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1. Introduction

The interaction of transport phenomena and chemical reactions within deformable media is a phenomenon encoun-
tered in a vast variety of scientific and engineering applications, including damage in lithium ion batteries [1], sorption
in fibre-reinforced polymeric materials [2], diffusion of boron and arsenic in silicon [3], hydrogen diffusion in metals [4],
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anisotropy of cardiac dynamics [5], and several other effects. The modelling framework using continuum mechanics was
developed in the early works [6,7], and subsequently, a number of distinct models have been advanced [1,8]. Mathematical
analysis was provided in [9], while mixed formulations for these problems have been recently addressed in [10,11], where
we investigate steady systems where the main coupling variable is the Cauchy stress exerted by solid motion. In these
works we have used a mixed form for elasticity in terms of stress, rotation and displacement. For the diffusion problem we
have studied primal and mixed approaches: the first one in terms of the solute concentration, whereas the second one has
been formulated in terms of diffusive flux, solute concentration and its gradient. We have invoked regularity estimates
that only hold for the specific case of convex domains and in two spatial dimensions (see details on the assumptions
and their implications in [10, Section 2.2]). We have also formulated the nonlinear set of equations as a fixed-point
problem, analysing it using Schauder fixed-point theory and classical tools for saddle-point equations. The associated
methods use PEERS and Arnold-Falk-Winther elements for the elastostatics, and either Lagrange finite elements, or a
triplet of Raviart-Thomas elements and piecewise polynomials for the primal and mixed forms of the diffusion equation,
respectively.

It is well known that in order to rectify the convergence of numerical schemes in pathological situations (such as in
presence of singularities in the solutions, in the data, or in the domain geometry), one can introduce mesh adaptation
guided by a posteriori error estimators. These indicators are essentially global quantities @ that are expressed in terms of
local estimators @ (fully computable as a function of the discrete solution and of the data) defined on each element of
a given mesh. Then, @ is said to be efficient (respectively, reliable) if there exists a constant Ceer > 0 (respectively, Cpep),
independent of the meshsize, such that Cer @ + h.o.t < |error| < G © + h.o.t, where h.o.t contains high-order terms.
Without knowing the exact solutions, these terms give an indication on which elements induce high errors (measured in a
suitable norm) and should be considered for local refinement, thus guaranteeing that the discretisation error is controlled.

Diverse a posteriori error analyses for linear elasticity can be found in the literature, including for instance traditional
primal schemes [12,13], mixed finite element methods in stress-displacement-rotation form [14-16], augmented mixed
approaches [17], pseudostress-based mixed formulations [18], mixed schemes with pure traction boundary condi-
tions [19], or methods specifically tailored for incompressible materials [20], among others. In turn, a posteriori error
analyses for elliptic equations have been widely investigated by many authors (see, e.g., [21-23] and the references
therein). Although adaptive meshes are of key usefulness in computing solutions to stress-and-strain assisted diffusion
of hydrogen in metals such as crack-capturing [4] and fatigue crack growth [24], a rigorous a posteriori error analysis
specifically tailored for such coupled problems is still not available in the literature.

The lack of robustness of the two-way coupling between mechanical deformation and the chemical transport can
affect the accuracy of the stress-assisted diffusion processes, especially under modelling peculiarities in either of the two
problems. For instance, solutions with high gradients could lead to generating an excessive distortion of the finite element
mesh. We therefore aim at developing robust and reliable a posteriori error estimators. Not many results are available
for this particular type of problems, but we can draw inspiration from results where the elasticity and diffusion problems
have been worked independently. Most of the a posteriori error estimators for elasticity in mixed form share similarities
with those available for elliptic problems in divergence form, and therefore it is possible to establish an adequate analysis
without the need of re-structuring the logical steps in the proofs of reliability and efficiency usually followed for classical
approaches [14,16,25-27], as well as some more recent references concerning transport coupled with incompressible flow
or related models as in, e.g., [28-32]. For the latter, one needs to carefully handle the coupling terms, invoking properties
of the nonlinear model functions (Lipschitz continuity, uniformly boundedness), as well as suitable regularity estimates.

The rest of this work is organised as follows. In Section 2 we introduce preliminary notation used throughout this
work, and then we recall the model problem and establish some assumptions on data. The corresponding mixed-primal
and fully-mixed variational formulations as well as their associated Galerkin schemes are presented in Section 3. Next, in
Section 4, we derive the corresponding reliable and efficient residual-based a posteriori error indicators for our Galerkin
schemes. Finally, in Section 5, our theoretical results are illustrated via some numerical examples, highlighting also the
good performance of the associated adaptive schemes and properties of the proposed indicators.

2. The stress-assisted diffusion problem
2.1. Preliminary notation

Let us denote by £2 C R?, a given convex domain with boundary I" = 92, and denote by v and s the outward unit
normal and tangent vectors, respectively, on the boundary. We will adopt a fairly standard notation for Lebesgue and
Sobolev spaces: LP(£2) and H’($2), respectively. Norms and seminorms for the latter will be written as ||-||s o and | - | .
The space H'/2(I") contains traces of functions of H'(§2), H""/2(I") denotes its dual, and (-, -) stands for the duality
pairing between them. In general, the notation M and M will refer to vectorial and tensorial counterparts of a generic
scalar functional space M. Furthermore, by

[wlloo, o = max{[willoc, o}, and [|¥]l; « o = mMax (ess sup |3“1/f(><)|> ,
i=1,n a<l xe2
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we will denote norms for the Banach spaces L®(£2) and W1*°(£2), respectively. Next we recall the definition of the
tensorial Hilbert space and its usual norm

H(div; 2) = {r e L(2): divt € LX)}, [7llgy.0 = ITl3. + Ildiv T[l§

where div 7 indicates the divergence operator acting along the rows of the tensor field z. As usual, I stands for the identity
tensor in R?*2, and | - | denotes both the Euclidean norm in R? and the Frobenius norm in R?*2, Finally, for any tensor
fields T = ()i j=1,2, and & = ()i j=1,2, we recall the transpose, trace, tensor product, and deviatoric splitting operators
defined respectively as

2 2
= (Tji)ij=12, tr(7) = ; Ti T §= Z Tig;,  and =7 5tr(t)]I.

ij=1
2.2. Governing equations

Let us consider the following system of partial differential equations, governing the diffusion of a solute interacting
with the motion of an elastic solid occupying the domain 2:

o = Atre(u)T + 2ue(u)  and —dive =f(¢) in £2, u=up on I,

2.1
o = ¥(0)Ve and — dive = g(u) in £, ¢=0 on T, (2.1)

o

where ¢ represents the local concentration of species; o is the Cauchy solid stress; u is the displacement field; e(u) :=
% (Vu + Vu‘) is the infinitesimal strain tensor; & is the diffusive flux; A, u > 0 are the Lamé constants; up € H/?(I")
is the corresponding Dirichlet condition for the displacement; ¢ : R**?2 — R?*? is a tensorial diffusivity; f : R — R?
is a vector field of body loads (which will depend on the species concentration), and g : R — R denotes an additional
source term depending locally on the solid displacement. In what follows we will suppose that # is of class C!, uniformly
positive definite, uniformly bounded and Lipschitz continuous, meaning that there exist positive constants o, ¥, ¥, and
Ly, such that

Ho)w - w > Flw)?, 91 <|HT) <9 VweR® VreR>?
[9() = ()| < Lyt — ¢ VT,8e R

Similar assumptions will be placed on the load and source functions f and g: we suppose that there exist positive constants
fi.fo. Ly, g1, & and Lg, such that

=Gl =fo. FS)—fO) <Lls—t] Vs.teR, (2.3)
gr<gw)<g, Igv)—gw) <Llv—w VoweR’.

(2.2)

Moreover, for each y € (0, 1), there exists a constant C, > 0, such that g(w) € H”(£2) for each w € H”(£2), and

lg(w)ll, o =G lwll, o -

Finally, we assume that for every ¢ € H!(£2), we have f(¢) € H!(£2).
We point out that the reader may refer to [5,6,8-10] for further details concerning different variants of the model
problem, as well as for specific examples of the nonlinear functions given above.

3. Continuous and discrete mixed formulations

In this section we recall the continuous and discrete mixed-primal and fully-mixed schemes for (2.1) derived in [10,
Section 2] and [11, Section 3], respectively, and state their well-posedness.

3.1. Mixed-primal approach

The construction of a mixed formulation for the elasticity equation in (2.1) follows closely those in [10,33]. Thus, from
Hooke's law we have

1
clo=e(u)=Vu—p, where p:= E(Vu —vaub), (3.1)

with p € L2 (2) == {y € L*2) : 5+ = 0}. Moreover, an application of the orthogonal decomposition

skew

H(div; £2) = Hy(div; £2) & RI, where

Ho(div; £2) := {r € H(div; £2) : f tr(t) = O} ,
2
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allows us to only seek the Hy(div; £2)-component of the stress, whereas the remaining displacement and rotation
unknowns are sought in the spaces L?(£2) and ]L?kew(.Q), respectively. On the other hand, the boundary condition for
¢ indicates the appropriate trial and test space

Hy(2):={y eH'(R2): ¥ =0 on I'},
to deduce the corresponding primal formulation for the diffusion equation (second row of (2.1)). Therefore, denoting from

now on ¢ := (0, u, p) € Hy = Hy(div; 2) x L2(2) x ]L?kew(.Q), the mixed-primal variational formulation for our model

problem (2.1) reads: Find (g, ¢) € Hy x H(])(Q), such that
a(o, )+ b(z, (u, p)) = G(1) V T € Hy(div; £2),
b(o, (v, m)) = Fy(v, ) V(v,17) € L*(2) X L, (2), (32)
As(d.¥) = Gu(¥) V¥ € Hy(£2),

where the bilinear forms a : Ho(div; £2) x Ho(div; 2) — R, b : Ho(div; 2) x (L*(£2) x L%, (2)) — R and
A; 1 H)(2) x Hj(£2) — R are specified as

1

1
a( ,T)Z=/C7]G'2T=7/ d:rd—i—i/tr( ) tr(T),
¢ 2 2u Jo ¢ A0+ ) Jo ¢
b(z, (v, 1)) ::/ v-divrt +/ n:T, As(p, V) = / ¥(o)Ve - Vi,
2 e} e}
for ¢, T € Ho(div; £2), (v, n) € L(2) x L2, (2) and ¢, ¥ € H)(£2). In turn, the functionals F, € (L*(2) x L2, (£2)),
G € Ho(div; £2)' and G, € H}(£2)' are given by

G(x) = (tv, up)r, Fylv.m) i= — / F@)-v.  and  Guy) = / gy,
2 2

for7 .= (t,v,9) € Hy and ¥ € H(‘)(.Q). Further details yielding the weak formulation (3.2) can be found in [10, Section
2.1], whereas its solvability follows from the fixed-point strategy developed in [10, Theorem 2.9]. We point out that for
future purposes and according to the new meaning of o, the constitutive Eq. (3.1) now becomes

1
c—1a+p+</uD-v)11=Vu in 0. (3.3)
2121 \Jr
In view of defining a Galerkin formulation, let us denote by 7; a regular partition of £2 into triangles K of diameter
hg, where h := max {hx : K € 7} is the meshsize. Given an integer k > 0, for each K € 7, we let Py(K) be the space of
polynomial functions on K of degree < k and define the local Raviart-Thomas space of order k as

RT(K) := Py(K) & Pi(K) x,

where Py(K) = [P¢(K)]?, and x is a generic vector in R%. Furthermore, using the above notation, we define the Brezzi-
Douglas-Marini space BDM,1(K) = [Pis1(K)]>*2. Now, let bx be the element bubble function defined as the unique
polynomial in P3(K) vanishing on 9K with fK by = 1. Then, for each K € 7, we consider the bubble space of order k,
defined by

ab ob
Bi(K) = Pe(K) | . —— .
8X2 8X]
Now, denoting by 6, = (o s, p,) € Hip = Hj x Hf x ]HI,’:, the Galerkin scheme for (3.2) is defined as: find
(6n, dn) € Hyp X H,'f such that
a(on, Th) + b(Th, (Uh, py)) = G(zn) VT, € Hy,
b(on, (vh, 1)) = Fg,(Vn, M) Y (vn, ) € HY X Hﬁ7 (3.4)
As(dn, ¥h) = Guy(¥n) Yy € HY,

where the involved finite element spaces are defined similar to [10,11]. Thus, for the elasticity equation we consider the
classical PEERS elements [34]:

Hy = {7y € Ho(div; 2):  hlx € [RT(K))* & [B(K)I* VK € T},
Hp = {vy € L(2): whlx € P(K) VK € Th}, (3.5)
HY = {0y € L3en(2): my € C(2) and mylx € Pisa(K) VK € Ta},

and the Arnold-Falk-Winther elements [35]:
Hp = {7y € Ho(div; 2):  7plx € BDM1(K) VK € Tn},
Hi = {v, € L*(2):  wplg € Pu(K) VK € T}, (3.6)
Hfy = {m € Lien(2) 1 mlk € P(K) VK € T},
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whereas the approximating space for the concentration is defined as
Hy == {yn € C(2)NHY(R2) Yilk € Pia(K) VK € Ta}.

The solvability and a priori error bounds for (3.2) and (3.4) are established in [10, Sections 2-3]. Denoting by ¢, the
Poincaré constant and defining the balls

c? c?
W= {¢ eHy(R): l¢llq < ﬁfpgzlﬂll/2 and Wy :={¢n€H}: ldnly o < l?pgzlﬁ?lu2 ,
0 0

we will assume through the rest of the paper that (a, ¢) € H; x Hé(.Q) with ¢ € W, and (o4, ¢n) € Hyp ¥ Hfl’ with
¢n € Wy, are the solutions of the continuous and discrete formulations (3.2) and (3.4), respectively. In addition, we recall
from [10, Theorems 2.9 and 3.7] and [10, eq. (2.23)] the a priori estimates

o (lu, SCS{||“D||1/2,F +f2|9|1/2}’ ”ah”Hl §E{||uD”1/2,F +f2|9|1/2}’ (3.7)
and
I¢111,00.2 < Coo Cs (Itpll o +f21821"7%) (3.8)

respectively, where cs, C and Cy are positive constants independent of ¢ and ¢y.
3.2, Fully-mixed approach

Having established in Section 3.1 the mixed formulation for the elasticity problem, it only remains to define a mixed
formulation for the diffusion equation. Proceeding as in [11], we define t := V¢, and consider the following Galerkin-type
terms:

K1 / (0 —d(0)t}-T=0 VT € H(div; 2),
7]
Kzf divedivt = — k3 / g(u)divt V7T € H(div; £2),
2 2

K3/{v¢—t}.v¢:0 Y e Hy(£2),
2

where k1, ko and k3 are positive parameters to be suitably chosen. Let us group appropriately the unknowns and spaces
of the diffusion problem as follows: & = (7, t, ¢) € Hy := H(div; 2) x L2(2) x Hé(.Q). We then have an augmented
formulation for the diffusion problem: find & € H, such that

~ ~

A0, T)=Gu(T) VI:=(7,5,V)eHy,

where

A‘,(ﬁ,f)::/ z‘)(a)t-s—/'&-s+/?-t+/¢div?—/ v dive
2 2 2 2 2

+ K1/{ff—0(a)t}~?+/<2/ divEdiv?+K3/{V¢—t}-V¢,
o) 7]

2
Gu(T) = / V¥ g(u) — iy / g(u)divT.
2 2

Consequently, we arrive at the following augmented fully-mixed formulation to system (2.1): find (¢, ) € H; x Hy,
such that

a(o, ) + b(z,(u, p)) = G(1) Y 1 € Hy(div; £2),
b(o,(v,m) = Fyv,n)  V(v,q) € L2(£2) x Li,(2), (3.9)
A0, T) = G7) VT € Hy.

In turn, denoting from now on @, = (Gp, ty, ¢n) € Hyp == Hﬁ x Hf x Hf, the associated Galerkin scheme reads: find
(61, 6,) € Hyp x Hy ) such that

a(op, Th) + by, (Uh, py)) = G(Tn) V1, € Hy,
b(on, (vh, ) = Fp, (v, mp) Y (vn, M) € Hy x HY, (3.10)
th(Eha ih) = Guh(zh) Vih = (Th, Sh. Yn) € Hyp,

where Hj j is as in Section 3.1, and the remaining spaces are:

H? = (3, e H(div; 2): Tyl € RT(K) VK € 5},
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Hi = [ty e L’(2): tylx € Pu(K) VK € Tp}, (3.11)
HY = {yn € CCR2)NHY2):  Ynlk € Pera(K) VK € Th}.

Finally, similarly as in Section 3.1, and defining the balls
Wi={p e HYR): Idlhe STl and Wii=[oneHl: Ionl o <EelRl"2].

where Cs is a constant depending only on data and other constants, we let (6,0) € H; x H, with ¢ € W, and
(6n,0,) € Hip x Hyp with ¢, € Wy, be the solutions of the continuous and discrete formulations (3.9) and (3.10),
respectively. Additionally, we recall from [11, Theorems 3.9 and 4.7] that the following a priori estimates hold

1]ln, <Tsg2l21V%,  llollu, < cs{lupllyr + L2212}, 3.12)
15, n, <Cs&l21"2, llowlln, < C{lupllr +fHI121"2}.

4. Residual-based a posteriori error estimators

The main goal of this section is to derive reliable and efficient residual-based a posteriori error estimators for the
Galerkin schemes (3.4) and (3.10).

4.1. Preliminaries

Further notation is needed for describing local information on elements and edges. Given K € T, we let £,(K) be the
set of its edges, and let &, be the set of all edges of the triangulation 7, whose corresponding diameters are denoted by
he. Then, we write &, = &,(§2) U &(I), where £,(2) :={e € &, : e C 2} and &(I') := {e € &, : e C I'}. Also, for each
edge e of &, we fix a unit normal vector v, and let s, be the corresponding fixed unit tangential vector along e. When no
confusion arises, we simply write v and s instead of v, and s,, respectively. Similarly, when referring to the unit normal
and tangential vectors to dK for a given K € 7y, if no confusion arises we resort to the same notation v and s, respectively.
Thus, the usual jump operator [[-]] across an internal edge e € &,(£2) is defined for piecewise continuous tensor, vector,
or scalar-valued functions ¢ as

[0 = ¢lk, — Clk_,

where K_ and K, are the triangles of 7, sharing the edge e. Additionally, given scalar, vector and tensor fields ¢,
¢ = (¢1, ¢2) and 7 := (7;), respectively, we set

i1
- ad a
rot(p) := ( 3 ) . rot(g) = 2 _ "

- ’
Fra X1 0x;
31 __ 3¢t oty _ At
. 0X; X — X ox
arl(p):=| 52 {1 ), and curl(z):=| & 52 |.
(2] 0% X1 X7

Next, we collect a few preliminary definitions and results that we need in what follows. We begin by recalling the usual
Clément interpolation operator (cf. [36]) I, : H'(2) — X;,, where

Xo = {pn € C(2): @nlc €Pi(K) VK € Tp}.

A vectorial version of I, say I, : H'(£2) = X; := X, x Xp,, which is defined component-wise by I, will be needed as well.
Moreover, to satisfy homogeneous Dirichlet boundary conditions, we introduce the Clément-type interpolation operator
Ih : H)(2) — Xp, where

Xn = {on € C(2) N HY(2):  @ulk € P1(K) VK € Ta}.

The following lemma provides the local approximation properties of I, (for a proof, see [36]). Analogue estimates hold
for the operators I, and Ij.

Lemma 4.1. There exist ¢y, c; > 0, independent of h, such that for each ¢ € H'(£2), there holds

le —In(@Mok < crthk @l ax)y YK € Ths (4.1)
and

lo = n(@lloe < c2he? 9l a) Ve € &n, (4.2)
where A(K) :=U{K' € T,: K'NK #0} and A(e):=U{K' € T,: K Ne#D0}.

6
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Moreover, we also introduce the usual Raviart-Thomas interpolator IT, : H'(£2) — Hf [33, Section 3.4.1], which, given

T € H'(£2), is characterised by
(7)) - v = /T A Vedge e € &(82), YW € Pi(e), (4.3)
e e
/Hh(r)~§: f t-& VK €Ty, V& e Py_(K), whenk> 1. (4.4)
K K

Additionally, using (4.3) and (4.4), the commuting diagram property yields
div(ITy(7)) = Pu(divt) VT e H(£), (4.5)

where Py, is the L?(£2)-orthogonal projector onto the space of piecewise scalar polynomials of degree < k. Further
approximations properties of IT, are summarised in the following lemma (see a proof in e.g [33, Lemmas 3.16 and 3.18]).

Lemma 4.2. There exist C;, C, > 0, independent of h, such that for all T € H'(£2), there hold
It — My(T)llpx < Cihg lITllhx YK € Tp,
(T = Ta(D)Welloe < Gy llTllik, Ve €&,
where K, in (4.7) is a triangle of T, containing the edge e on its boundary.

A tensor version of [T, say IT, : H'(£2) — RTy, (where RTy is the space of pure Raviart-Thomas tensors of order
k), which is defined row-wise by IT;, and a vector version of P, say, P, which is the L?(£2)-orthogonal projector onto
H} (cf. (3.5), (3.6)), that is the space of piecewise vector valued polynomials of degree < k, might also be required. For
simplicity of the presentation we have focused on the Raviart-Thomas interpolator. However, if we would like to use the
family (3.6), we might use the BDM interpolator, which also satisfies the approximation properties given above.

In addition, we recall a Helmholtz decomposition of Hy(div; £2), which will be essential in the subsequent analysis.
We refer to [37, Lemma 3.7] for further details.

Lemma 4.3. For each T € Hy(div; 2), there exist z € H*(2) and & € H'(£2), such that
t=Vz+arl® in 2, and |zl o+ 1Pl e < ClTlgive - (4.8)

On the other hand, the main techniques involved below in the proof of efficiency include the localisation technique
based on element-bubble and edge-bubble functions. In view of this, we let v, and v be the usual edge-bubble and
face-bubble functions (see [23]), respectively, which satisfy .|k € Pa(K), supp ve C w, = U{K' € Th:e € &(K')},
Ye =0o0n dK\eand 0 < v, < 1in w,, and ¥ € P3(K), supp ¥x C K, ¥x =0on 9K and 0 < yx < 1 in K, respectively.
We also recall from [22] that, given k € NU {0}, there exists an extension operator L : C(e) — C(K) satisfying L(p) € Py(K)
and L(p)le = p Vp € Pi(e). A corresponding vector version of L, that is the component-wise application of L, is denoted
by L. Additional properties of v, ¥ and L are collected in the following lemma (see e.g. [23]).

Lemma 4.4. Given k € N U {0}, there exist positive constants cs, ¢4 and cs, depending only on k, and the shape regularity of
the triangulations (minimum angle condition), such that for each K € T, and e € &(K), there hold

g2 < csllvne*qli2 ¥ q € Pu(K), (4.9)
Ipli3e < callv?plig. Vp € Ple), (4.10)
e LD)IIg x < W > Lp)IIg x < cshe PG, VP € Pile). (4.11)

Furthermore, we will also need the following inverse estimate (cf. [38, Theorem 3.2.6]) and discrete trace inequality
(cf. [39, Theorem 3.10]), respectively.

Lemma 4.5. Letk, |, m € NU{0} such that | < m. Then, there exists cg > 0, depending only on k, |, m and the shape regularity
of the triangulations, such that for each K € Ty, there holds

|lmk < cohi "alix ¥V q € PulK).
Lemma 4.6. There exists ¢; > 0, depending only on the shape regularity of the triangulations, such that for each K € T, and
e € &y(K), there holds

vllge < c7 {ho Ivlgx + helvli ) Vv e HY(K). (4.12)

Finally, the following lemma is applied next to the terms involving the curl and rot operators, and the tangential jumps
across the edges of 7y. Its proof, which makes use of Lemmas 4.4 and 4.5, can be found in [17, Lemmas 4.3 and 4.4].

7
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Lemma 4.7. Let §, € L2(22) and r;, € L*(£2) be piecewise polynomial tensor and vector, respectively, of degree k > 0 on each
K € Ty, and let § € 1L.2(£2) and r € L(£2) be such that curl(§) = 0 and rot(r) = 0 in 2. Then, there exist cg, Co, C19, C11 > O,
independent of h, such that

eurlnlo e < cshic” 6= 8ulox - Wuselllg, < cohe™ [ =&il,,, VKT Vees

-1 ~12
Irottrm)llox < o' Ir = rullox,  Irn-sellloe < cihy 2 lir —rullo,, YK €Th, Ve e &

4.2. A posteriori error analysis for the mixed-primal scheme
In this section we derive a reliable and efficient residual-based a posteriori error estimator for (3.4). We begin by
defining for each K € 75 the local error indicator @k := O + Opy, where @ and Opy are the corresponding

quantities associated with the elasticity and diffusion equations, respectively, which are given by:

lox
+ hy chrl(c*lah+ph)H§$K+ S he|le on + py +cDse 5,

O = If(¢n) + divoyli§ ¢ + llon — o}l5 « + hy ||V — (¢ "on + oy + cI)

ecEn(2)N ER(K) (4.13)
duD -1 2 2
D heylg —(Clontpy+cls|  +llup — g, g
ecER(Ir)N ER(K) 0.e
and
2 12 4 2 2
@b = M ldiv (D (en)Ven) +gwnls + Y he I3 (@n)Ven - velll3. (4.14)
ecER(2)NER(K)
where
1
c:= —/ up - v. (4.15)
2121 Jr

We remark in advance that the above definition requires that Z“TE’ € L2(e) for each e € &,(I"). This is fixed below assuming

that up € H'(I"). Finally, we point out that the residual character of each term defining @k, ©px, and hence Oy, is
clear, and then, proceeding as usual, the global residual estimator can be defined as:

1/2

0=1) 6;

KeTh

The remainder of this section advocates to show the existence of positive constants Cer and Cg, independent of the
meshsizes and the continuous and discrete solutions, such that

Ceff@ = ||(5‘, ¢) - (ahv ¢h)” = Crel@- (4-16)

The efficiency of the global a posteriori error estimator (lower bound in (4.16)) is proved below in Section 4.2.2, whereas
the corresponding reliability (upper bound in (4.16)) is derived in Section 4.2.1.

In order to establish the reliability of the a posteriori error estimator @, we apply the global inf-sup condition and
the uniform ellipticity of some bilinear forms, together with smallness-of-data assumptions.

We begin with a preliminary estimate for the partial elasticity error |6 — oy, lln;-

Lemma 4.8. There exists C; > 0, independent of A and h, such that

16 = Gnlly, =< Ci {IR Isotaivsay + Ly 16 = nll1.o + If (@r) + divonllo o + llow — ohllo.c} . (4.17)
where the functional RE is defined by

RE(7) == G(z) — a(on, T) — b(z, (up, pn)) YT e Hy(div; £2). (4.18)
Furthermore, there holds

RE(Ty) =0 V7, €HY. (4.19)

Proof. We begin the derivation of (4.17) by recalling from [33, Section 2.4.3.1], that b satisfies the inf-sup condition and
that a is elliptic in the kernel of b. Then, there exists C > 0, independent of h, such that for each & := (§, w, ¢) € Hy, the
following global inf-sup condition holds (see [40, Proposition 2.36])

a(§, ©) + b(z, (w, £)) + b(&, (v, 1))

Cll&lly, < sup = .
FeH, 1T,
7#0
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In particular, for the errorg := 0 — 0y, using the notation introduced by (4.18), and applying some algebraic manipulations,
we have

(U — Op, T) + b(t’ (u — Up, p— Ph)) + b(O’ — Op, ('U, 77))

o N a
Clle — onlln, < sup

FeH, 171,
740
420
IRE(D)] 1b(G — on. (v, 1) (420)
< sup + sup —_—
regaiv2) Tl (OEL2(2)x12 ., (2) Il (o, M)l
=70 (v.)#0

Now, according to the definition of the bilinear form b, adding and subtracting suitable terms, and then, applying the
Lipschitz continuity of f (cf. (2.3)), the Cauchy-Schwarz inequality, and the fact that fQ opin = % fg(ah —o}): 1, we get
for all (v, ) € L2(2) x L% . (£2)

skew

b = o, (0, 1)] = C{Ly 16 = gl 0 + (@) + divallo o + lon — ohllo.0 | I, I

which, together with (4.20), yields (4.17). Finally, it is readily seen that (4.19) follows directly from the first row of (3.4)
and (4.18). O

We now derive an analogous preliminary bound for the error associated with ||¢ — ¢nll; o-

Lemma 4.9. There exists C; > 0, independent of h, such that

¢ — énlli o < CZ{HRD”Hé(_Q)’ + Ly s (lluplly 2. + £121"?) 6 — onllaiv.0
(421)

+ 9216 = Bully o+ L 1w = wllo o .
where the functional RP is defined by
RP(Y) = Gu,(¥) — Ay (dn. ¥) Y € Hy(£2). (4.22)

Furthermore, there holds

RP(Yn) =0 Vi € HY. (4.23)

Proof. Similarly to the proof of Lemma 4.8, we first observe from the Hé(Q)—ellipticity of Ay (cf. [10, Lemma 2.3]) that
the global inf-sup condition holds

As(@, V)
allpllio < sup — " Vg e Hy(2), (4.24)

vy Wl
Y#0

where « is the ellipticity constant of A, [10, eq. (2.18)]. Then, applying (4.24) to the error ¢ = ¢ — ¢y, bearing in mind
the definition (4.22), and adding and subtracting suitable terms, we find that

D _ —
o6 —dulio < sup RY) + Ag (1. ) = Ao, V) + Gu(¥) — Gu, (V) (425)

perli Wh.g
Y#0

Thus, applying the a priori estimate (3.8), we can deduce the following result
A, (Bn, ¥) — Ag(n, V)l
< {191,002 Lo o = Onllgiv:2 + 202 19 — ulli o} 1V 115 (4.26)
< {CuLocs (lpllio.r +£121%) o — onllaie + 202 16 — ulli o} 1¥llhq -
Moreover, applying the Lipschitz continuity of g (cf. (2.4)), we get
|Gu(V) — Gu, (V)| < Lg lu —upllo.o 1Y llo. - (4.27)
Thus, replacing (4.26) and (4.27) back into (4.25) we obtain (4.21). Finally, using the fact that

Gup(¥n) = Ay (dn, Y) =0 V9, € HY,
we get (4.23) and the proof concludes. O

Consequently, we can establish the following preliminary upper bound for the total error.

9
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Theorem 4.10. Assume that
1
Cily + G { Ly &s (Iupllyjz.r +RIR12) + 92 + Lg} < . (4.28)
Then, there exists C3 > 0, independent of A and h, such that the total error satisfies

(@, ) — (Gn, gn)ll < C3 {llREHHO(div;rz)/ + If(¢n) + divonll o + llon — opllo.e + ”RD”H(lJ(Q)’} . (4.29)

Proof. It follows as a straightforward application of (4.28) and Lemmas 4.8 and 4.9. O

It is clear from (4.29) that, in order to obtain an explicit estimate for the total error, it only remains to derive suitable
upper bounds for ||RE||HO(di,,;Q)r and ||RD||H(1)(Q),. This is precisely the purpose of the next subsection.

4.2.1. Reliability

With the aim of estimating IIREIIHO(diV; 2y we now take an arbitrary T € H(div; £2) and consider the Helmholtz
decomposition provided by (4.8) (cf. Lemma 4.3). Then, we denote @ := I,(®) and define 7, := IT;(Vz) + curl( ®;,) —
dn I € RTy, with ITj the interpolator operator defined in Section 4.1, and where the constant d, which is defined by

dp = tr(Vz — IT1(Vz) + curl(® — &), (4.30)

2121 g
is chosen so that 7, belongs to HJ (cf. (3.5)). It follows that T — 7, = Vz — IT},(Vz) + curl(® — &;) + dy 1, and then,
applying the tensor version of (4.5), we get

div(t — 7)) = div(Vz - Hh(Vz)) = (I — Pp)divVz) = (I — Py)(div ),

which is L?(£2)-orthogonal to Hj, and hence,

/ uy, - div(t — ) = / u, - (I —Pp)divt) = 0. (4.31)
o) o)

Furthermore, taking into account that o, € Hf and p;, € ]HI,’:, and recalling that c and d, are given by (4.15) and (4.30),
respectively, we deduce from the definition of RE (cf. (4.18)) that

RE(dpI) = dh/ Up-v= —c/ tr(Vz — ITy(Vz) + curl(® — @)

r 2 (4.32)

= —/ cl: (Vz — ITy(Vz)) —/ cl: curl(® — &),
2

fe)
where for the second row in (4.32) we have applied the equality tr(§) = &: 1. Thus, applying the null property (4.19), we
find that

RE(1) = R (7 — 1) = R*(Vz — IT1(V2)) + RF (curl( & — &1)) + RE(dy]),

from which, replacing the last adding by (4.32), recalling the definition of RE (cf. (4.18)), and employing the identity
(4.31), we deduce that RE(7) can be decomposed as

RE(t)=RE(z — ) = Rf(z) + Ri(@) V1 € Hyp(div; £2), (4.33)
where

Ri(z) = R*(Vz — ITy(Vz)) — / cl: (Vz — ITy(Vz))
2 (4.34)
= ((Vz — Iy(V2))v, up)r — / (€ o+ pp +cD): (Vz — ITy(V2)),
2

and

RE(®) = RE(curl( & — B,)) f CI: curl(® — @)
« (4.35)

= (curl( & — )y, up) - — / (€ '+ py + CD): curl( & — @),
2

The following two lemmas provide upper bounds for (4.34) and (4.35).

10
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Lemma 4.11. There exists C4 > 0, independent of A and h, such that
1/2

_ 2
IRi(2) < C4 Z hi |V"h —(c7'on+ py +cI) HO,K + Z he llup — upll3 171l giv; 2 -
KeTy ecEp(IN)

Proof. It follows from an application of the tensor version of properties (4.3) and (4.4) to uy|. € Py(e) for each e € &,
and Vuy|x € Py_1(K) for each K € Ty, respectively, and approximation results (4.6) and (4.7), in conjunction with the
continuous dependence given by the Helmholtz decomposition (cf. (4.8)). We omit further details and refer to [ 18, Lemma
44]. O

Lemma 4.12. Ifup € H'(I"), then there exists Cs > 0, independent of A and h, such that

IRE(®)| < G5 Z h |[curl(c™"o4 + ) ||(2)_K + Z he [[(C™ on + oy + cD)sc ]l ||§,e
KeTp ecEp(£2)
12 (4.36)

D e

ec&p(IN)

2
duD

— (7 lop + o +cI)s Il aiv: 2 -

0,e

Proof. We begin by applying the result given by [37, Lemma 3.8], to obtain

d d
(1:Lll‘l(45—¢h)v,uD)p=—<;D & — 45,1> -— ¥ f@ &) "D (4.37)

ec&y(IN)

In turn, integrating by parts the second term on the right-hand side of (4.35), we get

/(C on+ pp+cl):curl( @ — &) = Z/curlc on+pp+cl)- (P — Pp)
KeTy

— /[[(c on+ o+ CDsell - (B — Bp) — Y /(c”ah+ph+cﬂ)s-(¢— By),
ecEp(R2) eeep(I) ¥ €
which together with (4.37) yields

(curl(® — Pp)v, up)r — / (clop + pp +cl):curl( @ — &)
2

curl(c™ ah+ph+c11) (@ — &)+ Z /[[c on+ pp +cl)se]l - (P — Pp)

KeTh ec&p(£2)
du
- > /{ > (c-lah+ph+cﬂ>}-<¢—¢h).
.l ds
ec&p(IN)

Finally, employing the Cauchy-Schwarz inequality, the vector version of estimates (4.1) and (4.2), the fact that the
cardinalities of the sets A(K) and A(e) are uniformly bounded, and the continuous dependence (4.8), we obtain (4.36). O

With the above two results, and bearing in mind the decomposition (4.33), we are in a position to complete an upper
bound for || RE [|uydiv: 2y -

Lemma 4.13. Assume that up € H'(I"). Then, there exists a > 0, independent of A and h, such that

IR llsgqaivy < Cr { Y h& | Van — (€7 'on + gy +cI) Hﬁ,« + ) h |eurl(c o, + ph)HéK

KeTp KeTp
(s

duD 2
2
+ llup — unllg .
ecEp(IN)

— (€ 'on + py +c)s

0,e
1/2

+ 3 he|IC o+ oy + s,
ec&p(£2)

In turn, we now provide an upper bound for ||RD||H(1)(Q),.

11
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Lemma 4.14. There exists a constant Ez > 0, independent of h, such that
1/2
D
IR sy < Co § D hi Idiv (9 (on)Vn) + gun)lis e + Y he [IP(0n)Vebn - velllge - (438)

KeTh ec&p(2)

Proof. Given ¢ € H(l,(.Q), we let ¥, = Th(lm € Hf:- Thus, recalling the null property (4.23), the definition of the involved
residual (cf. (4.22)), and integrating by parts, we obtain

R~ ) = [ sty )~ [ 2anVan Vv - )
2 2
= 3 [ e+ dvoeamen)w —uy - Y [19t0nve-velty -
K

KeTj ecEp(2)v e

Finally, applying the Cauchy-Schwarz inequality and the estimates given by Lemma 4.1, we deduce the bound
1/2

ROy — )l <G { Y hi llg(un) + div(@(@n)Ven)lisc + D he I (0n)Ven - vellF, t  1¥lho

KeTp ecEp(R2)
which yields (4.38), concluding the proof. O
Finally, we point out that the reliability of the operator @ (cf. upper bound in (4.16)) essentially follows from
Theorem 4.10, and Lemmas 4.13 and 4.14.

4.2.2. Efficiency
The goal of this section is to show the efficiency of @. In other words, we now provide upper bounds depending on the
actual errors for the nine terms defining the local indicator @. We begin by establishing the main result of this section.

Theorem 4.15. There exists Ceie > 0, independent of A and h, such that
Cerr© < (0. ¢) — (Gh. dn)] - (4.39)

Throughout this section, as well as Section 4.3.3, we assume for simplicity that the nonlinear functions f, g and ¢ are
such that f(¢y), g(uy) and 9 (o), are all piecewise polynomials. The same is assumed for the data up. If this is not the
case, but f, g, ¥ and up are sufficiently smooth, higher order terms given by the errors arising from suitable polynomial
approximations would appear on the right-hand side of (4.39), (4.64) and (4.68).

In order to prove (4.39), in the rest of this section we derive suitable upper bounds for the terms defining the local
error indicator @y (cf. (4.13)-(4.14)). We begin by observing, thanks to the fact that —divo = f(¢) in £2, that there hold

IF (dn) + divanllg < 2 1f(@) — F(@lig « + 2 Idiv(e — an)ll5

5 5 . ) (4.40)
< 2L 16 — dnllox + 2 1div(e —an)ligx -

and
lon — opligx < 4llo—anlls - (4.41)

The following lemmas provide the corresponding upper bounds for the remaining estimates required to obtain the
efficiency of ©.

Lemma 4.16. There exist Cs3, C4 > 0, independent of A and h, such that
_ 2 2
i |eurl(c ™o + o2 < G {Ila —onlZy+ |0 — o ”O’K} VK € 7, (4.42)
and

he e+ oy + cDsell o, = Ca fllo = auld,, + [0 = mul5,, | Ve e a2,

Proof. It suffices to apply Lemma 4.7 with &, :==C o, +p, +cI and §:=Clo+p+cl O

Lemma 4.17. There exists Cs > 0, independent of A and h, such that for each K € Ty, there holds

B | Van — (¢ + py + 1) [ SCs{IIu—uhllé,KJrh,z( llo —onllgx + hi [ o — thOK}

12
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Proof. It follows from an application of (4.9) with q := Vu, — (C"'o), + pj, + cI), the estimate (3.3) and then, the use of
Lemma 4.5. We refer to [18, Lemma 4.12] and [14, Lemma 6.6] for further details. O

Lemma 4.18. There exists Cg > 0, independent of A and h, such that for each e € &,(I"), there holds

2
duD

ds,

he - (C_lah + Py + CH)se

<G {||or —onllok + [0 — P ”(2),1@} ’
0.e

where K, is a triangle of T, having e as an edge.

Proof. We begin by defining &, &, as in the proof of Lemma 4.16, and then, given e € & (I"), we denote x, =
Z;‘—SD — &,s on e. Thus, applying the inequality (4.10) to x,, the extension operator L : C(e) — C(K) and the fact that
T2 = Vus, we obtain

duD
ds.

Then, we integrate by parts and use that & = Vu in £2 (cf. (3.3)), to obtain

I xelo < callvexelise = s /we Xe: [ - shse} =co [ el {(Vu-g)s.].

Ke

vt f(vu = ggs.) = [ (6~ gseunttp 1) + [ e L) v
Ke Ke

el Ke

Finally, by exploiting the Cauchy-Schwarz inequality, Lemmas 4.5 and 4.7, and then, invoking the estimates (4.11) and
(4.42), we obtain the desired result. O

Lemma 4.19. There exists C; > 0, independent of A and h, such that for each e € &(I"), there holds

2 2 2 2 2 2
he lup — will , < G {||u — wllg , + i, o — onllg y, + 1z, |0 — o0 IIO,KQ} :

Proof. It follows from an application of the discrete trace inequality (4.12), the estimate (3.3) and the fact that u = up
on I". We refer to [18, Lemma 4.14] for further details. O

Lemma 4.20. There exists Cg > 0, independent of h, such that for each K € Ty, there holds

hi 11div (9 (1) Vn) + gun)lI§ ¢ < Cs (M lu — unllg  + llo — onllg  + 16 — dull3  } -

Proof. Proceeding as in [31, Lemma 4.4], given K € T, we define
xx = div (3 (on)Ver) + g(un) on K.

Thus, applying (4.9) with ¢ = i, using that div(#(0)V¢) = —g(u) in £2, and integrating by parts, we readily find that

(g(un) — g(u))¥k xx + /(ﬂ(G)Vfﬁ — 9(0n)Ven) - V(i xx)-

2 1/2 2
Ixel2 < sl xeli2 g = ca /
K

K

Now, applying the Cauchy-Schwarz inequality, the Lipschitz continuity of g (cf. (2.4)) together with estimate (4.26), we
deduce that there exists Cg > 0, depending only on data and other constants, all of them independent of h, such that

lxxllgx < G {lu =l Ik xxllox + (llo = onllox + ¢ — Pullix) ¥k xkli ) -

Next, using the inverse inequality provided by Lemma 4.5 and the fact that 0 < ¢ < 1 in K, we can assert that
||X1<||§,K <G {||" —upllox + o ! (llo = onllox + Il — ¢h||1,K)} Xk llo k s

which gives
e N3k < Cs {hg lu— w3 + llo — onlly i + ¢ — nllgi ) .

completing the proof. O

Lemma 4.21. There exists Cg > 0, independent of h, such that for each e € £,($2), there holds
he [19(01)Vn - vellllg, < Co Y {hk, llu—wllg s, + llo — onllg , + 16 — Pl ..} - (4.43)
Ke€we
where w, is the set conformed by the two triangles in T, having e as an edge.

13
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Proof. Proceeding analogously as in the proof of [31, Lemma 4.5], given e € &,(£2), we define
Xe = [9(an)Vn - vl on e.

Thus, we apply (4.10) with p = x., and the integration by parts formula on each K, € w,, to obtain

xel3e < cal v xel3, = ca f [9(0)Ven - vele Lixe) = s Y

Ke€we
=c Yy { / 9(0n)Vebn - V(e Lixe)) + /
Ke

Ke

/ B(0n)Vebn - ve Ve Lxe)
Ke

div(?(an)Vn) e L(Xe)} :
Next, using that div(?(0)V¢) = —g(u) in 2 and then, integrating by parts once more, we get

lxelZe <ca { / (9(0n)Ven — ()Ve) - V(e Lixe)
Ke

Ke€we

+ (g(u)—g(uh))lﬁeL(Xe)Jr/(diV(ﬁ(Gh)Wﬁh)+g(uh))lﬁeL(Xe)}-
Ke

Ke
Then, employing the Cauchy-Schwarz inequality, the Lipschitz continuity of g, the inverse inequality provided by
Lemma 4.5, the fact that 0 < v, < 1 in w,, and the estimate (4.11), we see that
Il =B D {h! 19(em)Ven — 9(@)Vellox + I = walloc + I1div(2(@n)Vn) + gl [ el

Ke€we

from which, noting that h, < hg,, and applying the estimate given by (3.8), we deduce that there exists Eg > 0, depending
only on data and other constants, all of them independent of h, such that

hellxellg, <Co Y { llo = ol + 16 — Bullf i, + hi, 1w — wnllg y, + i, 1div (9(01)Ven) + g(un)l5 i, } . (4.44)

Kecwe

Finally, (4.44) and the efficiency estimate given by Lemma 4.20 imply (4.43), completing the proof. O

We end this section by observing that the efficiency of the a posteriori error indicator @ follows straightforwardly
from the estimates (4.40) and (4.41), and Lemmas 4.16-4.21.

4.3. A posteriori error analysis for the fully-mixed scheme

In this section we derive two reliable and efficient residual-based a posteriori error estimators for the Galerkin scheme
(3.10). We introduce the global a posteriori error estimators

1/2 1/2
&= & ¢ 8=y &
= K an = K ,
KeTh KeTh

where we define for each K € 7,

~2 ~ .~
Oy = Of y + 151 — D(on)tnll§ + lgun) + divanllg« + | Von — tallf «.

)

2 ~2
k= O+ hglrottn) | + > he Ity - seTl3, . (4.45)
ec&p(K)

with ©F  defined by (4.13).
The main goal of this section is to establish, under suitable assumptions, the existence of positive constants Cey, Cefr,
Crel, Ceff, independent of the meshsizes and the continuous and discrete solutions, such that

Cett® < [I(8,8) — (61, 8,)| < Ga®, and cer® < ||(5,8) — (51, &)l < Ce1 ©. (4.46)

4.3.1. A general a posteriori error estimate

We now focus here on the mixed diffusion equation. Applying the uniform ellipticity of the bilinear form A,, we
conclude a preliminary upper bound for the total error under smallness-of-data assumptions. More precisely, we begin
with the following auxiliary result.
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Lemma 4.22. There exists C; > 0, independent of h, such that
18 = Gully, < G { IR Inaiviay + llg(un) + divGullo o + I16% — F(on)tnllo o
+ IVén — tullo.o + Lo cs (luplly o + £121'2) o — onllaiv- o (4.47)
+ 02 1t — tallo.o + Lg 4 —unllo o }.
where the functional RP is defined by

RD(?) = —K3 / (g(up) + dive,) - divt — f th-7T— / ¢hdiV? — K1 / (oh — op)ty) - T, (4.48)
2 2 2 2
for each T € H(div; £2). Furthermore, there holds
RP(Tp) =0 V%, € H. (4.49)

Proof. We proceed similar as in the proof of Lemma 4.9, applying the global inf-sup condition to the error between o
and @,, to obtain

@[5 -5,],, < sup Gul®) — Ao(0y, T) (4.50)
TeH)

T#0

where « is the ellipticity constant of A, given in [11, eq. (3.18)]. Now, adding and subtracting terms appropriately, we
can write

Gu(T) — As(@},, T) = Gu,(T) — A0, (@, T) + A, (G T) — Ag(@. T) + Gu(T) — Gu, (7). (451)
In this way, by using the definitions of As, As,, Gu, and G,,, we notice that

Aoy, = Ac)@, D < C {Locs(lltnllyyo. - + £121")llo — onllo. + 32 1t — trllo.c} |7y, - (452)

(Gu — Gup YD) < CoLg It — upllo 2 Zllm, (4.53)

and
|Gy (T) — Agy (8. D) < C2 {IRP(D)] + llg(un) + divEnllo o + 180 — P(ontnllo e + IVen — tallo o} (1 Tlln,-  (454)

Thus, (4.47) follows after replacing (4.52), (4.53) and (4.54) back into (4.51), and then inserting the resulting estimate in
(4.50). Finally, using the fact that Gy, (T,) — As,(G),, T,) =0 V7T, € Hy 3, and taking in particular s, = 0 and ¥, = 0, we
arrive at (4.49), which completes the proof. O

Consequently, we can establish the following preliminary upper bound for the total error.
Theorem 4.23. Assume that
Cily + G { Locs (lupllvjo,r + £o121%) + 02 + L} < % (4.55)
Then, there exists C3 > 0, independent of A and h, such that the total error satisfies

(@, 3) = (k. TN < C3 {IR lsg(aiviey + If (@) + divanllg o + llon — opllo.e + IR kv 2y
+ llg(up) + divoyllg o + 16h — P(on)tnllo.e + IVer — thlloe} -

Proof. It follows as a straightforward application of (4.55) and Lemmas 4.8 and 4.22. O
We end this section by rewriting equivalently the residual RP. In fact, given T € H(div; £2), we apply integration by
parts to the third term on the right-hand side of (4.48), to obtain

RY®) = —ic f (guy) + divey) - divE + / (Vo — ) - % — s / @ — Dontn) - 7. (4.56)
2 2 2

4.3.2. Reliability of the a posteriori error estimators
The main goal of this section is to establish an upper bound for the residual RP in its respective norm, This task is
actually performed in two different ways, which leads to the reliability of the a posteriori error estimators @ and @. We
begin with the upper bound for the first inequality in (4.46).
Lemma 4.24. There exists a constant C. > 0, independent of A and h, such that
1(5.8) — (@, &,)Il < Cra O
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Proof. The proof follows straightforwardly ~from the application of the Cauchy-Schwarz inequality to the residual R (cf.
(4.56)), Lemma 4.13, and the definition of @. O

In turn, we now aim at establishing an upper bound for the second inequality in (4.46). For that, we will apply the

vector form of the Helmholtz decomposition in Lemma 4.3, to bound || RP ||uiv:2y- In fact, given T € H(div; £2), there
exist z € H?(£2) and @ € H'(£2) such that

T=Vztrotd € 2, and Jzlpo+1®lhe < ClFlae . (457)

and then, denoting @y, := Iy(®), we define T := ITy(Vz)+rot(Py) € HE. In this way, noticing from (4.49) that RP(7;) = 0,
it readily follows that RP(7) can be decomposed as

~.

RP(T) = R(T — 7)) = RP(Vz — My(V2)) + R (rot(® — &y,)). (4.58)

In the following two lemmas, we provide upper bounds for the terms on the right-hand side of (4.58).

Lemma 4.25. There exists C > 0, independent of h, such that for each z € H?(£2), there holds

IRP(Vz — My(Vz))| < C { Z ( g(un) + divanllg x + hgllVen — tallg
KeTh (4.59)

+ hgllgh — 9(on)tnllg« )} 2zl -

Proof. Given z € H?(£2), we first notice, from the definition of RP (cf. (4.56)), that there holds

RP(Vz — M(V2)) = —k; / (g(uy) + divay) - div(Vz — ITy(Vz))
2 (4.60)
+ / (Vo — t) - (V2 — ITy(V2)) — k1 / @4 — lon)tn) - (V2 — [T,(V2).
2 2

For the first term on the right-hand side of (4.60) we proceed as in [28, Lemma 3.10], whereas for the remaining terms,
we simply apply the Cauchy-Schwarz inequality, and subsequently use the approximation properties of IT, provided by
Lemma 4.2. O

Lemma 4.26. There exists C > 0, independent of h, such that for each ® € H'(£2), there holds

IR (rot(® — &p))]
1/2

<C Z(na‘h—ﬁ(mthné,K+h,2<||rot<th)||é,K+ > ke ||[[th~sen||3,e) 1®l1c

KeTy ec&p(K)
Proof. Given @ e H'(£2), we notice from the original definition of R (cf. (4.48)) that there holds

RP(rot(® — &) = —k4 [

(oh — O(op)ty) - Tot(P — D) — / ty - rot(® — dp). (4.61)
2

2

For the first term, we proceed as in the proof of [37, Lemma 3.9], applying the boundedness of I, : H!(£2) — H!(£2)
(cf. [40, Lemma 1.127]), and the Cauchy-Schwarz and triangle inequalities, to deduce that

< Glloy — ?(on)tnlloe 1Pl1.q - (4.62)

K1 / (Oh — O(on)ty) - rot(P — Py)
2

Now, for the second term, we proceed as in the proof of [32, Lemma 3.9], to obtain
1/2

<G Z(hinrot(th)né,ﬁ > he ||r[th-se]]||§,e) I®lh.q - (463)

KeTy ec&p(K)

/ t, -rot(® — dy)
2

Finally, the desired result follows by replacing (4.62) and (4.63) back into (4.61). O

16
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As a consequence of Lemmas 4.25 and 4.26, the identity (4.58), and the stability result given by (4.57), we can deduce
the required upper bound for || RP ||yiv: 2y, that is

IR @iy <C{ Y ( lg(un) + divanllg  + g Ven — Enllg « + hEllon — D (on)tallf
KeTp
1/2

T 18— Dot + R Arote) B + 3 ke ||[[th-se]]||5,e> ,
ec&p(K)

where C is a positive constant independent of h.
Finally, we point out that the existence of a constant ¢, > 0, such that

1. &) — (Gh. &)l < Cra O,
follows from Theorem 4.23, and Lemmas 4.13, 4.25 and 4.26, after observing that, for sufficiently small elements, the terms
hE IV én — trl§ « and hi |G — 9 (o)t g  in (4.59), are dominated by ||V, — t4|§ c and |G — 9 (an)tn 5 ¢ respectively.

4.3.3. Efficiency of the a posteriori error estimators_
Let us begin with the efficiency estimate for @.

Lemma 4.27. There exists Ceir > 0, independent of A and h, such that
Cerr® < [(6.3) — (1. &)l (4.64)

Proof. We recall that g(u) = —div in £2. In this way, it is clear that

lg(un) + divesll§ « < 211div(e — Fn)lI§ + 2L; llu — uplg . - (4.65)
Moreover, since ¢ = ¥(o)t in £2, applying the Lipschitz continuity of ¢, the regularity estimate [10, eq. (2.23)], and the
Cauchy-Schwarz inequality, we deduce

151 — (@0l = CLIF = Full + o — onli + e — el - (466)
Additionally, since t = V¢ in £2, we get

1961 — tald = Cifllg — @l + e =l . (4.67)
Therefore, the result follows from the definition of ©, estimates (4.40), (4.41), (4.65), (4.66) and (4.67), and Lemmas 4.16-
419. O

Finally, we derive the efficiency of the estimator 6.In fact, the required upper bounds for the second and third terms
on the right-hand side of (4.45) are obtained simply by taking r = t and r, = t;, in Lemma 4.7. Then, the resulting
estimates along with (4.40), (4.41), (4.65), (4.66) and (4.67), and Lemmas 4.16-4.19, allow us to conclude the desired
inequality, which is stated as follows.

Lemma 4.28. There exists a cer > 0, independent of A and h, such that

Cer® < [(3.8) — (Gn, 3} (4.68)
5. Numerical results

In this section we present some numerical results illustrating the properties of the estimator introduced in Section 4
and showing the behaviour of the associated adaptive algorithm. The individual errors and rates of convergence of the
unknowns will be computed as usual

e(0) = llo — onllaiv. - ) = llu—wllo.g . e(p)=[p— o]y €@ =17 - Ghllae -

1 NCe
e(t) = It — thllog» &)= 6 — dull1 0. () = W

where e and € denote errors _computed on two consecutive meshes of sizes h and h. When the adaptive algorithm is
applied, the expression log(h/h) appearing in the computation of the above rates is replaced by —0.5log(N/N), where N
and N, denote the corresponding degrees of freedom of each triangulation. In addition, given the total errors

er = {[e(o)* + [e()* + [e()]* + [e(#)]*}. and e, = {e1 + e[(t)]* + e[(3)]*},
17
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Example 1: Degrees of freedom, individual absolute errors, rates of convergence, and effectivity index for the first- and

second-order mixed-primal finite element methods.

N e(o) (o) e(u) r(u) e(p) r(p) e(¢) 1(¢) eff(®)
Lowest-order mixed-primal method
346 0.372 - 8.4e—6 - 3.3e-5 - 5.8e—2 - 1.00
1298 0.191 1.00 4.2e—6 1.03 1.6e—5 1.05 2.8e—2 1.10 0.99
5026 0.096 1.01 2.1e—6 1.01 8.4e—6 1.02 1.4e-2 1.01 0.99
19778 0.048 1.00 1.0e—6 1.01 42e—6 1.01 7.0e—3 1.01 0.99
78466 0.024 1.00 5.3e—7 1.00 2.1e—6 1.00 3.5e—-3 1.00 0.99
312578 0.012 1.00 2.6e—7 1.00 1.0e—6 1.00 1.7e-3 1.00 0.99
Second-order mixed-primal method
898 0.0825 - 1.7e—6 - 7.6e—6 - 8.2e—3 - 0.99
3458 0.0213 2.00 4.4e—7 2.01 1.9e—6 2.03 2.1e—3 2.02 0.98
13570 0.0053 2.01 1.1e—7 2.01 4.8e—7 2.02 5.2e—4 2.00 0.98
53762 0.0013 2.01 2.8e—8 2.01 1.2e—7 2.01 1.3e—4 2.01 0.98
214018 0.0003 2.00 7.0e—9 2.00 3.0e—8 2.00 3.2e—5 2.00 0.98

Table 5.2

Example 1: Degrees of freedom, individual absolute errors, rates of convergence, and effectivity indexes for the first- and second-order augmented
fully-mixed finite element methods.

Lowest-order augmented fully-mixed scheme

N e(o) ro)  e(u) rw)  e(p) r(p) &) 1) e(t) r(t)  e(@) r¢)  eff(©)  eff(®)
466 3728 - 8.4e—5 - 33e—4 - 1.9e—2 - 45e-2 - 5.6e—2 - 1.001 1.000
1762 1918 099  4.2e-5 1.02 1.6e—4 1.05 9.6e—3 1.02  23e-2 099 27e-2 1.08 0.999 0.999
6850  0.965 1.01 2.1e—5 1.01 8.4e—5 1.02  47e-3 1.03 1.1e-2 1.00 1.4e-2 0.99  0.999 0.998
27010  0.483 1.00 1.0e—5 1.00  4.2e—5 1.01 2.3e-3 1.01 5.8e—3 1.00 7.0e—3 099  0.999 0.998
107266  0.242 1.00 53e—6 1.00 2.1e-5 1.00 1.1e-3 1.00  29e-3 1.00  3.5e-3 1.00 0999 0.998
427522  0.121 1.00 2.6e—6 1.00 1.0e—5 1.00 59e—4 1.00 1.4e—3 1.00 1.7e-3 1.00 0999 0.998
Second-order augmented fully-mixed scheme
1266  0.825 - 1.7e-5 - 7.6e—5 - 2.4e-3 - 6.6e—3 - 7.4e-3 - 1.000 0.997
4898  0.213 199  44e—-6  2.00 1.9e—5 2.02 6.2e—4  2.04 1.7e-3 1.99 1.9e—-3 196  0.999 0.996
19266  0.053  2.01 1.1e—6  2.01 48e—6  2.02 15e—4 202 43e—-4 201 5.0e—4 1.98 0.999 0.996
76418  0.013  2.00 2.8e—7 2.00 12e—6  2.01 39e-5 201 1.0e—4  2.00 1.2e—4 1.98 0.999 0.996
304386 0.003 2.00 7.0e—8 2.00 3.0e—7 2.00 9.8e—6 2.00 2.7e-5 2.00 3.2e—5 1.99 0.999 0.996

the effectivity indexes associated with ©, ®, and O are defined, respectively, as

)

(S ~

(@)= 5. eff(®)= 2

e
The linearisation of the systems associated with the assembled forms of (3.4) and (3.10) is carried out by Newton’s method.
In turn, the solution of the resulting linear systems at each Newton step is conducted using the Multifrontal Massively
Parallel Sparse direct solver (MUMPS). In addition, the examples use a classical adaptive mesh refinement procedure based
on the equi-distribution of the error indicators, where the diameter of each element in the new adapted mesh (contained
in a generic element K on the initial coarse mesh) is proportional to the diameter of the initial element times the ratio
@,,/@K, where @h is the mean value of a given indicator @ over the initial mesh (cf. [22]).

On the other hand, we recall that given the Young modulus E and the Poisson ratio v of an isotropic linear elastic
solid, the corresponding Lamé parameters are defined as A = Ev(14 v)~1(1 —2v)~! and u = E/(2 + 2v). Thus, in the
following examples, we will consider E = 1.0e3 and v = 0.4.

Moreover, we point out that given Dy = D; = 0.1, the nonlinear functions

#(6) = (Do + Dy(1 + o) *) L, f(¢)=<‘cjl‘§$)’)>, and gu)=2+

. and eff(@)= 2.
o

1
1+ [uf*’

satisfying (2.2)-(2.4), will be used in the following computational tests, and remark that for the examples described below,
the elasticity and diffusion equations are considered non-homogeneous and the extra source terms are chosen according
to the given exact solutions. This treatment does not compromise the analysis, as the regularity of the exact solution
provides sufficiently smooth right-hand sides, thus only requiring a slight modification of the functionals in the variational
formulation.
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Fig. 5.1. Example 1: Approximation of the stress magnitude |o| (a), displacement magnitude |uy| (b), rotation magnitude |p,| (c), diffusive flux
magnitude |a7| (d), concentration of the diffusive substance ¢ (e), and concentration gradient magnitude |¢;] (f), by using the lowest-order augmented
fully-mixed scheme with adaptive refinement according to ©.

Table 5.3
Example 2: Degrees of freedom, individual absolute errors, rates of convergence, and effectivity index for the lowest-order

mixed-primal finite element method.

N e(o) (o) e(u) r(u) e(p) r(p) () (¢) eff(®)
Lowest-order mixed-primal scheme upon uniform refinement
346 136.2 - 3.4e-5 - 2.2e—4 - 1.54 - 1.13
1298 77.45 0.85 2.4e—5 0.50 2.6e—4 —-0.23 1.10 0.50 1.06
5026 56.68 0.46 1.1e-5 1.19 1.8e—4 0.48 0.81 0.45 1.00
19778 42.11 043 4.3e—6 137 9.9e—5 0.93 0.66 0.30 0.99
78466 26.29 0.68 1.8e—6 1.21 4.3e—5 1.19 0.56 0.24 0.99
312578 14.25 0.88 8.8e—7 1.08 1.8e—5 1.24 0.41 0.42 0.99
Lowest-order mixed-primal scheme with adaptive refinement according to &
346 136.2 - 3.4e—-5 - 2.2e—4 - 1.54 - 1.13
898 77.45 1.18 2.3e-5 0.81 2.1e—4 0.46 1.10 0.71 1.06
2239 56.68 0.68 1.0e—5 1.76 1.5e—4 0.70 0.80 0.67 1.00
4985 42.06 0.74 4.5e—6 2.08 8.5e—5 1.56 0.65 0.52 0.99
10968 25.83 123 2.8e—6 1.15 4.0e—5 1.88 0.54 0.44 0.99
27366 13.32 1.44 1.7e—6 1.07 1.9e—5 1.62 0.40 0.66 0.99
77382 6.484 1.38 1.1e—6 0.75 9.4e—6 1.36 0.24 0.94 0.99
244093 3.190 123 6.5e—7 1.05 4.7e—6 1.21 0.13 1.08 0.99
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Table 5.4
Example 2: Degrees of freedom, individual absolute errors, rates of convergence, and effectivity indexes for the lowest-order augmented fully-mixed
finite element method.

N e(o) (o)  e(u) r(u)  e(p) r(p) e(a) r@)  et) r(t)  e(¢) r(¢) ef@)  eff(®)
Lowest order augmented fully-mixed scheme upon uniform refinement
466 136.2 - 3.2e-5 - 22e—4 - 130.1 - 17.2 - 48.1 - 1.14 1.11
1762 7746 084  2.1e-5 064 2.5e—4 —-022 9173 052 6.85 1.39 17.1 1.55 1.09 1.08
6850 56.68  0.46 1.0e—5 1.08 1.8e—4 046 65.41 049 284 129 6.64 1.39 1.05 1.04
27010  42.11 043  4.1e-6 128  9.8e-5 0.92 48.19 044 1.53 0.89 3.16 1.08 1.02 1.02
107266 2629  0.68 1.8e—6 1.16  4.3e-5 1.18 37.02 038 0.95 0.69 166  0.93 1.00 1.00

427522 14.25 0.88 8.9e—7 1.07 1.8e—5 1.24 26.99 0.45 0.56 0.74 0.79 1.07 1.00 0.99

Lowest order augmented fully-mixed scheme with adaptive refinement according to e

466 136.2 - 3.2e-5 - 2.2e—4 - 130.1 - 17.2 - 48.1 - 1.14
1762 77.45 0.84 2.1e-5 0.58 2.1e—-4 0.10 91.72 0.52 0.73 1.28 18.0 1.47 1.09
6014 56.68 0.50 9.8e—6 1.29 1.5e—4 0.52 65.41 0.55 3.02 1.44 7.04 153 1.05

13206 42.06 0.75 4.1e—6 2.20 8.5e—5 1.58 48.19 0.77 1.61 1.59 3.35 1.88 1.02
24044 25.83 1.62 2.2e—6 2.10 4.0e—5 2.47 37.02 0.88 0.98 1.64 174 2.17 1.00
48542 13.32 1.88 1.4e—6 1.25 1.9e—5 2.12 26.99 0.89 0.57 151 0.81 217 1.00
127678 6.484 1.49 1.0e—6 0.68 9.4e—6 1.47 16.97 0.95 0.31 1.25 0.33 1.81 1.00
423282 3.190 1.18 6.3e—7 0.78 4.6e—6 1.16 9.344 0.99 0.16 1.09 0.14 1.41 1.00

Lowest order augmented fully-mixed scheme with adaptive refinement according to B

466 136.2 - 3.2e—5 - 2.2e—4 - 130.1 - 17.2 - 48.1 - 111
1762 77.45 0.84 2.1e-5 0.58 2.1e—4 0.11 91.72 0.52 7.34 1.28 18.0 1.47 1.08
6708 56.68 0.46 9.8e—6 1.19 1.5e—4 0.48 65.41 0.50 3.02 1.32 7.04 1.40 1.05

14956 42.06 0.74 4.1e—-6 2.18 8.5e—5 1.55 48.19 0.76 1.61 1.56 3.35 1.85 1.02
26122 25.83 174 2.1e—6 2.34 4.0e—5 2.66 37.02 0.94 0.98 1.76 1.74 2.34 1.00
52180 13.32 191 1.3e—6 1.37 1.9e-5 2.15 26.99 091 0.57 153 0.81 2.20 0.99
128846 6.484 159 9.1e-7 0.83 9.3e—6 1.58 16.97 1.02 0.31 133 0.33 1.94 0.99
431240 3.190 1.17 6.3e—7 0.60 4.6e—6 1.14 9.344 0.98 0.16 1.09 0.14 1.40 0.99

Finally, for the nonlinear diffusivity, the parameters appearing in (2.2) are given by: ©% = Do, %> = ~/2(Do + D1),
and then, according to [11, eq. (3.20)], the stabilisation parameters for the fully-mixed scheme (3.10) can be taken as
K1 = Do/02, ky = Do/(207) and k3 = Do /2.

Example 1. In the first example, we consider the following exact solutions to (2.1):

1 < dy cos(7rxq) sin(27x,)

W=\ —d,sin(zx;)cos(rxy)

- ) , $=10— e~ ¥ —1xale—1) (5.1)

defined on the unit square 2 = (0, 1)?, satisfying the boundary conditions up = u on I" and ¢ = 0 on I". The involved
coefficient in (5.1) is taken as d; = 0.05.

The manufactured solutions on the considered domain are smooth, and the a posteriori error indicators show effectivity
indexes close to one. The results reported in Tables 5.1 and 5.2 indicate optimal convergence rates for the two lowest-order
methods. Approximate solutions obtained after seven steps of uniform refinement are depicted in Fig. 5.1.

Example 2. In our second example we design a mesh convergence test using a closed-form solution, and performing
uniform and adaptive mesh refinements. Thus, we consider the same computational domain as the one given in Example 1,
and propose the following exact solutions

1 —dj sin(xq) cos(x,)
= (X, 4+ 0.022 + (x; +0.022 |, ¢ =
—dq cos(x1) sin(2x;)

x1(x1 — (%2 — 1)
(10%; + 0.1)2

: (5.2)

where the manufactured displacement is used as Dirichlet datum on I”, and the involved coefficient in (5.2) is taken as
in Example 1. Notice that the first component of the displacement, and the concentration, in (5.2), exhibit singularities
just outside the domain, at (0, 0) and the line x; = —0.01, respectively, therefore, high gradients are also expected
in the approximation of these fields, and optimal convergence is no longer evidenced under uniform mesh refinement
(see second row of Tables 5.3 and 5.4). In Tables 5.3 and 5.4, we show the individual errors, the effectivity indexes and
experimental rates of convergence for the uniform and adaptive refinements of the mixed-primal and augmented fully-
mixed schemes. As expected, we observe that the errors decrease faster through the adaptive procedure, and that in each
case, the effectivity indexes remain bounded, which confirms the reliability and efficiency of ®, @ and @, in the cases of
non-smooth solutions. Moreover, although super-convergence of the concentration can be seen when the adaptive scheme
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Fig. 5.2. Example 2: From left to right, three snapshots of successively refined meshes according to the indicators @ (a,b,c), 2] (d,e,f), and C) (g,h,i).

is applied for the augmented fully-mixed system (see the last two blocks of Table 5.4), we notice from Fig. 5.3(a) that the
global rate of convergence remains optimal. Furthermore, it is important to remark that when the adaptive algorithms are
applied, optimal convergence can be restored, as shown in the last block of Table 5.3 and the last two blocks of Table 5.4.
Additionally, we display in Fig. 5.2 some adapted meshes obtained during the adaptive refinements according to &, @
and @, and observe that they are concentrated around (0, 0) and the line x; = —0.01, which shows how the method is
able to identify the regions in which the accuracy of the numerical approximation is deteriorated. Finally, approximation
solutions are shown in Fig. 5.3(b-e) after eight steps of adaptive refinement according to the indicator ©.
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Fig. 5.3. Example 2: Plot of the total error versus the number of degrees of freedom N associated with the uniform mesh refinement and adaptive
algorithms according to ® and © (a); and approximate stress magnitude (b), rotation magnitude (c), displacement magnitude (d), and solute
concentration (e) computed using the lowest-order scheme where mesh adaptation is done via the estimator @ after eight steps of refinement.
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