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Modélisation Mathématique et Analyse Numérique

A POSTERIORI ERROR ANALYSIS OF A VIRTUAL ELEMENT METHOD FOR
STRESS-ASSISTED DIFFUSION PROBLEMS *

FrANCO Dassi!, REKHA KHOT?, ANDRES E. RUBIANO® AND RICARDO RuUIz-BAIER?

Abstract. We develop and analyse residual-based a posteriori error estimates for the virtual element
discretisation of a nonlinear stress-assisted diffusion problem. The model problem involves a two-way
coupling between elasticity and diffusion equations in perturbed saddle-point form. A robust global
inf-sup condition under a small data assumption and a Helmholtz decomposition for H(div, Q) lead to
a reliable and efficient error estimator based on appropriately weighted norms. The complete analysis
is carried out in two dimensions and we provide the required ingredients for the extension to the three
dimensional case. The analysis relies on novel quasi-interpolation operators for Stokes and edge virtual
element spaces. Since these interpolation operators and the corresponding error estimates are non-
trivial in the three-dimensional case and are of independent interest, we provide the detailed proofs,
while several remaining arguments follow analogously to the two-dimensional case. Finally, we present
numerical experiments in both 2D and 3D to demonstrate the optimal performance of the proposed error
estimator.
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1. INTRODUCTION

The physical interaction between solute diffusion, driven by chemical reactions, in a deformable medium was
first formally addressed in [50,52] known as the stress-assisted diffusion model. This phenomenon appears in
a variety of scientific, medical, and engineering applications such as the lithiation of ion batteries [49], cardiac
tissue electromechanics [38], semiconductor fabrication [47], biomechanics of brain tissue [45], among others. The
multiscale nature of these applications demands robust modelling frameworks.

The mathematical analysis and discretisation of this model have been conducted using mixed-primal and
mixed-mixed finite element methods (FEM) in Hilbert spaces [31], pseudo-stress-based formulations using Banach
spaces [33], and well-posedness results for a primal formulation [37,39]. More recently, a posteriori error analysis
for the stress-assisted diffusion model is also developed in [32]. Adaptive schemes driven by a posteriori error
estimators play a central role in recovering optimal convergence rates in challenging regimes, such as problems
with singular solutions, low-regularity data, or geometrical singularities (e.g., non-convex domains and re-entrant
corners).

However, standard finite element methods may face difficulties when dealing with complex geometries or
highly distorted elements. Moreover, the adaptive mesh refinement generally leads to hanging nodes that are not
allowed and require further mesh refinement to maintain the mesh conformity in FEM. In this context, the Virtual
Element Method (VEM) (introduced in [5]), offers an attractive alternative. By extending classical finite element
ideas to general polygonal and polyhedral meshes, VEM avoids the explicit construction of basis functions inside
each element and instead relies on degrees of freedom together with computable polynomial projections. This
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allows the method to retain consistency and stability while naturally handling irregular and non-convex meshes.
While there is an extensive body of work on the VEM, we highlight a selection of key references [7,9,10,16,22,40]
that are particularly relevant to the stress-assisted diffusion model.

These features make VEM particularly suitable for adaptive mesh refinement, where local mesh modifications
frequently generate hanging nodes or general polytopal elements. A posteriori error estimates for VEM were first
introduced in [18] for the Poisson problem, and the extension to displacement-based deformation models and
reaction-diffusion equations can be found in [43,51]. Despite these advantages, several challenges still remain
open, including the development of efficient and widely available open-source implementations for conforming
mesh refinement on general polytopal meshes [3].

The stress-assisted diffusion model within the VEM framework was first studied in [35,46], where a robust
mixed—mixed formulation was introduced. These works employ parameter-weighted norms to ensure the uniform
well-posedness of two decoupled sub-problems across a wide range of parameter regimes. For the nonlinear fully
coupled system, the well-posedness and the corresponding a priori error estimates are established via a fixed-point
argument under a small data assumption. The main goal of the present work is to develop a reliable and efficient
a posteriori error estimator for the stress-assisted diffusion model in the parameter-robust setting.

Main contributions. The following are the key contributions of the paper:

¢ Global inf-sup condition. We prove the global inf-sup condition within the Brezzi-Braess framework
(Theorem 2.2), which provides (under small data assumption) an explicit upper bound for the total error
in terms of residual operators.

¢ Reliable a posteriori error estimator in 2D. Recall that the stress assisted diffusion model involves
a two-way nonlinear coupling between the elasticity and diffusion-reaction problems. Classical VEM
techniques based on polynomial consistency errors and a quasi-interpolation operator for Stokes-like VEM
space yield control of the residual operators associated with the elasticity problem (Lemma 4.11). The
reaction—diffusion problem, however, is more delicate. Its analysis relies on the Helmholtz decomposition
for H(div, Q) functions, together with the Fortin and quasi-interpolation operators for mixed and C°-
VEM spaces (Lemma 4.12). The combination of these results establishes reliability (Theorem 4.13).

e Efficient a posteriori error estimator in 2D. We show that the proposed error estimator is efficient
up to data oscillation, stabilisation, and higher-order terms. The derivation relies on standard bubble
function techniques and the Lipschitz continuity of the nonlinear coupling terms (Theorem 4.16).

¢ Quasi-interpolation operators in 3D. While the 2D analysis employs existing interpolation oper-
ators, we develop Fortin and quasi-interpolation operators for Stokes-like and edge 3D VEM spaces
(Propositions 5.1 and 5.4). Due to the inherent complexity of 3D spaces, deriving these interpolation
error estimates is non-trivial and fills a gap in the literature. As the subsequent reliability and efficiency
mirror the 2D setting, their proofs are omitted for conciseness.

e Numerical validation in both 2D and 3D. We develop an extensible open-source implementation of
the proposed a posteriori error estimators in the library VEM++ [21].

Plan of the paper. The contents of this paper have been organised as follows. The remainder of this section
contains preliminary notational conventions and useful functional spaces. Section 2 presents the coupled stress-
assisted diffusion model, weak formulation consisting of two coupled perturbed saddle-point problems, unique
solvability result, and robust global inf-sup result. The mesh assumptions and VE spaces for the coupled problem
along with their properties are provided in Section 3 for the 2D case. Section 4 is devoted to deriving a reliable
and efficient error estimator. Next, we extend the VE spaces to the 3D case in Section 5, and construct two
novel quasi-interpolation operators for Stokes and edge spaces. Finally, our theoretical results are illustrated via
numerical examples in Section 6.

Recurrent notation. Let D be a domain of R? (d = 2,3), with boundary dD. Given a tensor function o :
D — R¥*4_ 3 vector field w : D — R? and a scalar field p : D — R we set the tensor divergence dive : D — R,
the vector gradient Vu : D — R¥*9 the symmetric gradient e(u) : D — R9*?  the vector divergence divu :
D — R, the 3D vector rotational curlw : D — R3, the 2D scalar rotational rotw : D — R, and the 2D vector
rotational rotp : D — R? as (divo); := 2250504, (Vu)ij := 0ju;, e(u) := 3 [Vu+ (Vu)t], divu := Y, diu,,
curlwu := (Gaug — Jsus, 3u; — d1usg, 1us — dauy), rot u := drus — daug, and rot p := (9ap, —01p)*, respectively.

The component-wise inner product for vectors u,v € R? and matrices o, 7 € R¥*? are defined by u : v :=
Yo uiv;, and o T = Zi’j 0i;Tij. For s > 0, we denote the Sobolev space of scalar functions with domain D
as H*(D), and their vector and tensor counterparts as H*(D) and H*(D), respectively. The norm in H*(D) is
denoted ||-||s,p and the corresponding semi-norm | - |5 p. We also use the convention H°(D) := L?(D) and let

(-,)p be the inner product for in L2(D) (similarly for the vector and tensor counterparts). The space H? (0D)

contains traces of functions of H'(D), Hfé(aD) denotes its dual, and (-,-)sp stands for the duality pairing
between them. The Hilbert space H(div, D) of vectors in L?(D) with divergence in L?(D) equipped with the
norm ||~||?hV7D = ||~||(2)7D + ||div ~||(2)7D. Similarly, the Hilbert spaces H(rot, D) and H(curl, D) are equipped with
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the norms ||-[|2,; p = [|-§.p + llrot-[I§ p and [|-||2e.p = 15 p + [[curl-||5 5. The outward unit normal vector
and unit tangentlal vector to dD are denoted respectlvely by n and t.

Throughout this paper, we shall use the letter C' to denote a generic positive constant independent of the
mesh size h and physical constants, which might stand for different values at its different occurrences. Moreover,
given any positive expressions X and Y, the notation X < Y means that X < C'Y (and similarly for X > Y).

2. THE STRESS-ASSISTED DIFFUSION PROBLEM

This section recalls from [35] the weak formulation and its well-posedness analysis based on the Babuska—
Brezzi—Braess theory and a fixed-point argument.

Model problem. Let 2 be a polytopal (polygonal in 2D and polyhedral in 3D) bounded domain with boundary
I' =T'p UT'y, such that I'p NI'y = (), and consider the following coupled PDE with mixed boundary conditions

—div(2ue(u) —pl) = f, inQ, u=0, on I'p, (2.1a)
p=-Xdivu +£4(¢), inQ, (2ue(u)—plin =0, onTly, (2.1b)

¢ =M(e(u),p)Ve, inQ, ¢=ep, on I'p, (2.1c)
Op—div({) =g, inQ, ¢(-n=0, on I'y. (2.1d)

The coupling uses an active stress approach defining the total Cauchy stress as o = 2ue(u) — pl, where u is the
displacement vector, e(u) is the tensor of infinitesimal strains, p denotes a Herrmann-type pressure, I denotes
the identity tensor in R4*?,  is the solute’s concentration, y and X are the Lamé parameters of the solid, f is a
vector of external body loads, ¢ modulates the (isotropic) active stress. On the other hand, ¢ is the diffusive flux
M(e(u),p) is the stress-assisted diffusion coefficient (assumed uniformly bounded away from zero), € is a model
parameter that lies in [0, 1], and g is a given net volumetric source of solute.

Assumptions on the nonlinear terms. We suppose that £ : L?(Q) — L2(2) satisfies [|£(9)]jo.0 < [|9]l0.q for
all ¥ € L2(Q). We also assume that M(-, ) is invertible, symmetric, positive semi-definite and uniformly bounded
in L>°(Q) (likewise for M~1(-,-)). In addition, for all w € H(Q2),r € L?(Q) and =,y € RY, there exists M > 1
such that

M 'z-y<z M 'e(w),r)y] and y-[M '(e(w),r)x] < Mz -y. (2.2)
Finally, we assume that M"!(-,-) and ¢(-) are Lipschitz continuous with Lipschitz constants Ly and L,. Examples
of these terms can be found in [20] for the stress-assisted diffusion and [44,49] for the active stress.

2.1. Weak formulation

In view of the boundary conditions, we define the Hilbert spaces
HLH(Q):={veH(Q) :v=0 onTp}, Hy(div,Q):={€ € H(div,Q):£-n=0 onTIx}.

With them, the weak form consists in, given f € L%(Q), g € L?(Q2), and ¢p € H%(FD), finding (u,p,¢, ) €
HL(Q) x L2(Q) x Hx(div, Q) x L?(Q) such that

1(’LL ’U) + bl(v p) 1(’0), Yv € HE(Q), (2.33)
i)~ serlp) = GEla), Vo € 1(9), (2.3b)
GE(CE) +ha(.p) = Fo(6),  VE € Hx(div, ), (2.30)
(G, ) — Oealpy ) = Ga(v), o € 13(Q). (2.34)

The bilinear forms a; : HL(Q2) x HL(Q) — R, b : HL(Q) x L2(Q) — R, ¢; : L2(Q) x L2(Q) — R, a3’ :
Hy (div, Q) x Hx(div, Q) — R, by : Hx(div, Q) x L2(Q) — R, ¢z : L2(Q) x L2(2) — R, and linear functionals
Fi :HEH(Q) - R, G : L2(Q) - R, Fy : Hy(div, Q) = R, G : L2(Q) — R, are

al(uw):?u/ cw) i e), biv)i=— [ qdivo, ala)= [

/fv G%(q :——/E

P(C,€) - /M PIC-E ba(€w) :=/deivs, ex(i0,9) :Z/QW,
Fy(€) = (pp. £ -niry,  Galth) = — / a0
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2.2. Parameter-dependent norms and robust solvability

Given K C €, let V{(K) = HY(K), Qi(K) = L?(K), Va(K) := H(div,K) and Qy := L?(K) be the
displacement, Herrmann pressure, flux, and concentration spaces on K, respectively, equipped with the following
weighted norms and semi-norms

||(u’p)|‘%/1(K)><Q1(K) = ||u||%/1(1<) + HPH?QI(K)v HUH%/'I(K) = 2M||€(U)H(2),K7

1 1
1,00 = (55 + 5 ) WPl

1
|U\%/1(K) = 2N|U|iK, |p|2Ql(K) = ﬂHPHg,K,
1SN0 xa) = €130y + 191810y 1€1a i) = 1€ IIEn, 5 + MIdiv €[5 e

_ 1
IG1Ru = [ 17 el el = (37 +0) el
1
KB = MICB s el = 2ol

Note that the definition of |¢ |%,2( &) requires ¢ € V (K) N HY(K). For simplicity, we denote the global spaces
(ie.,, K =Q)as Vi := H,(Q), Q1 = Q2 := L*(Q), V2 := Hx(div, Q) while imposing the boundary conditions.

Theorem 2.1 below establishes the well-posedness of the fully coupled system (2.3) under the small data
assumption

Cremax { . /B MC3 Lo (ol + lolon) < 1. (2.9

We recall that this condition arises only from the fixed-point treatment of the nonlinearity; the method’s robust-
ness is guaranteed by the weighted norm spaces (see [14]) and the mixed formulation introduced before, for a
detailed proof we refer to [35]. In addition, Theorem 2.2 provides a robust global inf-sup condition. The proof
follows from the Brezzi—Braess conditions in [13, Theorem 2.1].

Theorem 2.1. Suppose that 1 < X\, 0 < u, 0 < ﬁ, and that the small data assumption (2.4) holds. Then, there

exists an unique solution (u,p,{,p) € V1 x Q1 X Vg x Qa to (2.3) such that
I(w,)llvixaq: < C1 ([Frllvy + 1GT lloy) -
1¢; @)Ivaxqe < Co (| Follvy +[1G2llqy) -

where the corresponding constants C and Cs do not depend on the physical parameters.

Theorem 2.2. Let (V,|-[|v) and (Qu, ||llq,) be Hilbert spaces, let Q be a dense (with respect to ||-||q,) linear
subspace of Qp and three bilinear forms a(-,-) on V xV (continuous, symmetric and positive semi-definite), b(-, )
on VX Qy (continuous), and c(-,-) on Q@ x Q (symmetric and positive semi-definite); defining the linear operators
AV =V, B:V—=Q,andC:Q — Q, respectively. Fort € [0,1], consider the t-dependent energy norm

1w, Dl = 0l + llalle = ol + llallg, + ¢]alz-

Assume that Q is complete with respect to the norm ||-|3) :== |13, + t*| - |2, where | - |2 := c(-,-) is a semi-norm

in Q. Suppose further that there exist positive constants «, 3,7y (independent of the model parameters) such that

al[0))2 < a(0,0), Vo€ Ker(B), (2.52)
b(v,q

Bllallq, < sup ( >, Vg € Qs, (2.5b)
vev [lvlly

a(u,v) + b(u,q
ully < sup  A¥) )

, Yu € V. (2.5¢)
(v,9)EVXQ (v, ) llvxe

Then, the multilinear form A(u,p;v,q) := a(u,v) + b(v,p) + b(u, q) — t2c(p, q) satisfies the following condition

A+4a] 2 (1+]a])? A(u,p;v,q)
|(u,p)|lvxg < [ 1+ + -+ sup ————= VY(u,p) eV xQ.
xQ Y B Y (v,9)EV XQ H(vvq)HVXQ

Proof. The triangle inequality and the second Brezzi condition (2.5b) lead to

A(uap; v, 0) — a(ua U)

[vlly,

1
[(u, p)llvxq < llullv + — sup + tlple-
6 veV
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[N

Note that t|p|. < (a(u,u) + t?c(p,p))? = (A(u,p;u, —p))%, which together with the continuity of a(-,-) yields

1 A(u, p; v, )
[(w,p)lvxg < (L + lal]) [lullv + = sup + (A(u, p; u, —p))
6 (v,9)EV XQ H(an)HVXQ

[N

The Braess condition (2.5¢) implies that

1+ o] a(u,v) +blusg) | 1 Alu,piv,q)

P sup o~
Y > (v,9)EV XQ ||('U7Q)||V><Q B (v,9)EVXQ ||<'U7Q)||V><Q

N

nwmeQs( (Al 50, —p))

Since a(u,v) + b(u, q) = A(u, p;v,q) — b(v,p) + t>c(p, q), we readily see that

Lt a1 A, p; v, q) 1+ |a :
o §(+ sup AP (RN g e, p))t
X v 3) waevxo 10 a)llvxe v

Given that for all 0 < z,y, z the inequality x < y + z implies that x < 2y + %, we have

1+ |la 1 A(u, p;v, 1+ |la 2.Au, S, —
”(u’p)vw<2( llall +) sup (u,p;v,q) +<1+ [ ||> (u, piu, —p)
v ﬁ (v,9)EV XQ ||('U7Q)HV><Q Y ||(U7p)||\/><Q
The proof concludes by taking the supremum for all (v,q) € V x Q. O

Remark 1. The unique solvability of the separate Herrmann elasticity and mized diffusion problems follows from
Braess’ theory for perturbed saddle-point problems [1]]. The general result yields estimates that are parameter-
robust, meaning that the stability bounds do not depend on parameters that can be delicate in applications of
stress-assisted diffusion, such as very large Lamé coefficients or a very small diffusion coefficient. Robustness
due to Braess’ theory requires the perturbation (in our case, reaction and pressure terms) to be sufficiently small.
This regime is indeed challenging in general, and the mized formulations tackled with this approach successfully
maintain parameter robustness.

Note, however, that the abstract theory we use for the analysis of the coupled problem is a fixed-point contraction
mapping argument. Inevitably, it requires small-data assumptions (in our case, small loads and concentration
sources weighted with model parameters). This somewhat diminishes the robustness of the formulated coupled
system, as solvability and stability now exhibit a parameter dependence. We do stress that even in this case, the
admissible regime still contains not only the typical ranges for stress-assisted diffusion but also many other cases
of applicative interest.

3. VIRTUAL ELEMENT DISCRETISATION

This section introduces the 2D VEM from [35], based on [5,7,10] with the estimates involving suitable poly-
nomial projections adapted to the parameter-robust setting. Finally, we refer to [35, Section 4] for further details
on the well-posedness of the discrete problem.

Mesh assumptions. Let 7" be a decomposition of  into polygonal elements E with diameter hg, let £" be
the set of edges e of 7" with length h.. We assume that there exists a universal constant p > 0 such that

(M1) Every polygonal element E of diameter hg is star-shaped with respect to a disk of radius > phg,
(M2) Every edge e of F has length > phg.

We split the set of edges as £ = ELUEL UER, where €& = {e € &M e Cc Q}, €8 ={e € &M e C Tp} and
El = {e € &":e CT'n}. The set of edges of E € T" is denoted as E"(E), the edges of E which are not in the
boundary 9 are denoted by £/(E) and the ones lying on the Dirichlet portion of the boundary (resp. Neumann)
are denoted by ER(E) (resp. EL(E)), the set of elements E that share e as an edge is denoted by 7.*. The normal
and tangential jump operators are defined as [u-n.] := (u|g — u|g/)|e - ne and [¢-t.] := (¢|g —C|p)|e - te, Where
E,E' € T!, and n. and t. are the outward normal and tangential counterclockwise vectors of e with respect to
OE. The space D(E) denotes the union of elements in 7" intersecting E.

Polynomial spaces. Given an integer £ > 0 the space of polynomials of degree < k on FE is denoted by
Pr(E) (resp. for edges e). The space of the gradients of polynomials of grade < k+ 1 on F is denoted as
Gi(E) := V(Pry1(E)) with standard notation P_;(E) = {0} for k = —1. The space G{ (E) denotes the
complement of the space Gx(E) in the vector polynomial space Py (E), that is, Px(E) = Gr(E) ® GP(E). In
particular, following [12], we set GY (F) = -Py_1(F) where &1 = (x3, —z1)*. Likewise, the space that defines
the rotational of polynomials with degree < k + 1 is denoted as Rg(E) := rot(Pxr1(E)) where the associated
complement space R} (E) fulfills the property Py (E) = Ri(E) ® R} (E) with RY (E) = Pj_1(E).
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Let g = (1,5, %2,r)" denote the barycentre of E and let My (E) be the set of scaled monomials

My(E) = {(“’;E””E)a,o <lof <k},

where @ = (o, a2)" is a non-negative multi-index with |a| = a1 + a2 and z® = z{"23? for * = (21, 22)".
In particular, we can take the basis of G(E) and G¥(E) as M} (E) := VM 11(E) \ {0} and M (E) :=
mtM;_(E), with m* := (%7 %)t, m = m;zE, respectively.

The spaces introduced below are constructed to address the variational forms of (2.1a)—(2.1b) and (2.1¢)—(2.1d),
respectively. Their unisolvency in terms of Degrees of Freedom (DoFs) and other properties, are detailed in [7,10].

3.1. Discrete spaces

For k1 > 2, the discrete displacement space locally solves a Stokes problem:

VIEU(E) = {v e H(E): v|og € BM(OE), dive € Py, _1(E),
—2udive(v) — Vs € Q?FQ(E), for some s € L3(E)},

where B*(OF) is the continuous space of polynomials along the boundary OF of E defined as
B*(OE) := {v € C°(9E): v|. € Py(e), Ve C OE} .
Observe that Py, (E) C VT’kl (E). Then, the global discrete spaces are defined as
Vi = {v e Viiv|p e VIFI(E), VE€ T}, Q™ :={q€Qu:qlp € Py 1(E), VE € T"}.
The set of DoFs for v, € V" (E) and ¢, € QI"** (E) are selected as

e The values of vj, at the vertices of F,

e The values of v, at the k1 — 1 internal Gauss-Lobatto quadrature points on each edge of F,
. /E(divvh)mkl_l, Vmg, -1 € My, —1(E) \ {hlE} ,
'/E'Uh ) ml?rw vm?ﬁz € Ml?i—2(E)’
. /E G, -1, Ymy, -1 € Mg, —1(E).
For the reaction-diffusion equation and for ko > 0, the discrete flux space locally solves a div-rot problem:
Vb2 (B .= {¢ € H(div, E) N H(rot, E): £ - n|. € Py, (e), Ve C OF, divE € Py, (E), rot € € Pr,_1(E)}.
Note that Py, (E) C VE*2(E). In turn, the global discrete spaces are defined as follows
Vit = {€ e Vo glp € VO™ (E), VE € T"}, Q4™ = {¢ € Qu: ¢|p € P, (E), VE € T"}.
The set of DoFs for &, € Vg’k"’ (E) and ¢y, € Q’;”” (E) can be taken as
e The values of §;, - n at the k2 + 1 Gauss-Lobatto quadrature points of each edge of E,
./Egh my,_y, Ymy,_, € My, _(E),
. /E g, mE, vm® e ME (B),

O/ ’(/Jhmkz, mGz S MkQ(E)
E

Although ki and ko are in general arbitrary and independent, we select ky = ko + 1 with k; > 1 to achieve
optimal convergence. This choice is justified later by Theorem 3.4.
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3.2. Projection and interpolation operators

The operators below are required for the discrete formulation and the subsequent error analysis. We follow [10]
for the elasticity problem and [7] for the reaction-diffusion problem. Given E € 7", the energy projection operator

5% HY(E) — Py, (E) is defined, for all v € H!(E), by

/ e(v — Hf’klv): e(my,) =0, Vmy, € My, (F),
E

1 0 T2 B—T2
/ (v — H?kl’v) -mgeMm =0, Vmgpwm € RBM(E) = {(hdf) , (1) , m1ﬁg1,E s
OF hE hg

where RBM(E) is the set of scaled rigid body motions. We also define the L?-projection H?’k :L2(E) = Pr(E)
by

[Tt e =0, Vg € Mu(B). %6 € L),
E

and analogously for scalar functions. For clarity, 1'1(1)’}cl is the projection associated with the elasticity prob-
lem, with polynomial degree k; (resp. Hg’k2 for the reaction-diffusion problem). Regarding computability
of Hf’kl,ﬂg’kl_Q on Vi“kl and Hg’kz on Vg’kz in terms of the respective DoFs, we refer to [10, Section 3.2]
and [6, Theorem 3.2]. Next, we present a scaled version of classical polynomial approximation estimates [15].

Lemma 3.1. For E€ T", letvec HY(E), ¢ € L?2(E), £ ¢ HY(E), and ¢ € L2(E). Then the following estimates
hold:

k1 k1
lv— Hf 'U||V1(E) N |'U|V1(E)a llg — H? Q||Q1(E) S \Q|Q1(E)
k k
1€ ~T"€w,e < helélvamy, 1Y — TV ]gum) < [Playm)-

Finally, we can define a quasi—interpolation operator I?’kl :HY(E) — V}f’kl (E) and a Fortin operator I§’k2 :

H!(E) — V*2(E) satisfying the estimates in the next lemma.
Lemma 3.2. Let E € T", and e € E"(E), and let v € H(E) and € € HY(E). Then the following estimates
hold:

_1
he 22pllv — IPM g0 + lv = 1Py, () < [Wlv, (b(m)) (3.1a)

3 Foks F.ks <
hé M[(§ = 1728) - nelloe + 1€ = L&l S helélv.m)- (3.1b)

The 2D construction of 19" is in [9, Proposition 4.2]. It does not require extra regularity [40], and (3.1b)
follows from trace inequality. On the other hand, IF k2 can be defined directly through the DoFs for H! ()
functions. Moreover, the commutative property div IF F2(1) = IY*2 div(-) holds, leading to the discrete stability
of the reaction-diffusion system (see [7, Section 3.2]). We refer to [43, Lemma 5.2] for a proof of (3.1a).

3.3. The virtual element formulation for the stress-assisted diffusion problem

The discrete formulation for the fully-coupled problem reads as follows: Given f € L?(Q), g € L?(Q), and
op € H2 (I'p), find (wn, pn, Cp, 0n) € V;L’kl X Q’f’kl X Vg’kz X Qg’kz such that

al(wp, vp) + by (vn, pr) = Fl (v), Yoy, € VI (3.2a)
brunsan) = yer(onan) =GP (@), o € QLY (3.20)
az" PN (G0 &) + 02(€non) = Fa(€h), V&, € VR, (3.2c)
b2(Cpy> ¥n) — Oca(pn, Yn) = G2 (Yn), Vi, € QYF2, (3.2d)

where uj, = Hf’kluh. The discrete bilinear and linear forms are defined by adding the local contributions, as

h . h,E o E e,k e,k e,k
ay (uh,vh) = E aq (uh,vh) = E ay (Hl 1uh,l'[1 lvh E Sl up — uh,'uh Hl 1’Uh),
EeTh EeTh EeTh

v Ph P viPhoR,
a;" PRy &) Z au’ P E(Cmfh)

EeTh
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=) ayPEIIYTG, IE) + Y ST (G, - TR, 6, — T E),

EeTh EeTh
/HOkl 2f o

Z FhE’Uh /f HOkl 2

EeTh EeTh EeTh

The stabilisation SE(-,-) and S?*#(. .) are symmetric and positive definite bilinear forms such that

al(vp,vy) < SE (v, vp) < af (v, vp), Yvy, € ker(l'[f’kl), (3.3a)
auh b E (€ns€n) S Suh b (& €n) S uh b (&, €n), V€, € ker(Hg’k2). (3.3b)

We conclude by establishing the continuous dependence on data for (3.2) and the convergence result of the total
error € := |[(w — up,p — Pn,§ — Ch, @ — ©n)lIVixQixVaxQs (s€e [35, Sections 4-5] for a proof). Note that the
convergence rate shown in Theorem 3.4 is optimal when k; = ko + 1 and ko > 1. For sake of simplicity, we
introduce the constant C := max {ﬁ, \/2/1} VMLuCs([[¢plly,rp, + llgllo,r). Similar to the continuous case

(see Section 2.2), we assume that the following small data assumptions are given

61[4@6362 VM3 < 1, (34&)
_ — 1
Ci\VMLy,+ C3CoM < 5 (34b)

Theorem 3.3. Suppose that 1 < X\, 0 < pu, < L 27> and that the small data assumption (3.4a) holds. Then, there
exists a unique solution (wp, P, Cp, Phn) € V;l kl X Q’f”kl X Vg"k2 X Qg’kQ to (3.2) such that

1(un, pr)llvixas < C1 (17 vy + 1GT" lay) (3-5a)
1(Chs en)lvaxqe < Ca (1F2llvy + 1G2llqy) - (3.5b)

where the constants C1 and Cy do not depend on the physical parameters.

Theorem 3.4. Adopt the assumptions of Theorem 2.1 and 3.3, along with the small data condition (3.4b). Let
(uapa ¢, 90) € (H81+1(Q) NV, | ’ |S1+1,V1) X (HSl (Q) ﬂlev | ’ ‘51>Qb1) X (H82+1(Q) NVa, ‘ ) |S2+1-,V2) X (H82+1(Q) N
Qbsy | s2+1,Qy, )> and (wn, pa, Cps pn) € V}f’kl X Q;L’kl ><V£L’k2 X Qg’kz solve respectively the continuous and discrete
problems, with the data f € (H* "' N Qy,, |- [s,-1.q,,) and g € (H>TH(Q) N Quy, | - [s,41.Qs,) where 0 <51 < Ky
and 0 < sg < ko. Then, the total error €, decays with the following rate

€h S hmin{51’82+1}(|f|81—17Qb1 + |u|81+17V1 + |p|s1,le + |g|52+17Qb2 + |C|S2+1,V2 + ‘()0|52+17Qb2)'

4. A POSTERIORI ERROR ANALYSIS

This section aims at deriving reliable and efficient residual-based a posteriori error estimators for the VEM of
Section 3. The reliability is a consequence of the global inf-sup provided in Theorem 2.2, together with the tools
given in Subsection 4.1. The efficiency is proven using bubble functions.

4.1. Preliminary toolkit

This subsection presents the necessary local estimates, Helmholtz decomposition, and bubble function results
required for the a posteriori error analysis. First, an estimate involving the projection of the load term f is
presented (see [10, Lemma 3.7]).

Lemma 4.1. Let f € L*>(E). Then, for all v € HY(E), we have
[Py = F] ()| S hellf = T 72 fllo.slv)e.

Next, we provide an estimate for the local virtual approximation of the bilinear form a¥(-,-).

Lemma 4.2. For all up, v, € VM (E), the following estimate holds:

Nl=

’ [a}f’E — aﬂ (uh,vh)‘ (Sl (up, — HE’ lup, wp — Hf’kluh)) lvnllv, (E)-

Proof. The definition of the polynomial projection H‘i:’kl leads to

{a?E - aﬂ (up,vp) = 2;4/

E(Hf’kluh) : s(l'[f’klvh) + SE (uy, — Hf’kluh,vh — Hf’klvh) — QM/ e(up) : e(vy)
E E
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Sk K E N N
= f2u/ e(up, — 7 uy) s e(vy — T vy) + ST (wp, — T g, v, — IIT  0p).
E

The proof is completed after using a Cauchy—Schwarz inequality, (3.3a), and Lemma 3.1. O

Two additional local estimates are required for the bilinear form a""? "’h’E(~,~)

M~!(e(m),p)¢. They are adapted from [43, Lemma 4.3] to the robust case.
Lemma 4.3. Given wy, € VI""'(E), p, € Q" (E) and ¢,,, €, € VI'*2(E), the following estimate holds:

and the nonlinear term

1

’ {azm’ph’h’E - azih’ph’E} (Chvéh)‘ N ((S;h’ph’E(Ch - Hg’kZCha Cn— Hg’kQCh)) ’
+ VMM~ (e(@p), pn) Iy 3¢, — TIo* (M_l(s(uh)mh)ﬂg’kQCh)||0,E) 1€nlIva(m)-

Proof. The L2-orthogonality of Hg’kl shows that
@h,pn,hE T, E @, ,pn, B (770.k 0,k Wn,pn,E
(a3 B B (¢ 6) = aBt PTG G TN E) — BT (G0 8
+ Sy (¢, —TI*2¢, €, — TIM2E,,)

= —/E {M—l(E(ﬂh);ph)Hgvkzch _ Hg»kz (M_l(e(ﬂh%ph)Hg’kZCh)} ) (gh _ Hg’kzgh)

B /E M (e(@n), pr) (¢, — TI%2C,) - €, + S (¢, — TIY™E, €, — TIDR2E,).

Then, the Cauchy—Schwarz inequality, (3.3b), the continuity of I'Ig’k2 and a proper scaling finish the proof. [

Lemma 4.4. Let (u,p,,¢) € Vi X Q1 X Vo x Qo and (up,pr, Ch,on) € V}f’kl X Q?’kl X Vg’kz X Qg’h be the
unique solutions to (2.3) and (3.2). For all E € T", the following estimate holds:

M (e(aw). p)C — TI3* (M@ IS ). S T ([l — il o) + 10— pr ey
+ SE (wp, — TS - Hf’kluh)%) + Sy B¢, 1% ¢, ¢ - Hg’kz(fh)%

+VM|¢ =l + M~ (@), pr) Y™ ¢, — T2 (M (@), pr) I ¢,

0,E-
Proof. The triangle inequality leads to
M~ (e(w), p)¢ — T3 (M (e(@n), pn) T3 ™ ¢ o, < M (e(@n), pn) (¢ — T1572C3) 0,

+ | M (e(u), p) = M7 (e(@n), pn)] Chllo.e + M~ (e(u), p) (¢ =€)
+ IM (e (@), pr)TIS ¢, — TY™ (M (e (@), )11 C) o, -

lo,E

For the first term, the stability estimate (3.3b) implies that

M (e(@n), pr) (€, — Hg’kQCh)\\O,E N Szm’ph"E(Ch - Hg’kQCha Cr— H(Q)’IQC}L)%'

For the second term, the Cauchy-Schwarz inequality, the Lipschitz continuity of M~!, and the triangle inequality
result in

1M~ (e(@n), pr) — M~ (e(w), p)] Cullo.p < max {\/12? \/ﬂ} VM Lyg || (@ — w,pn = p)llv,(5) < () 1€ v o)

1
S —, 2#} MLM(u—uh vi(e) + [P — prll g + |lun — @y, V1E>C Vo (E
{m*/ VI L (1 = wnlvy ey + I — prllau s + | e ) I1Callvace)

— 1
S Ca (Il =unllv, iy + lp = palas ey + SF (un = T, = 5P ) ).

where we have used the stability estimate (3.3a) and the continuous data dependence (3.5b) in the last step. For
the third term, the property (2.2) of the nonlinear term M~! implies that

M~ (e(w), p)(€ = Cu)lIEe < M/EMfl(E(U),p)(C = €n) (€= Cn) = MIIC = Cullis -

The combination of the previous estimates concludes the proof. ]
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To apply the Helmholtz decomposition in the forthcoming analysis (see [43]), we require the scalar space
Vi =HL(Q) := {x € H}(Q) : x =0 on I'y} and its local discrete virtual space

ViR E) = {x € HY(E) : x|op € B2 (IE) and Ay € Py,_1(E)}.
It is shown in [43, Lemma 5.1] that rot x;, € Vg’kz for xp € Vg’kzﬂ, where the global space is given by
ViR = {x € Vs: x|p € VETH(B), VE € T"}.

This relation plays an important role in the argument used in Lemma 4.12.

Next, we introduce the quasi-interpolation error operator for functions in the auxiliary space V3 defined as
136’_“)’]”'H :HYE) — Vg’kZH(E) (see [41, Proposition 4.2] for details). The interpolation error involving the |-||o e
norm and functions in H!(E) can be proven directly from [27, Theorem 3.10] and [29, Section 1.3.2].

Lemma 4.5. Let E € T", and e € EM(E). For x € H'(E), the following estimate holds:
1
hé I =18 Xllo.e + Ix = I xllo,s S hlxlye.

As a consequence of the mesh assumptions from Section 3, a shape-regular triangulation T" of Q can be
constructed via a sub-triangulation of each polygon into triangles (see [2] for the construction of bubble functions
in triangles). Let us recall the following results from [18] regarding element and edge bubble functions supported
in polygonal elements and edges (union of triangles sharing an edge), respectively.

Lemma 4.6. Let E € T" and Vg be an element bubble function. For all qr € Pr(E), the following bounds
hold

Vg

laelo.z S Wedello.r +helYede|e < |laelo.e- (4.1)

lagllf e <

Lemma 4.7. For E € T", let e C OF and ¥, be the corresponding edge bubble function. For all q. € Py(e),
we have

b S IV Teqellf e < llaellg.c. 0.2+ Vhe[Vedel,p S [laefloe (4.2)

lqe

1
T \IJeCIe
iz

where qe s also used to denote the constant prolongation of q. in the direction normal to e.

4.2. Error estimators

We now define residual-based a posteriori error estimators for the VE formulation from Section 3. We require
a stronger assumption on the boundary data, namely that ¢p € H"(I'p) for » > 3/2. First, we define the local
error estimator ©% := 0% +@§’ 5 for E € T" conformed by the elasticity contribution and the reaction-diffusion
one. These are given explicitly by

1
®§,E: 1E+

% 771 BT 2MA1 olan 51 Jor @g,E = ME%E + Mn%,E + MA%,E + S;,Ev (4.3)

Qu

where Z; g represents the local residual estimator, which encapsulates boundary and volume terms as

—_ k1 1k1
Elp= Y hel@ue(MTMup) —pl)neli + D0 hel [(2ue(TT M up) — prl)nc|s .
ecEl(E) ecEl(E)

2P 2 f 4 2ndiv(e(TIT M ug)) — Vonll g
ST hellep —enlld.+ Y el (Vep — I9F (M (e(@n), pr) S *C,)) - Ll
ecEL(E) ecEl(E)
hE|TIY™ (M~ (e(@n), pr)TIy "2 C,) — Venll3 5 + B |rot(TIy "2 (M~ (e(@n), pr)TI32C,)) |12 -

The local data oscillation, mixed, and stabilisation estimators, are respectively given by
0,k1—2 Sy 0,k 0,k (=1 o (o 0,k
771E = h} Bl f — T f”o E> nS,E = ||M 1(5(Uh>7ph>H2 2¢p — Iy (M 1(€(uh),ph)l_[2 2Ch)||(2),E>

. 1 )
A%,E = ||X£(<Ph) —divuy, + Xph”aEa A%,E = ||=g —div¢, + 9<Ph||(2),Ea
512,E =SSP (up — H;:’kluha Up — Hi’kluh% 522,E = Sgh’ph’E(Ch - Hg’szh»Ch - Hg’kZCh)-
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The global error, global residual, global mixed, global data oscillation, and global stabilisation estimators are
defined as

0%:= Y o} == ) <21EiE+ME§,E>, A= > (2uA] g+ MA3 ),
EeTh EeTh H EeTh

1
772 = Z (277%,}5 +M77§,E> ) 5% = Z (S%E + SSE) .

EeTh EeTh

Similar estimators can be found for the uncoupled divergence-free Stokes problem in [51] and for the uncoupled
mixed Poisson problem in [43].

4.3. Reliability

This subsection establishes an upper bound for the total error in terms of the error estimator. We begin by
deriving estimates for the elasticity and reaction-diffusion partial errors in terms of a residual operator, pointing
out that the non-linear terms satisfy the assumptions in Section 2.

For the remainder of the paper, assume that (u,p,{, @) € Vi x Q1 X Vo x Qg and (up, pn, {ps ©n) € V}f’kl X

ks VIR o QB2 are the unique solutions to (2.3) and (3.2), respectively (i.e. the small data assumptions
of Theorem 2.1 and 3.3 hold). Given the fixed functions 9, € Q™™ and (wp, ) € VI** x Q™ | we introduce

the linear operators

Rp, (v) := F1(v) — a1 (up,v) — by (v, pp), Yv € Vq,

R (0) 1= G (0) — bi(wna) + yr(pio ). Vo € Qu,

RF2 (5) = F2(€) - a?hﬂ’h (Chaé) - b2(€a goh)v Vs S V27
)

= G2(¢) - bQ(Chaw) + 902(9%71/))7 qub S Q2'

The results below allow us to bound the error of each decoupled problem in terms of the associated residuals.

Lemma 4.8. Given ¥ € Qg and ¥y, € Qg’kz, assume that 1 < X and 0 < u. Then, the following estimate holds:
I = p = pu)livixaw < C1 { IR llvy + 1 Rgon llay + VMLell? = dnlqs | -

Proof. The global inf-sup from Theorem 2.2 applied to (u — up,p — pn) € V1 X Qq, the Lipschitz continuity of
((-), and a proper use of the term GY"(¢) lead to

|Fi(v) + GY(g) — a1 (un,v) = bi(v,pp) — bi(un, q) + 5¢1(pn 9)|

[(w —wn,p —pr)llvixq, <C1 sup

(v.0)EV1XxQ (v, @)llvixaq.
R (0) + R (@) + [ = 1] (a)
=C sup L
(v,9)EV1xQ1 ||(U,CI)||V1><Q1

< 1 {I1Rr,llvy + 1R gonllgy + VALY = dnla, | -

O
Lemma 4.9. For the fized pairs (w,r) € V1 x Q1 and (wp,11,) € V;L’kl X Q’f’kl, suppose that 6 < ﬁ Then,
the following estimate holds:

(¢ = Cnro— on)llvaxqs < 02{||RF2 vy, + 1 Ras g, + Csll(w — whn, m — ra)llv, xqu }

Proof. The proof proceeds in the same way as for Lemma 4.8. O

We finalise with an upper bound for the total error €, in terms of the residuals defined above.

Theorem 4.10. Assume that 1 < A\, 0 < pu, 6 < ﬁ Furthermore, suppose that C1v/ MLy + CoC5 < % Then,
the following estimate holds:

&, < max {C1,Ca2} {HRF1||V’1 + [[Rgenllq + 1 RE llvy + ||R6‘2HQ’2}~
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Proof. The triangle inequality and Lemmas 4.8-4.9 with ¥ = ¢, 9, = ¢y, (w,r) = (u, p), and (wp,ry) = (wp, Pr)
show that

e = [[(w—wn,p—pn, ¢ — €@ — 0n)IVix Qi xVaxQs
< H(U — Up, P — ph)HVl x Q1 + ”(C - Chv Y — wh)||v2><Q2
< Cil[Rr vy + [[Rgenller) + Co(Rp, llvy, + [ Res llqy)

+ C1V MLl — onllq, + CoCsll(w — un,p — pr) |l vyx Qs -

Under the small data assumption C} VM Ly + CC5 < %, the last two terms on the right-hand side can be

absorbed into the left-hand side, yielding the desired estimate. O

Next, we aim to estimate locally the residual operators from Theorem 4.10 in terms of (4.3). First, the
residuals of the elasticity problem given in Lemma 4.8 satisfy the following result.

Lemma 4.11. The following bound holds:

1Re 3, + 1 Baenllty S > O1 b
Eegh

Proof. Let v € V; and vy, = I?’klv satisfy Lemma 3.2. Then, the residual Ry, (-) can be rewritten as

i) = 3 ([FF = FF] (o) + ol — af | (wnoon) + M0 o) = af (wn,0 = v1) = b (0 = wp, 1)
EeTh

= 3 (TPP AT T TP T (4.4)
EeTh

Lemma 4.1, the continuity of the interpolation operator,and Lemma 4.2 imply that
LE 2,E
oIS Y rm Elvlvie: | D TIPS Y Suslvlvie. (4.5)
EeTh EeTh EeTh EeTh

To address T3 + T + T3 we shall use the following integration by parts formulae

/ (MM uy) (v —vp) = / div(e(II$™uy)) - (v — vp) —|—/ (MM up)n - (v —vy), (4.6a)
E

OFE

/Ediv(v —vp)ph = / Vpn - (v —vp) + /6E(ph]1)n (v —wvp). (4.6b)

The identities (4.6a)-(4.6b), Lemma 3.2, and a Cauchy—Schwarz inequality lead to

I S N o

= ‘— Z /(2/15(1‘[?”“1%) —pp)n - (v —vy) — Z a¥ (up, — TRy, v — vy)

EeTh ecgh 7 ¢ EcTh
- Z/Zue M) —pin- (v —wvp) + > / 772 4+ 2 div(e(TI5  wy)) — V) - (v — vp)
eeé‘h EeTh
1
< ——E15+ S1.E)|v|v, (k) 4.7
E;h(m 1 1e)vlv, (e (4.7)

Finally, the residual RZ con (+) is handled using a Cauchy—Schwarz inequality as follows

\ngh \N S Vs sl (4.8)

EeTh

Summing the estimates (4.5), (4.7), (4.8), taking the supremum for all v € V; and all ¢ € Qy, and applying the
Cauchy—Schwarz inequality conclude the proof. O

Remark 2. It is possible to construct a Fortin interpolation for Stokes-like spaces. Thus, from the commutative
property applied to (4.6b), one can eliminate p from the estimator =1 p. However, the momentum balance
(2.1a) also drops from the estimator, leading to convergence issues as the right-hand side f is not recovered. An
alternative is proposed in [30], where linear momentum conservation is ensured in a pressure-free formulation.
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Now, we will concentrate on the residuals for the reaction-diffusion problem defined in Lemma 4.9.

Lemma 4.12. Assume that Q C R? is a connected domain and that I'n is contained in the boundary of a
convex part of §, that is, there exists a conver domain B such that Q C B and I'y C 0B. Assume further that
ep € H"(I'p) for r > 3/2. Then, the following bound holds:

IRe, 3, + [1Beall?, < > 035
EecTh

Proof. Let & € V. We construct &, € Vh k2 combining the continuous Helmholtz decomposition (see [19, Lemma
5.1]) and the interpolators I5*2, IQ k2+1. Indeed, there exist z € H*(Q) and x € H(Q) such that

1
&=z +rotyin Q, with — (|

i ) S [€lva. (19)

_ 1Q:k2+1
= I3

Therefore, we set &, := 2z}, +rot x, where z;, = Ig’]”z and xp, x- Note that Lemma 3.2 and Lemma, 4.5

turn the bound in (4.9) into

1
Z I€nllos < —= D ( 1LE)
EeT’l M EeTh
1
——= (Izll.2 + lIxll.2) S 1€llv,- (4.10)
< 2 :
We can assert that
. . 1
E—& =z—zn+rot(x —xn) InQ, with —= > [€—&llor S l€llv.- (4.11)
M EeTh

Next, given E € T", we rewrite the residual of Rp,(-) as

Rry(€) = > ([a5" ™™ = af " P] (¢ 1) + FE(€ — &) — a5 " (G € — €)= VE (€ — Enron))

EeTh
S (T3 g ).
EeTh

For T;’E7 Lemma 4.3 and (4.10) imply that

> TS

EecTh

Z (\/MWQ,E + S2,E> €]V, (m)- (4.12)

EcTh

For Tg’E, substituting (4.11) and applying [24, Lemma 3.5] for x — x5, € Hx(Q2) and a suitable extension of the
data pp € H'(Q2) such that pp =0 on I'y (see [28, Lemma 2.2]), we obtain

Z T3 = Z ((z = z1n) - e, ¥D)oEAT, + Z (rot(x — Xxn) - 1e, ¥D)oENTY

EeTh EeTh EeTh
= Z ((z = 2n) - Me, pD)oBAT, — Z (X = xn, VD - te)opnry-
EeTh EeTh

For T3, the addition and subtraction of the terms TI9* (M~ (e(@y,), pn)T1y"*¢),) and M~ (e(@y, ), pr ) TIY ¢,
and for Té’E an application of integration by parts lead to

Z TSP = (/ Iy (M (e(@n), pr) Ty ™2 C) - (€ — €5) + /EM_l(s(ﬁh),ph)(Ch —T3™¢,) - (€ €)

EeTh EeTh

+ /E (M (e ), pn) TS ¢, — TI9* (M (e(@n), o) TIS*C,.) | - (6 £h>),

S ==Y [adve-e)= X [ Vo e-e)- 2 [ae-) ne

EeTh EeTh EeTh ec&h
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Thus, integration by parts, the Cauchy—Schwarz inequality, Lemma 4.5, Lemma 3.2, and (3.3b) imply that

Z T2F 4+ 138 4 TF

D {(z=21) e, —n)e — Y (X — Xn VD - Eee

EeTh ecEh ecef
+ 3 O 0 TIR2 (M (e (@), pu)TIS™C) - o).
ec&h
= 3 [ [ e @) pmE ) - Vi - (- 20)
geTh P
= 30 ot (TR etan) pTIS ) ()
geTh’E

=3 MM e@n)pn)(Ch - TDRC,) - (€ - &)
geTh’F

S [ [ ). TG~ TR0 (). TG, - (€ - )

EecTh

S Y (VMEyp+ Sap+ VMo p)|€lv, - (4.13)

EecTh

Finally, concerning the residual Rg,(+), the Cauchy—Schwarz inequality and proper scaling give us that

\RGQ <w>\ < Y VA sl (4.14)

EeTh

Adding (4.12), (4.13), and (4.14), taking the supremum for all & € V5 and all ¢ € Qo, and applying the
Cauchy—Schwarz inequality complete the proof. O

To finalise, the following reliability of the total residual global estimator © is a direct consequence of Lem-
mas 4.11-4.12.

Theorem 4.13. Under the assumption of Theorem 4.10 and Lemma /.12, the following bound holds
€ep /S max {Ol, 02} O.

4.4. Efficiency

This section aims to show the efficiency of the global residual and mixed estimators = and A up to data
oscillation 7, the stabilisation estimator S and higher-order terms (HOTs). In what follows, we use the proper-
ties of bubble functions, the Lipschitz continuity of the nonlinear terms from Section 2, and the strong mixed
formulation in (2.1). The main result is then a consequence of Lemmas 4.14-4.15.

Lemma 4.14. The following bound holds

1 1
> (et 2unls) SmaciLar) ¥ (4 g+ 5te).

EeTh EeTh

Proof. Let E € T", qp := T 72 f 4 94 div(e(TIS* uy)) — Vpn € Pr,—2(E), and T := ¥ pqp where Ug is
an element bubble function from Lemma 4.6. Note that (2.3a) leads to Rp, (v) = a1(u — up,v) + b1 (v, 0 — pp)
for all v € V1. Then, we set v = g and vy, = 0 in (4.4). Thus, given that Dg vanishes on OF and outside F,
we can apply integration by parts to arrive at

/QE'FE
E

Next, the continuity of a1 (-,-) and by (-, -) together with the Cauchy—Schwarz inequality and (3.3a) lead to

laells e S = ‘af(u —up, V) + by (g, p—pn) — [F1E - FlhE} (©E) + af (u, — 7"y, Tg))| .

_ 0,k1—2 _
laells e S (lu —wnllv, ) + Ip = prlla. ) + Sue)PElv,E) + 1 F =T Fllo.elvEsllo,s.

From the inequality ||e(-)|lo.z < |- |1,z and Lemma 4.6 we obtain

Jei—
lw = unllv,m) + I = prlla.e) + Sue)laelos + I1F — T 2 £llo.sllaso,z,

V2
lasld s < 45
E
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and consequently, we have

1

1
szl s 5 (1le = unll s + 1= palls ) + 52 + 508 ). (1.15)

Now, we define the edge polynomial q, = [(2ue(TIS* up,) — ppl)n.] € P, _1(e) and the edge bubble function
Ve = U.q, as in Lemma 4.7. Note that, this polynomial can be extended to Th by the techniques used in [42,
Remark 3.1]. Choosing v = U, and v, = 0 in (4.4), we readily see that [|qc||3 . < |/, e - Te|, and

5>

BeTh

/ qe T + {FlE - FlhE} (@) — a¥ (wp, — TS uy, 00) — a (w — up, ) — bF (T, p — pr)|.
E

Qe Ve
€

Similarly, note that

— 0,k1—2 —
laelde S 3 (e =wunlv,is +Ip = pollas e + Su6) Bellvaim + (I1f =125 Flo.s + laslo.s) 1B lo.z,
EeT}h

which together with Lemma 4.7 and the fact that h, < hg, imply that

Vhelleloe S Y [\/%(Iu—wllvl(m +lIp = pullaue) + S1.6) + he(|f — 572 F

EeTh

o)

Therefore,

1
—h laell2 h%anno,E] L @a16)

1
2 2 2 2
P> =il + o= pilBue + S+ 5o+ 5

eTh

Finally, from (2.1b), the Lipschitz continuity of ¢(-), the inequality ||div(-)|lo.z < |- |1,g, Korn’s inequality, and
given that % < 1, we easily see that

. 1
V2phy g = /2 ||* @) =L ‘Ph))+d1V(U—Uh)+X(p—ph)”o,E
S max{ 26M,1} (Il = nllaum) + e = wnliv (s + 1lp = pullau ). (4.17)
Summing the bounds in (4.15)-(4.17) for all E, and (4.16) for all e C OF concludes the proof. O

Lemma 4.15. The following bound holds

Z M~2E+MA2ENmaX{M27M€3} Z (5;21+M77§7E+S§,E+557E+HOTs),
EecTh EeTh

with the high-order terms given by

HOTS i= % [llu = unliy, ) + 1o = pulidy ) + S + S35+ 1. + 1€ — Cullf ]

N
+ E heHVSOD : te - Hg,eQ (VSOD : te)”%,e'
eESS(E)

Proof. We start by defining qp = II9* (M~ (e(@y), pn)TIY*2¢,) — Vion € Pr,y(E), and €5 = ¥Upqp with an
element bubble function Ug from Lemma 4.6. The first inequality in (4.1) and the definition of diffusive-flux in
(2.1c) lead to

lazlin < \ [ &

- ‘ /E € (v«a—soh)—M-l( e(w),p) + TI3* (M~ 1<e<uh>7ph>r187’“2<h))1

[ anEe— o) + &5 (M1<€<u),p>g o <M1<e<uh>,ph>ngﬁk2ch>) \

with an integration by parts and Vg € H{(E) in the last step. The Cauchy-Schwarz inequality, the inequality
Idiv(e)]lo.z < ||V (®)]l0,r, and Lemma 4.6 show that

- Ko =1 (or e
lazllss < v ( g'lle = enllaumllaslos + M~ (e(w), p)¢ — Ty ™ (M~ (e(@n), pr) Ty 2Ch)||o,E||qE||o,E)~
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Lemma 4.4 implies that

S M*(le = enllg, ) + HOTs). (4.18)

Similarly, let ¢z = rot(ITy"™* (M~ (e(@p ), pr ) TIY*2¢},)) € Pry—1(E), and £, = ¥pgp. Lemma 4.7, the observa-
tion that rot(M~!(e(u),p)¢) = rot(Vy) = 0, and an integration by parts imply that

ozl e < \ [ Epa|=| [ rot@E)-(H%’“Z<M—1<e<uh>,ph>ngvk2ch>—M*(e(u),p)c)\
E E
S T (M (e(@n), pa) T3 C) — M (e(w), p)

This and Lemma 4.4 result in
- 2
thHqE”gE S Mmax{M, CS} <|“ - “h”%/l(E) +1lp *PthQl(E) + Mn§7E+||C - Ch”l%/H,E + 253E> .
i=1
Now, for e € EM(E), we define ¢, = [TI3*2 (M~ (e(a@p), ph)l"[g F20.) - te] € Pr,(e), and €, = W.q,, with a given

edge bubble function ¥.. Notice that [M~!(e(u),p)¢ - t.] = 0 for all e. Then, from Lemma 4.7 and integration
by parts, we readily see that

< /egeqe

lgell3,

= Z /rot HOkQ(M 1(€(ﬁh),ph)ﬂg’k2ch)*Mfl(E(u)vp)CD

EcT!

=3 [ Erormgten el png )

EeTh
< D M M (e (@), pn) T3 ¢,) — M e(u), p)Cllo el e
EeTh
+ D llrot(TL* (M~ (e (@), pn) Iy ™))
EecTh

Hence, Lemma 4.4 implies that
Mhellgello,e S M max {M,Cs} (||u - uhH%fl(E) +Ip _ph||(2Q1(E) + MUS,E‘FHC - Ch”l%/ﬂ,E
2
P Mh%mEn%,E). (4.19)

The trace inequality yields ||¢p — =l —enllde S hotlle — enll e + hele — ¢nli ., and consequently

le = ealle.e S et lle = enllg.c + PellTIS™ (M (e(@h). pr) Ty ¢,) = Veoull§ 5
+ hp M7 (e(w), p)¢ — Ty (M (e(@n), p) Ty ™€) I3
where we have used M (g(u), p)¢ = Vi from (2.1¢), added and subtracted TI3** (M~ (e(@p), pr)TIT*2¢,),

and applied the triangle inequality. This, and a scaling argument together with the inclusion of HOTs and the
definition of qg lead to the following bound

Mhellpp —

M(lp — onll3, z) + Mh%lagl3 p + HOTs).

In addition, we define ¢ = ng’f(v% o) — TR (ML (e(@n ), pr)TIT*2C)) - te € Py (€), where ng’f is defined
as the polynomial projection on the edge e, and EZ = U.q¢*. Lemma 4.7, Vo - t, = Vp - t. on I'p, (2.1¢), and
an integration by parts imply that ||¢*||2 3

||0,6 ~
—*
geQe -
€

* ‘ . Furthermore,

S [ rot€l) - (= (1" () o) T2 C,) ~ 117" (). p)C)

EcTl
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+ 30 [ oty ea el@m) M) + Y / & (Voo e~ T2 (Ve -1.)

EeTh eezs“
< HO,kQ M—l — HO,kQ _ M71
< T *2 (M (e (@), pr) TS 2C),) (e(u),mcuo,msem
+ [[rot (T (M~ (e(@n), pn)TIY ™ ) lo,2 1€ o,z + VoD - te — T2 (Veop - te) [0, 1€ llo,e

which results in the following bound
Mhellgellg . < M max {M,Cs} (|lu—wnll3, g + 1P = pulldy, () + M3 5 +1¢ — Chlliee

+252E+Mh lgz 3,z + HOTs). (4.20)

=1

Finally, equation (2.1d) shows that

VMAs g = VM|div(¢ — €) + 000 — en)llo.e S M (€ = Chllvam) + 1 — nllas)) - (4.21)

Summing for all e € OF (4.19)-(4.20) and for all E € T" (4.18)-(4.21) concludes the proof. O

The efficiency of the residual and mixed estimators (up to data oscillation and stabilisation) is summarised
below, and we recall that it is a direct consequence of Lemmas 4.14-4.15.

Theorem 4.16. Under the small data assumption of Theorems 2.1 and 3.3, the following bound holds
E2 4 A2 <8+ + 5%+ HOTs.
Proof. Notice that by putting together Lemmas 4.14-4.15 we arrive at
22+ A? < max {2uM, M? MC3} (6} +n* + S* + HOTs).

On the other hand, the small data assumption (3.4a) implies that
1 4 . - ~2
max @,2/4 M* < E’ with C, = C1C5 Ly Ly (||Q0D||%’FD + ||g||o7g> :
This observation together with the assumption 1 < M (cf. (2.2)) and the fact that 1 < max {ﬁ, 2u}, lead to

max{ZuM M? MCg} —max{QuM M? max{zu }\/ C’*} < max{l,C’*}max{;u,Zu} M* < C,

with C* = Ly C» (H(pDH, I'o ) and C = max { o7 CQ} Recall that both the constants C, and C* do
not depend on physical parameters. O
Remark 3. The high-order terms (HOTs) collect contributions that are asymptotically negligible, in the sense

that for some h, > 0 such that hg < h, these terms decay faster than the actual error, stabilisation terms,
and data oscillation due to the presence of an additional factor of hg. In particular, they consist of a partial

error contribution h%, {Hu - uh||%,l(E) +llp— th(QQl(E) + ¢ = Cullfs g |, and the stabilisation and data oscillation

contributions h3 [SfE + 55 5+ r]%E] On the other hand, the polynomial approximation error of the Dirichlet
datum associated with the diffusion problem, namely

ok
S hellVen - te — 95 (Vp - £)[3..
ccEh (E)

exhibits a convergence rate higher that h. depending on the regularity assumption on ¢p (cf. Section 4.2).

5. 3D VIRTUAL ELEMENT FORMULATION

In this section, we extend the discretisation to the 3D case following [6,9]. We introduce two novel quasi-
interpolators for H' functions in Stokes-like and edge VE spaces, and an extended Helmholtz decomposition for
3D mixed VEM. Although we only sketch the proof of reliability to avoid repeating arguments from the two-
dimensional case, we present a detailed proof of the interpolation estimates, as these constitute essential tools
and may be of independent interest.
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5.1. Considerations for 3D discretisation

Let 7" be a decomposition of € into polyhedral elements P with diameter hp and let F” be the set of faces
f with diameter hy. Natural extensions of the mesh assumptions from Section 3 are given as follows:

(M1) each polyhedral element P is star-shaped with respect to a ball of radius > php,
(M2) every face f of P is star-shaped with respect to a disk of radius > php,
(M3) every edge e of P has length > php.

Note that the polynomial decompositions discussed in Section 3 also follow in the 3D case for Py (P) with the
spaces GF (P) .= x A (Py_1(P))?, Ri(P) := curl(Py41(P)), and RF (P) := Py_1(P), where & := (21, 72, 3)*,
and A the usual external product.

Following Section 4, the set of faces is divided as F" = F U Fp U Fk, where F& = {f € F' : f C Q},
Fh ={feFr:.fcTp}and Fit = {f € F" : f C Tx}. Furthermore, the set of faces of P is denoted
by F"(P), the set of faces of P which are not in the boundary 99 is denoted by F&(P), and the ones that
lie on the Dirichlet (resp. Neumann) portion of the boundary are denoted by F&(P) (resp. F&(P)). Also,
the set of elements P that share f as a common face is denoted by 7}h and the set of faces f of P that share

a common edge e is denoted by F?(P). The normal and tangential jump operators are defined as usual by
[w - né]] = (ulp —ulp)|y - n{; and [¢ x né]] = (¢lp —C|p)|f x n{m where P and P’ are elements in 7" with
a common face f, also n£ and t{;l, t{;Q are the outward normal and tangential vectors of P with respect to the
plane defined by f. In addition, for a smooth enough vector-valued function w on P we define the tangential
component with respect to f as uy := u — (u-nh)nd,. We also set u| := uy.

We recall that the same definitions from Section 3.2 hold for the 3D case taking into account that the set of

rigid body motions for a polyhedral P is given by

1 T2, Pp—T2 T3—T3,P
E (1) 0 = }Lg z3 pofa:g hp
— —_ _ , P = e
RBM(P)=3 | 0 |, [ ].[ 0] [zzee ), (2=, o
0 0 1 63 Ta—T2,p Ti,p—T1
hp hp hp

. 0,k;,P 110,k; P Tk, ka1, 0.kj,f 140k,
We shall use the notation Hi’kl’P, Hf’kl’P, I T (vesp. TIY kuf i kuf ;™ ! I f) for vector and

scalar valued polyhedral (resp. face) projections. We refer to [9, Proposition 5.1] and [6, Theorem 3.2] for the
computability of the 3D projections in Stokes and H(div) —H(curl) spaces, respectively. Furthermore, Lemma 3.1
can be extended to the 3D case by classical techniques for polynomial projections and a scaling argument.

5.2. Discrete spaces

Given k; > 2, we first define a local VE space [9] as
h,k1 1 Nh,kl .
VI"H(P):={veH (P):v|gpp € B, (9P), divv € Py, _1(P),
—2pdive(v) — Vs € g,?l (P), for some s € L3(P)},

where the boundary space of VE functions along the boundary 0P of P, is defined as follows

B, (0P) = {v e CO(OP): v|; € B (1), Vf C 0P},

~h.k
and for each face f € 0P, the enhanced VE space B; 1( f) locally solves the Poisson equation with Dirichlet
boundary conditions, and it is defined by (here Ay denotes the tangential Laplacian on f)

BV (f) = (v € H(f): vloy € COF), v]. € Pry(€), Ve C O, Apw € Py ia(f),

/f(fu — Hf’kl’fv)mklﬂ =0, Vmgy1 € My, 41(f) \ Mi,—2(f)}-

Notice that the enhanced property on faces is needed in 3D to compute exactly the L?-orthogonal projection
9%+ (see [1, Remark 5] for further details). Moreover, Py, (P) € V¥ (P). The global discrete spaces are
defined by

Vit i={v e Vi vlp e VIM(P), VP eT"}, Q™ :={¢€Qi:qlp € Pr,_1(P), VP € T"}.
The DoFs for vj, € V"% (P) and g, € QI"** (P) are as follows

e The values of vy, at the vertices of P,

e The values of v, at the k; — 1 internal quadrature points on each edge of P,
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o]{c(vh np)me,—a,  Ymg,—a € My, —o(f),
.]é(vh)t My, Vg, s € My, o(f),
. /P on-mP L, YmP e M ,(P),
. /P(dinh)mkrlv VYmg, —1 € Mg, —1(P) \ {1}’
o/thm;gl_h Vg, -1 € My, —1(P).

The construction of the H(div, ) conforming 3D VE space naturally follows its 2D counterpart [6]. The
definition differs from the 2D version by setting ks > 1 to ensure continuity of the normal components across
faces. The discrete VE space locally solves a V(div)-curl problem as follows

Vi (P) = {€ € H(div, P) N H(curl, P): & - nb|s € Py, (f), Vf € OP,
V(d1V€) € gk2—2(P)a Cur1€ S sz—l(P)}'

Observe that Py, (P) C V2*2(P). Then, the discrete global spaces are defined by
Vi = {€ € Vy: €lp € VIR(P), VP e T}, QY™ = {y € Qu: ¢|p € P, 1(P), VP € T"}.

The set of DoFs for &, € V2'*2(P) and ¢, € Qi**(P) can be taken as

e The values of &, - nJI; at the ks + 1 quadrature points on each face of P,

./Pgh'me—m vmkvg—Q GMkVQ—Q(P)a
./Pgh.mfg, vm? € M (P),

0/ whmkg, mGQ € MkQ(P)
P

5.3. Interpolation operators

Our goal is to define a quasi-interpolator I®* : H'(P) — V™" (P) and Fortin operator I;"*? : H'(P) —
VS **2(P), which are essential in extending the reliability result (see Theorem 4.13) to the 3D case. The Fortin
operator I5"* defined through the DoFs (similarly to the 2D case) is presented in [11, Section 4.1]. On the other
hand, the construction of I?’kl is more involved due to the minimal regularity, which is stated next.

Proposition 5.1. Letv € H31+1(Q), and 0 < s; < k. Under the mesh assumptions, there exists I?’klv € VT’kl
such that, for all P € T"

Q.k
™

lo = I vllo.p + hplle(w = TP 0) o,p S B ol 11,0m),

where D(P) denote the union of the polyhedral elements in T" intersecting P.

Proof. Step 1 (Ezistence of interpolation in the space VT’kl ). Let P € T" we start considering the super-
~hk i
enhanced version of the enhanced VE space B,  (f) from [18] which locally solves a Poisson problem with

~ B,k
Dirichlet boundary conditions. Let Ilc’klv € HL(Q) be the Clément-type VE interpolation in B, (f) satisfying
the following estimate for all P € 7" (see [18, Theorem 11])

lo 1% wllo.p + hpllew — I 0) 0.0 < B3+ 0l 1000, (5.1)

Let v, = Hf’klv be the polynomial approximation of v. The decomposition Py, _2(P) = Gi, —2(P) ® gfl_Q(P)
guarantees the existence of p, € Py, _1(P) and g% € g?ﬁz(P) such that

—2udive(v,) = Vp, +g2. (5.2)
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For gy, _1|p = I~ (div Ilc’klv)7 we introduce the following Stokes problem for all P € T" as

—2pdiv(e(vr)) — Vs = g& in P,
divor = qg, -1 in P, (5.3)
o =19% on OP.

Observe that vy € VT’kl (P) from the definition of V;L’kl (P). This and vy = If’klv € V; on each boundary of P

imply that vy € V;L’kl. Thus, we define the quasi interpolation operator as IlQ’klv = vy.
Step 2 (Error estimate). We start by defining the auxiliary problem
—2udiv(e(v)) - Vs=¢%2 inP,
divo = div If’klv in P, (5.4)

o =1"y on OP.
Then, the combination of (5.2) and (5.4) leads to

—2udiv(e(vy, —v)) —V(pr—35) =0 in P,
div(vy — ) = div(v, — I v) in P, (5.5)
Ve — V=0, — If’klv on OP.

Since z — (v, — v) € Hy(P) for any z € H!(P) with div z = div(v, — Ilc’klv) in Pand z = v, — I?’klv on 0P,
an integration by parts twice and (5.5) show

Qu/Pe(v,rfﬁ):s(zf(vﬁfﬁ)):/PV(p,rfgy(zf(vﬁfﬁ)):f/P(pﬁfg)div(zf(vﬂf%)):O.

This results in ||e(vy — 0)]|o.p < |le(2)]|o.p and hence for z = v, — I$* v we have

C,ky Ck1
- Il - Il

le(vr —D)lo.p < [le(vr V)]lo.p < [le(v — vx)llo,p + [le(v V)lo,p S hp[lsi+10p),  (56)

where the triangle inequality, |le(-)|lo,p < |- |1,p, Lemma 3.1 and (5.1) were applied. Next, to estimate v — vy
we consider the auxiliary problem arising from subtracting (5.4) and (5.3)

—2pdiv(e(v —v7)) —V(s—s5)=0 in P,
div(® — v;) = div(I&*1v) — gy in P,
v — 6] =0 on OP.

Given a star-shaped polyhedral domain P with respect to a ball B, the mesh assumptions lead to |P||B|~ < p~3
in 3D (see e.g. [23]). This and [25, Theorem 3.2] imply that there exists a universal positive constant depending

only on the mesh regularity parameter p and the dimension d (but independent of P) such that

le@ = B1)llo,p < 18 = Brl1,p S [ldiv(I] " v) — I 7 div(I]* v)|

0,P- (5.7)
Note that the triangle inequality, (5.1), and the estimates for H?’kl*l allow us to assert that
[div(I{* v) — TP*  divollo,p < [|div(v — IPF ) o,p + [|dive — TP divollop S 5% ols,11,0p)-  (5.8)
The triangle inequality in (5.7) followed by the L2-stability of H(l)’kl_1 leads to
le@ = 5)lo.p < iv(I{ ™ 0) = TEO " divallo,p + IS (div(w) — div(IT*0)) o.p

S Jdiv(I7 o) = T divofo,p + [[div(v) — div(IT )llo,

S A vl +1,0(P)> (5.9)
with the estimates (5.8) and (5.1) in the last step. Hence, the triangle inequality
le(v = vn)llo,p < lle(v —va)llo,p + [le(vr = V)llo,p + [[e(® = v1)llo,P,

together with standard polynomial approximation estimates, (5.6), and (5.9) prove the result.
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Step 3 (L%-error estimate). The triangle inequality leads to

lo =12 wllo.p < llo =17 0llo,p + |17 0 = 17" v)lo.p

< v =1%o, p + hplle@T v — 1% 0) o, p, (5.10)

with the Poincaré inequality (since If’klv and I({?’klv coincide on JP) in the last step. Using the triangle
inequality, the estimate in (5.1), and the H! estimate (5.9) of the quasi-interpolator I?’kl for the second term in
(5.10), we conclude the proof. O

Remark 4. We recall that the scaled interpolation estimates for IlQ’]cl and 157’“2 follow exactly as Lemma 3.2 by
adapting Proposition 5.1 and [11, Theorem 4.2] with the correct scaling factor.

Remark 5. The well-posedness of problem (3.2a)-(3.2b) in 3D is discussed in [9, Section 5.1], whereas the
commutative property of Ig’kz (which implies the discrete inf-sup condition) ensures the unique solvability of the
3D reaction-diffusion equation (3.2¢)-(3.2d). The well-posedness of the discrete fully-coupled problem (3.2) in
3D follows using a Banach fixed-point argument with small data assumption (see [35, Section 4]), while a priori
error estimates are provided in [46].

5.4. A posteriori error analysis in 3D

In this subsection, we formulate the 3D estimator and provide the required ingredients for the extension of
Section 4 to the three-dimensional case. First we invoke a 3D Helmholtz decomposition [30, Lemma 3.9] as an
extension of the 2D version used in Lemma 4.12.

Lemma 5.2. Assume that Q C R3 is a connected domain and that 'y is contained in the boundary of a convex
part of Q, that is, there exists a convexr domain B such that Q@ C B and T'y C OB (see Figure 5.1). Then, for
each € € Hy(div,Q), there exist z € H'(Q) and x € H\(Q) such that

§=z+curlx in Q and |[z]1.0 + [[x[h.0 S [€llav.o-
Next, we introduce the vector space V3 := H(div, Q) N H(curl, Q) with corresponding local virtual space
Vi TH(P) = {x € V3(P) : x,lop € By (9P), div x € Py, (P), curl(curl x) € Ry, 1(P)},

with BE*(OP) := {x € (Bs); : Xys € Vik2(£) Vf € OP}. Here, (Bs), is defined as the tangential component of
the elements in B3(9P) given for f € 9P by

BB(GP) = {X ng(aP) X‘f GH(diV,f)ﬂH(I‘Ot,f), vf thaXfl e :Xf2 'te7 vfla.f? GJT.ZLa eC af}

The VE space VI**2(f) refers to the 2D edge space (see [6, Section 4]) which is a rotation by 7/2 of the standard
VE space for mixed problems given in Section 3. Finally, the global space Vg’kQH is given as follows

ViRt = {x, € Vi xulp € VERTH(P), VP e T").

For further details about DoFs and unisolvence we refer to [6, Section 6]. A key relation between VS”“‘ and

Vg’kﬁl needed for the Helmholtz decomposition is given next and we refer to [6, Theorem 8.2] for a proof.

h,ko+1

Lemma 5.3. For ky > 1 and x;, € V, hoks

, we have that curl x;, € V,

FIGURE 5.1. Extension of €2 (left) to a convex domain B (right), with mixed boundary conditions
on 'y and T'p (centre).

Following the approach outlined in Section 4, we introduce a novel quasi-interpolation operator for the 3D VE
edge space, specifically applied to H!(Q) functions.
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Proposition 5.4. Let x € H?T1(Q), and 0 < sy < ko. Under the mesh assumptions, there exists Ig’k2+lx €

V?kﬁl such that

Q,k2+1 Q,k2+1
3 3

lx —1 Xl|lo,p +hplx —1 xl1,p SEE X sp41,00P)-

Proof. Step 1 (Existence of interpolation in the 3D edge VE space). First, let I3C’k2+lx € HL(Q) be the 3D
Clément-type interpolation in the Nédélec FE space defined on a sub-triangulation allowed by the mesh assump-
tions (See [26, Theorem 5.2]), satisfying the following estimate

C,k2+1 C,k2+1
I3 I3

llx — Xllo,p + hplx — xI1,p S hET X sa41,0(P)- (5.11)

For each polyhedron P € T" let x,, = Hg’kﬁlx be the polynomial approximation of x. Then, we consider

curl(curl(I?’k2+1x)) = curl(curlx,) in P,
div(I¢* M x) = div x, in P, (5.12)
(I 0 = (15 %) on OP.

Note that the definition of the Nédélec space implies that [[(ISC’szrlx)f -t.] =0 for all e € 9f, and f € OP.
Therefore, the unique solvability of (5.12) (see [6, Section 6.2]) for all P implies that I?’kgﬂx € Vg’kQH.
Step 2 (Error estimate). Subtracting x, from (5.12) leads to

curl(curl(I?’kQHX - X)) =0 in P,
div(I$* M x — x,) =0 in P, (5.13)
(I X = x)e = (5 I = x,)e on P,

We invoke the analysis of [6, Section 6.2] to show that the unique solution of (5.13) has the decomposition
I3Q’k2+1x — X, =% + V@, where ¢p € H(P) and ¢ € H}(P) are the respective unique solutions of

AG =0 P curly = h in P,
= m I .3 .
{ ~7 . op divep = 0 in P, (5.14)
= on ) ~
P, = (I3C’k2+1x — X )t on JP.

The above data h € H!(P) is the solution of the following problem

curlh =0 in P,
divh =0 in P, (5.15)
h-n= rot(I3C’k2+1x — X )t on OP.

Notice from (5.14) that @ = 0. Thus, the well-posedness of Maxwell-type equations from [48, Theorem 2.3], and
the trace inequality imply that

C ko+1

~ C.ka+1
X — Xxl1.p S lleurl o p + |5 x — x;)1] 2t

Jko+1
L 1 op S IRllo.p + 1155 x = Xal1p. (5.16)

Next, we follow a local version of [54] to estimate ||h||o,p. For this, we recall the Helmholtz decomposition
L?(P) = H(curlg, P) @ Hyp(dive, P) (see [34]) where H(curlg, P), Hyp(divg, P) correspond to curl-free and
div-free (with zero boundary condition) functions, respectively. Thus, there exist h; € H(curl x0, P) and
hy € Hyp(div-0, P) such that h = h; + hy. Moreover, h; = Vq for some ¢ € H'(P) with Jpa =0, and
hs = curl(¢) for some ¢ € Hyp(curl, P) N H(divg, P), with

IhlI3 p = IVall§ p + lcurl(@)[F p- (5.17)

An integration by parts and (5.15) imply that

Il = | [ e (Vat curtton| =| - [ i [

7]

g [ ) o [ neoxm)

/ rot (IS x — X )eq
oP

This, the trace inequality together with (5.17) and the Poincaré inequality lead to

Cka+1 -1 C,ka+1 -1 3
1RI3,p = ‘/ap rot (I3 x = X )eq| S hp® [leurl(I5 "2 x — x. ) llo.p (hp2 llallo.p + b2 Vallo.r)
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_1 C.k 1
S hp? [leurl (I3 x = X llo,p (A Vgllo,p)

S lleurl(I5* x = x)llo, 2 1 llo, - (5.18)

The triangle inequality, the inequality ||curl(:)|jo.p S |- ]1,p, (5.18), and (5.16) lead to

Jk Jk C,k
X —I9" e < Ix = xelie + 185 x = xalie S Ix = Xalip + Ix = 1§ x| p. (5.19)

Finally, Lemma 3.1 and (5.11) imply the H'-error estimate.

Step 3 (L2-error estimate) Since (IBQ’k2+1x)t - (Ig””“x)t = 0, a Poincaré inequality can be applied to the

Q ka+1 Cka+1
I3 x—1I3

polynomial X, which together with the triangle inequality lead to

Q,k2+1 C,k2+1 C,ka+1 Q,ka+1
I I I x— 13

llx — Xllo,p < lix — Xllo.p + hp| xl1,p

The proof follows by applying again the triangle inequality, (5.19), (5.11), and Lemma 3.1. O

Finally, we focus on the extension of the reliability and efficiency of the estimators for the 3D case. Notice
that the presence of the curl operator motivates the redefinition of the reaction-diffusion estimator as follows

Epi= » hllep—enlis+ Do hsll(Vep — ™ (M7 (e(@n), pn) Ty ¢,)) x nllg

FEFL(P) FEFR(P)
Jk2 - — Jk2
+ Y h|[ISEE (M (e(wn), pr) TS 2C,) x ng]lf5
feFL(P)

Ko (=1 ( (77 2 Ko —1( o (ar k2
+ AT ™ (M (e(@n ), p) Ty ™ C) = Veonllf p + hiplleur] (T ™ (M (e (@n), pn) T, ) 5 -

On the other hand, ©, p and the remaining terms of ©, p are defined analogously to (4.3) replacing edges e and
polygons FE with faces f and polyhedrons P, respectively.

Following the techniques from Section 4 and the definition of the quasi-interpolator I?’kl in Lemma 5.1, we
readily see that Lemma 4.11 holds in the 3D case. In turn, Lemma 4.14 is a consequence of bubble functions in
polyhedra and faces (see [18, Lemmas 8,9]).

Next, we recall integration by parts formulae involving curl(x —x},), with x € HY(Q) and x;, := I?’k2+1(x) €
vkt 34 Equation 2.17, Theorem 2.11]:
> (eurl(x — x) 0)f = — Y (X = X VD X 1), (5.20a)
fery fery
/Pﬂg’k? (M (e(@n), pr)TI;™¢)) - curl(x — x4) = /Pcurl (T* (v e (an), p)TISC) ) - (x — xa)
Y O X T (M (@), pr) Ty C) x myg) . (5.20b)
feFr(P)

Note that this observation together with Lemmas 5.2-5.4 are the necessary tools to extend Lemma 4.12 to the
3D case. Finally, since curl(Vy) = 0, Lemma 4.15 can be extended again using bubble function techniques and
the integration by parts presented in (5.20). Therefore, all the required ingredients to extend Theorem 4.13 and
Theorem 4.16 are provided.

6. NUMERICAL TESTS

In this section, we present numerical results illustrating the properties of the robust estimator from Section 4
and show the optimal behaviour of the associated adaptive algorithm under different polygonal convex meshes and
polynomial orders. We also use L-shaped and Australia-shaped domains to illustrate the capability of capturing
singularities in non-convex domains. Finally, we show some 3D tests.

The error will be computed as usual in the VEM framework using the local polynomial approximation of the
solution as follows

& =||(u-— Hi’kluh,P - ph)”z/’lhkl « QM1 +1[(¢ — Hg’k2Ch, Y= Sﬁh)Hz,g,kz xQlk2
The numerical implementation has been done with the library VEM++ [21]. We separately implemented the
elasticity and reaction-diffusion equations for arbitrary orders k; and ko, respectively. Then, the nonlinear
coupled problem (3.2) is solved with an optimised Picard iteration, following the same structure as in the fixed-
point analysis from [35], with a tolerance of 1076, In this optimised version, the blocks corresponding to the
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) Voronoi. b) Square. (c) Crossed. (e) Australia.
(f) Cube. (g) Nove. ) Octa. ) Voro.

FIGURE 6.1. An illustration of the distinct meshes used in the examples.

coupling terms (G¥" () and a2""?"(-,.)) are the only ones that are reconstructed on each fixed point iteration. We
recall that the elasticity and reactlon—diffusion equations have sufficiently smooth forcing and source terms that
will be manufactured according to the given exact solutions. The non-homogeneous boundary conditions require
a slight modification of the right-hand side functionals as well as the estimator boundary term =; g regarding
I'x. The experimental order of convergence r(-) applied to either error &, or estimator © and the effectivity index
(following Theorem 4.13) of the refinement 1 < j are computed from the formulae

( )J+1

) log j
r(')JH =—d ( 94 ) and efff = ©

DOFIH! ey ’
log( DOF?

with DOF, indicating the total number of DoFs. To facilitate a direct visual comparison with the theoretical
results, the reference lines for the theoretical convergence rates in all convergence plots are labeled as DOFirder.
Here, order indicates the expected convergence rate provided in Theorem 3.4. Note that the standard DOF
exponent (—order/d) has been pre-multiplied by —d. In turn, the stabilisation term S¥(uy,vy) follows the
“diagonal recipe’ introduced in [8] (weighted by 2u) and S¥#P*F (¢, €,) have into account the nonlinearity
M~ (e(up),pn) as in [35]. In the following experiments, we set M > max(; ,yeq |[M(e(w),p)|r, where the
Frobenius norm ||[M(e(u), p)||F is computed by the fmincom MATLAB optimisation subroutine.

The adaptive algorithm follows the usual strategy: SOLVE — ESTIMATE — MARK — REFINE. The
first three steps are performed inside VEM++, exploiting the efficiency capabilities of C+4. For the REFINE
step, we use the Matlab-based method from [53], which connects edge midpoints to the polygon barycentre (in
2D). In turn, the adaptive refinement used in this paper relies on the library p4est [17] executed through the
module GridapP4est of the Julia package Gridap [4]. The VEM++ code is executed through Matlab/Julia (2D/3D,
respectively), generating a list of elements to refine, which is then processed by the refinement routine. These
refinement routines restrict the mesh elements to convex polygons in 2D and cubes (with hanging nodes/faces)
in 3D. However, we recall that this procedure is independent of the SOLVE, ESTIMATE, and MARK stages.
Therefore, the implementation can be extended to general star-shaped polygons with more general refinement
routines. For the MARK procedure we follow a Dorfler/Bulk strategy, marking the subset of mesh elements
K C T" with the largest estimated errors such that for § = 1 € [0,1], we have § Y. 571 0% <> 5k ©

6.1. Example 1: Robust behaviour of the estimator under uniform refinement

We consider the meshes in Fig 6.1 for the unit square domain 2 = (0,1)? with Dirichlet part I'p = {(z,y) €
O0:xz =0 or y = 0}, and Neumann part I'y = 9Q \ I'p. We explore different polynomial degrees for the
elasticity and reaction-diffusion equations given by k1 = 2,3,4 and k; = 1,2,3. Smooth manufactured solutions
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FIGURE 6.2. Example 1. Behaviour of the error €,, estimator © (left), and effectivity index eff
(right) under uniform refinement across various meshes, polynomial orders, and parameter se-
lections.

and nonlinearities are set as

u(z,y) =5"" (2° + zcos(z) sin(y), y* + z cos(y) sin(z))",  £(g) = ¢,
o(z,y) = cos(my) + sin(rz) + 2> + y°, M(e(u),p) = 10~ exp [—107% tr(2ue(u) — pI)]L.

As usual, the exact displacement u and concentration ¢ are used to compute exact Herrmann pressure p and
total flux ¢, as well as appropriate forcing term, source, and non-homogeneous traction, displacement, and flux
boundary data. Finally, we use the parameter value M = 12.

The results in Figure 6.2 demonstrate robust optimal convergence rates predicted by Theorem 3.4 for €, and
© under uniform refinement for a variation in the involved parameters u, A, 6. In addition, Figure 6.2 shows the
effectivity index for the different experiments, here we can observe that it oscillates around a fixed number for
each case, confirming the reliability of the estimator given by Theorem 4.13.

6.2. Example 2: Non-smooth solution on non-convex domains

In this case, we set an initial polygonal discretisation for the L-shaped domain Q = (—1,1)%\ [0,1) x [0, —1)
with boundary conditions defined on I'y = {(z,y) € 9 : z = =1, y = 1} and I'p = 9N\ 'y (see Figure 1(d)).
In contrast, the Australia-shaped domain is set to fit inside the unit square where each element in the initial
discretisation represents the in-land states (See Figure 1(e)), the further east edge coincides with = 0 where
I'x is defined, whereas I'p = 9Q \ T'y.

The non-smooth manufactured solutions and the non-linear terms are set as follows

r—x)?+ (y—y)? (@ —2)’+ (y— )’ 142’
(2 — 1.0)(x + 1.0)(y — 1.0)(y + 1.0) . 10-5
oy +_g)y o He)r)= (1 T e —pm) L

u(x’y):<((:r—l.0)(y—l.0) (z +1.0)(y + 1.0) ) o) =2+ 02

(p(x’y) =
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FIGURE 6.3. Example 2. Snapshots of the interest variables on the L-shape mesh are shown for
polynomial degrees k1 = 2 and ko = 1 after 19 refinement steps.

with parameter values u = 1.4286 x 103, A = 357.1429, # = 1073, and M = 2. Displacement and concentration
admit a singularity depending on the selection of the point (z.,y«)*. For the L-shaped domain we set (x,,y.)* =
(1071, —1071)*, expecting high gradients close to the reentrant corner. In contrast, the Australian-shaped domain
expects high gradients near the location of Melbourne, i.e., (z.,7.)* = (8.5 x 1071, —1071)®.

Note that high values of the total error €, are expected in this simulation because the manufactured solutions
attain large magnitudes near the singularity. This effect is further amplified by the parameter-dependent norms
used to measure the total error. Alternatives, such as computing relative errors (with respect to the energy of
the problem), can be used to mitigate this observation.

Figure 6.4 shows the behaviour of €}, ©, and eff under uniform and adaptive refinement for different polynomial
degrees. As expected, the error decreases faster (optimally) under the adaptive procedure, and the effectivity
index remains bounded, confirming the robustness of the estimator. Moreover, Figure 6.5 illustrates the behaviour
of the different contributions of the error estimator for the lowest-order polynomial order (k = 2), we observe
that all the contributions of the estimator (including the stabilisation estimator) decay with the optimal rate
of O(DOFi) under the adaptive procedure. In particular, the global data oscillation term 7 is the dominant



TITLE WILL BE SET BY THE PUBLISHER

L-shaped Australia-shaped
10%t
104 L ]
102 L
10%¢ 1
ok =2,k =1, il €., ki =2, ky =1, unif.
Ehk :2’1&‘ :l, ad“\];)l €.,k =2, ks =1, adapt.
ST AR ol | =& ki =3,k =2, unit.
-e-¢,, ky =3, ky =2, unif. 107+ -
_ ~©-¢., ky =3, ky =2, adapt.
~©- ¢, ky =3, ky =2, adapt. _ .
0 o b A e — : -0-¢., k1 =4, ks =3, unif.
10 - | —e-c., ki =4, ks =3, unif. T
~©-C,, k1 =4, ks =3, adapt. -.Q, 4 -8, k1 =4,k =3, adapt.
e 2 0(DOF?)
10° 10 10°
10%f
102}
O, ki =2, ky =1, unif. - 0,k =2,k =1, unif.
O,k =2, ky =1, adapt. 3 0,k =2,k =1, adapt.
=0, k1 =3,k =2, unif. Ef]ﬂg(DOF*) 100} | =011 =31 =2, .
<80, by =3, ky =2, adapt. 4 <80, by =3, ky =2, adapt.
100 L | =0,k =4, ky =3, unif. O(DOF*) 4 80,k =4, ky =3, unif.
-8 0,k =4, ky =3, adapt. -8,k =4, ky =3, adapt.
10° 10 10° 10° 104 10°
DOF., DOF,
20 : : i : : .
eff, ky =2, ky =1, unif. 1 6
+ eff, ky =2, ko =1, adapt.|
18 \ , , adap
—o—eff, k) =3, ky =2, unif.
16 |+ ~§reff, k1 =3, ky =2, adapt. |- 14 +
—o—eff, ki =4, ky =3, unif.
14 | Oeff, by =4, ky =3, adapt.| |
¢ o8 %%
o 9 0 12t
121\ %
1 0 i k 1 0 | é eff, k; =2, ky =1, unif.
eff, ky =2, ky =1, adapt.
—o—eff, k1 =3, ks =2, unif.
8 i ~O-eff, k) =3, ky =2, adapt.
—o—eff, k1 =4, k; =3, unif.
~O-eff, k1 =4, ky =3, adapt.
8 L
4 4
103 10 10° 103 10 10°
DOF, DOF,

FIGURE 6.4. Example 2. Behaviour of €, (top row), © (middle row), and eff (bottom row) under
uniform and adaptive refinement on L-shape (left column) and Australia-shape (right column)

domains for a variety polynomial orders.
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contribution and dictates the overall behaviour of the estimator, while keeping the effectivity index bounded.
The experiment suggests that, from a practical standpoint, the stabilisation term may be neglected whenever
it is not a dominant contribution to the estimator. Finally, Figures 6.3 and 6.6 display approximate solutions
after 19 adaptive mesh refinement steps according to ©. Most of the refinement occurs around the singularities,
demonstrating how the method identifies regions where accuracy deteriorates.

6.3. Example 3: Behaviour of estimator under uniform refinement in 3D

We consider the meshes in Figure 6.1 for the unit cube domain = (0, 1)3 with Dirichlet part I'p = {(z,y, 2) €
ON:xz=0o0ry=0or z =0} and Neumann part I'y = 9Q \ I'p. We set the polynomial degrees to k; = 2
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FIGURE 6.5. Example 2. Behaviour of the volume, jump and boundary contributions of the
global residual =, the global data oscillation 7, the global mixed A, and global stabilisation S
estimators under uniform and adaptive refinement on L-shaped (top row) and Australia-shaped
(bottom row) domains for a lowest-order polynomial order k1 = 2 and kg = 1.
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FIGURE 6.6. Example 2. Snapshots of the interest variables on the Australia-shaped mesh are
shown for polynomial degrees k1 = 2 and ko = 1 after 19 refinement steps.

®Ph

and ko = 2 for the discrete spaces defined in Section 5.2, noting that the implementation presented in this
paper supports arbitrary polynomial degrees. For this example, we fix the adimensional parameters as p = 102,
A =103 60 =103, and M = 20. On the other hand, the manufactured solutions and non-linear terms are given
as follows

u(z,y,z) = 5" (2% + z cos(z) sin(y), y* + = cos(y) sin(z), 2% + = cos(z) cos(y))t ,
o(x,y, 2) = cos(my) + sin(rx) + 2 +y* + 2%,
Up) =p+¢*, Me(u),p) =10""exp [-10"* tr(2ue(u) — pI)|L.

We recall that the right-hand sides and non-homogeneous boundary conditions are introduced in the computations
according to these terms.
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FIGURE 6.7. Example 3. Behaviour of the error €,, estimator © (left), and effectivity index eff
(right) under uniform refinement across various meshes with k; = 2 and ko = 2.

The results reported in Figure 6.7 indicate optimal convergence rates for k1 = 2 and ko = 2, as in [46]. In
addition, the effectivity index remains bounded, which confirms the reliability and efficiency of the estimator (see
Theorem 4.13 and Theorem 4.16).

6.4. Example 4: Adaptivity in 3D

For this example, we consider the unit cube domain Q = (0, 1)® with Dirichlet part I'p = {(z,y,2) € 9Q: z =
0ory =0or z =0}, and Neumann part 'y = 9Q \ I'p. The starting mesh is defined by 4% cubes. Here we fix
the adimensional parameters as p = 102, A = 103, = 1073, and M = 100.

102 T T T T T T
Q o—eff, k) =2, ky =2, unif.
ﬂ.‘u e ~§-eff, k) =2, ky =2, adapt.
|, i
l!l,..
B o, ki =2, ky =2, unif.
...... a.... -0,k =2,k =2, unif.
101 L B, - @5, ky =2, ky =2, adapt. |
....................... -8 0,k =2, ky =2, adapt.

T B, 5. ~‘°-
%00 A — a
..... C... .
o (2 ZERNO L o TEPR 0..,. ‘.m,o
10°r T e g | ¢
O(DOF*) R - o..... 7k $
I I - -~-_'°
5x 10% 10° 2x 10° 5% 10° 10° 2% 10°
DOF., DOF,

FIGURE 6.8. Example 4. Behaviour of the error €., estimator © (left), and effectivity index eff
(right) under adaptive and uniform refinement for the lowest-order case.

The non-smooth manufactured solutions and non-linear terms are given as follows

w(z,y,z) =5"" (((fc +0.1)% + (y +0.1)* + (2 — 1.1)2)_1 , z cos(z) sin(y), x cos(z) sin(y))t ,

ple,y,2) = wyz (e = 1.1)° + (y — 1)),
0(p) =10"%p, M(e(u),p) = 10" exp [—10* tr(2ue(u) — pI)]L.

The first displacement component has a singularity close to the point (z,y,2)* = (0,0,1)*. In addition, the
concentration ¢ has a high gradient close to the line (z,y,2)* = (1,1,1 — ¢)* for ¢ € R. The results reported in
Figure 6.8 show optimal convergence as predicted in [46]. Moreover, we observe that the adaptive refinement
outperforms the uniform refinement. In addition, the effectivity index remains bounded, confirming the robustness
of the estimator proved in Theorems 4.13 and 4.16. Finally, Figure 6.9 shows snapshots of the approximate
solutions on a mesh after 15 refinement steps. The method is able to capture the expected solution singularities.
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