normal to 0Q.
A dimensional reduction analysis in [19] for static case derives a 2D model (6.2) from the 3D model (6.1) as: given

the load function f = é f_dﬁz f5 dz, seek transverse displacement averaged over thickness, u = % f_dﬁz ii; dz, and
the Airy stress function v such that [19, eqn. 6.11-6.15]
d*’E )
u, + ————Au—[u,v] = f(x,t) for(x,1) € Qx(0,T] (6.2a)
12(1 =v?)
%sz + %[u, ul =0 (for x,1) € Q% [0,T] (6.2b)
u=%=0,v=@=00naQX(O,T]. (6.2¢)
on on

Our objective is to illustrate that the 2D von Kdrman model (6.2), effectively approximates the 3D von Kdrman model
(6.1) in the sense that if U" is the approximation of the displacement u of the 2D model (6.2) at time ¢ = ¢, computed

. 2?12fv2) (resp. 1/ E)in bilinear forms of (2.10a) (resp.(2.10b))
and U" is the discrete solution of (6.1) at t = t,, then U" approximates é f_d;/22 Ug” dz with U" = (l7", ﬁ;, U;’). To
achieve this, we solve the 3D system (6.1) using continuous H ' — conforming Lagrange finite element space: (P, (7))?
for displacement u, and (PO(T))g—dG for stress. The temporal discretization is done using the modified Newmark

scheme. Homogeneous Dirichlet boundary conditions are set on all the sides except the surfaces z = —d/2,d/2
where the plate is assumed traction free. The 3D load function reads

with the discrete formulation (2.10) (with the coefficients

f= (0, 0, Wlo’ sin(zx) sin(:ry)) . (6.3)

For 2D, we utilize f = % f_d;/zz

both 2D and 3D cases. The elastic parameters take typical values for copper plates from [36]. Let T = 1, At = 1/20
and consider the cells Q, = [5/64,6/64] X [5/64,6/64] X [-d/2,d /2] and Q, = [5/64,6/64] X [5/64,6/64]. At

time ¢ = t,,, we will use the following output quantities

f3” to obtain f = dz = ﬁt sin(zx) sin(zy). The initial conditions are set to zero in

UL = L/ Uy dx forx = (x,y,z)and U} := QL/ U" dx for x = (x, ).
|Qc | Q | c | Q.
The simulations in Figure 6.1 reveal that as the plate thickness d decreases the results of the 2D model approximate
those of the 3D model. As expected, the computational efficiency is significantly improved: The 2D model takes
approximately 25% of time than that of 3D one.
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Figure 6.1: Example 2. 2D displacement U), and 3D displacement U, vs time 7, with plate thickness d =
0.5,0.1,0.05,0.01.
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