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1. Introduction

We are interested in the mathematical and numerical study of a stationary problem representing diffusion-deformation
processes where the stress acts as a coupling variable. So-called stress-assisted diffusion models (derived from thermody-
namic principles and phenomenological arguments in e.g. [1,2]) are relevant to numerous applications including diffusion
of boron and arsenic in silicon [3], hydrogen diffusion in metals [4], voiding of aluminium conductor lines in integrated
circuits [5], strain-aging measurements in iron [6], sorption in polymers [7], to name a few. Of special appeal to us is the study
of microscopic electrode damage in lithium ion batteries [8-12]. When lithium diffuses into a secondary particle (an anode
made of e.g. silicon), its core expands and its elastic response, also with that of neighbouring particles and the surrounding
electrolyte, modify the diffusive properties inside the medium. If the process is confined inside the anode, then the electric
field is practically constant and the system may be described solely in terms of diffusion and stress.

Regarding the mathematical and numerical analysis of related models, the literature is rather scarce. Some recent
references include homogenization of concentration-electric potential systems [ 13], multiscale analysis of the deterioration
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of binder in electrodes [14], and a general local-global well-posedness theory [15]. Differently from these approaches,
in [16] we have recently proposed a mixed-primal formulation for stress-assisted diffusion. The model covers the linear
elastic regime, it incorporates the rotation tensor as supplementary variable serving to impose stress symmetry in a weak
manner; and this mixed problem is coupled with a primal formulation for diffusion. Here, in contrast, we consider an
augmented mixed formulation for the diffusion equation. Similarly to [17], the concentration gradient and the diffusive
flux are incorporated as auxiliary unknowns, which allows us to treat the stress-dependent diffusivity using a dual-mixed
setting. In order to apply the regularity estimates from [ 16], we augment the formulation with redundant terms arising from
a constitutive equation. Next, following the approach introduced in [18], we combine fixed-point arguments, regularity
estimates, the BabuSka-Brezzi theory, the Lax-Milgram lemma, the Sobolev embedding and Rellich-Kondrachov theorems,
and small data assumptions to establish existence and uniqueness of solution of the continuous problem. The solvability of
the Galerkin scheme follows from the Brouwer fixed-point theorem and properties of the finite element subspaces. Finally,
the convergence analysis is conducted adapting Strang inequalities, Céa estimates, and using approximation properties of
the finite element spaces.

The rest of the paper is organized as follows. In Section 2 we describe required notation and functional spaces to be
employed along the paper. Then, we introduce the model problem and requirements on the specific constitutive functions.
Next, in Section 3 we derive the augmented fully-mixed formulation and establish its well-posedness. The Galerkin scheme
and the existence of discrete solution are then studied in Section 4. In addition, under similar assumptions we deduce error
bounds in Section 5; and we close in Section 6 with a numerical example that confirms the theoretical rates of convergence,
and a second test studying the applicability of the discrete formulation in the simulation of 3D microscopic lithiation
processes.

2. The model problem

Let 2 C R", n € {2, 3}, be a given bounded domain with polyhedral boundary I" = 952 and denote by v the outward
unit normal vector on the whole boundary 9£2. Standard notation will be adopted for Lebesgue spaces LP(§2) and Sobolev
spaces H°(£2) with norm ||-||; , and seminorm |-|, . In particular, H'2(I")is the space of traces of functions of H'(£2), while
H~1/2(I") denotes its dual. By |-| we will denote both the Euclidean norm in R" and the Frobenius norm in R™*". Let div 7 be
the divergence operator acting along the rows of the tensor 7. We recall that the tensorial H(div) space

H(div; 2) := {T e L*(2) : divt € L}(22)},

equipped with the norm || 7l|3y. = lITl} o + lldiv(z)§ o V7 € H(div; £2), is a Hilbert space.
Let I stand for the identity tensor in R™". For any tensors T = ()i j=1,n, and & = (&;)ij=1,n, We denote the transpose,
trace, tensor product, and deviatoric tensor, respectively, as

n n
1
= ()i j= tr(z) == i T L= iii d %=r7——tr(7)L
(Tﬁ)l,]_l,n» r(T) an T ¢ qufu, an T T n r(t)
i=1 i,j=1
Finally, we will denote by |||, the norm of the Banach space L*°(£2) as well as of its vectorial version L*(£2).
Let us consider the following system of PDEs, governing the diffusion of a solute interacting with the motion of an elastic
solid occupying the domain £2:

o = rtre(u)l+2ue(u) in 2, —dive=f(¢) in £2, (2.1)
o = Ho)Ve in £, —dive = g(u) in £, (2.2)
u=up on I, ¢=¢p on I. (2.3)

Eq. (2.1) states the constitutive relation and momentum balance for the elasticity equations, problem (2.2) defines the
diffusion equation and diffusive flux, and (2.3) specifies the Dirichlet boundary conditions up € H/?(I") and ¢, € H/3(I").
The involved quantities and model parameters are the Cauchy solid stress o, the displacement field u, the infinitesimal
strain tensor &(u) := % (Vu + Vut), the Lamé constants A, u > 0 characterizing the material, the diffusive flux &, the solute
concentration ¢, the tensorial diffusivity & : R™" — R"™", the vector of body loads f : R — R", and a displacement-
dependent source term g : R" — R. For the load, source, and diffusivity functions we will require uniform boundedness
and Lipschitz continuity, that is there exist positive constants fi, f», L, g1, &2, Lg, and 94, 9, Ly, such that

H =G =f, ) —F(O) <Lls—t] Vs, teR, (2.4)
g < Ig(w)l <&, lg(v) —gw) <LJv—w| Vv, weR" (2.5)
M SO =0, M) -2 SLylt—¢ YT, e RV (2.6)

Additionally, ¥ is of class C! and uniformly positive definite, the latter meaning that there exists 9%, > 0 such that

Ho)w-w> dlw)* YweR", VreR™. (2.7)



1314 G.N. Gatica, B. Gomez-Vargas and R. Ruiz-Baier / Computers and Mathematics with Applications 77 (2019) 1312-1330

Finally, we assume that f(¢) € H'(£2) for each ¢ € H!(£2), and that for each y € (0, 1) there exists a constant C, > Osuch
that g(w) € H”(£2) for each w € H”(£2) and

lgw)ll, o =G lwll, o - (2.8)

Examples of stress-dependent diffusivity functions and concentration-dependent body loads may include exponential
functions of the volumetric stress for lithiation of batteries [ 10], simple polynomial relationships for biological materials [ 19],
or Carreau-type laws for ¢, that is

B(0) = Coexp(—troll, ¥(o) = Col+ Cio + Go?®, (o) = (Co+ Ci(1—|a]*) V)L,

respectively, where Cy, Cy, C; are constants, whereas for f linear dependences modelling isotropic swelling in composite
materials [20], saturation-based descriptions for viscous layers [21], or concentration gradient modulations for single-cell
mechanics [22] are considered, that is

f(@)=Co, f(@)=C1—-¢)"", f($)=CoVe,

respectively, where C € R" and m > 1. Nevertheless, not all of these fulfil each one of the above described hypotheses. For
instance, the constitutive equation for diffusivity (o) = Co I + Cy0 + C,0? violates (2.6) and it is not necessarily satisfying
(2.7) for certain stress configurations. [llustrations of the latter issue are discussed in [19].

3. Weak formulation and solvability analysis

In this section we derive an augmented fully-mixed variational formulation for (2.1)-(2.3) and propose a fixed-point
strategy for its analysis. We show that the fixed-point operator is well-defined and apply the Schauder’s theorem to prove
existence of solution, whereas Banach fixed-point theorem will lead to uniqueness of solution under small data assumptions.

3.1. The mixed-mixed formulation
We begin by recalling from [23] that H(div; £2) = Hy(div; £2) & RI, with
Ho(div; £2) := {r € H(div; £2) : / tr(t) = O} ,
Q2

which means that for each 7 € H(div; £2) there exist unique

Tg = /tr I € Hy(div; 2) and d:= / eR,
n|2| n|2|

such that T = 1 + dl. Also, we define the space of skew-symmetric tensors as
]L?kew(_Q) ={ne LZ(.Q) o+ 77t = 0}.

Then, proceeding as in [ 16, Section 2.1], we apply the Dirichlet boundary condition for displacements (first relation of (2.3))
and the aforementioned orthogonal decomposition to write the elasticity problem in weak form: find (o, (u, p)) € H; =
Ho(div; £2) x (L*(£2) x L, (£2)) such that

skew

a(o, )+ b(z, (u, p)) = G(71) YV t € Hy(div; £2), a1
3.1

b(a, (v, 1)) = Fy(v, 1) ¥ (v, 1) € L(2) X Ly (£2),

where a : Hy(div; £2) x Hy(div; 2) — R and b : Ho(div; 2) x (L?(£2) x L2

skew

a(g, 1) = / ghind zm f () tr(z),  b(r. (v, 7)) = /Q v-dive+ /Q yt

for ¢, T € Ho(div; £2) and (v, 5) € L*(22) x L% (£2). In turn, the functionals Fs € (L*(£2) x L2, (2
are given by

sl<ew(

(£2)) — R are bilinear forms defined as

)Y and G € Hy(div; £2)

G(t) = (Tv,up)r and (v, ) = /f (3.2)

for (7, (v, 7)) € H;, where (-, -) - stands for the duality pairing of H='/2(I") and H'/2(I"). Details on the derivation of the
weak formulation (3.1) can be found in [24] as well as in [25].
In turn, defining the concentration gradient t := V¢, we can recast the diffusion equation as

G =0t in 2, t=Vé in £, —dive = gu) in £2,

¢=¢p on I. 3:3)
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We then test the three-field problem (3.3) against s € L?(£2), T € H(div; £2) and ¢ € L?(£2). Integrating by parts the
expression f o Vo - 7 and using the Dirichlet boundary condition for ¢ (second equation in (2.3)), we arrive at the weak
formulation: find (t, 7, ¢) € L2(£2) x H(div; £2) x L?(£2) such that

/ﬁ(a)t-s - /E.s =0 Vs e L3(2),
2 2
/?~t + /(i)div? — Fovéo)r  VFeHdiv: 2), (34)
2 2
—/ Y dive = / W g(u) Y e L2(R).
2 2

In view of modifying the regularity properties of the coupled problem, we proceed to enrich the foregoing equations with
the following residual terms:

K1/{5—l?(0)t}-?:0 V7T € H(div; 2),
2

Kz/ divedivt = —k; / gu)divt V7T e H(div; £2),
2 2 (3.5)
K3/ (Vo —t}- V¢ =0 vy e H(2),
2

x4f¢w=x4/¢ow vy e H'(Q),
r r

where k1, k2, k3 and k4 are positive parameters to be specified later on. We remark that the identities required in (3.5) are
nothing but the constitutive and the equilibrium equations concerning o, along with the relation defining t, and the Dirichlet
boundary condition for ¢; all of them tested differently from (3.4). Instead of (3.4), we will now focus on the following
augmented formulation for the diffusion problem: find (t, &, ¢) € H, := L2(£2) x H(div; £2) x H!(£2) such that

AU((t7 a:» ¢)v (S, :i:a 1//)) = Gu(s7 :E! I//) V(57 ?’ Iﬁ) € Hza (36)

where

Aa((t,'&,qb),(s,?,tﬂ))::/ ﬁ(a)t-s—f’&-s—i—/?-t—i—f qbdiv?—/ v dive
2 2 2 2 2

(3.7)
+ K1/{3—19(0)t}-?+/c2/ div&div?+x3/{v¢—t}-w+x4/¢¢/,
2 2 2 r

and
Guls, T ) = <’f-v,¢n>r+/ wg<u)—xz/ g(u)div?+x4f oo 1. (38)
2 2 r

Consequently, we arrive at the following augmented fully-mixed formulation for (2.1)-(2.3): find ((a, (u, p)), (t, 0, qb)) IS
H; x Hy, such that

a(o, 7) + b(z, (u, p))
b(a, (v, 1))
AG((t7 g? ¢)a (s! ’i:? 11[,))

3.2. A fixed-point approach

G(T) V 1 € Ho(div; £2),

Fs(v, 1) Y (v, p) € L*(£2) x L?

skew(‘Q)’ (3.9)
Gu(s,T, V) VY(s,T,¥) € H,.

Here we utilize a fixed-point strategy to prove that problem (3.9) is well-posed. Let us first define the operator S :
H!(£2) — H; as

S(¢) = (S1(9), (Sa(9), S3(#))) = (o, (u, p)) V¢ € H'(2),

where (g, (4, p))is the unique solution of (3.1) with the given ¢. In turn, we define the 0perator§ : Ho(div; £2)xL?(£2) — H;
as

S(o, u) := (Si(o, u), Sy(0, u), S3(0, ) == (t,5,¢) V(o,u) € Ho(div; 2) x L*(£2),

where (t, &, ¢) is the unique solution of (3.6) with the given (¢, u). In this way, by introducing the operator T : H'(£2) —
H!(£2) as

T(¢) := S3(S1(¢), Sa(9p)) V¢ € H'(R2),
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we realize that (3.9) can be rewritten as the fixed-point problem: find ¢ € H'(£2) such that

T(¢) = ¢. (3.10)
However, we remark in advance that the definition of T will be only in a closed ball of H(£2).
We also collect the following two technical lemmas, whose proofs can be found in [24, Lemma 2.3], and [26, Lemma 3.3],
respectively.
Lemma 3.1. There exists c; > 0 such that

2 dp2 . 2 .
C1 ”T”()_Q <l ”09 + ”leT”o,g VYt € Ho(div; £2).

Lemma 3.2. There exists c; > 0 such that

Wi +Ivie = clvil, Yy eH(2)

In what follows we show that T has at least one fixed point. Firstly we will prove that the uncoupled problems defined
by S and S are well-posed, where we emphasize that S is defined similarly as in [16], and therefore we omit parts of the
proofs whenever necessary. Our analysis will focus on the uncoupled problem (3.6) and its repercussion on T. Let us start by
recalling the continuity of a and b. For a proof we refer to e.g. [24].

1 .
la(¢, D) < — 1¢llgiv.2 I Tllaiv:e V&, T € Ho(div; £2),
1 (3.11)

Ib(z, (v, M) < ITllaie (0, I V7 € Ho(div; 2), V(v, ) € LX(2) x L]

skew

(£2).

Furthermore, it is not difficult to see that a is strongly elliptic in the kernel of b. In fact, we denote the operator induced by
the bilinear form b as B, and note that

V :=Ker(B) = {t € Ho(div; 2): divt =0 in 2, 7=1"in 2},
from which, we deduce that
1 C1
a(r, 7) > ﬂnrdnﬁ,g N Itlge = ltldve YTEV, (3.12)

where c; is the constant provided by Lemma 3.1. Additionally, as a slight modification of the proof of [24, Section 2.4.3], we
find that B is surjective. Finally, we observe that G and F4 are bounded with

IGI < llupllyjo,r and |Fy| < fols2]"2 (3.13)
This analysis confirms the well-posedness of (3.1), which is abridged in the following lemma.

Lemma 3.3. For each ¢ € H'(£2) the problem (3.1) has a unique solution S(¢) := (@, (u, p)) € Hy. Moreover, there exists cs > 0,
independent of ¢, such that

IS, = (o, (u, p)llu, < s {llupllijzr +f12]7%}. (3.14)

Proof. It follows from estimates (3.11)-(3.13) and a direct application of the BabuSka-Brezzi theory (see, e.g. [23] and [24,
Thm. 2.3]). We refer to [ 16, Lemma 2.2] for further details. O

In turn, we prove the well-posedness of problem (3.6) with the next result.

Lemma 3.4. Assume thatk; € (0 2”") and k3 € (0 28 (19 - ’”’92 )2 with§ € ( z%) 8 €(0, 2),and k3, k4 > 0. Then, for
(t,o

each (¢, u) € Hy(div; £2) x L%(£2), problem (3.6) has a unique solutlon S(o,u) =
independent of (o, u), such that

IS(o. w)llu, = (£, 5. ¢)llu, < {lignlliar + 121"}, (3.15)

) € Hy. Moreover, there exists ¢s > 0,

Proof. Firstly, we note from (3.7) that A, is a bilinear form. Next, applying Cauchy-Schwarz’s inequality, the upper bound
for ¥ (cf. (2.6)), and the trace theorem (with constant cp), we find that

|As((t. @, $), (s, T, ¥))| < D2ltloclsllo.e + 5o lIsllo.e + IZlo.e It
+ ¢l IdivElee + 1¥loe Idivaloe + «illolloe ITloe + k192 [Eloe Tl
+ 12 ldivE o IdivTlo.e + k3ldl ol o + k3 litloo ¥l e + G kall@lie 1V e -
It follows that there exists a positive constant ||A||, depending on ¥, co, k1, k2, k3 and k4, such that

|AU((t7 33 ¢)7 (sv TE’ 110‘))' f ”A” ”(tv Es ¢)||H2 ”(Ss ?7 w)“Hz V(ts 87 ¢)7 (87 :Fs 1//) € HZv (3'16)
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and hence A, is bounded independently of (¢, u) € Hy(div; £2) x L%(£2). In turn, we now aim to show that A, is H,-elliptic.
To this end, given (s, T, V) € Hy, we apply (2.7) and find that

Al(8. T ¥), (. T 9)) = / 9(0)s -5+ K1 IEI2 5 — 19 Isllo.o (0.0 + K2 IIVEIZ o
2

2 2
+13lY Iy o —kslIslloe [Vl e + ks VG -

~ .~ Klﬁz K]l928 ~
> Do lIsl3 o + k1 [T + 2 IdiVER , — = Islig o — 5 1713
K3 K3’S (3.17)
+rslYlt o — 5 Islg.o — 7|w|3,9 + a1V I3 -

K1 K3 13\ ~ o~
= {(15‘0 ~ s ) - 23«} Isll o + 1 (1 - 7) ||T||(2),g + K2 ||d1VT||(2),g

5
+ k3 <1 - 5) W1 o +rallvllg -

Then, assuming the stipulated hypotheses on §, 3, K1, K2, k3, k4 and applying Lemma 3.2, we can define

ay =1 K102 © Q; = min 1 929 o3 := ¢, min 1 s
ay = 0 25 2»5 , O 1= K1 B Ko, O3 =0 K3 2 s Ka ¢,
which allows us to deduce from (3.17) that

Aa((s7 :E’ I//.)# (s’ ?5 W)) > a ”(57 :E’ I//)“az V(57 ?s 1//) € H27 (318)

where & := min {&, &>, a3} is the ellipticity constant of A,. Next, applying Cauchy-Schwarz’s inequality, the trace estimates
in H(div; £2) and H!(£2), with constants 1 and cy, respectively, the upper bound for g given in (2.5), and the fact that
I llo,r = I ll1j2,r, to (3.8), we find that

IGuls. % ) =|<’f-v,¢n>p+/ wg(u)—xzfg(u)div?+x4/¢Dw|
2 2 r

IA

1T vll—1j2.r Igpllijzr + & 1217 1¥lo.e + k281212 [divE|o.e + &4 llgpllo.r 1V llo.r
ITlldiv:2 dpllij2,r + & 1212 1W 10 + k2821212 IdivEloe +kacolldpllijr 1V le .
which yields the existence of a positive constant ||E||, depending on k3, k4 and ¢, such that
IGullu, < ICH {ligoll12.r + 218212} . (3.19)

Finally, a direct application of the Lax-Milgram lemma proves that for each (o, u) € Ho(div; £2) x L?(£2), problem (3.6) has
a unique solution (o, u) = (t, 7, ¢) € H,. Moreover, a continuous dependence result is given by

IA

~ - 1 -
I1S(a, W)llu, = lI(t, 0, P)lln, < = NCull, = Gs {Ilgoll12.r + 221212},

where s := &l completing the proof. O

=
Note that the constants &, and a3, being each one defined by the minimum between two quantities, can be maximized
separately by making the corresponding quantities equal, that is by choosing «, and «4 such that

80 5
K2:K1<1—72> and K4:K3(1—5>.

In turn, in order to guarantee that the rest of the constants involved are bounded away from zero, we take the parameters 6,
8, k1, and k3 as the middle points of their feasible ranges. According to the above, we adopt the following choices:

1 59 Do ~ - 9 9
§= —, k= 220 _ Yo 5:1,K3=3<00—&)=l,

9, 9, 02 26 2
- (3.20)
1 5192 190 1 8 00

Ky =K _ — = ——=, K4 =K —_ = = —,

2 2 w2 T 2) 4

which yield

a Y g Y a3 =C %0 and o = min {min{c,, 1} Yo Do
0y =—, O)=—, 03= —_— o = R —,—= 1.

YT TP PPy 240 2
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We end this section by introducing suitable regularity estimates on S and S, exactly as in [16, Section 2.2]. In fact, we
concentrate in the case where £2 is a convex polygonal domain and n = 2, recall that f(1/) € H!(£2) for each v € H'(£2),
and assume from now on that up € H¥?*7(I"), where y is the positive constant whose existence is guaranteed in [27]. Then,
applying precisely the estimate given in [27, eq. (3.9)] and recalling from the constitutive equation that the regularities of
the unknowns are connected, we find that S(v/) € Ho(div; £2) N H'7(£2) x H*17(2) x L, (2) NH'7(£2).

In turn, for S we note that, for a given pair (¢, w) = (S1(v), S2(¥)) € Ho(div; £2) NH'7(£2) x H2T7(£2) (which denote
the first and second components of the unique solution produced by the operator S), the hypothesis given by relation
(2.8) implies in particular that g(w) € H”($2). Additionally, we assume that the coefficients ©#(¢); are in C*7(£2) and
¢p € lf/“y(l’), then elliptic regularity results (cf. [28,29]) guarantee that ¢ := S3(¢, w) € H>*7(£2), and therefore there
exists C; > 0 such that

IS1(2. Wlli4y,2 = Itlhiy.e < 1Pl 0 < G {||¢D||3/2+y,r + ||g(w)||y,_o} . (3.21)

On the other hand, the Sobolev embedding theorem (cf. [30, Thm. A.5]) establishes the continuous injection iy, : HT7(2) —
C°(£2), with boundedness constant C,. Then, applying (3.21) implies that

1102, Wlloe.2 = Il < Gy 11y < G Cr {Ilgpllzosy.r + I8, o} - (322)
Finally, replacing the estimates (2.8) and (3.14) into (3.22), we find that
||§1(§, W)lloo,0 = ||t||oo.(2 <Cv {||¢D||3/2+y,r + ||“D||1/2,r +f2|9|1/2} , (3.23)

where C, is a positive constant depending on C,,, cs, Ey and El (cf. (2.8),(3.14),(3.21), (3.22)).
3.3. Solvability analysis of the fixed-point equation

We now verify the hypotheses of the Schauder fixed-point theorem (see, e.g. [31, Theorem 9.12-1]). Before starting the
result to be proved, we restrict T to a ball and show that this operator maps into itself.

Lemma 3.5. Let W be the closed and convex subset of H'(£2) defined by

W = {¢ eH(2): lglyo <Ts (Ilgollya,r +g2|.(2|1/2)} ,
where Cs is the constant given by (3.14). Then W) C W.

Proof. It suffices to recall the definition of T and apply the estimate (3.15). O

The following estimate is key to derive Lipschitz continuity of T. For a proof see [ 16, Lemma 2.6].

Lemma 3.6. There exists a positive constant Cs depending on ., L¢, o (¢f. (2.4), (3.12)) and the inf-sup constant of b, such that
IS(#) — S(@)llw, < Csllp —ploe V.9 € H(2). (3.24)

We are in a position to establish the announced property of the operator T.
Lemma 3.7. Let Cs be the constant provided by Lemma 3.6. Then, for each ¢, ¢ € H'(£2), there holds

C ~
IT(¢) = T(@)ll1.2 = 55 {Le(1+ 32 + Ly(1+ 1) 2 11S1(S1(9), S2(@ w2 } 16 = @llo.2 - (3.25)

Proof. We begin by recalling that T(¢) = §3(S1(¢), S2(¢)) and T(gp) = §3(S1(¢), S:(¢)) Y, e e H(£). For notational
purposes we rename

(o, u) == (S1(¢), S2(¢)) and (&, w) := (S1(9), S2()),
where (o, u), (¢, w) € Hy(div; £2) x L2(£2). Next, we consider (t, &, ¢) = §(a, u) and (r,z, Q) = §(§, w), that is, for each
(s, 7, v¥) € Hy, one has

AU((t! ’&’ ¢)7 (sv ?7 W)) = Gu(s! ?7 W) and A;((r, Z’ QD), (s’ ?1 w)) = Gw(sv ?7 W)

Analogously to the proof of [ 16, Lemma 2.7], we apply the ellipticity of A, (cf. (3.18)) and then, by adding and subtracting
appropriate terms, we find that

F|(t. 5, ¢) — (r. . 9)lIg,
= AU((tv 55 d))v (t’ 37 ¢) - (r’ Ev (p)) - AU((rv z:v Qﬂ), (t’ 87 ¢) - (r7 z:v 90)) (326)

= (Gu - Gw)((ts 37 ¢) - (r’ ’E’ (p)) + (AC - A(T)((ra 27 (ﬂ)’ (tv 37 ¢) - (r’ f’ ‘P))
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Using the definition of A,, G, Cauchy-Schwarz’s inequality, and (2.5), (2.6), we can assert that

I(Gu — Gu)(t, 3, ¢) — (r, T, @)l = ‘ f (g(u) — g(w)) {(¢ — @) — k2 div( — T)}
2

.~ 3.27
< L lu—wlo.o {19 — ¢lloe + k2ldiv (@ — Dllo.c (3:27)
< L(143) lu—wllo.g (£, 5, ¢) = (1, Z, 9)lln,
and
(Ar = AsX(r. T, 9), (8.5, ¢) — (1, C, 9))| = f @) = D(oNr-{(t—1)—11(3 —Z)}‘
2
~ 3.28
<Ly llo = log Iloc.c {1t = Flo.c + K113 — Zlo.o} (3.28)
< Ly(1+.)" Mo = Lllo.o I7lloc.2 I, G, &) = (1, T, 9)lluy
whence the inequalities (3.26), (3.27) and (3.28) imply that
It . 9 -r, 2, 0)lu, 329)
== {Le(1+ ) lu—wlo o +Lo(1+ &)} o = Ellg.o IPllo2 - '
Next, according to the definitions given when starting the proof, we can rewrite (3.29) as
~ ~ 1
IS(S1(#), S2(¢)) — S(S1(9), S2(@))llu, < = {Le(1+K3)"2 1S2(8) — S2(9)llo (330)

+Ly(1+17)"72 181(6) — S1()llo, 1S1(S1(9), Sa( @)oo} -

It is important to note here that, when needed, ||§1(S1(¢), $2(¢))]lso.2 can be bounded by (3.23), for each ¢ € H'(£2). Finally,
applying estimates (3.24) and (3.30), we find that

IT(3) — T(@)ll1.0 = S3(S1(), S2(¢)) — S3(S1(9), Sa(@))ll1. 2
1 ~
=G {L(1+ )% + Ly(1+67)2[181(81(9). Sa(@ll o2} 1 — @llo 2 -

which gives (3.25), completing the proof. O

IA

The next lemma establishes the continuity and compactness of T.

Lemma 3.8. Let W be as in Lemma 3.5. Then T : W — W is continuous and T(W ) is compact.
Proof. It follows straightforwardly from (3.25) and the continuity of i : H(£2) — L?(£2) that

1 ~
IT(¢) = Tip)lh.e = = Cslicll L1+ 1) + Ly(1+ D) 211S1(S1(9), S2(@Dlow.2} 16 = ¢ll1.2 5

which proves continuity of T. In turn, let {¢y}xeny be a sequence of W, which is clearly bounded. Then, there exists a
subsequence {d),((])}keN C {¢r}ren and ¢ € HY(£2) such that ¢,(<l) = ¢ € HY(£). In this way, thanks to the compactness

of ic, we deduce that ¢ — ¢ € L%(£2), which, combined with (3.25), implies that T(¢\") — T(¢) € H'(£2), and proves the
compactness of TW). O

We are ready now to prove that (3.10) is well-posed. From Lemmas 3.5 and 3.8, the existence of solution is merely
an application of Schauder’s theorem. Furthermore, assuming that the data is small enough, we can prove uniqueness of
solution. This is indeed possible thanks to the regularity estimates established at the end of Section 3.2.

Details of the proof are similar to those available in [ 16, Thm. 2.9].

Theorem 3.9. Let W be as in Lemma 3.5. Then, the augmented fully-mixed problem (3.9) has at least one solution
(o, (u, p)), (t. 7, $)) € Hy x Hy with ¢ € W, satisfying the bounds

(£, &, ¢)llu, <Cs{lgpllijor + 1212},
(o, (u, ))lly, < cs {lupllyyo.r +fo19212} .
Moreover, if the data satisfy

1
=G {Le(1 42 + Ly(1+11)Co (0 ll3)24.1 + lttpll1 2. r + 121V)} < 1,

then the solution ¢ is unique in W.
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4. The Galerkin scheme and well-posedness of the discrete problem

In this section we introduce and analyse a Galerkin scheme for (3.9). We adopt the discrete analogue of the fixed-point
strategy introduced in Section 3.2 and apply the Brouwer fixed-point theorem to prove existence of discrete solution. We
start by considering generic finite dimensional subspaces

Hp C Ho(div; 2), Hj CL(2), Hj C L3, (2), (4.1)
H! C1%(2), H CH(div; 2), and H! C H'(%2), (42)

which will be specified later on. Hereafter, h denotes the size of a regular partition 7 of £2 into triangles K of diameter hy,
ie.h:= max{hg : K € T;}.AGalerkin scheme for (3.9) reads: find (o, (n, p;), th, On, ¢n) € Hj x (H}; XHZ) xH,ﬂ x Hf x HZ’
such that

a(ah,rh)—i—b(-rh,(uh,ph)):G(rh) V‘th EHZ,
b(on, (v, 1)) = Fg,(vn, np) Y (vp, 1) € Hjj x HY, (4.3)
A ((tr, Gy 1), (Sk, Tn, ¥i)) = Guy (Sh, Thy Yn) V (Sh, Th, ¥n) € HY x HZ x H.

In order to address the well-posedness of (4.3), we proceed analogously as in Section 3.2 and apply a fixed-point strategy.
In fact, we define the operator S, : Hf — Hy x (H} x Hﬁ) as

Sh(én) = (S1.a(dn), (S2.n(¢n). S3.1(n))) == (h, (tn, py) Yoy € HY,
where (o, (up, p,)) is the unique solution of

a(on, Th) + b(Th, (Uh, py)) = G(Th) V1, € Hy, (44)

b(on, (vn, my)) = Fg,(vp, )V (vn, my) € Hjf x HY,

with Fy, being defined by (3.2) with ¢ = ¢y In turn, we introduce §h (Hy x HY — H,ﬂ X Hf X Hf as

Sh(oh, un) == (S1.n(0n, Un), Sa.n(0h, Un), S3.4(0h, Un)) == (En, Tn, dn) VY (0n, Uy) € H}; x H,
where (t;, 01, ¢y ) is the unique solution of

Aoy ((Ens Fns @1), (Shs Ty Vi) = Guy (Shs Thy Yn) ¥ (Sh, T, ¥n) € HE x HY x HY, (4.5)
with Ay, and G, being defined by (3.7) with 0 = ¢}, and (3.8) with u = uy, respectively. In this way, by introducing the
operator Ty, : Hf — H,‘f as Tp(op) = §3,h(sl,h(¢h)7 Son(én)) Von € Hf, we realize that (4.3) can be rewritten as the
fixed-point problem: find ¢, € Hf such that

Tu(Pn) = én. (4.6)

Analogously to the continuous case, we first study the well-posedness of S, and §h, and hence the well-definiteness of Tj.
To this end we proceed as in [ 16, Section 3.2] and incorporate further hypotheses on the discrete spaces Hj, H} and Hﬁ . Let
Vi, be the discrete kernel of b given by

Vi:={tn € HY : b(th, (v, 1)) =0 V(vp, ) € Hi x H},
and assume the following discrete inf-sup conditions:

(H.0) There exists a constant &y > 0, independent of h, such that

a(oy, Th)

TheVy 1 Tnllgiv; 2
Th#0

> aq [lonllgv,e  VOn € Vi (4.7)

(H.1) There exists a constant 8; > 0, independent of h, such that

b(zn, (vn, ny))
sup ————— > fi “(vm nh)”Lz(.Q)x]LZ @) Y (vn, n,) € HY % Hﬁ. (4.8)
e} ” Th ”div; 2 skew

Th#0

Deriving well-posedness of the discrete problem (4.4) results as a straightforward application of the discrete Babuska-
Brezzi theory. Firstly, the operators related to a and b, and the functionals G and F, are all bounded on subspaces of the
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corresponding continuous spaces. Next, the inf-sup conditions are given by (H.0) and (H.1). The unique solvability of (4.4)
is abridged in the following lemma.

Lemma4.1. Foreach ¢y € H;f, problem (4.4) has a unique solution Sy(¢p,) == (o, (U, pp)) € Hy x (H}f x Hﬁ). Moreover, there
exists C > 0, depending on 11, a1 and B (cf. (4.7), (4.8)), but independent of ¢y, and h, such that

ISu(gw)lln, = [(on, (un, L)), < Clllupllyy - +fl217}.

In regard to the problem defined by 571 we state next the discrete analogue of Lemma 3.4.

Lemma 4.2. Assume that k; € (O, Zf%) and k3 € (O 28 (z? — ’qﬂz)) with § € (0, ﬂ%) ,E € (0, 2), and k3, k4 > 0. Then,

for each (o, up) € Hy x Hy, problem (4.5) has a unique solution S,,(ah, up) = (ty, op, p) € H,‘1 X H,il; X Hf. Moreover, with the
constant Cs provided by Lemma 3.4, there holds

ISh(on, un)lln, = I(tn, Fn, o)l < {llgpllija.r + 8218212} . (4.9)

Proof. We first observe that for each (o, u,) € Hj x H}, the operator A, is bounded and elliptic on H‘ X H‘7 X Hd’ with

the same constants ||A|| and & from Lemma 3.4. In addltlon Gu, restricted to Hh X H‘7 X H¢ is bounded as in (3 19) w1th u,
in place of u. Therefore, the result is a direct application of the Lax-Milgram lemma. O

We notice in advance that, instead of the regularity estimates employed in the continuous case (not applicable in
the present discrete case), we simply utilize properties of the discrete subspaces chosen. In what follows, we verify
the hypotheses of the Brouwer fixed-point theorem (see, e.g.[31, Thm. 9.9-2]) to prove that T, has at least one fixed
point.

Lemma4.3. Let Wy = {gn € H} : lénlio = E(Idollizr +2121") | Then Tuws) < W,

Proof. It is basically an application of the definition of T, and the estimate (4.9). O

Lemma 4.4. There exists C > 0 depending on w, L¢, oy and B (cf. (2.4), (4.7), (4.8)) such that
IS(¢n) — Slen)llu, < Cllgn — @nlloe Y én, on € Hy.

Proof. See [16, Lemma 3.4]. O

Lemma 4.5. For each (o, uy), (¢, wy) € Hyy x Hy, there holds

ISk(oh. ) — Sh(&hs wi)lln,
) (4.10)
== [Lg(l + k)2 l[un — willo @ + Lo (14 67) 21181 4(&p wh)lloo.2 o0 — & ”o.!?] -

Proof Proceeding as in [16, Lemma 3.5], given (on, uy), (&, wy) € Hj x Hy, we let (th, on, pn) = Eh(ah, uy) and
(ry, ;,,, on) = S(l;h, wp). Then, analogously to the proof of Lemma 3.7, we get

a”(ta o, ¢) - (ra ;7 (p)”Hz
< {11+ 622wy = wallo o + Lo (1 + ) 2l [on = &l o} 10 = gl

Since the elements of Hf, are piecewise polynomials (to be specified later on) it follows that ||y |lo 2 < +00, and hence the
foregoing equation yields (4.10). Further details are omitted. O

As a consequence of the above Lemmas, we can state the Lipschitz continuity of Tj,.
Lemma 4.6. Assume that C is as in Lemma 4.4. Then, for each ¢y, ¢ € Hf, there holds

||Th(¢h) Tu(on)ll1,
{L + 1) 4 Ly(1 + k)28, n(S1.n(0), S2.n(@llo,2 ) llon — @nllo o -

Proof. It suffices to recall that Ty(¢y) = §3¢h(s1,h(¢h), S2.1(én)) for ¢y € Hf and apply Lemmas 4.4 and 4.5. O
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At this point, we are able to state the main result of this section.

Theorem 4.7. Let W, = [¢h eH : lgnlli g <%(lgoll1j2.r +g2|.(2|1/2)}. Then (4.3) has at least one solution
(on, (U, py), th, Gn, ¢n) € HY x (Hjf x Hﬁ) x Hf x HE X Hf with ¢ € Wy, and there holds

I(th, Gh. dn)lln, <Ts {llpllizr + 21217}, (4.11)

I(on. (un, /0:1))”,_l1 < C{llupllyo.r + IR0V} (4.12)

Proof. After using Lemmas 4.3 and 4.6, the result is a straightforward consequence of Brouwer's fixed-point theorem. In
turn, bounds (4.11) and (4.12) follow from Lemmas 4.1 and 4.2, respectively. O

5. Error analysis for the proposed Galerkin method

In this section we advocate the derivation of error estimates for (4.3). For this purpose, we consider in what follows
((a, (u, p)), (t, 0, ¢)) € Hy x Hy, with ¢ € W, and (o, (un, py), th, 0n, 1) € HY x (HY x Hf ) x HE x HY x Hf,with on € Wh,
be the solutions of (3.9) and (4.3), respectively. We seek an upper bound for

||(67 (ua 0)7 t7 37 ¢) - (afh (u”h ph)7 t”h a:ha ¢h)” 5

for which, we suggest to estimate (o, (u, p)) — (o4, (s, py,))| and [|(t, &, ¢) — (t4, G, ¢n)ll. separately. With this goal in
mind, we first rearrange (3.9) and (4.3) as follows

a(o, )+ b(z, (u, p)) = G(7) YV t € Ho(div; £2),
b(a, (v, n)) = Fy(v, n) V (v, 1) € L2(£2) X Lijen(£2), 5.1)
a(on, Th) + b(Th, (Un, p)) = G(Th) V1, € Hy,
b(on, (v, 14)) = Fg,(vn, np) Y (vp, ) € Hi x HY
and
As((t,0,0),(5.T,¥)) = Guls,T,¥) Y(s,7,¥) € Hy, 52)

A, ((Ens Tns @), (Sns Ty Vn)) = Guy(Shs T, W) Y (Sh, Tn, W) € HE x HE x HY.

Next, we recall from [32, Thm. 11.2 and 11.1] two instrumental results. First, a Strang inequality for saddle point problems
where continuous and discrete formulations differ only in the functional. This will be applied to (5.1). Second, the standard
Strang Lemma for elliptic problems, which fits (5.2). We will not write them explicitly here but will refer to these lemmas
as Saddle-point Strang Lemma, and Elliptic Strang Lemma, respectively.

From now on, we denote as usual

dist (o, (u, p)), Hf x (Hj x Hp)) = inf , (o, (u, p)) — (Th, (v, 7711))”“1 :
(Th,(vh,mp))EH] X (H xH})

and

dist ((¢,5, ), Hf x Wy x HY) = i J(6.5,8) = (st T, Yl

(S Fn.wn)eHE xHY xHY
Next, a straightforward application of the Saddle-point Strang Lemma yields the following result concerning a priori
estimates for | (o, (#, p)) — (oh, (1, p,))| - Details of the proof can be found in [ 16, Lemma 3.10].
Lemma 5.1. There exists a constant Cst > 0, depending on ., o1 and B1 (cf. (4.7), (4.8)), such that
(o (u, 0)) = (o, (un, :Oh))HH1
< Cor {dist (0 (. ). 2 x (i x D)) + Ly 6 — bl |

In turn, an estimate for ||(t, &, ¢) — (tn, 04, ¢p)| reads as follows.

(5.3)

Lemma 5.2. Let EST = o~ 'max{1, |A||}, where ||A| and & are the boundedness and ellipticity constants, respectively, of the
bilinear form A, (cf . (3.16), (3.18)). Then, there holds

(6.3, @) = (¢, G @w)l, = Cor {1+ 20141 dist ((¢.7, @), Hf x H] x HY)
(5.4)

+Le(14.3)"? lu — upllo.o + Lo(1+.D)? o — onlloo Itlen} -
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Proof. Applying the elliptic Strang Lemma in the context of (5.2), gives
(£, 0, @) — (th, Tn. Pn)ln,

|Gu(rh, cha (/)h) - Guh(rh! ;ha (ph)|
(1 B ) ) I(rn, o on)ll
(2o on)#0

=< EST sup

. - - (5.5)
+ inf I(t, 0, @) — (Sn, Th, ¥l
(Sp T Vi )eHE xHE xHY
(Sh,Th,¥)#0
N sup |Ao((Sh Ths Yh): (Ths Ths @1)) = Ay (S, Tns Yin), (P, S 1))
(rh.zh.«?}QEH;;ngfo ”(rh’ Ch’ (ph)”
(Th:Eh.9n)#0
Then, proceeding analogously as in the proof of Lemma 3.7, we deduce that
Gulrn, Ty, — Guy,(Th, T,
sup | u( h ;h §0h) uh( h ch <Ph)| SLg(l'f‘Kzz)l/z ||u_uh||0$g. (56)

Bt i 1 S o)
(Ths&n.9n)#0

In turn, in much the same way as [33, Lemma 5.2], we add and subtract suitable terms to write

Ao ((Shy Tns Yn), (T, Cpo 1)) — Agy(sh T, Y1), (T, Cho 1)) ~
= AU((shy ?h’ I;//.h) - (tv a:s ¢)a (r’h ;hv @h)) + (AU - Aﬂh)((ta 87 ¢)5 (rhv ;hv Qﬂh))
+ Ag, (£, G, §) — (Sn, T, Yn), (T, T 91))s

thus, the estimates for the first and third terms follow by applying the boundedness (3.16), whereas for the second one, we
find that
(Ao = A (8.5 90 11, By ) = [ (900~ D0t - i)
I?;

< Ly(1+ )" |lo — onllo.o Itlso I(Fhs Spy @n)ll,
whence, we deduce that
Ao ((Shs Tns W)y (Phs i @1)) — Acy (Shs Tns ¥)s (Ths o 1))
I, Chs on)

(rh.zh.(p,QEH,tI ngfo (57)
(rn:&h-on)#0

sup

< 2AllI(E. G, ¢) = (Sn. Th. Yi)ll + Lo(1+ 7)o — onllo.g 1l o -
Finally, by replacing (5.6)-(5.7) into (5.5), we get (5.4), which ends the proof. O

Now, to derive the Céa estimate for the total error we combine Lemmas 5.1 and 5.2. To this end, and for notational
convenience, we introduce the following constants

G = CSTESTLg(1+K22)]/2a G = CSTESTCooLﬂ(l+K]2)l/2a C3 == Cor (1+ 2 |A]).
Next we replace the bounds for ||u — u|l¢ o and |6 — oyllg  into (5.4), and apply from (3.23) that
ltloo.e < Coo {||¢D”3/2+)/,F + llupllyj2,r +f2|9|1/2} .
We then perform algebraic manipulations to find that
(¢, 0, #) — (tn, On, Pn)lln,
<{C1 + G (I6pll3/24,.r + ltpllijz, r + f21621'7)} dist (o, (u, p), Hf x (Hi x H}))
L (G4 Co (190l + Mol +5IR17) (.. 6) — (8. 5. )] 58)

+ Cy dist ((t, 7. ¢). Ht x HY x H,‘;’)
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Consequently, we can establish the following result which provides the complete Céa estimate.
Theorem 5.3. Suppose that the data satisfy

1
Ly {C1 + G (IIplls /oty 1 + llupllyyz r + 182112} < 3"
Then, there exist positive constants C4 and Cs independent of h, such that

(e (u, 0)) = (on. (un, pu))|yy, + (€. T &) — (£, G, D),
3 (5.9)
< Cy dist (0, (u, p)), H x (HY x HP)) + Cs dist <(t, . ¢). H x HY x H,‘f) .

Proof. It follows straightforwardly from (5.3) and (5.8). O

We now specify finite element subspaces satisfying (4.1)-(4.2) and the discrete inf-sup conditions (H.0)-(H.1). Given an
integer k > 0, for each K € 7, we let Pi(K) be the space of polynomial functions on K of degree < k and define the local
Raviart-Thomas space of order k as

RTi(K) := Pi(K) @ Pi(K) %

where Py(K) = [Py(K)]?, and x is the generic vector in R2. Let by be the element bubble function defined as the unique
polynomial in Py1(K) vanishing on dK with fK by = 1. Then, for each K € 7, we consider the bubble space of order k,
defined by
By (K) := Pi(K) <2L;:, —%) .
One option to approximate stress, displacement and rotation is the classical PEERS elements [34]:
Hy = {7, € Ho(div; £2) :  thlxe RTW(K) @ By (K) VK € Tr},
HY = {v, e (2): wplke Pu(K) VK € Th}, (5.10)
Hp = {0y € Liew(£2): n, €C(R) and nylxe Pesa(K) VK € Tp}.
We could also employ the Arnold-Falk-Winther (AFW, [25]) elements for the elasticity unknowns:
Hy = {7, € Ho(div; £2):  thlxe BDM1(K) VK € Tr},
HY = {v, e (2): wplke Pu(K) VK € Th}, (5.11)
Hp = {0y € Liew(£2) 1 Myl P(K) YK € Th},

and recall that both PEERS and AFW satisfy (H.0) and (H.1) (cf. [34, Lemma 4.4], [35, Thm. 11.9]).

In turn, we define the approximating spaces for the concentration gradient, diffusive flux and solute concentration as
piecewise polynomials of degree < k, Raviart-Thomas elements of order k, and Lagrange finite elements up to degree k + 1,
respectively:

Hi = {t, e ’(2): tylke P(K) VK €T},
HY = (3, € H(div; 2): Thlke RT(K) VK € Th}, (5.12)
HY = {yn € C(2) Yulke Pesa(K) VK e Ti}.

Approximation properties of the spaces in (5.10), (5.11), (5.12) can be found in e.g. [23,24]. They can be combined with
the Céa estimate (5.9) and the assumption of adequately small data, to produce the theoretical rates of convergence of (4.3),
summarized in what follows.

Theorem 5.4. [n addition to the hypotheses of Theorems 3.9, 4.7 and 5.3, assume that there exists s > 0 such that o € H*(£2),
dive € H(R2), u € H(22), p € H¥(2), t € H¥ (), & € H(2), dive € H(2) and ¢ € H'*5(£2). Then, there exists C > 0,
independent of h, such that, with the finite element subspaces defined by either (5.10) or (5.11) and (5.12), there holds
(o (. 93) = (@, (tn, ), + (6T, 8) = (4, G, )l < CH™™4 | ol
+ Idivol, o + llullse + lplso + Ity o + 1052 + 1divels.e + @l 0 } .
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6. Numerical results

In this section we present some examples illustrating the performance of our augmented fully-mixed scheme (4.3), and
confirming the rates of convergence provided by Theorem 5.4. These numerical results also include examples in which
some of the data do not necessarily satisfy all the hypotheses required, thus confirming the potentiality of the method
proposed, and also evidencing that only technical limitations are preventing us from extending our theoretical analysis to
more general cases. Our implementation is based on the FEniCS library [36]. In turn, a Picard algorithm with tolerance of 10~°
on the £*°-norm of the residual has been employed for the fixed-point problem (4.6). The boundary conditions employed in
Examples 2 and 3 were motivated by the specific application of stress-assisted diffusion problems in lithium batteries, and
they correspond to mixed boundary conditions, which are currently not supported by our theoretical analysis. Nevertheless
the obtained results still show stable and robust computations, which insinuates that only technical difficulties prevent us
of extending our analysis to the case of mixed boundary conditions. For the diffusion sub-problem in Example 2 we have
utilized the variational formulation (3.4) applying a fixed-point on ¢ and t; and ¢ and ¢, respectively.

Example 1. In our first numerical test we take the unit square as computational domain £2 = (0, 1)? and choose the following
manufactured exact solutions and coupling terms to (3.9):
. X1 —x;)
dq cos(mxq)sin(mwxy) + ———
u= 3 22 3 , o0 = rtre(u)l+2ue(u), p=Vu-—e(u),
x7(1—xz)
25 (6.1)
p=(1-x17x(1-x)x, t=Vp, &=~0o)t,

—dq sin(rxq) cos(mwxy) +

1
9(a) = (Do + Di(1 + [o]2) ™)1, —dy [ P guy—24
() (0+ 1( +| |) ) f(¢) 2 —sm(¢) g() +1+|u|2
We note that the tensorial diffusivity, body load and diffusive source terms satisfy (2.4)-(2.6) and (2.7). Moreover, the
elasticity and diffusion equations are considered non-homogeneous and the extra source terms, as well as the non-
homogeneous boundary data up and ¢p, are chosen according to (6.1). This treatment does not compromise the continuous
and discrete analysis, as the smoothness of the exact solution provides right-hand sides with terms in L?(£2), thus only
requiring a slight modification of the functionals in the variational formulation. The Lamé constants A = (Huiﬁ and
n = ﬁ are computed using the values E = 10 and v = 0.3 [37]. The remaining model parameters are given by:
dy =0.05,d, =0.1,Dy = 1.0, D; = 0.1, and 9 = Dy, ¥, = \/E(Do + D). According to (3.20), the stabilization parameters
are taken as xy = v/ 1922, Ky = 109/2 1922, k3 = ¥9/2 and k4 = 19 /4. The convergence of the approximate solutions is assessed
by computing errors in the respective norms and experimental rates, that we define as usual

e(0) = llo — Onllav.co » ) = lu—wplloo, e(p) = [0 — o]y ) =lIt —tilloo
e(@) = 15 — Ghllavic - e(@) = llp — dull;. . T(-) = log(e(-)/&(-))llog(h/M)]~",

where e, € denote errors computed on two consecutive meshes of sizes hji respectively. We choose the finite element
spaces (5.11) and (5.12), that is BDMy;; — Py — Py — RTy; — Py — P4q approximations with k = 0 and k = 1. Errors and
decay rates are summarized in Table 6.1, where we observe that optimal convergence O(h**1) is attained for all fields in their
relevant norms. These findings are in agreement with the bounds given by Theorem 5.4. In all cases, three Picard steps were
required to reach the desired tolerance. Sample solutions are displayed in Fig. 6.1.

Example 2. Next we concentrate on the simulation of microscopic lithiation of an anode. Details on model derivation and
physical considerations can be found, for instance, in [9,12,13], whereas the specific settings that motivate this example are
summarized in [38]. The domain consists of a truncated sphere of radius 10 wm, representing the silicon core of a secondary
particle (see Fig. 6.3(a)), which we discretize using an unstructured mesh of 104913 tetrahedral elements. For this test we
consider lowest order Raviart-Thomas elements for the flux and the concentration gradient, and piecewise polynomials for
the concentration (see the method developed in [39]). We assume that the face of the truncated sphere which is closest
to the plane x; = 0 (denoted I'p) is in contact with a region of electrolyte, that is, the zone between the sphere and the
surrounding cube. On I'p we set zero-flux of lithium and also consider that the anode has an external layer that does not
permit displacement of the body, so there we set u = 0. On the remainder of the boundary, I'y = I" \ Ip, we prescribe a
maximum lithium concentration ¢ = ¢max With ¢max= 26390 mol m~3, as well as 6v = B¢lv, where S is a parameter to be
specified later on. We assume that the source term is zero, and the diffusivity is specified as ©#(¢) = Dol 4+ D10 with Dy = 1.2
e—21m?s~!,D; = 3.9e—14m?s~!, and the elastic material properties of silicon are E = 60 GPa and v = 0.25. Following the
referenced models, here the total stress contains a contribution due to lithium concentration. More specifically, we consider
o = o — Bol, with B = 2(31 + 21)/3, where 2 = 4.926e—6 m>mol~! is the partial molar volume. The balance of
momentum is then —divo = — B8V, or equivalently —div o' = 0 and the zero traction boundary condition can be recast

aso™y =0on I'y.
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Table 6.1
Example 1: Convergence history and Picard iteration count for the augmented BDM;, ; — Py — P, — RTy — P, — P, 1 approximations with k = 0, 1. Here
N stands for the number of degrees of freedom associated to the each triangulation 77.

Augmented BDM; — Py — Py — RTg — Py — P; scheme

N h e(o) r(o) e(u) r(u) e(p) r(p)

129 0.7071 1.36946 - 1.902e—-02 - 6.669e—02 -

465 0.3536 0.71736 0.9328 9.897e—03 0.9422 3.412e—02 0.9668
1761 0.1768 0.36290 0.9831 4.989e—03 0.9884 1.716e—02 0.9918
6849 0.0883 0.18198 0.9957 2.499e—-03 0.9976 8.590e—03 0.9982

27009 0.0441 0.09106 0.9989 1.250e—03 0.9994 4.296e—03 0.9996
107265 0.0221 0.04553 0.9997 6.249e—04 0.9999 2.148e—03 0.9999
e(t) r(t) e(o) (o) e(e) r(¢) iter
3.767e—02 - 1.342e—01 - 4.632e—02 - 3
2.263e—02 0.7352 7.352e—02 0.8683 2.525e—02 0.8752 3
1.192e—-02 0.9244 3.762e—02 0.9668 1.331e—02 0.9245 3
6.047e—03 0.9795 1.891e—02 0.9923 6.822e—03 0.9637 3
3.035e—03 0.9947 9.466e—03 0.9982 3.445e—03 0.9858 3
1.519e—03 0.9987 4.734e—03 0.9996 1.728e—03 0.9950 3

Augmented BDM, — P; — P; — RT; — Py — P, scheme
N h e(o) r(o) e(u) r(u) e(p) r(p)
337 0.7071 0.40310 - 5.614e—03 - 1.770e—02 -
1265 0.3536 0.10681 1.9160 1.468e—03 1.9350 4.764e—03 1.8940
4897 0.1768 0.02705 1.9810 3.717e—04 1.9820 1.224e—03 1.9600
19265 0.0883 0.00678 1.9960 9.323e—05 1.9950 3.091e—04 1.9860
76417 0.0441 0.00169 2.0000 2.333e—-05 1.9990 7.752e—05 1.9950
304385 0.0221 0.00042 2.0000 5.833e—06 2.0000 1.940e—05 1.9980
e(t) r(t) e(a) (o) e(¢) r(¢) iter
1.345e—02 - 4.492e—02 - 1.514e—02 - 4
3.993e—03 1.7520 1.284e—02 1.8070 4.342e—03 1.8020 3
1.054e—03 1.9220 3.321e—-03 1.9510 1.156e—03 1.9100 3
2.685e—04 1.9730 8.378e—04 1.9870 2.987e—04 1.9520 3
6.763e—05 1.9890 2.100e—04 1.9960 7.599e—05 1.9750 3
1.696e—05 1.9950 5.254e—05 1.9990 1.917e—-05 1.9870 3

In order to have a model with fewer chemical and physical parameters, and also to accommodate a model with
adimensional units, we proceed to rescale the strong form of the governing equations and testing different deformation
regimes to match the expected values found in the literature. We introduce the following parameters: the intrinsic size of the
domain L = 1.6e—5m?, V* = V/L, div* = div/L, ¢* = ¢/¢max, 4" = u/Land 6* = [?6. Thus, taking Dy = 1.0e—2D;L?, we
reduce the parameters Dy, D1, 8, £2 given above to only 8* = B¢max/L? and @ = 1.0e—2D;L?$ax. Making abuse of notation,
we rename S8* by 8, u* by u, and so on. The proper scaling of the parameters implies that the baseline case corresponds to
B =5.0eland o = 1.0e—3.

Fig. 6.3(i) illustrates the sharp transition between high and low concentrations as lithium diffuses from I'y into the
secondary particle. In addition, Fig. 6.3(c) shows more pronounced displacements near I'y (which is precisely the region
where the silicon is fully lithiated), and the particle swelling is indeed influenced by the lithium gradient distribution.
The stress-assisted diffusion mechanism together with the dilation-dependent source term, also contributes to maintain
maximum lithium concentration near I'y. This two-way coupling effect implies in turn that the lithium concentration is less
important in regions where the secondary particle is clamped.

In Fig. 6.2 we show three different constitutive relations defining  as a function of the first component of the Cauchy
stress tensor. The first and third specifications correspond to the functions used in this test and in the accuracy example,
respectively, whereas the second relationship has been used in [19] in the context of biological materials. Depending on
the values attained by the stress, one could then easily derive the values of the augmentation constants. On the other hand,
in Figs. 6.2(b) and 6.2(c) we report a study on the influence of different values of the coupling constants 8 and « into the
norms of selected solution fields for the elasticity and diffusion problems. We remark that the £°°-norm of uy, is practically
invariant to moderate values of 8, but it increases abruptly when this parameter approaches 70. Furthermore, the L>-norm of
the stress increases linearly with 8. As this constant drives the intensity of the deformation as well as the coupling strength,
we also observe an increase in the Picard iteration count (where we stress that all fields are normalized). We also observe an
increase of the L>-norm of the concentration gradient with respect to «, while for smaller values of o the method produces
higher values of the L*-norm of &.

Example 3. In our last example we test a similar model defined on a perforated cylindrical particle (see a sketch in Fig. 6.4(a)).
The problem setup has been adapted from [13]. The outer and inner radii of the bases are 5 wm and 1 pm, respectively,
and the height of the cylinder is 25 pm. We discretize the domain using an unstructured mesh of 101907 tetrahedral
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Fig. 6.1. Example 1: Lowest-order approximation of stress magnitude |o}| (a), displacement magnitude |uy| (b), relevant component of the rotation pj, (c),
gradient of concentration |t,| (d), diffusive flux |a7,| (e), and solute concentration ¢y, (f). All fields are plotted on the deformed domain..
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Fig. 6.2. Example 2. Approximation of different functions 9 (¢) varying the ¢1; component (a), normalized L?>-norm for ¢;, and t, £*°-norm for u;, and
number of Picard iterations needed for different values of  with E = 100 (b), and normalized L?>-norm for o7, t; and & for five different values of & (c).

elements, and employ the method that uses the lowest-order spaces defined in (5.10), (5.12). In this test we consider
that the particle is clamped on the inner wall I'!, while zero lithium fluxes are prescribed on I'® U I'". Also, we fix a
maxi;\num lithium concentration on I"°, whereas zero traction will be imposed on I'® U I'°. We let E = 10 GPa, v = 0.3
and 2 = 3.497e—6 m>mol~!. The diffusive source is zero and the diffusivity tensor and body load source are given by
¥(0) = al+a?o+a30? and f(¢) = Br¢, respectively, where r is the radial vectorr = (x, y, 0)tand «, S are the adimensional
parameters given in Example 2, assuming the values « = 5.0e—3 and 8 = 75.

Fig. 6.4 shows the approximate solutions, indicating that the cylindrical particle deforms on the faces and outer radius
and having a more important displacement on the faces. Finally, as in Example 2, we observe that the lithium concentration
induces the swelling of the cylindrical particle, however as on the faces I"® we now have zero-traction and zero concentration
flux conditions coexisting, the lithium concentration is no longer maximal on the outer radius.
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Fig. 6.3. Example 2. Schematic representation of domain boundaries on a secondary particle silicone anode (a), lowest-order approximation of stress
magnitude |ay,| (b), displacement magnitude |uy| (c), rotation components (d, e, f), concentration gradient |t;| (g), diffusive flux |&;| (h), and solute

concentration ¢y, (i).
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