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Abstract

We adapt the recent theory for unique solvability of perturbed saddle-point problems in Banach spaces to the case of
parameter-independent stability bounds. This also constitutes an extension to the Brezzi—Braess theory for parameter-
robust stability of perturbed saddle-point problems from the Hilbert to the Banach setting. We apply the new abstract
result to the mixed formulation of the advection-diffusion-reaction equation and tackle also its coupling with the
Darcy—Forchheimer equations. The complete system is shown to be stable irrespective of the model parameters
of permeability, Forchheimer coefficient, and reaction modulation. We discretise the problem with mixed finite
element methods and show convergence in appropriately parameter-weighted norms. We also design operator-based
preconditioners for the full system, utilising weighted norms that provide robustness with respect to some model
parameters. We also present a few numerical examples that show the convergence and robustness of the proposed
method in some regimes of practical interest.
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1 Introduction

This paper investigates the robust parameter stability of a system of the Darcy—Forchheimer equations coupled with the
advection-diffusion-reaction (ADR) equation as presented in [31]. Let Q C R4, d e {2, 3}, denote a bounded domain
with Lipschitz-continuous boundary 02, on which its outward unit normal is denoted by nn. The boundary is decomposed
into two sub-boundaries I',, and Iy, both with positive (d — 1)—Hausdorff measure. The Darcy—Forchheimer equations
are written in their discharge velocity and pressure head formulation w, p featuring a nonlinear drag term, and the ADR
transport using a conservative form in terms of total (diffusive plus advective) flux ¢ and solute concentration ¢:

s 'u+Flulu+Vp = f(p) inQ, (1.1a)
divu=0 in{, (1.1b)

a ¢ =Vo—-—aluy inQ, (1.1c)

oop —div =m inQ, (1.1d)
u-n=p=0 only, (1.1e)
p=¢-n=0 onl),. (1.1)
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Here, & is the hydraulic conductivity (permeability of the porous matrix divided by the fluid viscosity), f is a forcing
vector that depends on the concentration field which satisfies the following condition (cf. [31, Assumption 2.1])

1F(@)llo. < IF(O)o.0 + arllellosa, (1.2)

where o is a positive constant. In addition, F > 0 is the Forchheimer coefficient, & > 0 is the diffusivity coefficient,
oo > 0 is the reaction coefficient and m is the concentration source/sink. A variety of discretisations with finite
differences and finite element methods can be found in, e.g. [18, 27, 9], or in [1] for the case of singular sources (see also
[13, 25] for analysis of similar models in the fully mixed case). Such problems find applications in reservoir modeling
and geothermal energy optimisation, for example.

Main contribution. Owing to the form of (1.1), and with the aim of preserving both robustness of the parameters—both
at the continuous and discrete levels—the variational formulation of the problem is cast involving sums and intersections
of reflexive Banach spaces. The main tool in the theoretical analysis of well-posedness (as well as error estimates) is a
new abstract result for perturbed saddle-point problems in reflexive Banach spaces that stands an extension of [15] (to
the parameter-robust context) as well as of [10] (to its non-Hilbert counterpart). A more closely related reference that
deals with the design of preconditioning for flow-transport couplings, is the recent work [12] addressing robust stability
of a linearised model for coupled heat and Biot equations. The main differences here are that, due to the presence of the
nonlinear terms and Banach spaces functional structure, we need to take into consideration sums of three non-Hilbert
spaces and realise the action of duality maps that are non-standard when compared to the recent literature on operator
preconditioning (see, e.g., [6, 12, 26]). It should be noted that, in the context of ADR problems, the presence of the
advective term renders the underlying saddle-point structure non-symmetric. The treatment of this term within the design
of preconditioners remains challenging for both preconditioning strategies and iterative solvers.

The preconditioners we explore here are inspired by Schur complement and operator preconditioning frameworks for
symmetric elliptic operators; however, their extension to the nonsymmetric and nonnormal setting lacks a firm theoretical
basis [32, 21]. Additionally, while the individual Darcy—Forchheimer and reaction-diffusion subproblems are uniformly
bounded and inf-sup stable, robustness with respect to « and F is partially lost in the coupled system due to the fixed-point
coupling of the nonlinear velocity and transport flux. This analytical loss of robustness does not manifest in our observed
numerical convergence rates, suggesting it may be an artifact of sub-optimal scaling in the weighted norms or limitations
inherent to the fixed-point framework.

Common notation and preliminaries. For s > 0and r € [1, +-00], we denote by L"(€2) and W*"(2) the usual Lebesgue
and Sobolev spaces endowed with the norms || ® || -, and || e ||5 ., Tespectively. Note that WO (Q) = L"(Q). If r = 2,
we write H¥(€2) in place of W*2(Q), and denote the corresponding norm by || e ||s.o. Recall also the L"(Q)-L*(Q2)

embedding for finite measure domains, i.e., | ® [|or0 < \Q]%_% | ®lo,s,0,for 1 <r <s < oo. Also, Cemp denotes the
constants arising from a Sobolev embedding, which depends only on |€2|. We denote by H the vectorial counterpart of
a generic scalar functional space H. The L?(Q) inner product for scalar, vector, or tensor valued functions is denoted
by (e, ) . Moreover, we use for r, s € [1,+00), the Banach space H" (divs, ) = {v € L"(Q2) : dive € L¥(Q)},
endowed with the norm ||'U||72«,divs,9 = ||v[[5,.q + | div v][§ 5 o. and in particular, for 7 = 2, s = 2, we call it H(div, (2).
Often, we use a subscript I'; on the functional space to denote that the (appropriate) traces vanish on the part of the
boundary I'; C 0f.

For two Banach spaces (X, || e ||x) and (Y, || ® ||y'), we denote by £(X,Y") the space of bounded linear maps from X
toY. Let (Z, || || z) be another Banach space. The intersection and sum spaces are

XNYNZ={v:veXandveYandv € 7},
X+Y+Z={ut+v+w:veXandveY andw € 7},

and their respective norms are (see [6], noting that the same norm characterisation done there for Hilbert spaces holds
also for the Banach case)

Irllxavnz = lIrlx +lirly +lirllz, - lellxsyez = _inf [lullx + llvlly + [lwll 2]
ueX,veY,wezZ
Furthermore, if X NY N Z isdense in X and Y and Z, then the following relation (understood as an identification under
an isometry) holds
(X+Y+2)=X'"nY'nZ. (1.3)
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For a fixed o > 0, by X we denote the Banach space whose elements coincide with those in X but are measured with
the norm || @ |2 = a?|| e ||%. For any scalar function ¢, we recall that the sign function (denoted by sgn(¢)) takes the

value 1, for non-negative ¢, and —1, otherwise. Additionally, ¢ sgn(¢) = |¢|.

Outline. The remainder of the paper is organised as follows. Section 2 presents the weak formulation for (1.1), specifying
the required parameter-weighted spaces. Also we state and prove an abstract theory for robust stability of perturbed
saddle-point problems in Banach spaces. In Section 3, we formulate our problem in the context of abstract theory and
show, using fixed-point arguments, that there exists a unique solution of the coupled system and that we have a parameter-
independent continuous dependence on data. Section 4 deals with the finite element formulation, the robust discrete
stability—via a discrete fixed-point argument—and the derivation of robust a priori error estimates. We construct variable
block-diagonal operator preconditioners in Section 5 and show their robustness with respect to all model parameters and
the discretisation parameter, except the diffusivity coefficient. Finally, Section 6 includes a series of numerical tests
showing the convergence of the method in 2D, also demonstrating the performance of the preconditioners.

2 Mixed weak formulation and abstract setting
We now consider the weighted spaces proposed in [17, Section 3] for Darcy velocity and pressure:
3
V= # 3L3(Q) N Hr, (div, ) NFSLY(Q), and Q:=L*(Q) + w2H} (Q) + F 5 W2 (9),
endowed with the following norms
1 : 1
[vllv = £72|lv]loe + [[divolog + F3vfosq, and (2.1a)

1
0.0 +F 5[Valgs ), (2.1b)

IR

00+ K2]| Vg

= inf - s
lallq:= it (llg—s|

I'p
respectively. Denote as follows the trial and test function spaces for flux and concentration (following [10, Section 3])
W = o 2L3(Q) N Hp, (dive,Q), and ¥ :=a2H} (Q)+L5(Q),
5

equipped with the norms

1 .
|lw|lw = o 2||wljon + || divw 0,80 and (2.2a)
. 1
[lle == inf (|l —sloga+az][Vs]oa), (2.2b)
seafHI{u(Q)

respectively. The weak formulation of (1.1) consists in finding (u,p,{, ) € V x Q x W x ¥ such that

a1 (u,v) + di(u;u,v) + b1 (v,p) = F¥(v) Yv eV, (2.3a)
bi(u,q) =0 Vqe€Q, (2.3b)

az(C,w) + ba(w, ) +dy (w, ) =0 Yw e W, (2.3¢)
ba(C,¥) — ca(p,9p) = H(Y) Vi €, (2.3d)

where the bilinear forms a1 : VXV - R, b1 : VX Q>R a3 : WXW R by WXV 3R, c0: VXU — R,
dg‘ : W x & — R (for a fixed @), linear functionals F'¥ : V — R (for a fixed ¢), H : ¥ — R, and nonlinear form
d1:VxV xV — R, are defined as:

ai(u,v) ::/m1u~'v, b1(v,q) ::—/qdivv, dy (w; u,v) ::/F]w\u-'v,
Q Q Q
az (¢, w) ::/Qa_lc-w, ba(w, ) ::/Qw divw, cap, ) ::/nggm/z,
fw.0)i= o awe. PP)= [ £0)-0, HE) == [ mo.
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Let X and Y be reflexive Banach spaces equipped with the norms || e ||x and || e ||y, respectively. Further, let Y. be a
dense linear subspace of Y. Consider the problem of finding (o, u) € X x Y such that

a(lo, ) +b(T,u) = F(1) VreX, (2.4a)
b(o,v) — tic(u,v) = G(v) Yo €Y, (2.4b)

where 0 < t < 1 is a fixed scaling parameterand a : X x X - R, b: X xY — R,and c: Y, x Y. — R are given
bilinear forms. Here, also (F,G) € X’ x Y are given linear forms. Let B : X — Y” be a bounded linear map induced
by b(e,e) as X > 7 +— B7 with (BT, v) := b(7,v) forallv € Y.

We extend the Brezzi—Braess theorem ([10, Theorem 2.1]) to the case of reflexive Banach spaces. For this we adapt
[20, Theorem 49.15] to the case of perturbed saddle-point problems. The invertibility of .A will follow as a consequence
of the following conditions

BNB 1 : inf sup Alo, w7, ) >, Y(o,u),(T,0) € X xY, (2.52)
(e)eXxY (rpexxy (0 u)llxxy [1(7,v)lxxy
(0-7u)7£(0a0) (T,’U)#(0,0)
BNB 2: V(o,u) e X xY, [V(r,v)eXxY, A(o,u;T,v) =0 = [(o,u) =(0,0)], (2.5b)
where C, is a positive constant independent of ¢ and ||(7,v)[|xxy := ||7|lx + |v|ly + t|v]c, and | ® |2 = c(e,e). The

main result is discussed below.

Theorem 2.1 (Robust well-posedness in Banach spaces) Assume that

* a(e,e), b(e, e), and c(e,e) are bounded with continuity constants ||al|, ||b|| and ||c||, respectively, independent of
the scaling parameter t.

* a(e,e) and c(e, ) are symmetric and positive semi-definite.

Inf-sup condition in Z = ker(B): there exists C,, > 0, independent of the parameter t, such that

wp T

> Collollx Vo eZ. (2.6)
TeZ\{0} 7 Ilx

Inf-sup condition: there exists Cy, > 0, independent of t, such that

b
wp T

2 Gyllvfly VveYy. 2.7)
rex\{o} ITlx

* Braess condition: there exists C. > 0, independent of t, such that

b
sup alo, ) +blo,v) > C.lo||x Vo eX. (2.8)
(ro)exx\{0,0} (T v)lxxy

Then, for each pair (F,G) € X' x Y, the problem (2.4) is uniquely solvable. Moreover, there holds

(e, wlixxy < ClIFIx + [Glly],

where

1 -1 202
CI: max[m,ﬁﬁl +9Cbﬁ1 },
does not depend on the scaling parameter t, and M = (1 + %‘Z”)_l and 1 = min{Cy, ||a||}.

Proof. We follow closely the analysis in [20, Theorem 49.15] and [11, Lemma 3]. First, we define
A(o,u;7,v) := a(a,T) +b(T,u) + b(e,v) — t*c(u,v), Y(o,u),(T,v) € X xY, (2.9

and then, we focus on proving BNB 1, for which we consider two cases.

4
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Case 1. Let us first assume that
Cy
lollx < M{HUHYJFHU\C}- (2.10)

Re-writing || (e, ®)||x «xy in the following form, with 51 = min{C}, ||a||}, and using (2.10), we obtain

(o, Wlixxy = llollx + [lully + tlule < g7 (lallllollx + Collully + Cytlul)

3 .
< 5Cb,Bl Yilully + tlulc}. (2.11)

Note that the positive semi-definiteness of a(e, ®) yields

N[

tlule < [a(o, o) —&-tQ]u\g]% = (A(o,u; 0, —u)) ) (2.12)

We continue with the inf-sup condition of b(e, @) and use (2.9). Then, we use the boundedness of a(e, ®) and (2.10) to
derive the following upper bound of |||y
b(T,u Alo,u;7,0) —a(o, T
Coluly < sup 2 ( ) —alo,7)
ozrex [Tlx  ozrex I7[lx
Ao, u; T, v)

< sup
©0.0)A(rexxy (T 0)lxxy

Alo,u;7,v)

+lallllolx

C
< sup + ?b{Hu”y + tlul. ) (2.13)

T 0,0 nexxy (T, v) lxxy

Note that, (2.13) provides a bound on ||u||y once one subtracts %

sides by 20,7 1. Invoking (2.12)-(2.13) in (2.11), we obtain

from both sides first, and then multiplies both

Ao, u;T, _
lo Wy <3670 s ADUTY) g oty
0,0)£(rmexxy (T, v)lxxy
< 351—1 sup M + 305,81_1./4(0', u o, _u)% (2.14)

0,0)£(rw)exxy (7 v)[lxxy

We recall that for any three positive real numbers x, y, z such that x < y + z, an application of the Young’s inequality
shows ¢ < 2y + % (see, [11, Equation 3.4]). Choose

_ Alo,u;T,v _ 1
z=||(o,u)|lxxy, ¥y =35 1 sup Q and z=3Cpp, 1.,4(0,u; o, —u)2,

(0,0)#£(T,w)EXXY (7, )l =y
in this context, to obtain the following stability bound

A(O’,U;T,'U) QA(O',U;O', —'LL)

(o, w)llxxy < 68;" sup +9C3 By
) b 00zmeexxy (T, 0)lxxy Y7Ll u)llxxy
Ao, u; T,
<(6F7 +9CEAT)  sup AT WTY)
(0,0)#4(T,0)EXXY (7, )l =y
Case 2. On the other hand, we, now, assume that
C
lollx > s {llully +tlulc}. (2.15)
2||al
Then, adding ||o||x to both sides of (2.15) shows
_ 2lally -1
lo|lx > M||(o,u)||xxy, where M = (14+=——) . (2.16)

b
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Multiplying by C, to both sides of (2.16) and applying the Braess condition, yields

a(lo, )+ blo,v
MColl(o,wlxny < Collorlx < sup AT TIEMY)
©00#(rvexxy (T, v)lxxy
M < sup M
0,0)£(r0)exxy (T 0)lxxy ™ (0,0)£(r0)exxy (T, 0)[xxy

< sup

Combining the two cases, we arrive at the following stability bound

Ao, u;T,v
o wlxsy <C  sup  AZuT0)
(0,0)#£(Tv)eXXY (7, ) Ixxy
where
1 — —
C = max[m, 66, +9CE6%. (2.17)

We now turn to showing BNB 2. We consider a fixed (o,u) € X x Y for which A(o,u;7,v) = 0 for all
(r,v) e X xY,ie,

alo,7)+b(t,u) =0 VT eX, (2.18a)
b(o,v) — t?c(u,v) =0 YweY,. (2.18b)
Our goal is to show that (o, u) = (0,0). Substituting v = —wu in (2.18b) and then using the positive semi-definiteness

of ¢(e, ®), we conclude that b(o, u) = 0 (note that, the inf-sup condition of b(e, ®) guarantees that, b(o, u) > 0 for all
(o,u) € X x Y), which in particular implies that o € ker(B). Taking 7 € ker(B) in (2.18a), and using (2.6), we infer
that a(o, 7) = 0, V7 € Z, which further implies that o = 0 (using (2.6)). Finally, (2.18a) yields b(7,u) = 0, VT € X,
and using (2.7), we conclude that v = 0. This completes the rest of the proof. O

Remark 2.1 Unfortunately, we cannot readily derive t-robust stability such as Theorem 2.1 by directly applying [15,
Theorem 3.4] with the t-dependent norm ||(e,®)||xxy := || ®||x + || ® ||y + t| ® |c. This is because the bounds [15,
Eq. (3.56)-(3.58)] depend explicitly on the scaling parameter t as follows

o e <+ 12 L (zmex(Ch ),
vt L oyl el
(L CmO D) Lyl L n @Dy,
where
chi=(1+ ’gi|)ézé) +t2||cfbl(1 + |(i|z|)2’ and
ch = Cl,b(l + ”ga”) [1+ “&” + 12 |a&|’|6” (1+ ”ga” )],

and the stability deteriorates with t — 0. In addition, note that the proof of Theorem 2.1 differs from [11, Lemma 3.1]
as the Braess condition (2.8) is different from [11, (3.1)].

3 Existence and uniqueness of weak solution

This section employs a fixed-point framework to split the Darcy—Forchheimer equations from the ADR system. After
showing that the two uncoupled systems are well-posed, we construct a fixed-point operator and then prove that it maps
a ball into itself, and it satisfies the contraction mapping theorem. The treatment is similar to the analysis in, e.g.,
[13, 16, 25].
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3.1 Unique solvability of the decoupled sub-problems

Now, for a fixed concentration ¢ € ¥, consider the Darcy—Forchheimer sub-system in weak form as follows

a1 (w,v) + dy(u;u,v) + by (v, p) = F¥(v) Yv eV, (3.1a)
bi(u,q) =0 VqeQ. (3.1b)

We recall from [17, Theorem 3.3] the following result for the well-posedness of the system (3.1a)-(3.1b).

Theorem 3.1 (Well-posedness of Darcy-Forchheimer equations) Assume that f(p) € L%(Q) for a fixed $ € V.
Then there exists a unique solution (u,p) € V x Q to the problem (3.1a)-(3.1b). Furthermore, there is a positive
constant CE Findependent of the model parameters ., F, such that

DF N A
[(w, p)lvxq < C2F max{[|£(@)llo.0; | F ()50}
In particular, there is a positive constant CBE (see, [17, Equation 3.10]), independent of u, x, and F, such that

ullv < C2L 11 F(@)]o.0- 3.2)

In what follows, we state and prove the unique-solvability result for the ADR equations. Prior to this, we establish the
following lemma, which later assists in proving the parameter-robust inf-sup stability.

Lemma 3.2 There exists an operator S, satisfying the following properties:

S.€ LV, W), Sell (v’ w is independent of o, 0o,  and
(dive [Sc(O)],v) = (€,4) forall L U e v, (3.3)

Proof. We define S, as a bounded linear operator from two different spaces, i.e. S, € L’(a_% (HF, (), a_%L2(Q)),
and S, € L((L%(Q))",Hr,(dive,)), and then call upon the duality relation between sum and intersection between
5

Banach spaces, i.e. U/ = [a%Hfu(Q) + LS(Q)] = a_%(H%u(Q))’ N (L5(£2))’ (see, for instance, (1.3), with X =
a%H%u (9),Y = L%(Q), and Z being the null space), to conclude that S, € L(¥', W).

The existence of S. € L((Hy, (€)', L*(Q)) follows directly from [17, Lemma 3.2]. Moreover, a scaling by az
does not compromise the c-robustness of the boundedness constant of S..

For the existence of S. € £((L%())’,Hp, (dng, Q)) with ¢ € (LG(Q))/7 let 9 € H%p(Q) be the unique solution of
the following elliptic problem with mixed boundary conditions and homogeneous data (owing to, e.g., [29, Chapter 7])

AY=/¢ inQ, Vi-n=0 inly, ¥=0 inl,.

Next, setting 9 = — Vo € L2(Q), it is evident that

div@) = A9 =CeL5(Q), #-n=0, and |Flavs.0 < llyeo
5 ’5

Then it suffices to define S.(¢) = 99, which further implies that S.. € L((L%(Q)),Hr, (divs, Q). O
Next, for a fixed advecting velocity & € V, let us consider the following ADR system in its weak form

a2(¢,w) +ba(w, ) + dF (w,9) =0 Vw e W, (3.42)

ba(C,¥) — calo, ¥) = H(Y) Vo eV, (3.4b)

and we state the following continuous stability result.

Theorem 3.3 (Well-posedness of decoupled advection-diffusion-reaction equations) Assume thatm &€ Ls (Q). Then,
for a fixed uw € V| there exist positive constants C., CS, (depending on ), such that, whenever ||it||o 30 < 2%“ there

exists a unique solution (¢, p) € W x WU to the problem (3.4a)-(3.4b). Furthermore, there is a positive constant C/2PR,
independent of gq, such that

IS, D) ww < CEPRmllg s q- (3.5)

7
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Proof. We first use Theorem 2.1 to show the well-posedness of the following reaction-diffusion system, which is identical
to (3.4) without the advection part, i.e., one seeks (¢, ) € W x ¥ such that

az(C,w) + ba(w,p) =0 Yw e W, (3.6a)
ba(C,¥) —caleo,¥) = H(y) Vo € V. (3.6b)

Boundedness of aa(e,e), ba(e,e) and cy(e,e). Observe that a use of the Cauchy-Schwarz inequality gives the
boundedness of the bilinear forms ax(e, ®) and cx(e, @) as

_1
00 a 27|

1
az(¢,7) = /Qa‘lc T <a g 00 < [CllwlTllw V¢, TeW,

]

ool <lellvllvle. Vo, e P,

ea(ip, 1) = /Q o0t < g

In order to show the boundedness of by (e, e), we follow a decomposition argument over W. Let 1) = 1y + 1)1, with
o € L(2) and ¢y € HE_ (). Then, by(7, 1) = ba(T, 0 + 1) = (div T, ) — (@~ 27,02 Vehy). Next, a use of the
Holder’s with the Cauchy—Schwarz inequality, the fact that a? 4+ b? < (a + b)2, for any two nonnegative real numbers
a, b, and then taking the infimum over all decompositions of 1) € U give the desired boundedness as follows

. 1 1
ba(7,9) < [[div (g s olltollose + a2 7loalla? Vg

. _1 1 1
< (Il dlvrllﬁ,g,Q + a2 75 0) > (Ioll§s.0 + ez Vir 5 o)

. 1 1
< (ldivrlge o+ lla”27lloq) (Itollose + la2Virllog) = Irlwldlle ¥VreW,¢ew.

N

Symmetry and positive-semidefiniteness of a: (e, e) and c(e, o). Clearly, az(e, ®) and co(e, ) are symmetric, as well
as positive-semidefinte bilinear forms, as

a2<c,c>:a—1fgc-czo and 02(%@:90/9@220 Ve EW, e T

Inf-sup of az(e,e) on Z. Choosing 7 = ¢ and using the kernel characterisation with definition of the W-norm, we

arrive at
a y T _ CC
ap 28T el C o ez
rez\{o} IITlIw [€Ilw

Then, this readily satisfies the second hypothesis of Theorem 2.1 with the constant C,, = 1.

Inf-sup stability of b (e, @). From the existence of S, defined in Lemma 3.2, it immediately follows that

[y divr (dive[Sc(O)],¢) () . (£,9)
Sup -_ 2 Sup — Sup 2 |SC|| / = Cb |¢|\Ij7
ot Trw = osi ISOTw  osie T8.0llw = 1°letwwy S, ey, = 1Y

where Cj, = HSCHZ(I\I,/’W) is independent of «, oo, and hence, the inf-sup condition is satisfied.

Braess condition. Now, fixing 7 = ¢, = 0, and observing that ||(¢,0)[|wxw = |||lw, we arrive at

2
sup az(¢, ) + ba (¢, ¥) > o] fQ ¢-¢ _ -1 1< 0.0 3.7)

00£rwewxy (T, ¥)lwxw (<, 0)lw xw 1<lw

Next, taking 7 = 0, and 1) = sgn(div {)| div (| seLs (€2), we evaluate the following quantities

6 6

. 6 . = . 6 . ]
(¢ = [ divelf = vl y o 10l = [ laivel = divel,
Q 57 Q 5

I, ) lwxw = 100, D)llwxw<[[¥llw + eoll¢lloeo < 2[¢los.0,
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where the last inequality follows from (2.2b), and by using gop < 1. Furthermore using the above expressions for
b2(¢, ), |[Y]l0.0 and ||(T,%)|lw xw, we immediately obtain

wp G by ”d”‘:”o,g,a
(0,0)#(T,)EW x ¥ (7, V) lwxw ||d1VC||06

L, ..
= §||d1VCH07g7Q. (3.8)

Now, combining (3.7) and (3.8), we arrive at

az(¢, ) + b2(¢, ) S max(a‘l HCHOQ 1
1<Ilw

sup
(0,0)#(T,)EW x ¥ W(Tﬂb)mww

5 l1divelo e o)- (3.9)

Sets:=a 2 ||||CC||‘|0V§ € [0,1) and use (3.9) to derive the following relation
1
ax(« = dive]y s o) = ( max [s2, =1 — s2])|1<¢|lw-
o e 14 Sloga) = (g % 5 V= Dl
After denoting

Ve = ( max [s?, %\/1 - s?]) <1,

s€[0,1)
we can conclude from (3.9) that

wp | @CT) £ h(C)

(0,0)#(T,)EW x ¥ ”’(Tﬂ/’)MWX\II

> ellCllw-

An appeal to Theorem 2.1 now yields the well-posedness of (3.6), and additionally, we obtain the following inf-sup type
estimate for A

sup A, 57, 9)

> Cell(€, @) lwxw, (3.10)
(0,0)#(T,%)EW x ¥ |||( )H|W><\IJ

where C, depends on ||az||, Cp,, Ve (see (2.17) for the explicit expression of C.).

Next, in order to show the well-posedness of the uncoupled ADR equations, for a fixed & € V, we consider another
bilinear form AAPR : W x ¥ — R defined by

APPR(C i ) = A(C, 057, 0) + d3 (T, 9), V() (T,0) € W x . (3.11)

Thus, showing the well-posedness of the system (2.3¢)-(2.3d) boils down to analysing the problem of finding (¢, ¢) €
W x U satisfying
ARG g7 9) = H(Y), VY el

Note that, by the generalised Holder’s inequality with 1/3+1/2+1/6=1, and the uniform positivity and boundedness of
K, the following estimate readily follows:

5 (1, 0) < CSllalloso (T, V) llwsxw ¢, 0) lwxw, (3.12)
where C¢ 1= a2 (1 + Cempa 2 ). Invoking the bound of d(e, e) (cf. (3.12)), it follows from (3.10) and (3.11) that

AAPR(C, g5 7,1))
sup
0,02 mewxw (T, V) lwxw

> [C. = Callallozal I(¢, ©)llwxw, V(¢,p) €W x 0.

Hence, under the assumption that for each @ € V such that ||| 3.0 < we arrive at

APPR(C i, 9))
sup
002 e)ewxw (T, ¥)lwxw

Therefore, the ADR system (cf. (2.3¢)-(2.3d)) is well-posed. Additionally, using (3.11) in (3.13), and using the Holder’s
inequality to see that H () < [|m/[, s ol|%[l0,6,0, We obtain the continuous dependence on the data as follows:

200 ’

> fIII(C,sO)lew. (3.13)

IS, Dlwxw < CER[mllq ¢ g, (3.14)

with C?DR =20, ! (1+ Cemba_%) being independent of gg. This concludes the rest of the proof. O



Robust methods for Darcy—Forchheimer/transport equations Das, Hutridurga, Pani, Ruiz-Baier

3.2 Fixed-point analysis
Now, define the following map
S UV xQ, @ 8(R) = (STT(9),S7(9)) = (w.p),

where (u,p) € V x Q is the unique solution of the Darcy—Forchheimer equations for fixed ¢ € W, as stated in
Theorem 3.1, and SPF : ¥ — V, SPF . ¥ — Q. Further, for a fixed 4 € V, set the solution operator associated with
the mixed ADR equations as

SAPR.V 5 W x O, @ — SAPR(a) = (SPPR(w), SHPR(@)) := (¢, ),

where (¢, ) is the unique solution of the ADR equations, as stated in Theorem 3.3,and SPPR . V - W SAPR .V — v,
These maps are well-defined; the same holds for the following one

S: VoV, aw S :=SPF(SIPR@w)). (3.15)

Finding a fixed point w of S is therefore equivalent to find a solution to (2.3). We use the Banach contraction mapping
theorem, and consider, for a generic r > 0, the following closed ball

o ={ueV:|u|v<r}

and proceed next to show that S maps it to itself and that S is a contraction. For u € B(), using Theorem 3.1, (3.2), (1.2),
and Theorem 3.3 shows that

IS(w) v = ISP (S5°% (w))lv < Ca, [IlF(S2°% (w)

o 0.0] < Con[lIF(O)lon + CEarmllgs o] (3.16)
Lemma 3.4 (Ball mapping property) Under the small data assumption

CoullF(O)log +CERar|mllge o] <7 < 3, (3.17)

N | —

we have that S(BS) C Bp.

Proof. Given & € BY, a use of (3.15) with (3.16) and (3.17) yields |S(&@)|v = ||SPF(S4PR(@))|lv < r < 3, and
hence, S (BG) C By, which concludes the proof. O

Lemma 3.5 (Lipschitz-continuity) There exists a positive constant Ls such that
HS(ul) —S(UQ)HV < Lg”’ul —UQHV Vul,ug eV. (3.18)

Proof. 1t is enough to show the Lipschitz-continuity of the maps SPF and S@DR, as in that case, using the Lipschitzness

of the individual maps, one simply obtains the following

1S(u1) — S(ug)|lv = ISP (S5 (u1)) — SPF(SEPR (ug))|lv
< Ls,[|S5PR (uy) — S§PR(u2)||v < Ls, Ls, [lur — uallv,

with respective Lipschitz constants, Ls, and Ls, (to be specified below) associated with the maps SP F and SQADR. We

now proceed to show the Lipschitzness of SPF and S5*PR.

Lipschitz-continuity of SPF. Let @1, 02 € ¥ be two elements in W. Fixing o1 and @9 results in two solutions
(u1,p1), (u2,p2) € V x Q corresponding to (2.32)-(2.3b). Now, denote SPF(¢1) := uy and SPF(p2) = us.
Substituting v = u; — ug,q = p; — p2 into (2.3a), (2.3b), using (1.2), and an application of the uniformly strong
monotonicity of a;(e, ) -+ d;(e; e, e) in the new equation obtained by subtracting (2.3b) from (2.3a) implies

ISP (p1) — SPF () lv = |lur — uallv < Ls, |le1 — w2, (3.19)

_1
where Ls, := ap¢ alemb, apg being the strong monotonicity constant (see, [17, Equation 3.8]), and «; is the local
Lipschitz continuity constant for the Darcy—Forchheimer system (see, [17, Equation 3.7]), which can be further bounded

by || £(0)]|o.0, a1, CAPR and Imllo,¢ o (cf. (3.2) and (1.2)).

10
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Lipschitz-continuity of SQADR. Let ui,u2 € V be two elements in V. Fixing u;, us in (2.3¢),(2.3d) produces the
solutions ({1, ¢1), (Ca, p2) € W X ¥ corresponding to (2.3¢)-(2.3d). Let us denote ¢ := 1 — 9. Subtracting (2.3d)
from (2.3¢), adding [, w1 - wes, [ us - w1, and subtracting 2 [, us - weps, and using Theorem 3.3 we obtain

1 — Jo((u1 —u2) - w)pa + [ (uz - w)p
e < s *
C?DRm( @)mVVXW (w ) EW x T m@u»ﬁﬁmVVX@

Finally, using Holder’s inequality and (3.5), we conclude the following

_1
L ol - F75 [Jur — waflv | (w, ¥)wxwllmlo s o
~ADR G PHIWx T = sup
CAPR ) (w))EW X T I(w, ¥) [l wxw
(w,¥)#(0,0)
1
F_T
+ sup Huzllvil(w, ¥)llwwll(S, @)llw-e
(w,)EW X ¥ Il(w, ) llw < w
(w,1h)#(0,0)
which further implies that
205
IS ) lwxw < —————[Imllgs o lu1 — wallv, (3.20)
Ce(Cq —F73) ’

where the above inequality makes sense when CSF% > 1. This concludes the Lipschitz-continuity of S by invoking the
bounds from (3.19) and (3.20) as

1S (u1) — S(us2)llv = SP7(S57% (w1)) — SPT (SR (u2)) v 3.21)
2C¢ _1
-1 ADR ADR
< apra [|87 (ur) — S5 (ug)||w < Cc(Cga— 1) H”’LHo,g,QO‘DF2 allur — ugl|v,
c _1
with the Lipschitz constant Ls := % lm|ly s qapg 1. This completes the rest of the proof. O
(Cs—F~3 50

As a consequence of the previous analysis, we can state the following main result.

Theorem 3.6 (Well-posedness of the fully-coupled continuous problem) Suppose that

CP% [ £(0)

, andthat Lg < 1.

DO |

052+—C?DRQ1WnH&%Jﬂ S7“<

Then the coupled problem (2.3) has a unique solution (u,p,{, ) € V x Q x W x W. Moreover, there holds
ADR DF DF ADR
[ullv + lIpllq + lIKllw + el < G Imllg e o +Cou maX{Cc,u £ O)llog + &7 anllmllg s o],

(P50 + C2%aulimly 5 ).

where the constants do not depend on the model parameters K, F, 0.

Proof. We first recall that Lemma 3.4 guaranties that S maps W to itself. Then, bearing in mind the Lipschitz-continuity
of S : W — W given by Lemma 3.5 along with the fact that Ls < 1, a direct application of the Banach fixed-point
theorem yields the existence of a unique fixed point w € V. Hence, a unique solution of the system (2.3). In addition,
the a priori estimate is a direct consequence of the continuous dependence on data provided by Theorems 3.1 and 3.3. [

Remark 3.1 Let us briefly remark that, due to the coupling between the Darcy—Forchheimer velocity and the transport

equation, our fixed-point framework does not allow us to readily obtain a-independent estimates for ||t||x. This manifests
itself in the hypothesis of Theorem 3.3 as well as in the Lipschitz constant Lgs (cf. (3.21)).

11
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4 Finite element discretisation

Let 7, be a regular simplicial mesh defined in a bounded Lipschitz domain 2, consisting of tetrahedral elements (or
triangular elements in two dimensions) K with diameter hx. We define the mesh size as h := max(h kK € ﬁ).
Given an integer k£ > 0 and a generic element K € 7Ty, we denote by P, (K) the space of polynomials defined locally
in K with a degree at most k, and denote by P (7}) its global counterpart. In addition, let RTy(7;) denote the
Hrp, (div, ©)-discrete conforming subspace defined by the Raviart-Thomas elements of order £, i.e.,

RT(75) := {u € Hp, (divs, Q) : u|g = [Pr(K)]? ® Pp(K)x, € Q C RY, K € Ty},

where @k (K) is the space of all polynomials over K of degree exactly equal to k. We follow [17, Section 4] for constructing
discrete spaces for the system (2.3). Define conforming discrete weighted subspaces, V;, C 'V and W), C W as follows

V), 1=k 2L2(Q) N Hy, p, (div, Q) NF3L3 (Q), (4.12)
W, = a_%L%(Q) NHyr, (dng, ), (4.1b)
where L} (©2), Hy, r, (div, ), Hj r, (divs, ©2)-norms correspond to functions in RT(7,) equipped with L"(€2), for

r =2,3, Hp, (div,Q), and Hy, (dive, ). Next, define the discrete gradient operator V, : P (7T,) — RTx(Tp) (cf. [4,
5
Equation 3.1]) by

Z/ thh cvp = — Z/ le’Uh qh thEPk('ﬁl) andV'vheR’]I‘k(ﬁl) 4.2)

KeTy, KeTy,

Additionally, define the following broken Sobolev spaces
3
WU (Ty) == {pr € L*(Q) : pp|lx € W (K) VK €Ty}, forr =2, >

and whenever needed, we add a subscript I'g denoting a part on the boundary, where the value of the function is prescribed
to zero. These spaces are equipped with DG (broken Sobolev) seminorms | e |; 7, and | e |; , 7; , defined as

HY(Th) 2 (= [¢li 7, = <Z V¢ + > hpl\[[C]]llﬁ,F> B

KeTy, FeF,
1
1—
W) 3 € o Je :=(Z I9el - 3 AL HOTF) ,
KeT, FeF,

respectively, where F3, denotes the set of facets in the mesh 7. Further, define the followmg weighted spaces for the

pressure, as the sum of the infinite-dimensional (but broken) spaces L?(€2), H (ﬁ) and W (ﬁ) and the concentration,
as the sum of LS(Q2) and Hf, (7) :

(Th) :
(Th)

2(Q) + kEHE (Th) + F S W2 (T5), (4.3)
5(Q) + azHL, (Th). (4.3b)

s O)

L
L

Define broken weighted norms on Q(ﬁ) and @(771) (see, [17, Section 4]) as

. 1 1
lallger,) = B (||Q1 g2|1,7;, +F3 |Q3|17g77—h) ; (4.4)

(q1,92,93)€ ;
LZ(Q)le (7'h)><W 2(Tn)
. 1
[¢llgemy = ,_inf (uwlum +at [l ). 45)

(1,92)€
L5(Q) XH%U (T)

12
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Finally, we set discrete spaces QQ;, and ¥}, (non-conforming subspaces of () and W, respectively) as

3
Qu = L3(Q) + s HE 1 (Q) +F5W, 2 (9), (4.63)
Uy, := L§(Q) + a2H} (), (4.6b)

3
where Lj (), H,ll(Q), and W,{L’E (€2) are polynomial spaces having discrete functions from P (7} ), and equipped with
the L"(£2) norm (for 7 = 2, 6) and the broken H!(73,), wh (71,) seminorms, respectively. We equip Qp and ¥}, with the
|e HQ(T;L) and || e ||@(7_h) norms, respectively. Next, set discrete bilinear forms by 5, : Vi, x Qp — R, bgj, : Wy, x ¥, — R
and the discrete linear functional Hy, : ¥;, — R as follows

bin(Vh, qn) = /

Q

divoy qn,  b2n(Chy¥n) ZZ/QdiVChwh, Hp(vn) 1=—/Qm¢h,

for all (v qpn, €, ¥n) € Vi x Qp x W, x Up,. Then, with the FE spaces (4.1a), (4.1b), (4.6a) and (4.6b) the mixed FE
formulation of (2.3) consists in finding (wn, pr, Ch, ¢n) € Vi X Qn X Wy, x Wy, such that

ai(up, vy) + di(up; up, vp) + by p(vn,pp) = FP"(v) Yo, € Vy, (4.7a)
bin(un,qn) =0 Van € Qn, (4.7b)

a2(Cpy wh) + bo (Wi, on) + dy" (wp, pn) = 0 Vwy, € Wy, (4.7c)
bo i (Cpy¥n) — con(@n, ¥n) = Hp(Yn)  Viby, € Wy, (4.7d)

A directdiscrete analysis based on V, := (RT(73), ||®||div.0); Wi := (RT,(T5), [|®]laive.0): Qn := (Px(Th), | ®]l0.0)
5

and Uy, := (Px(Tx), || ® ||o,6,02), endowed with the standard norms, does not lead to parameter-robust inf-sup and Braess
conditions. The parameter robustness is instead obtained by adopting the weighted discrete spaces (4.1a)-(4.1b), (4.6a)-
(4.6b).

4.1 Robust discrete solvability

Consider the following system for a fixed @5, € ¥y,

a1 (un, vy) + di(wp; wp, vy) + by (v, pr) = F(vs) Vo, € Vy, (4.8a)
bin(un,qn) =0 Van € Qp, (4.8b)

and recall from [17, Theorem 4.3] the following result.

Theorem 4.1 (Well-posedness of discrete Darcy—Forchheimer equations) Assume that f(p5,) € L2(2). Then there
exists a unique solution (up, pp,) € Vi, X Qp to (4.7a)-(4.7b). Furthermore, there is a positive constant C. DF, independent
of the parameters k,F, h, such that

o0, 1 F(@n)lI5.0)-

(wn 1)y w7,y < Ca max([| £ (2n)

Additionally, there exists a positive constant C’c? Zh, independent of k,F, wp, and h, such that

lunllv < Cdu, [1£(@n)llo0- (4.9)
We next prove the following lemma, which is crucial in deducing the discrete inf-sup stability of by 1, (e, ®).
Lemma 4.2 There exists an operator Sy satisfying the following properties:

Sq € L(V), W},), 1Sallcw; W) is independent of ., 00, b and
<d1Vg[Sd(€>]a¢h> = <‘€7 ¢h> Jor all t € \P;Lv¢h € Up,. (4.10)

13
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Proof. First, construct Sq in such a way that it satisfies the following properties
Sq € L((Hyp, (), (Li(Q)), and  Sa € L((L,(Q)), Hyr, (dive, ),

respectively, and then using the fact that (cf. (1.3)) ¥}, = (Hj 1 () + L3 () = (H;, 1 (2))' N (L5(€2))’, we conclude
that Sq € L(V},, W},). The existence of Sy € L((Hj, 1, (22))', L (€2)) follows directly from [17, Lemma 4.1].

Next, we aim to construct Sq € L£((L$(2)), Hy 1, (dng, Q)). Let g, € LY(€2), and O be a convex bounded domain

containing . Now, define

Yan, inQ,
(o dlalan B 4.11)
0, in O\ €.
Note that, £ € L? (O), satisfying the following
110, 0 = lllanl*anllo,s @ = llanll5 6.0 (4.12)

6
It now follows from [23, Corollary 1] that, there exists a unique z € W;i (O)n Wz’g(O) satisfying the following

boundary value problem
Az=¢ inQ, z=0 only, Vz-n=0 onl),, (4.13)

and additionally, there exists a positive constant C\eg (depending only on d and §2) such that z satisfies the following
stability estimate (the last equality is due to (4.12))

||Z||2,g, < CrengHo,g,Q = Creg”q}z||(5),6,§2‘ (4.14)

Next, set ¢ := (Vz)|q € Wl’g(Q), and note from (4.13) and (4.14) that

div(s) =€ = |qn|*qn in €, (4.15)
Isllis.0 < 2ll2 0 < Cregllanlg g0 (4.16)

R

In turn, let us now define ¢, := H’fl(g) (H’fL being the Raviart-Thomas projection operator satisfying [14, Equation 5.38,
Equation 5.39]). Further, using the boundedness of the projection operator, (4.16), and finally the continuous injection
of W3 () into L2(92), we obtain the following estimate (the absorbed constant being independent of h)

Isullo.e = ITE(llo. < Cregllanlld g .0- (4.17)

In addition, from [14, Equation (5.35)] and (4.15), we obtain the following commutativity of the divergence operator and
the projection operator

div(cs) = div(IT;(c)) = I} (div(<)) = I (lan|*an), (4.18)
and further, using (4.15), and the boundedness of Hfl, it follows that
Hdiv(sn)llo,e .0 < llanllo.s.0- (4.19)

Then, it suffices to define Sy(¢) := ¢, which further implies that Sq € L£((L$(Q2))’, Hy, 1, (dive, 2)). This completes
5

the rest of the proof. U

We now consider the following discrete ADR system for a fixed @y, € V},

as(Cpywp) + by (wh, on) + 5™ (wh, 0p) =0 Yawy, € Wi, (4.20a)
bo,n (Chyn) — ca,n(n¥n) = Hp(y) Vb, € Wy, (4.20b)

and employ the discrete version of Theorem 2.1 to discuss its parameter-robust unique solvability.

14
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Theorem 4.3 (Well-posedness of discrete advection-diffusion-reaction equations) Assume that m € L5 Q). T hen
for a fixed w;, € Vy, there exist positive constants Cq, C% (depending on o), such that, whenever l@nlo3.0 < Cd’
there exists a unique solution ({,, vn) € Wy, X Wy, to the problem (4.20). Furthermore, there is a positive constant

CfDR independent of h, and o, such that
1Cn o)l < CaRlmly e g

Proof. The boundedness of ay(e,e),bs (e, @), cop(e,®), and symmetry and positive definiteness of ap(e,e) and
ca 1 (e, @), and the inf-sup stability of as(e, ) in Zjy, := {15, € Wy, : by p,(Th,¥p) = 0, Viby, € ¥}, } follow analogously
as in Theorem 3.3. Therefore, to complete the rest of the proof, it is enough to prove the discrete inf-sup stability of
ba.; (e, ®) and the discrete Braess condition.

Discrete inf-sup condition. From the existence of Sy defined in Lemma 4.2, it follows that

(divrp, ¥n) (dive Sa(6), vn) (¢ ¥n)
sup —————~L > sup = Sup o
o£rnew, I Thllw ozeew),  I1Sa(0)llw oztew, [|Sa(0)]lw

<€a¢h> A
= CyllYnllgr
ozecw;, |[€llw; ¥(Tn)

—1
= 5all 2w, wi)

where C), = | S HZ(I\If’h,Wh)’ is independent of «, gy, h, and hence the discrete stability of inf-sup is achieved.

Discrete Braess condition. Setting w;, = (},, ¥, = 0, and exploiting ||}, ||w = ||(¢,0) one obtains

|”W><"I\’(Th)’

sup az(Cpwn) +ban(Ctn) @7 o -Cn OleChHaQ_ @.21)
©00£(wnwn)eWnxt, N Wn Pn)llwgr) 1w Ollwya ) 1€Chllw

Next, taking the particular values w;, = 0, and ¢, = sgn(div {},)| div {}| 5, one obtains the following

(o]

il div ¢y 2
,0)+0b )8 Ille div {;,|5 1” hllp 6o 1, ..
(LHS)(4 l) > (Ch ) 2 h(Ch g ( Ch)| Ch| ) B ' 5 iH div Ch”07g7ﬂ' (422)
10, sen(aiv )1y Gl sy 2 vyl
Now, let us combine (4.21) and (4.22) to obtain the following
b 1
sup @2(Ch Wn) + b (Chs ¥n) > max(”ChHO 2 H di VChHO 6 > (4.23)
00 £ mewsn 1w vl g 1Cal

1
a” 2[[¢pllo,0
1<k llw

Denoting v := € [0, 1), and using (4.23), we establish the following inequality

o Cali 1
ox( e i Gl ) > [l (o [ 5 V=77 )

1Cnllw t€[0.1)

On the other hand, if we denote 74 := (maxte[o,l) [ %\/ 1-— ]> , we can readily conclude that

sup az(Cp, wp) + ban(Cpy Yn)

> YallCnllw-
(0,0)#(wh,n)EW L X Ty, |H(wh71/}h)|||wx\f/(7’h)

An appeal to Theorem 2.1 now yields the well-posedness of the discrete reaction-diffusion system (4.7c) and (4.7d)
without the advection part. Additionally, the following estimate holds

sup A(C}w @hs Thy ¢h)

> Call (€ er) w77y (4.24)
00yttt T o) gy — N Pt

where (Y is the positive constant from (2.17), independent of the model and discretisation parameters.

15
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Finally, for the well-posedness of the uncoupled discrete ADR equations, for a fixed &, € V}, we consider another
bilinear form A4PR : W), x ¥, — R defined by

ABPR(C s 0m Ty ¥n) = A(Chy 013 Tho Un) + Ao (Thyon)y Y(Chsn)s (Thy ¥n) € Wi X Uy (4.25)

Thus, to show the well-posedness of (4.7¢)-(4.7d), we now analyse the problem: Find (¢}, pr) € W}, x ¥}, such that

AGOR(Chsons Tho o) = Hu(Yn),  Viop € Uy,

From the boundedness of dgh (o,0),

A2 (11, 01) < C¥J

(Thawh)mWX@(Th)W(Cm@h)mw@m), (4.26)

where C? = a3 (1+ C’embof%), combined with (4.24) and (4.25), we can assert that

AGPR(Ch, s Ty ¥n)
sup
(070)#(T}L7wh)ewh xWp, m (Th’ wh) ‘”WX\/I\I('Th)

> [Ca — Clanlloso] (Chs on)lw i (7,

for all ({,, vn) € Wy, x ¥,. Hence, under the assumption that ||y [0 3.0 < we arrive at

zcd ’

'AADR b ;T7
sup d " (Chyon; Thy Un)

Ca
> —~1(Chs o0) w3 (77 (4.27)
002 ew,xv, N(ThUn)lwygm) — 2 ICh on)llw e 7)

Therefore, the discrete ADR system (4.7¢)-(4.7d) is well-posed. Additionally, invoking (4.25) in (4.27), and applying
Holder’s inequality, gives the dependence on data [|(Cs, o) llvy 377,y < CHPR|Iml|y s o, where CAPR := 20,7 1(1 +
15

C’emba_% ), which concludes the proof. Il

4.2 Fixed-point analysis in discrete framework
Analogous to the continuous case (cf. (3.15)), we now define the fixed-point operator in the discrete framework as follows

Sh: Vi = Vi, @y Splan) = ST (SeR" (@n)),  @n € Vi, (4.28)

where the maps SP ,51 and S?,? R2 are defined over the respective discrete spaces as follows

SPE W, = Vi x Qu, G SPE(n) = (S0 (@n), Soh (81)) = (wn, pa),

where (up, pr) € Vp, X Qp, is the unique solution of the Darcy—Forchheimer equations as stated in Theorem 4.1. Further,
we define the solution operator associated with the mixed ADR equations as

SpPR Vi = Wi x U, > SRR (an) = (STR (n), S (@) = (Chy 1),

where ((},, ¢r) is the unique solution of the ADR equations, as stated in Theorem 4.3.

A parallel set of arguments can be applied here likewise the continuous case to show that the discrete fixed-point
map Sy, follows the subsequent properties

* For a positive real number 0 < 7 < %, the map Sy, preserves the ball-mapping property, that is, Sh(B’S) C BS,
under the small data assumption

_ 1
Caur, (1£0)llo.0 + CgRa[[mllg s o) <7 < 5,

[\

where C’Ezh comes from (4.9).

204
T HmHo 6 QaDF 1.

* S, is Lipschitz continuous with the Lipschitz constant L% := C(T
F 3
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We next state the discrete stability theorem for the fully-coupled discrete DF-ADR system similar to the continuous case
as in Theorem 3.6.

Theorem 4.4 (Well-posedness of the fully-coupled discrete problem) Suppose that

1
Cern (17 O)og + Ca%Ran[lmlly s o) < 5.

and that ijg < 1. Then, the coupled problem (4.7) has a unique solution (wp,pr,Cp,Yn) € Vi X Qp X Wp x Uy,
Moreover, there are

ADR DF DF
lanllv, + 2l gy + 1€hlIw, +lenllger, < CAORImlly o o + CRF, max[CRE, [1£(0)]lo0

ADR DF ADR 2
+ O anlmly o o] (CRF, [1FO)on + C4%Raamlly e o])7].
where the constants do not depend on the model parameters k,F, oo, nor the discretisation parameter h.

In the next section, we estimate the error between the exact and approximate solutions in the proposed weighted-norms,
showing that the convergence is robust with respect to the material parameters.

4.3 A priori error analysis

We start this section by proving the following parameter-robust a priori error estimate for the coupled system (1.1).

Theorem 4.5 (Quasi-optimality) Let (u,p, (, @) uniquely solve the system (2.3) and (wp, ph, Cp,, pr) uniquely solve
the system (4.7). Additionally, suppose that the assumptions of Theorem 3.6 and Theorem 4.4 hold. Also, suppose that

the following relation holds

1 _1 1
F 3 (1 4+ Cempe 2)C’?DRC&ADRHmH0,g,Q < 9

with apg being the uniform strong monotonicity constant (cf. [17, Equation (4.9)]). Then there exists a positive constant
Clcea such that the following quasi-optimal error estimate holds

Jos = wnllv + 1o = Pl + 1€ — Cullw + o — onllgrn
< Ccé (dlSt(U, Vh) + (dlSt(uv Vh))2 + dlSt(pa Qh) + dlSt(Ca Wh) + dlSt(SO> \Ilh))v (4.29)

where Ccg, is independent of k,F, 0o, and h.

Proof. Let ¢ € W solve the system (3.4) foru = u € V, and ¢; € ¥, solve (4.20) for u;, = up, € Vj,. Subtracting
(4.8) from (3.1), with ¢ = ¢ and ¢ = @}, we obtain the following system of equations

ar(w — up,vp) + di(uw;w, v,) — di(wn; wp, V4) + 011 (VR p — pr) = F¥(vy) — F?* (vy), (4.30a)
bin(u —up, qn) =0, (4.30b)

for all vy, € Vi, and q5, € Qp. Let uj € Vy, such that uy, — uj € {v, € Vy, : by p(vn, qn) = 0, Vg, € Qp}. From the
uniform strong monotonicity of a;(e, ) + d;(e; e, ®) on the kernel of b; j, (see [17, Equation 3.8]), we deduce

apfl|un — uil3 < ai(un,up — ul) — ay(u), wp — ul) + dy(wp; wp, up — ul) — di(uh;uwh, wp —ul).  (4.31)

Further, adding and subtracting a1 (u, u, — w}) + di(u; w, u, — w}) to the above inequality, using (4.30a), (1.2), and
the local Lipschitz continuity of a;(e,e) + d;(e; e, e) (see [17, Equation 3.7]), and lastly using the triangle inequality
the following bound is obtained

aorllun — willv < P~ Pl + 172 = FP v + (Ut fully + [fuh vl — v
—l * *
< lp— Pl + (1 + Cembar™ Datlle — @ullgry + 1+ lully + i v) e — i v

_1 * *
< |lp = pallger,y + (1 + Cemba™ 2)ar |0 = nllg e,y + (1 + 2lullv)llu - whllv + u — uj3-
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Finally, using triangle inequality and the fact that ||[u — u}||[v < (1 + é) dist(u, V},) (cf. [24, Theorem 2.6]), where
B4 is the continuous inf-sup constant corresponding to the Darcy—Forchheimer model, we arrive at the following error
estimate for the velocity

1 : _1, 01
lu —unllv < aTFdlSt(p’ Qn) + (1 + Cempex 2)04DF le = enllg(r,)

1 1 1 1
+ [T+ —1+ )1 + [lullv)]dist(u, Vi) + —(1 + —-)dist(u, V)
apF B4 QDF d

< Cg(dist(u, Vi) + dist(w, V3)? + dist(p, Qn)) + (1 + Comba™?)

a1
— & 4.32
Lol @32

where C¢ := max(1 + —(1 + )(1 + luflv), 1+ == (1 + o L), aDF) Next, for the pressure estimate, let us consider

QpF
an arbitrary element p; € Qh, use (4 30a), and the discrete inf-sup stability of the pressure, and lastly, Lipschitz-continuity

of aj(e,e) + d;i(e; e, e) to conclude the following

bi,n(Vh, P — D})
Ballon — phllgiry < sup :
QT = ot ev, [vnllv

< swp bin(vn, 0 — pi) + by p(vn, pp — ) < sup bin(vn,p —p})
0#vrEV), vnllv 0#v,EV), |vnllv

Lo F?(vp) — Fr(vp) — ar(up, — uj, vp) — di(up; up, vp) + di(u); uj, vp)
0£v,EV), vnllv

* _1 * *
< lIp ~ pllgr) + (1 + Cembar™ Havtlle — @nllgers, + (1 + 2ulv) lu — whllv + lu - wj[3

Finally, a use of the triangle inequality yields the error estimate for pressure

1 : By (2L @
Ip = Phllger,) = (14 5=+ Co) dist(p, Qn) + (14 Cempa™2)( - Fj)Hs@ —nllger)
+ C(dist(w, V) + dist(u, V,)?)
< Cgq (dist(u, Vi) + dist(u, Vh)2 +dist(p, Qn) + |l — <PhH\f:(Th))’ (4.33)

where C; 1= max((l + é +Cq),(1+ Cemba—%)( @ o ))

apF
Next, subtracting (4.20) from (3.4), it is not difficult to observe that (¢* — {;,, ¢ — ¢n) € W X (I\l(ﬁ) solves the
following system of equations for any arbitrary element (¢}, ¢} ) € W, x Wy, (u — uy,) (by substituting, in particular,
u = u, Uy = wy in (3.1), (4.8), repectively). Hence,

a2(Cl, = Cprwn) + bap(wn, ), — @n) + d3™ (wn, ¢}, — ¢n) = Hip(wp) Vwp € Wy,
ba,n (S — Chs¥n) — c2,n(@h — nsn) = Hon(Vn)  Viby € Uy,

where

Hl,h(wh) = CLQ(CZ - C7 wh) + b2,h(wh7 902 - QO) + dgh (wh7 SDZ, - ()0) - dg_Uh (wh7 90)7
and  Ha p(¥n) = ban(Ch, — €, ¥n) + can(e — @p, ¥n)-

Finally, invoking (4.27), together with the discrete stability estimate for (¢;, — {J,, ¥n — J,), and applying the triangle
inequality, we obtain

H(C Cha(P (ph)HWX\II Th) < CégR (diSt(C,Wh) +diSt(907 \Ilh))
_1 _1
+F 3 (1 + Cempa™ 2)CaPROGORImllg e gllw — unllv, (4.34)
where
CAPR .= CAPR(3 + Comb(1 4 Camp™2)? + (F73 (1 4 Compar™2)

s ADRmll s
duh<Hf( )HO,Q_‘_O‘la 2(l"i_c’emb))cvd )) (4.35)
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Next, invoking (4.34) in (4.32), we arrive at the following error estimate for velocity

lu—upllv < Co(dist(u, Vi) + dist(u, V) + dist(p, Qp))

ap .. .
+ CADR(1 + cemba—%)aDlF (dist(¢, W) + dist(ip, U,))
_1 a1 _1
+ (1 4 Cempa™2) aDle 5(1 + Cempat 2)C’f‘DRCdADRHmHO7g79Hu — uy|v, (4.36)
and hence,
Ju — upllv < OS2 (dist(u, Vi) + dist(u, Vi,)? + dist(p, Qp) + dist(¢, W) + dist (¢, ¥7,)), 4.37)
7 1 1 1
where C$® = max(Cq, a1+ Cembr 2)CEER) (1 — F73(1+ C’embofﬁ)CCADRC'dADRHmHO’g’Q)_l. Remember

that, from the hypothesis of Theorem 4.5, (1 — F_%(l + C’emba_%)Cf‘DRCﬁ‘DRHmHO 6q) > 0.
757

Invoking the bound of (4.37) and (4.34) in (4.33) we obtain the error estimate for pressure as follows
Hp - ph”@(’]’h) < C;Séa (dlSt(ua Vh) + diSt(u? Vh)2 + dlSt(p7 Qh) + dlSt(Ca Wh) + dlSt(Sov \Ilh))a (4.38)

where Cgéa — max(é@ CéeDaR7 CdADRCgéaHmHO%Q). Finally, using (4.37) and (4.38) in (4.34), we obtain

lu—wunllv +lp = prllg,) +11€ = Callw + lle = enllg 7,
< Ccga (dist(u, V) + dist(u, V)2 + dist(p, Q) + dist(¢, Wp,) + dist (e, \I'h)),

1 1 5 5 ..
where Ccg, = max(F 3 (1 + Cempa™ 2 )CAPRCIPR Im|, 6 CT, Cge“, APR), is independent of the model pa-
rameters k, oo, and the discretisation parameter h. This concludes the rest of the proof. O

Remark 4.1 Let us remark that, similarly as in [17, Corollary 4.5], it is possible to derive pressure-robust and
concentration-robust error estimates for velocity and flux (because of the discrete velocity and flux kernels being
subspaces of the continuous ones) as follows

||U - uhHV < CV(diSt(u> Vh) + diSt(uv Vh)Q)a and HC - ChHW < C’F diSt(C7 Wh)a (4.39a)
where the constants C\yy and Cg are independent of k, 9o, and h.

In order to provide a theoretical convergence rate, we recall some useful approximation properties. Let ¢ € (1, 00) and
denote by I, : WH{(Q) N H(divy, Q) — RT.(7) the Fortin operator and by P, : WH(K) — Py (K), the local
orthogonal L? projection. Then, as a standard consequence of the Bramble—Hilbert lemma, optimal approximation, and
inverse inequalities on polynomial spaces, we can assert that

v = pollmea < Crh ™™ w)ig Yo € WH(Q), 1 <1<k +1, (4.40a)

* || div(v — Tpw) lmeo < Coh ™| divol o Yo € WH(Q), with (4.40b)
div(v) e WH(Q)and 0 <1 < k +1,

5 1¢ = Prugllmin < Coh"™|plia Vg€ WH(Q), 0 <1 <k +1, (4.40¢)

V(g = Pag)llos.ic < Cshlelplivrex Vg€ WHI(K), K €Ty, 1<k, (4.40d)

for 0 < m <[, where C'1, C> > 0 are independent of i~ and C5 > 0 is independent of hx (see [25, Sections 4.1 and 4.5]
for the first three, and [19] for the fourth one).

To conclude this section, the following theorem provides the theoretical rate of convergence of the mixed finite element
scheme (2.3), under suitable regularity on the exact solution.

Theorem 4.6 (Convergence rates) Let (u,p,(,¢) € V x Q x W x W be the solution of the continuous problem (2.3)
with the following regularity conditions

u € n_%Hl(Q) N F%WZ’S(Q), divu € Hl(Q), and p=p1 +p2 + p3,
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with p1 € Hl(Q), po € /i%HHl(Q), and p3 € Fi%WHL%(Q)?
¢ €a 2HI(Q)NH(dive, ), div¢ e WHS(Q), and ¢ =1+,
with 1 € OA%HZJrl (Q)7 P2 € Wl+1’6(Q)?

where 1 <1 < k+ 1. Then, there exist positive constants Cé ,t=1,---4, independent of h, k,F, a, and gq, such that

_1 .
lu —unllv + 0 = pallgery + 1€ = Cullw + e = @nllgery < Cih'[w72 ulie + || divalie
1 _1 . 1 2
+F5 ulizol + (CH*R? [x2 ulig + || divallyo + F5lullz 0
1 _1
+ Cﬁzhl [|p1|l,Q + K2|p2fip1,0 +F 3 \p3|l+17%79]
_1 . 1
+ O a7z I¢ g + [l divClle o} + iR {az il + |@2litie0)-

Proof. Using the approximation properties (4.40a), (4.40b), (4.40c), and (4.40d) in (4.37) and (4.38), we obtain the
following convergence rates for velocity and pressure

: 1 : 1
lu — unllv < Cv dist(u, Vi) < Cymax(2C1, Co)h! (572 [ullyo + || div ullyo +F3[|luliz0)

1 1
+ (max(2C, Co)hl (k7% |ulio + || divallio + F5[lull;3.0))%, and

. 1
0.0 + 2|2 — Pupaly7, +F 3|ps — Papsly s 7,)
< CpCéa max(02,03704)hl(|p1

lp = pullger,y < Gy “(lpr — Pupy

1 _1
Lo+ K22l +F 3 \p3|l+1,g,g),

where Cy is same as in [17, Theorem 4.6]. Next, for the error estimate for flux, at first take m = 0 and £ = 0 in (4.40a),
and then, m = 0and ¢t = % in (4.40b), which lead to

I¢ = MiCllo. < CLOVA'[Clig,  and  [[div(¢ = TInC) g s o < C2CVA![divul; s g.
In turn, owing to Remark 4.1, we derive the error bound on the flux as follows
. _1 .
1€ = Chllw < Crdist(¢, Wi) < Crmax(Ch, Co)h' (a2 ||¢llna + | div(lip s o)-

Lastly, for the concentration we employ the decomposition ¢ = ¢ + @2, and the properties of the sum norm (4.5), and
apply (4.40c) with m = 0 and ¢ = 2, and (4.40d) with ¢ = 0 and ¢t = 6, summed over K € T,. We combine that with
the following trace inequality to control the jump term in the broken norms

hi s = Pagsllloe.r = hi IPapsllio e r < Csh™ 05l paogs
where wp stands for the usual face patch. Therefore, we readily obtain the following bound

1
e = Prollg ) < Ceealllor — Prerlloso + a2lp2 — PapzliT,)

< Coeamax(Ca, C3,C5) R (|1]16.0 + a%’S@Q’H—LQ)a

where C; > 0 is independent of all the parameters. This completes the proof. g

In the next section we define a variable operator preconditioner for the Newton linearisation of (2.3).

S Operator preconditioning
This section discusses preconditioners for the monolithic coupled system arising from the weighted norms introduced in

the previous sections which is robust with respect to all the model parameters expect for coefficient of diffusion.

First, for 0 < s < oo, we denote by J : L*(Q2) — (LS(Q))/ the canonical duality map defined as
(Ts(01),02) := / 1011°7260162, V61,05 € L°(Q). (5.1)
Q
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Similarly, mimicking the operator notation —V div that induces the div-div bilinear form, we define —V 7,(div) as
(=VIs(div)(€1), Ca) == (Ts(div {y),div(y),  V(y, ¢y such that div (; € L*(Q). (5.2)

Denote by H; (u) the Gateaux derivative of the nonlinear operator d; (e; e, @), i.e., |u|u at the state w in the direction of
du, and Ha () by the linearisation of d; (e, @) around . The linearised system corresponding to (1.1) takes the following
form

(7! + FHi(@)]u+ Vp = f($) inQ,
divu =0 in (),
a ¢ —Veo+a Hy(t)p=0 inQ,
div¢ — gop = —m in ),

(5.3)

with the same boundary conditions as in (1.1). In addition, consider the Newton—Raphson linearisation, which starting
from an initial guess u?, p°, ¢°, ¢°, and iterating on m = 1,2, ... until convergence, seeks velocity, pressure, flux, and
concentration increments (du, dp, 6¢, dp) in the space

V x Qx W x W := [~ 2L%(Q) N Hr, (div, Q) N {FH, (@)} sL3(Q)]
< [L2(Q) + kEHE (@) + {FHa (@)} FWE ()]
x [(Hy ' (@)a) 7 L2 N Hr, (dive, )] x [(Hy ! (@)e) 2 HY(Q) + LS (Q)], (5.4)

such that the following holds in V' x Q" x W' x ¥

[H—l + FH(um)]I \Y 0 0 ou F— {Ii_l 4 |um|}(um) V™
—div Y 0 op G + divu™
oflgam 0 a'T —V+alum 5¢ - _Odflcm + V™ — Oéil’u,m(pm . (5.5)
0 0 div —o00L %) H — div¢™ — og™

Here, Z denotes the identity operator at the continuous level, but for the discrete case it stands for the corresponding
mass matrix (either for velocity or pressure or flux or concentration). Further, we note that, in weak form, the action of
the operator FH (u™)Z : V. — V' reads

(FH(u™)(0u),v) = /QFum\csu v+ /Q Flu™| " (u™ - §u)(u™ - v),

and

(a7 ) = [ @)
Then, update the solution as (u™*!, p+1 ¢ om+l) = (4™ 4 §u, p™ +6p, ™ +0¢, o™ +d¢). Next, we follow the
approach recently advanced in [12, Section 3] to propose a robust block-diagonal preconditioner for (5.5). We construct
block-diagonal preconditioners for the Darcy—Forchheimer velocity and pressure blocks following [17]. On the other
hand, and differently from [12] and [17], we readily note that the sub-blocks associated with the ARD equations consist
of a perturbed, non-symmetric saddle-point of the form

a A B*+a 'D
(s B o) 5
where we are abusing of notation to emphasise the parameter dependence of the different blocks. Let us first concentrate
on the discrete case since it simplifies the discussion as u}" € L>({2) and so the Banach structure is not required. In
this case, A : H(div, Q) — H(div, Q)’ denotes the L2(2) mass map in H(div, ), B : H(div, Q) — L2(Q)’ is the
divergence operator, ID is the mixed advection coupling operator (Dp ~ u™ ), and C : L2(2) — L2(Q)’ is the scalar
mass map in L2(Q2). Therefore a typical Riesz map preconditioner, also based on a Schur complement approximation, is
motivated by [8, Sect. 3.1] (see also [0, Section 1] for the symmetric, unperturbed case). The guiding principle is to scale
the flux space with a1, the concentration space with g, and ensure that the Schur complement is spectrally equivalent
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to a properly weighted operator. In this case, a block-diagonal preconditioner reads as follows (using a complete Schur
complement structure for the (2,2)-block and an incomplete one for the (1,1)-block)

—1 * —1
a A+ B*B) 0 ) 5.7)

- _ (!
diag(R, §) = ( 0 ([ + 20]©)~" + (0oC + aBA™'B* + BA~'D)~!

or, equivalent Schur complement structure for the (1,1)-block (and note that it is also possible to derive block-triangular
versions, see for e.g., [30]). For the the advection term the preconditioner part BA ~'ID is not symmetric and it corresponds
to perturbation with respect to the diffusion term BA~'B* if u™ is bounded. However, for a < 1, the advection term ID
becomes dominant and the Schur complement changes from diffusion—reaction to transport-reaction and it can destroy
the spectral equivalence. For a fully computable preconditioner associated with (5.7), we approximate the top diagonal
block by (a~'Z — a~'V(div))~!, where T — V(div) is the Raviart-Thomas full matrix. Finally, inspired by (5.7),
and considering another formulation inspired by the primal formulation, we propose the following preconditioners
(B%)éARD, BégARD, BQDéARD, and BDFARD) for the coupled monolithic problem (5.3), where

(5.8)

with

Pri= (v '+ FH(@)] T — [ + FH(@)]Vdiv) ', and Q=[x +FH(@)] T,
Pyi= (k' +FH@)T — Vdiv) "', and Qp:=T '+ (—kA)"' - ([FH(a)]—lA%)*l,
= (0 ' ZT+V-diviatav)™l, and S;:= (1+00)T ' + (00T — o)L,

(a

Ro:=(a 'T+V-div)™, and Sy:=(1+0)T '+ (00 —aA+u™ V)

6 Numerical results

In this section, we illustrate the accuracy and performance of the proposed scheme and operator preconditioning through
several numerical experiments. We verify that the convergence rates are robust. The numerical implementations are
based on the open-source finite element libraries Gridap [5] and FEniCS [2].

Example 1 (convergence against smooth solutions in 2D). We first verify convergence with unity parameters pg = o =
K = ap = oy = 1. The domain is the unit square 2 = (0, 1)2, with T, the bottom and left edges and T',, the remainder
of the boundary. The manufactured velocity, pressure, and concentration are

— ( costma)sin(my) = sin(7x) sin(mw = cos(2mx) cos(2m
v (—sin(wx) cos(wy)>’ p = sin(mz) sin(my), @ (27x) cos(2my).

The Darcy—Forchheimer velocity is divergence-free, and the forcing term is chosen as f(p) = (ap + a1¢)g, where
= (0, 1)*, which clearly fulfills the condition (1.2). With these solutions we construct an exact total flux, and additional
source terms (so that the momentum balance is satisfied) and non-homogeneous essential and natural boundary conditions
required for the convergence assessment. The error history associated with the proposed mixed finite element method
on a sequence of successively refined partitions of the domain are presented in Table 6.1, where we also tabulate rates
of error decay computed as rate = log(e(s)/€(s))[log(h/ h)]~!, where e, & denote errors generated on two consecutive
meshes of sizes h and h, respectively. The results indicate an optimal O(R**1) convergence in all fields, where we
are using the natural norms, without parameter-weighting, and also the parameter-weighted norms. Sample numerical
solutions (obtained with the second-order scheme and on the finest mesh resolution) are portrayed in Figure 6.1.

Example 2 (convergence relative to fine-mesh reference solutions). Let (2 = (0,2) x (0,1) and (f, g, m) = (0,0,0).
The boundary conditions are u-n = —0.25y(1 —y) and ¢ = 2 on the left edge, u-n = ¢ -n = 0 on the top and bottom

22



Robust methods for Darcy—Forchheimer/transport equations Das, Hutridurga, Pani, Ruiz-Baier

DoF h lw — un||3,0iv,0 Tate ||p—prlloe rate || —Cplldive,s,0 rate 6,0 rate it
Errors and convergence rates for k = 0
40 0.7071 5.07e-01 * 2.44e-01 * 3.50e+01 * 7.09e-01 * 5
160 0.3536 2.92¢-01 0.797 1.29¢-01 0.921 1.88e+01 0.900 3.43e-01 1.050 6
640 0.1768 1.51e-01 0.946 6.52e-02 0.982 9.68e+00 0.955 2.02e-01 0.764 6
2560 0.0884 7.64e-02 0.987 3.27e-02 0.996 4.88e+00 0.988 1.03e-01 0.967 5
10240 0.0442 3.83e-02 0.997 1.64e-02 0.999 2.45e+00 0.997 5.19e-02 0992 5
40960 0.0221 1.91e-02 0.999 8.18e-03 1.000 1.22e+00 0.999 2.60e-02 0.998 6
Errors and convergence rates for k = 1
128 0.7071 1.80e-01 * 7.62e-02 * 1.92e+01 * 3.14e-01 * 7
512 0.3536 4.78e-02 1.914 1.97e-02 1.954 5.20e+00 1.884 1.23e-01 1.356 7
2048 0.1768 1.24e-02 1.943 4.96e-03 1.986 1.37e+00 1.923 3.33e-02 1.883 8
8192 0.0884 3.15e-03 1.979 1.24e-03 1.997 3.47e-01 1.985 8.54e-03 1.962 7
32768 0.0442 7.92¢-04 1.993 3.11e-04 1.999 8.68¢-02 1.997 2.15e-03 1.991 8
131072 0.0221 1.98e-04 1.998 7.78e-05 2.000 2.17e-02 1.999 5.38e-04 1.998 8
DoF h lu—unllv rate |lp—pullg., rate [€—Cullw  rate [p—¢nllg.r, rate it
Errors and convergence rates for k = 0
40 0.7071 9.83e-01 * 6.05e-02 * 3.50e+01 * 3.66e-01 * 6
160 0.3536 5.56e-01 0.824 1.94e-02 1.640 1.88e+01 0.900 1.77e-01 1.050 7
640 0.1768 2.88e-01 0.947 4.96e-03 1.969 9.68e+00 0.955 5.14e-02 1.782 7
2560 0.0884 1.46e-01 0.986 1.25e-03 1.990 4.88e+00 0.988 1.33e-02 1.948 7
10240 0.0442 7.29¢-02 0.996 3.13e-04 1.996 2.45e+00 0.997 3.36e-03 1.987 7
40960 0.0221 3.65e-02 0.999 7.84e-05 1.998 1.22e+00 0.999 8.42¢-04 1.997 7
Errors and convergence rates for k = 1
128 0.7071 3.31e-01 * 1.55e-01 * 1.92e+01 * 3.68¢-01 * 7
512 0.3536 8.86e-02 1.902 4.68e-02 1.730 5.20e+00 1.884 1.81e-01 1.019 8
2048 0.1768 2.30e-02 1.946 1.23e-02 1.931 1.37e+00 1.923 5.61e-02 1.041 9
8192 0.0884 5.82e-03 1.981 3.11e-03 1.981 3.47e-01 1.985 8.82e-02 1.938 8
32768 0.0442 1.46e-03 1.994 7.80e-04 1.994 8.68¢-02 1.997 5.81e-03 1.984 8
131072 0.0221 3.66e-04 1.998 1.95e-04 1.998 2.17e-02 1.999 1.46e-03 1.994 9

Table 6.1: Example 1. Error history against smooth solutions for different polynomial degrees (k = 0, 1), and iteration
count for the nonlinear Newton—Raphson solver. Here we use unit parameters, and the non-weighted norms (top rows),
and the parameter-weighted norms (bottom rows) for all fields.

b "(;h ” 1.0e+00 g‘i)h 1.0e+00
4.6e-06 1.0e+00 -3.6e-04 1.0e+00 48205 6.3e+00 -1.0e+ De+
- - - — -

Figure 6.1: Example 1. Approximate velocity magnitude and line integral contours, pressure profile, flux magnitude and
line integral contours, and concentration, all computed with a second-order scheme.

edges, p = 0 and ¢ = 1 on the right edge. Following a similar test in [17], we consider the following heterogeneous
permeability

k() =Ko (1 +exp(—3 [5 — 4o + Ty + cos z]?)) .

Convergence rates are computed against reference solutions obtained via additional mesh refinements. Errors are
reported in both the standard norms of Table 6.1 and the weighted norms V, Q, W, ¥. While the experimental order
of convergence seems affected by the extreme parameter values when using the usual norms, the optimality is restored
when using the weighted norms. Optimal rates are observed for all variables and both polynomial degrees. The Newton—
Raphson iteration counts (Table 6) remain low even for extreme parameter values. We show the approximate solutions
on a coarse mesh in Figure 6.2.
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Figure 6.2: Example 2. Approximate velocity magnitude and line integral contours, pressure profile, flux magnitude and
line integral contours, and concentration, all computed with a lowest-order scheme on a coarse.

DoF h  ||lu— unls,aiv rate |p—opulloe rate || — Cthng@ rate |¢ — ¢nllos,0 rate it
72 0.7071 5.18e-03 * 1.02e+05 * 1.22e+00 * 3.71e+01 * 5
168 0.3536 4.25e-03 0.285 3.86e+04 1.403 1.04e+00 0.222 2.04e+01 0.862 5
480 0.1768 4.56e-03 -0.101 1.78e+04 1.122 1.00e+00 0.060 1.11e+01 0.880 5

1584 0.0884 2.77e-03 0.718 6.29e+03 1.497 5.17e-01 0.952 4.11e+00 1432 5

5712 0.0442 1.53e-03 0.857 1.93e+03 1.707 2.83e-01 0.868 2.70e+00 0.605 5

21648 0.0221 1.19¢-03 0.383  1.53e+03 0.465 2.25e-01 0.182 2.14e+00 0278 5

DoF h Ju—wilv rate Jp—pmlly, rate [C—C,llw rate Jp—pnlly, rate it
72 0.7071 1.44e+01 * 7.54e+00 * 9.90e+00 * 6.77e+00 * 5
168 0.3536 6.95e+00 1.075 3.10e+00 1.281 6.71e+00 0.562 4.53e+00 0.579 5
480 0.1768 3.65e+00 0905 1.57e+00 0.980 4.21e+00 0.673 2.70e+00 0.746 5

1584 0.0884 1.64e+00 1.153 5.40e-01 1.542 1.94e+00 1.119 1.15e+00 1.229 5

5712 0.0442 5.26e-01 1.642  2.93e-01 0.883 7.63e-01 1.343 6.81e-01 0961 5

21648 0.0221 2.18e-01 1.297 1.17e-01  1.630 3.17e-01 1.405 3.50e-01 0985 5

Table 6.2: Example 2. Error history relative to a fine-mesh reference solution: errors on successively refined grids,
convergence rates, for k = 0. Newton—Raphson iteration counts corresponding to the nonlinear solver are also reported.
Here we are using extreme values of the parameters kg = 1078, F = 10%,a = 5- 1073, pg = 1075, and both the usual
norms (top row), the weighted norms (bottom row) for velocity, pressure, flux, and concentration, respectively.

Example 3 (operator preconditioning). In this example, we test the robustness of the preconditioners BiD’],; ARD> b J = 1,2
for the fully-coupled linearised Darcy—Forchheimer and ADR system. We stick to the domain = (0, 1)?, the lowest
order finite element family, and mixed boundary conditions. We perform a sequence of experiments in which the
permeability of the material x, the Forchheimer coefficient F, the diffusivity coefficient «, the reaction coefficient g,
and the mesh size h vary by several orders of magnitude.

Note that in this context —A and u"™ - V are the discrete diffusion and convection operators, and they both require
stabilisation. To ensure robust invertibility, the classical consistency (average-times-jump) terms found in standard
Symmetric Interior Penalty Galerkin (SIPG) methods [3] are omitted. This isolates a purely positive-definite interface
penalty operator parametrised by the stabilisation penalty factor 5 = 10 and the local characteristic mesh sizes h.

(—algn, gn) =af 3 /K Von Vin+ 3 /F 2 lonl ol

KeTy FeFy,

Hyperbolic stability for the advection term is governed by a pointwise upwind numerical flux along the interior interfaces
and boundaries, utilizing the velocity field u™. By defining the positive and negative part operators as [x]— max(z,0)
and [z]_— = min(z, 0), respectively, the corresponding block is

(@ Vg == X [ @ Voot [ (@ nilee” + @) ndl) ]

KeTy, FeF,

+ > /F[um'thWﬁ»

Ferouturin

where [¢] = ¢ — ¢~ denotes the standard jump operator across the facet F' associated with the outward unit normal n;
This retains the essential upwind stability and diffusion scales while keeping a diagonally dominant structure [22, 28].

Even with this, we note that the tested preconditioners are not robust in the advection-dominated regime (large mesh
Péclet number Pej, = % > 1). Therefore, we restrict our attention to the diffusion-dominated regime, where Pej, < 1,
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00 K « F h 0 K « F h
272 273 24 272 273 24

1078 1 107° | 10° | 1.8(6) 1.8(6) 1.8(7) 1078 1 107° | 10° | 1.8(6) 1.8(6) 1.8(7)
1 1074 ] 107° 1 1.8(10) 1.8(12) 1.8(14) 1 1074 | 107° 1 1.8(10) 1.8(12) 1.8(14)
1 1071 | 1076 [ 29(27) 3.0(28) 3.0(28) 1 1071 |1 1076 [ 2.9(28) 3.0(29) 3.0(29)
1078 | 107° | 10° | 1.2(8) 1.3(10) 1.6(14) 1078 1 107° | 10° | 1.2(@®) 1.3(10) 1.6(14)
1075 | 107* | 107° 1 3.6(31) 4.0(35) 4.2(35) 1075 | 107 | 107° 1 |36(32) 4036 42(36)
1 10711076 [ 2.1 (22) 2.1(22) 2.1(22) 1 1071 ] 1076 | 2.1(23) 2.0(23) 2.0(23)
10781 107° | 10° | 3.6(24) 4.1(26) 4.3(28) 10781 107° | 10° | 3.6(25) 4.1(27) 4.3(28)
107° | 107* | 107° 1 3.7(32) 4.1(35) 4.2(35) 107° | 107* | 107° 1 37(32) 4.1(35) 4237
1 10711076 [ 2.1 (22) 2.1(22) 2.1(22) 1 1071 ] 1076 | 2.1(23) 2.0(23) 2.0(23)

00 K « F h 00 K «@ F h

272 23 24 272 273 24

1078 1 107° | 10° | 3.7(21) 4.1(25) 4.4(25) 1078 1 107° | 10° | 3.7(21) 4.1(25) 4.4(25)
1 107* | 107° 1 3.6(30) 3.8(32) 3.5(35) 1 1074 ] 107° 1 [3.630) 3832 3.5(35)
1 1071 | 1076 [ 29(29) 3.0(29) 3.0(29) 1 1071 | 107% 1 29(29) 3.0(30) 3.0(31)
1078 [ 107% | 10° | 3.7(25) 4.1(29) 4.4(32) 1078 [ 107% | 10° | 3.7(25) 4.1(29) 4.4(32)
107 | 107 | 107° 1 3.7(34) 4137 4237 107 | 107* | 107° 1 3.6(34) 4137 4237
1 10711 107% [ 19221 192D 1.9(20) 1 1071 107% | 1.8 21) 1821 1.8(22)
1078 1 107% | 10% | 3.7(25) 4.1(27) 4.4(29) 1078 1 1072 | 10% | 3.7(25) 4.1(27) 4429
107° | 107 | 107° 1 3.7(33) 41@37) 42@37) 107° | 107* | 107° 1 3.7(34) 4.137) 4237
1 1071 1 107% [ 1.921) 1921 1.9(20) 1 1071 1 107¢ | 1.8 21) 1.8(21) 1.8(22)

Table 6.3: Example 3. Condition numbers (and MINRES iteration counts) corresponding to the preconditioners
((5.8)) Bé’éARD (top left), Bé’ﬁARD (top right), BQD’éARD (bottom left), and B%’ﬁARD (bottom right), under different
parameter regimes of the coupled Darcy—Forchheimer and ADR model.

in which the preconditioners exhibit the desired robustness, see Table 6.3. The performance of the preconditioners
is assessed through condition numbers of the preconditioned system and the number of MINRES iterations needed to
converge, all against mesh refinement.

Example 4 (lid-driven cavity flow). Next, we present a numerical simulation following the classical lid-driven cavity
problem for the Darcy-Forchheimer-transport coupling [31]. The domain is 2 = (0, 1)? (discretised with a triangular
mesh representing 82176 DoFs for the lowest-order method), the model parameters are taken as follows x = 1, F = 20,
a=1, f(p) = (10¢,104)%, m = 0, go = 0, and as boundary conditions we impose u - n = 0 everywhere on 92 and
so for the sake of pressure uniqueness, we impose fQ p = 0 (with a real Lagrange multiplier). We also set ¢ = 20 on
the top edge and ¢ = 0 on the remainder of the boundary. In the first two rows of Figure 6.3 we present the solution
profiles, which match the results of [31]. We also carried out an extension to 3D of the same test, taking Q2 = (0,1)3
(discretised with a mesh representing 2323200 DoFs), f(¢) = (10¢, 10¢, 10¢)*, and maintained all other parameters
unchanged. The obtained numerical solutions are shown in the bottom row of the same figure. For both cases we have
used the lowest-order method, and the Newton—Raphson iterative scheme (using Hager—Zhang line search) took seven
iterations to reach the prescribed tolerance of 1075, At least in this flow-transport regime and with the chosen parametric
values, the discrepancies between 3D and 2D simulations are unnoticeable.

Example 5 (transient miscible displacement). To conclude, we apply a time-dependent version of (1.1) (replacing the
reaction term 0o by 090 in the concentration equation and the diffusion —e Ay by —ppe A, where g is the porosity)
to the classical problem of viscous fingering in a Hele—Shaw cell. Here ¢ is interpreted as the solute concentration (in
mol/m?) of a resident fluid being displaced by a second, less viscous fluid (water).

The viscosity of the fluid mixture follows an Arrhenius law u(p) = ujexp(R %), where pq is the viscosity of
the displacing fluid (water), ¢ = 6500 mol/m? is a reference concentration, and R = Inr is the log-mobility ratio.
The viscosity ratio is 7 = pu(p = 1)/u1 = 2, hence R = In2. The hydraulic conductivity is then k = K/u(p),
with K the intrinsic permeability; the body force f(p) is set to zero. The computational domain is the channel
Q = (0,0.03) x (0,0.08) m2. The initial concentration field ¢(x,y, 0) is a step function from O (water) on top of a

parabolic profile located near the top boundary 3 = 0.0675 4 25(z — 0.015)2, to o (resident fluid) below it. As water
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Figure 6.3: Example 4. Numerical solutions (discharge velocity streamlines, pressure profile, total flux, and concentra-
tion) for the lid-driven cavity problem. Parameters are taken as in [31] for the 2D case (top and middle rows), and we
also show its extension to 3D (bottom row).

is injected from the top boundary (setting a prescribed normal discharge inflow velocity u - = —9 - 10~* m/s and fixed
concentration ¢ = 0), the resident fluid is displaced and the viscous fingering instability develops spontaneously. No
artificial random perturbation is added; the unstructured mesh provides sufficient asymmetry to trigger the instability
near the initial interface. On the vertical walls we impose « - n = 0 and ¢ - 7 = 0. On the outlet (bottom segment) we
set p = 0 and zero diffusive flux (not total flux), this means that we need to include the remainder terms —& (@, w - 1) ot
and ((¢ + pu) - n, w - n)oyt in equation (2.3¢).

The model parameters (diffusivity o = 4 - 1078 m? /s, porosity g9 = 0.5, permeability K = 10~%m?, reference
concentration @2 = 6500 mol/m?, the constant mobility ratio R = 2, and water viscosity j; = 1 mPa-s) are taken from
[7, 25]; the source term m in (1.1) is zero. The domain is discretised with an unstructured mesh of 37745 triangles. The
time derivative is discretised using backward Euler’s method with constant time step At = 0.01s, and the simulation
runs until the final time ¢ = 18s. The numerical results (snapshots of the approximate solutions at four different times,
showing in this case only velocity and concentration) are displayed in Figure 6.4. They reproduce the characteristic
viscous fingering patterns observed in Hele—Shaw displacements. For this test the maximum number of nonlinear
iterations to convergence was four (and required at the initial time steps).
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Preconditioners for sub-systems

Robust preconditioners for the Darcy—-Forchheimer system. Let us consider the Darcy—Forchheimer system alone from (1.1)

k'u+Flulu+Vp=f in Q,
divu =0 in Q,
(A.1)
u-n=>0 onl,,,

p=0 onl,.

The following two (x,F, h)-robust preconditioners for (A.1) have been mentioned in [17, Section 5], and the robustness of these
preconditioners can be seen in Table A.1.

-1 . coN—1
Bl e ((n T +FH(u)T — Vdiv) 0 _1>’ A2)

0 T+ (—rA) " — (FH(w)] ' As)
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K F h K F h
272 273 271 272 273 271

10779 [ 37(23) 4131 4433 10710 [ 12(1) 121 121

10719 1 57(23) 4131 44@33) 10719 1 12() 121 121

105 | 3.7(23) 4131 4433) 10° 12() 12 12

10719 13725 4131 42@33) 10079 [ 1206 1206 126

1075 1 3725 4131 42@33) 107° 1 126) 120 1.2(6)

105 | 3727 4131 43@33) 10° 1208 1208 12

10710 [ 1.2(11) 1211 121D 10710 [ 12@6) 1206 12(6)

1 1 12(11) 121D 121D 1 1 1208 1218 12
105 | 4427 46@33) 45@38) 10° 14(13) 1413 1.3(12)

Table A.1: Condition numbers of the preconditioned systems ((A.2) on left, and (A.3) on right) with MINRES iterations
in parentheses for different values of «,F, and h.

a 00 h
2772 273 27
1077 [ 37(17) 4.1(19) 442D
10-9 107% | 1.2310) 1.7(13) 2.5(18)
10° 1104 104 1.0
1 153 153 1503
1077 [ 3.1(24) 33(27) 3429
10-3 1078 | 3.1 (24) 3327 3429
1072 | 3.023) 3.0(25 3.1(29
1 1.9(12) 23(15 2.6(19)
1077 [ 12aD 121D 120D
) 107 | 123D 120D 121D
1072 | 123D 121D 120D
1 26(14) 2614 26(14)

Table A.2: Condition numbers of the preconditioned system (corresponding to A.5) with MINRES iterations in paren-
theses for different parameters and mesh sizes.

and

o (KT +FH()](Z — Vdiv)) ™' 0
Bpg = <( 0 ) ([K_II-i-FH(U)]_l I)—l) ) (A3)

where H(w) is the Gateaux derivative of the nonlinear operator |u|u in the state w in the direction of du, and A% is the %—Laplace

operator associated with the space W%f (2), defined as
@Byo.) = [ Vo 4960, W e W)
Q

A robust preconditioner for the reaction-diffusion system. Consider the mixed reaction-diffusion system

a i¢-Vp=0 in Q,
div¢ — =-m in Q,
vE—oop (A4)
p=0 onTly,
¢-n=0 onTI',.
The natural choice of a («, ¢, h)-robust preconditioner for (A.4) (following [10, Equation 3.8]) is the following
1 o)) -1
=7 — V(div)) 0
Brp = (3 _ 1) - A.S
D ( 0 ([1+00] ) + (00 — )~ (A-5)
The condition numbers and the MINRES iteration counts are reported in Table A.2.
Robust preconditioners for the advection-diffusion-reaction system. Consider now the ADR system
a i ¢—Ve+altap=0 in €,
div¢ — =—-m in €2,
vE —oop (A.6)
p=0 onT,
¢-n=0 onI',.
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|| 00 @ h
272 273 271
1077 | 3.3 (26) 3.9 (31 42 (32)
10-% 1075 | 3.7(19) 4.2 (26) 4.4 (28)
1073 | 3.1 (20) 3.3 (26) 3.4 (28)
1 1.2(11) 1.2(11) 1.2(11)
1077 | 1.003 1.0 (6) 1.0 (7)
10-10 | 10-4 10—‘6 2.2(20) 3.0 (29) 3.7 (33)
1072 | 3.1 20) 3.2 (25) 3.3 (28)
1 1.2 (11) 1.2(11) 1.2(11)
107 [ 1503) 1.53) 153)
| 107% | 1.53) 1.5(3) 1.3 (5)
1072 | 191D 2.6 (14) 2.6 (18)
1 2.6 (13) 2.6 (13) 2.6 (13)
1077 | 1567.6 (63)  2232.1(248) 3189.9 (%)
108 1076 | 64.1 (42) 55.2(74) 6.0 (61)
1073 | 3.1 (20) 3.3 (26) 3.3(29)
1 1.2(11) 1.2(11) 1.2(11)
107 [ 39(32) 64.6 (123) 105.6 (521)
10-5 | 10-4 107% | 3.3 (31 4.8 (48) 1.5(5)
1072 | 3.1(20) 3.2 (26) 3.3 (29)
1 1.2 (11) 1.2(11) 1.2(11)
107 [1503) 1.5@ 1505
) 107% | 1.503) 1.5(5) 1.5 (5)
1072 | 1.9(1D) 2.3 (14) 2.6 (18)
1 2.6 (13) 2.6 (13) 2.6 (13)
10°7 | 1.4e+07 (61) 1.1e+07 (243) 8.6e+06 (991)
108 1076 | 220403 (64) 17537.9 (250)  12259.2 (998)
1073 | 21.1(65) 190.7 (230) 356.6 (377)
1 1.2(11) 1.2(11) 1.2(11)
10~ 7 | 24970.7 (62) 30598.7 (245) 44066.2 (988)
10-1 | 10-4 1076 | 3711.7 (64)  4484.1 (248)  3435.6 (996)
1072 | 21.0 (65) 186.5 (230) 345.8 (377)
1 1.2 (11) 1.2 (1) 1.2(11)
1077 [ 1.9 @3) 7.4 (143) 9.8 (494)
1 107°% | 1.9 43) 7.5 (143) 9.4 (491)
107% | 1.8 (39) 6.0 (84) 18.2 (126)
1 2.6 (14) 2.5(14) 2.5(13)

Table A.3: Condition numbers and MINRES iteration counts in parenthesis for different values of o and mesh sizes h
corresponding to the preconditioner (A.7). The symbol x indicates that the MINRES iteration count exceeds 1000.

The preconditioners (5.8) for the full system already include the blocks needed for the sub-system (A.6). Here, we vary the magnitude
of the Darcy—Forchheimer velocity @ to illustrate the deterioration in performance of these preconditioners in the advection-dominated
regime. Specifically, we restrict our attention to diag(R2, Sz) from (5.8), noting that the remaining preconditioners exhibit similar

behaviour:
8172 L (a‘ll-i- VdiV)_l 0
DFARD 0 (1+00)Z '+ (00T —aA+a-V)™1)"

A conclusion from Table A.3 is that whenever ‘“# < 1, both the condition numbers of the preconditioned system and the MINRES

iteration counts remain well controlled. Outside this regime, however, the performance of the preconditioner deteriorates and
becomes inconsistent. Possible remedies include a better stabilisation for the advection term ™ ¢ (pure upwind in general will not
yield robust preconditioners for extreme regimes). It is well established [21] that classical discretisations of convection-dominated
systems give rise to highly nonnormal discrete operators. Such nonnormality is not adequately reflected by the eigenvalues of the
preconditioned systems alone; instead, their behavior deteriorates markedly by increasing Péclet number and mesh refinement. As
a consequence, Krylov subspace methods will struggle for this type of problems.

(A7)

Another difficulty already mentioned in Section 5 is the nonsymmetric nature of the underlying discrete operators. Operator
preconditioning and the usual Schur complement structures are not yet systematically developed. Here we have adopted a structure
motivated by symmetric elliptic operators, which do not seem to provide definitive or robust conclusions. See [32] for a detailed
review of the challenges associated with preconditioning nonsymmetric systems.
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