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Abstract: In this paper we consider Banach spaces-based fully-mixed variational formulations recently pro-
posed for the Boussinesq and the Oberbeck—Boussinesq models, and develop reliable and efficient residual-
based a posteriori error estimators for the 2D and 3D versions of the associated mixed finite element schemes.
For the reliability analysis, we employ the global inf-sup condition for each sub-model, namely Navier—Stokes
and heat equations in the case of Boussinesq, along with suitable Helmholtz decomposition in nonstandard
Banach spaces, the approximation properties of the Raviart-Thomas and Clément interpolants, further regu-
larity on the continuous solutions, and small data assumptions. In turn, the efficiency estimates follow from
inverse inequalities and the localization technique through bubble functions in adequately defined local LP
spaces. Finally, several numerical results including natural convection in 3D differentially heated enclosures,
are reported with the aim of confirming the theoretical properties of the estimators and illustrating the per-
formance of the associated adaptive algorithm.

Keywords: Boussinesq—Oberbeck flows, Navier—Stokes equations, heat and mass transfer, fully-mixed finite
element methods, a posteriori error analysis

Classification: 65N30, 65N12, 65N15, 35Q79, 80A20, 76R05, 76D07

1 Introduction

1.1 Scope

We have recently introduced in [17] and [18] new fully-mixed finite element methods for the stationary Boussi-
nesq and Oberbeck-Boussinesq problems in R", n € {2, 3}, with temperature-dependent viscosities. The first
model deals with the fluid motion generated by density differences due to temperature gradients, and it con-
sists of the Navier—Stokes equations with a buoyancy term depending on the temperature, coupled to the
heat equation with a convective term depending on the velocity of the fluid. The second one refers to natural
convection in porous media when temperature and concentration differences occur simultaneously, and it
is described by the incompressible Navier—-Stokes/Brinkman equations nonlinearly coupled, via convective
mass and heat transfer, to advection—diffusion equations for solute’s concentration and temperature.

The approach in [17] adapts an idea previously applied to the Navier—Stokes equations only (see, e.g., [19,
35]), where in addition to the velocity gradient, it introduces the Bernoulli stress (a part of the usual Cauchy
stress whose divergence defines the momentum balance). The novelty in [17] consists in applying the very
same idea to the energy equation. Instead of using classical primal, or dual-mixed methods, the tempera-
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ture gradient and a vector-counterpart of the Bernoulli tensor are the new unknowns in the modified mixed
formulation. As a consequence one eliminates the pressure (to later recover it via postprocessing) and the con-
tinuous formulation does not need augmentation terms as in, e.g., [14]. In this way, a Banach spaces-based
variational formulation, showing exactly the same saddle-point structure in the flow and energy equations,
is obtained, and hence the corresponding continuous and discrete analyses can be performed separately and
very much in the same way for both sub-problems, which constitute appealing features from the theoretical
and computational points of view. Possible finite element families include Raviart-Thomas spaces of order
k = n—1 for the Bernoulli tensor and its vector version, and piecewise polynomials of degree < k for velocity,
temperature, and both gradients.

In general, the use of a Banach spaces framework to analyze continuous and discrete formulations
presents at least two important advantages. On one hand, it avoids the introduction of augmented formula-
tions that increase the complexity of the problem. In fact, while the latter technique has shown to be very
useful for the solvability analysis of a large class of nonlinear and coupled models posed in Hilbert spaces,
in particular allowing corresponding Galerkin schemes with arbitrary finite element subspaces, it is no less
true that the incorporation of further terms into the formulation, and the consequent extra computations that
are required to set up the associated stiffness matrix and load vector, may lead to more expensive discrete
systems. On the other hand, the spaces to which the unknowns belong arise naturally from Cauchy-Schwarz
and Holder inequalities when controlling diverse terms in the variational formulation. This approach yields
formulations that are somewhat simpler and closer to the original physical model.

The theory from [17] was extended in [18] to the case of the Oberbeck-Boussinesq equations. There, be-
sides the usual unknowns one has the temperature gradient, the concentration gradient, and a nonlinear flux
combining advective and diffusive heat and concentration fluxes. Similarly as in [17], the weak formulation
shows again a saddle-point structure on Banach spaces in both the Navier—Stokes/Brinkman and the thermal
energy conservation equations. Consequently, the tools employed in [17], which include basically the Banach
and Brouwer fixed-point theorems, along with the respective BabuSka—Brezzi theory, are also utilized here
for the continuous and discrete analyses. In this way, the same finite element subspaces from [17] can be used
to obtain well-posed Galerkin schemes. Of note, while the approach employed in [17] and [18] could in prin-
ciple seem very costly in terms of degrees of freedom, we stress that the increase in the number of unknowns
is necessary to provide direct approximations to several other variables of physical interest as well (all them
mentioned in the previous paragraphs). Moreover, they hold with the same rate of convergence of the remain-
ing unknowns, whereas if one wanted to approximate those further variables by using only the velocity and
pressure of the fluid, and the temperature or concentrations, then one would need to apply numerical differ-
entiation formulae, which, as we know, lead to losses of accuracy of the respective computations. In addition,
the methods are momentum and thermal energy conservative. These aspects are explored numerically in this
paper. Further related contributions dealing with Banach spaces-based variational formulations have been
addressed also in, e.g., [13, 27, 32] (see also the references therein).

Adaptive algorithms based on a posteriori error estimators are usually employed to recover optimal rates
of convergence of finite element and mixed finite element methods that lose accuracy in highly nonlinear
models or under the presence of singularities. In these cases, quasi uniform refinement quickly exhausts
the computational capacity without obtaining satisfactory approximations of the solutions. A posteriori er-
ror analyses for Banach spaces-based mixed finite element methods are relatively recent. These include [12,
15]. In particular, the usual techniques employed within the Hilbertian framework are extended in [12] to
the case of Banach spaces by deriving a reliable and efficient a posteriori error estimator for the steady-
state Navier—Stokes problem. The above includes corresponding local estimates and new Helmholtz decom-
positions for the reliability, as well as respective inverse inequalities and local estimates of bubble func-
tions for the efficiency. In turn, similar tools to those employed in [12] were previously applied in [15] to
develop a residual-based a posteriori error analysis of primal-mixed finite element methods for the Navier—
Stokes/Darcy—Forchheimer coupled problem. The amount of references is certainly much larger for Hilbert
spaces-based variational formulations. Contributions addressing a posteriori error estimates for related prob-
lems as those studied herein can be found in [3-8, 11, 14, 20, 23, 25, 27, 36].
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According to the above discussion, a main objective of this paper is, proceeding similarly to [12, 15], to
derive reliable and efficient residual-based a posteriori error estimators in 2D and 3D for the fully-mixed finite
element methods introduced in [17, 18]. Up to our knowledge, the present work provides the first a posteri-
ori error analyses of non-augmented Banach spaces-based mixed finite element methods for the stationary
Boussinesq and Oberbeck-Boussinesq systems. It is highlighted that the techniques to be developed here are
not limited to the Boussinesq models. Indeed, in addition to the aforementioned works dealing with Navier—
Stokes and Darcy-Forchheimer equations in which suitable modifications of them have been successfully
applied, we announce in advance that the theory can be adapted to derive a posteriori error estimates of re-
lated models such as the coupled Brinkman—Forchheimer and double-diffusion equations studied in [13].
This subject constitutes undergoing work to be communicated in a forthcoming contribution.

The rest of the paper is organized as follows. In the remainder of this section we introduce some notations
and definitions to be employed throughout the text. In Section 2 we recall from [17] the Boussinesq model, its
fully-mixed variational formulation, and the associated mixed finite element scheme. Next, in Section 3 we
derive in full details a reliable and efficient residual-based a posteriori error estimator for the 2D Boussinesq
equations. We state preliminary results to be utilized in the reliability and efficiency analysis, and present in
detail the proofs. Then, in Section 4 we establish the 3D version of the a posteriori error estimator provided in
Section 3. In turn, the extension of the main results from Sections 3 and 4 to the Oberbeck-Boussinesq equa-
tions are summarized in Section 5. Finally, several numerical results illustrating the reliability and efficiency
of the a posteriori error estimators, as well as the good performance of the adaptive algorithms induced by
them, and confirming the recovery of optimal rates of convergence, are reported in Section 6.

1.2 Preliminary notations
Let Q ¢ R", n € {2, 3}, be a given bounded domain with polyhedral boundary I', and let v be the outward

unit normal vector on I'. Standard notation will be adopted for Lebesgue spaces L? (Q) and LP(I'), and Sobolev
spaces W5P(Q) and W5P(I'), with s € Rand p > 1, whose corresponding norms, and semi-norms in the case

of the latter, either for the scalar, vector, or tensor case, are denoted by || - llo,p;0, | - lo,p;rs | ls,p;05 1 - Is,p;05
I - Ils,p;r» @and | - |s, p;r, respectively. In addition, WS2(Q) and W2 (') are also denoted by H5(Q) and H(I'), and
the notations of their norms and semi-norms are simplified to || - [|s,0, | - s, Il - s,r> and | - |s,r, respectively.

In particular, H/2(I') is the space of traces of functions of H(Q), H"Y/2(I) is its dual, and (-, -) stands for
the duality pairing between H-/2(I') and HY/2(I'), and between its corresponding vector versions. On the
other hand, given any generic scalar functional space M, we let M and M be the corresponding vectorial
and tensorial counterparts, whereas | - ||, with no subscripts, will be employed for the norm of any element
or operator whenever there is no confusion about the space to which they belong. Furthermore, as usual I
stands for the identity tensor in R := R™", and |-| denotes the Euclidean norm in R := R". Also, for any vector
fields v = (v;)i=1,n and w = (w;);=1,, We set the gradient, divergence, and tensor product operators, as

L ov;

j
Z S’ VOW := (Vi Wj)ij=1,n.
j

VvV := <avi> s div(v) :=
i,j=1,n j=1

X

In turn, for any tensor fields T = (7)i j=1,n and { = ({j)i j=1,n, We let div(t) be the divergence operator div
acting along the rows of T, and define the transpose, the trace, the tensor inner product, and the deviatoric
tensor, respectively, as

n n
1
Tt = (TjD)ij=1,n> tr(t) := ZTii, T:§ := Z TijGij» ¥ =7- Htr(‘r)][.
i=1 ij=1
Next, given p > 1, we introduce the Banach spaces

H(divy; Q) = {T € L2(Q) : div() € LP(Q)},  H(div,; Q) := {T ¢ L2(Q) : div(7) e LP(Q)}  (1.1)
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equipped with the natural norms

ITldiv,:0 := ITlo,0 + Idiv(T)llo,p;0 VT € H(divy; Q)
ITldiv,;0 := ITlo,0 + Idiv(T)llo,p;0 VT € H(divy; Q).

In addition, proceeding as in [17, Sect. 3.1], one can prove that for each p > 2n/(n + 2) there hold

(T-v,v)r = J {r-wvvdivin} v(r,v) e Hdivy; Q) x HI(Q) (1.2)
Q

(TV,V)r = J {1' : Vv+v-div(r)} Y (t,V) € H(divy; Q) x HY(Q). (1.3)
Q

Also, given p, q € (1, +00), we say that they are conjugate to each other if 1/p + 1/q = 1. Finally, we end
this section by mentioning that, throughout the rest of the paper, we employ 0 to denote a generic null vector
(or tensor), and use C and c, with or without subscripts, bars, tildes or hats, to denote generic constants
independent of the discretization, which may take different values at different places.

2 The Boussinesq model

In this section we resort to [17] to introduce the Boussinesq model, its corresponding fully-mixed variational
formulation, and the associated mixed finite element method.

2.1 The boundary value problem

The stationary Boussinesq problem consists of a system of equations in which the incompressible Navier—
Stokes equation is coupled with the heat equation through a convective term and a buoyancy term typically
acting in opposite direction to gravity. More precisely, given a fluid occupying the region Q, an external force
per unit mass g € L®(Q), and data up € HY?(I') and ¢p € H'/?(I'), the model of interest reads: Find a
velocity field u, a pressure field p and a temperature field ¢ such that

-div(2u(p)e(u)) + (Vu)u + Vp = g in Q, div(u)=0 inQ
J p=0, ~div(KVp) +u-Vo =0 inQ (21)
Q
u=up onl, o=¢p onl

where e(u) is the symmetric part of the velocity gradient Vu, also known as the strain rate tensor, and K €
LL°°(Q) is a uniformly positive tensor describing the thermal conductivity of the fluid, thus allowing the pos-
sibility of anisotropy. In turn, y : R — R* is the temperature dependent viscosity, which is assumed to be a
Lipschitz-continuous and bounded from above and below function, which means that there exist constants
Ly > 0and p1, pup > 0, such that

() —u@l < Lyls—tl,  pr < u(s) < po Vs, t20. 2.2)

We observe that, because of the incompressibility constraint (cf. second eq. of (2.1)) and the Dirichlet bound-
ary condition (cf. fifth eq. of (2.1)), up must satisfy the compatibility condition J'F up-v=0.

2.2 The fully-mixed variational formulation

Following the approach from [17], we first introduce the velocity gradient t, the Bernoulli stress tensor @, the
temperature gradient t, and the pseudoheat flux @ as auxiliary unknowns, that is

1 ~ 1
t := Vu, 0 = 2u(Q)tsym — z(u@u)—pl, t:= Vo, o := Kt- Egou
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where teym := %(t + tt) is the symmetric part of t. In this way, problem (2.1) can be rewritten as

Vu=t in Q
tr(t)=0 in Q

—div(o) + %tu -pg=0 in Q
2u(p) tsym — %(u@u)d =0 in Q
Vo=t in Q (2.3)

Kt - %(pu =0 inQ
—div(o) + %u-fz 0 inQ
u=up, @=¢p onlrl

J trQo+ueu) =0

Q
where p is eliminated and later recovered terms of ¢ and u by using the identity
p= —2—1ntr(20 +ueu). (2.4)

In what follows we recall from [17] the variational formulation of (2.3). From its first two equations we
note that, if u is originally sought in H*(Q), then t must belong to the space

LA(Q) = {se L*(Q): tr(s) = O}.

Now, testing the fourth equation of (2.3) againsts ¢ Efr(Q), we formally obtain

g_ 1 doc_ [ g0.c -
ngyup)tsym.s 2L)(u@u) 'S L)a :s=0 (2.5)

from which we observe that the first term of (2.5) is well-defined thanks to the boundedness of u (cf. (2.2)),
whereas the third one is as well if ¢ is sought in IL>(Q). In turn, letting ¢, j € (1, +00) conjugate to each other,
direct applications of the Cauchy-Schwarz and Holder inequalities yield

d
| jﬂ(mu) :s| | jﬂ(wu) :s| < uloe:0 ulo zj0 Islo.o

and hence the second term of (2.5) makes sense if one looks for u in L*(Q), which arises naturally by taking
¢ = j = 2 in the foregoing inequality. In this way, knowing the spaces to which t and u should belong, we
notice that the testing of the term %tu in the third equation of (2.3) is possible only with a vector function
v € L*(Q) since, employing again the aforementioned inequalities, we find that

| jﬂ - v| < Itlo,o Iulo,s0 IVlo.40.

As a consequence, the testing of the first term of the same equation against v € L*(Q), along with Hélder’s

inequality, force div(@) to belong to L*/3(Q), and therefore ¢ is sought from now on in H(div, 33 Q) (cf. (1.1)).

Applying a similar analysis to the sixth and seventh equations of (2.3), we deduce that L?>(Q), L*(Q), and

H(div,,3; Q) become the right spaces to look for i, ¢, and @, respectively. Note, in particular, that the space to

which ¢ belongs is coherent with the testing of the term @g in the third equation of (2.3) against v € L*(Q).
Next, we consider the orthogonal decomposition

]H(din,/g; .Q) = ]Ho(diV4/3; .Q) & RI (26)

where
Ho(diva/3; Q) = {‘re H(divy5; Q) : J tr(‘r):O}
Q
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and observe, in particular, that the unknown o can be uniquely decomposed, according to (2.6) and the con-
dition jQ tr(2e+ueu) = 0, as

0 =0p+ Ccol, Op € H‘Io(din,/g;.Q), Co := J tr(uou).
Q

" 2n|Q|

In this way, and similarly as for the pressure, the constant ¢y can be computed once the velocity is known,
and hence it only remains to obtain . In this regard, we now stress that the equations of (2.3) involving o
remain unchanged if @ is replaced by 6y, and hence from now on we denote @y as simply ¢ € Ho(divs/3; Q).
In addition, thanks to the compatibility condition satisfied by the datum up and the fact that t is sought in
]Ltzr (Q), we realize that testing the first equation of (2.3) against T € H(div,/3; Q) is equivalent to doing it
against T € Hy(divs/3; Q). Regarding this fact, we point out that the formula (1.3) is employed to integrate
the expression IQ Vu : 7. Similarly, when testing the fifth equation of (2.3) against T € H(divs/3; Q), the

computation of jo V¢ - T makes use of (1.2).
Finally, in order to write the announced formulation in a simplified way, we now set the notations

(@, P)a := J oY, (u,v)q := j u-v, (0,7T)q := J 0:7T
Q Q Q
= (u,t), V:=(v,s)eH:=L"Q)xLQ), P = (0,0, P := 1,8 e H:=LYQ) x L2(Q)
Il := lallo,40 + Itho,, 121 == l@llo,as0 + IElo,e  Vi:=(u,t) eH, V§:=(p,T)cH.

In this way, the fully-mixed formulation of our stationary Boussinesq problem reduces to (see, [17, Sect. 3.1]):
Find (ﬁ, 0') € Hx ]HQ(ddi/g; .Q) and ({b, 6') S ﬁ X H(diV4/3; .Q) such that

ay (U, V) + c(w; @, V) + b(V, 0) = Fyp(V)
b, 1) = G(1)

)+ Cu(@, ) + B(P,8) = 0
b(,7) = G(T)

<=

a@,

VVveH

V1 € Ho(divys; Q)
vy eH

VT € H(divs/3; Q)

(2.7)

where, given arbitrary (w, @) € L*(Q) x L*(Q), the forms ap, b, c(w;-, ), d, b, and Cw, the functionals Fy, G,
and G, are defined by

ap(, V) := Qu(@P)teym,S)a, bV, T) := —(T,8)0 - (v, div(T))g (2.8)
c(w; i, V) := %{(tw,v)o—((ww)d,sd)g} 29)
a@, ) = (K8, bW, 7) := - (7,80 - (h, div(T)o (210)
W@, 9) = 5 {Gw,Ba - (pw, 9} @11)
Fp(V) := (pg,V)a, G(7) := ~(tv,up)r, G(T) := (T -v,¢p)r 2.12)

foralld := (u,t),V := (v,s) € H, T € Ho(divy3; Q), T € H(div4/3; Q), § := (¢, 1), 1]) := (1, 8) € H. The well
posedness of (2.7), which uses a fixed-point strategy along with the Babu$ka—Brezzi theory in Banach spaces,
is established by [17, Th. 3.11]. The continuous and discrete analyses provided therein, as well as the one to be
developed in what follows, are also valid if mixed boundary conditions are considered for the Navier—Stokes
equations. Assuming, for instance u = up on I'p and ov = 0 on I'y, where I'p and I'y are disjoint parts of I'
such that I' = I'p U I'y, then just two minor changes are in order. The first one has to do with the space where
0 is sought, which is given now by

Ho(diviys; Q) = {7 € H(divs; ) J tr(1)=0, 7v=0onTy].
[0}

In this case, it is easy to see that for each T € Ho(div,/3; Q) there holds Tv|, € H Y2(I'p), and hence the
second change refers to the definition of the functional G, which becomes G(t) := — (T v, up)r,, where (-, -)r,
stands here for the duality pairing between H-Y/2(I'p) and HY/2(I'p).
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2.3 The finite element method

Let {Tx} hso € a family of regular triangulations Ty, of Q made of triangles K (when n = 2) or tetrahedra
K (when n = 3). Then, given h > 0, we let T ,’i be the corresponding barycentric refinement of T, which
originates from T}, after joining the vertices of each element K € T} with its barycenter, and set its meshsize
ash:=max{hg: K¢ ‘Iﬁ }, where hg denotes the diameter of K. In what follows, given an integer € > 0, P,(K)
stands for the space of polynomials of degree < ¢ defined on K, with vector and tensor versions denoted by
P;(K) := [Pe(K)]™ and P¢(K) := [P.(K)]™", respectively. Then, given an integer k > 0, we set for each K € T fl’
the local Raviart-Thomas space of order k as

RT«(K) := Px(K) ® Pr(K)x

where X := (xq, ..., Xy)' is a generic vector of R". Next, following [17, Sect. 5], we assume from now on that
k + 1 > n, and introduce the following finite element subspaces approximating the unknowns u, t, o, ¢, t,
and 0, respectively,

HY .= {vh e LYQ): vhlk € Pr(K) VK e trg}

HY = {sn € 12(Q): sulk € Pu(K) VK € Th}
HY := {rh € Ho(divy3; Q) : ¢t Tyl € RT(K) VceR, VKe rrg} .13)
HY = [y e L%Q) : pnlk € Pu(K) VK e ‘.T;’[}

H = {8, € L2(): Splx € Pe(K) VK € Th}
Hj := {1 € H(diva/3;0) : Talk € RTi(K) VK e Th}.
In addition, and similarly to Section 2.1, we set the notations

iy := (up, tp), Vi := (Vn, sp) € Hp := Hy x ]H;l
®n = (@n, th), Pn = (Yn, 8n) € Hy := HY xHL.

We remark that the use of the barycentric refinement T 2 instead of the original one T7, is motivated by the ver-
ification of one of the discrete stability conditions involving the subspaces HY, IHZ, and Hy, (cf. [17, Eq. (5.15)]).
Indeed, starting from an arbitrary pair of finite element subspaces Uy and Qj, of Hé(()) and Lé(()) that yield
a well-posed Galerkin scheme for the primal formulation of the Stokes problem, and proceeding similarly as
in [10, 26], we derive in [17] sufficient conditions on HY, ]H;, and HJ (cf. [17, Egs. (5.24) and (5.25)]), depending
on Uy, and Qp, which guarantee the aforementioned stability. Then, taking in particular the Scott—Vogelius
pair (Up, Qp) (cf. [37, 38]), which is given by continuous piecewise polynomials of degree < k + 1, and discon-
tinuous piecewise polynomials of degree < k, respectively, and which becomes stable only on the barycentric
mesh ‘Jﬁ, and under the assumption that k+ 1 > n, we are led to the finite element subspaces defined in (2.13).
For further technical details on this issue, we refer to [17, Sect. 5.2].
Hence, the Galerkin scheme associated with (2.7) reads: Find (tin, 04) € HyxHj and (n, 04) € H, ng
such that
Ay, (Gn, Vp) + c(Up; Gp, Vy) + b(Vp, 0p) = Fy,(Vy) V'V € Hy

b(tn, Th) = G(Th) Y Th E]HZ
(@n> Y1) + Cu, (P> Pr) + B(Pn, &) = 0 Vipy € Hy

b(pn, Th) = G(Tn) Y T GHZ.

(2.14)

N

The solvability analysis and a priori error bounds for (2.14) employs a fixed-point strategy along with the
discrete Babuka—Brezzi theory in Banach spaces (see [17, Theorems 4.11 and 6.2]).
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3 A posteriori error analysis: the 2D case

In this section, we derive a reliable and efficient residual-based a posteriori error estimator for the two-
dimensional version of (2.14). The 3D case, which follows from minor modifications of the one to be presented
next, will be addressed in Section 4.

3.1 Preliminaries for reliability

Given K € T, }117 , we let &,(K) be the set of its edges e, and let &;, be the set of all the edges e of T2, with
corresponding diameters denoted by h.. Then, we set &, = E4(Q) U Ep(I), where E4(Q) :={e € &4 : e c O}
and Eu(I) :={e € &4 : e c I'}. Also for each e € &, we fix unit normal and tangential vectors to e denoted by
Ve := (v1, vp)tand s, := (-v,, v1)', respectively. However, when no confusion arises, we simply write v and s
instead of v, and s, respectively. In addition, the usual jump operator [-] across an internal edge e € £,(Q) is
defined for piecewise continuous tensor, vector, or scalar-valued functions ¢ as simply [(] := {|x — {|x’, where
K and K' are the triangles of T ﬁ having e as a common edge. Furthermore, given scalar, vector, and matrix
valued fields ¢, v = (vq,v2),, and T := (Tij)2x2, respectively, we set

99 t
curl (¢) := < ag;’ ) curl (v) = (curl (v1) > rot (v) := ovy 6_2 rot (1) i= (rot (T11, le))

- curl (vy)t rot (721, T22)

where the derivatives involved are taken in the distributional sense.
Let us now recall the main properties of the Raviart-Thomas and Clément interpolation operators
(cf. [16, 24]). We begin by defining for each p > 2n/(n + 2) the spaces

H, = {1 e H(div; Q) : Tl e W'P(K) VK e Th} 3.1)

HY = {1 e H(divy; 0): Tlk e RTW(K) VK € Th}. (3.2)

In addition, we let IT ’; :Hy - ITIZ be the Raviart-Thomas interpolation operator, which is characterized for
each 7 € Hy, by the identities (see, e.g., [24, Sect. 1.2.7]):

L(Hﬁ(‘r) -v)é = L(-r -v) ¢ V¢ e Py(e), Vedgeor face e of 72 (3.3)
when k > 0, and
anﬁ(r) = L(T-I,b Vi ePy(K), VKeTo
when k > 1. In turn, given q > 1 such that p and g are conjugate to each other, we let
Hy = {v eL9Q): vix € Pu(K) VK e Tp} (3.4)
and recall from [24, Lem. 1.41] that there holds
div(IT} (1)) = PX(div(r)) VT eH,

where fP’,; : LP(Q) — Hj is the usual orthogonal projector with respect to the L2(Q)-inner product, which
satisfies the following error estimate (see [24, Prop. 1.135]): there exists a positive constant Co, independent
of h, such thatfor0 < I < k+1and 1 < p < oo there holds

Iw ~PkWlopa < Cohl IWlipa Yw e WH(Q).

We stress that T’;(W)IK = fPIk<(w|K) Vw € LP(Q), where TP}‘( : LP(K) — Py(K) is the corresponding local
orthogonal projector. In addition, denoting by Hj, the vector version of H}, (cf. (3.4)), we let fPﬁ :1LP(Q) - Hy
be the vector version of fP’,;.

Next, we collect some approximation properties of IT ;;
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Lemma 3.1. Given p > 1, there exist positive constants C, and C,, independent of h, such that for 0 < | < k and
foreachK ¢ ‘Iﬁ there holds

T - If(Dlopsx < CLA Tl px VT € WHEP(K). (3.5)

and
IT-v-1T5(T) - Viope < Cahy Pltlipx VT e WHP(K), Ve € En(K). (3.6)

Proof. The estimate (3.5) follows straightforwardly from [24, Lem. B.67] and [24, Lem. 1.101] (see, e.g., [17,
Lem. 5.3, Eq. (5.38)]), whereas for (3.6) we refer to [12, Lem. 4.2]. O

Furthermore, denoting by H, and ﬁg the tensor versions of Hy, (cf. (3.1)) and ﬁg (cf. (3.2)), respectively, we
let IT ’; :Hy — ﬁg be the operator IT ’,j acting row-wise. Then, according to the decomposition (2.6), for each
T € Hy there holds

1
k) = 0K (1) +d1,  d:= WI (&) € R, MK (1) := IXT) - dT e HY.
, 0 ,

We next recall a stable Helmholtz decomposition for the Banach space H(div,; ), and select p = 4/3 for
the forthcoming analysis. More precisely, we have the following result proven in [12, Lem. 4.4].
Lemma 3.2. Givenp ¢ (1, +00), there exists a positive constant Cy, such that for each T € H(div,; Q) there exist
n € WhP(Q) and ¢ € HY(Q) satisfying

T=n+curl(§) inQ, Inllp:0 + 18ll1,0 < Cp ITldiv,;0-

We stress here that the foregoing result is certainly valid for the tensor version H(div,; Q) of H(div,; Q)
as well, and hence in particular for Ho(div,; Q). In other words, for each T € Ho(divy; Q) there exist n €
WLP(Q) and & € H1(Q) such that

T=n+curl(§) inQ, Inl1,p:0 + 1§l1,0 < CplITldiv,:0- (3.7)

On the other hand, defining X := {vj € C(Q) : valk € P1(K) VK € U’ﬁ} and denoting by Xj, its vector
version, we let I : H1(Q) — Xp and I, : HY(Q) — Xj be the usual Clément interpolation operator and its
vector version, respectively. Some local properties of I, and hence of I, which correspond to the particular
case of [24, Lem. 1.127] that arises by choosing there m = 0, p = 2, and £ = 1, are established in the following
lemma (for a proof, see [16]).

Lemma 3.3. There exist positive constants C1 and C,, such that for each v € H (Q):
Iv=Tnvllox < CrhklIVlnau VYK €Tp

and
1/2
Iv=Tnvlo.e < Cohe'” IVivae Ve e é&n

where AKK) := | J{K' € TP : K'nK # @} andA(e) == J{K' € TP : K'ne# o}.

3.2 Reliability

Recall that
6 := ((d, 0), (p, 0)) € X := Hx Hy(divy3; Q) x Hx H(divs/3; Q)

is the unique solution of problem (2.7), and that

Gn := ((Tin, On), (Pn, On)) € Xp := Hy x HY x Hy x HY
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is a solution of problem (2.14). Then, assuming from now on that up € H*4(I' n L*(I' and ¢p € H*3(IN n
L4(I'), for some § > 0, which allows, in particular, to compute their tangential derivatives Vup s and Vgp - s,
we introduce for each K € T ,’; the local error indicators

@?{/3 i= || - div(en) + 3t un - on glléﬁ/a;x + || - div@n) + jun Ty ||g,/134/3;1< (3.8)
0% = | 2u(@n)tnsym — 5 (up @ up)’ ~ ”2"(2),1( + | KEn ~ 3 onun — 6h||(2),1<
+ hElrot )3 o + ot @3+ Y heflTtaslly , + [T - sl .}

ecEn(K)NER(Q)

Y he{itis—VupsI3, + B s - Voo -si3 | (39)
ee&y(K)NEn(I)

O == higlith = VUnllg g + Pl ~ VOnll o

£ Y he{lup - wild e + lon - @nlf e | (3.10)
ee&p(KINERI)
so that the global a posteriori error estimator is defined as
3/4 1/2 1/4
@:{ y @2/3} +{ y éf{} +{ Y @j;} . G11)
KeT? KeT? KeT?

We recall here, according to the boundary integration by parts formula given in [21, Eq. (3.34), Lem. 3.5],

which in turn follows by applying [34, Eq. (2.17) and Th. 2.11], that for each ¢p € H/?(I) its tangential deriva-
tive Vo - s is the functional in H'/2(I') defined by

(Vop s, v)r := —(curl (v)-v,@p)r Vv eH(Q).
Alternatively, if @p is any function in H(Q) such that ®plr = ¢p, then there holds

(Vop -s,V)r = (V@Pp -S,V)r = J curlp - Vv Vv e H(Q).
Q

The fact that V@p € H(rot; Q) := {T € L?(Q) : rot(t) € L?(Q)} guarantees that its tangential component is
continuous across the edges of ‘IE, and hence V@) - s is unambiguous on I'. In particular, if ¢ € H*4(I), for
some § > 0, which means that @p € H>/2*9(Q), it follows that Vg € H'/2*%(Q), and then V¢, - s is identified
to the function in L?(I') given by V@p - s. Analogue definitions and remarks hold for up.

The residual character of each one of the terms defining the foregoing indicators becomes clear from a
simple inspection of the strong problem (2.3) and thanks to the regularity of the continuous solution.

The main result of this section, which establishes the reliability of 6, reads as follows.

Theorem 3.1. Assume that the data are sufficiently small (as indicated below in Lemma 3.6). Then, there exists
a positive constant Cye, independent of h, such that

16 - Gxlx < Cre1 6. (3.12)

The proof of (3.12) is performed by means of several consecutive steps. We begin by recalling from [17, Sect. 3.2]
the definitions of two suitable operators, namely S : L*(Q) x L“(Q) — Hand S : L*(Q) — H. In fact, for each
(W, @) € L*(Q) x L“(Q) we let S(W, @) := il = (u,t) € H, where (ii, 7) is the solution of the problem arising
from the first two equations of (2.7) after replacing ay and c(u; -, ) by a, and c(w; -, -), respectively, that is,
(6, T) € H x Ho(divy,3; Q) is such that

ap,(Q, V) + c(W; @, V) + b(V,0) = Fp(V) VveH

b, 1) = G(T) VT € Ho(divys; Q).

(3.13)

In turn, for each w € L4(Q) we let S(w) := e H, where (@, 0) is the solution of the problem defined by the
last two equations of (2.7) after replacing u by w, that is, ($, &) € H x H(div, /3; Q) is such that

a(, ) +cw(@, P) + b, ) = 0 Vi eH

_ : _ (3.14)
b(p,T) = G(T) VT eH(divys; Q).
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We now recall from [17, Lemmas 3.5 and 3.6] that (3.13) and (3.14) are well-posed for each (w, @) € L*(Q) x
L*(Q) and for each w € L*(Q), respectively, which implies that the bilinear forms arising after adding the
corresponding left-hand sides satisfy global inf-sup conditions uniformly. In other words, denoting from now
on W := H x Ho(div4/3; Q) and W:=Hx H(div,,3; Q), there exist positive constants y, and Yy, independent
of (w, ¢) and w, respectively, such that

ay(Z,V) + c(W;Z,V) + b(V,§) + b(Z, T)

YIE Dlw < i 1. Dl V(Z,{) eW (3.15)
(¥, 1)#0

16, Dl < sup a@,¢>+Ew(¢,17;)+5($,2)+5(¢,%) V@B e W. (3.16)
%, 1)eW 1Y, Dlw
($,1)#0

Next, proceeding as in [17, Sect. 3.4], we suppose further regularity on the solutions of the problem defin-
ing the operator S (cf. (3.13)). Indeed, we assume that up € H/2+¢(I') for some ¢ € [1/2, 1) (when n = 2) or
€ € [3/4, 1) (when n = 3), and that for each (w, @) € L*(Q) x L*(Q) there holds

S(W, @) =1 = (u,t) e Wo*(Q) x (L2 (Q) n HE(Q)) (3.17)
and (cf. [17, Eq. (3.62)]):
lalle,a0 + Itle,o < cs{l@lo,sa lglo,coe + (1 +1Wlo,40) lupllij2ie,r} (3.18)

with a positive constant cs independent of the given (w, ¢). In particular, taking [[(w, @) < r, withr > 0
given, there holds
lalle,s:0 + Itle,o < cs{rlglo,cse + (1 +7)lupllij2se,r} (3.19)

Our first estimate aiming to prove (3.12) is established as follows.

Lemma 3.4. There exists C, > 0, independent of h, such that

- - . 1 -
I(@, @) — (i, on)lw < C1 {II —div(on) + 3thtn — @nglo 4/3.0 + Il 0 - urllo,40

(3.20)
+ | 21(@nthsym - 2wn o up)® = 6o o + (I8ho,cos0 + Itle,0) 0 = rllo,us0 + IR}
where R : Ho(divs,3; Q) — Ris the functional defined by
R(T) := (tn, T + (up, div(1)), - (TV,up)r VT € Ho(divy/3; Q). (3.21)

Proof. We begin by applying (3.15) to (w, ¢) = (u, ¢) and (Z, {) = (i, 0) — (liy, 63). In this way, and addition-
ally employing the first two equations of (2.7), we arrive at

. . QW)+ R

YI(@, ) - @i, o)l < sup DN 62)
(V,T)eW (v, Dlw
(V,7)#0

where

Q(V) := Fyp(V) — {ay(tip, V) + c(u; iy, V) + b(V, 0p)} VVeH
R(t) := G(T) - b(Up, T) VTECE Ho(divs/3; Q)

which, according to the definitions of G (cf. (2.12)) and b (cf. (2.8)), yields (3.21). Next, adding and subtracting
Fy,(V), ap, (Ui, V), and c(uy; Gy, V), we obtain

QW) := Q1(V) + Fyp_g, (V) + ay, (tin, V) — ap(iin, V) + c(uy; tp, V) - c(u; Gp, V) (3.23)

with
Q1(V) := Fy,(V) — ag, (Ui, V) - c(up; Gy, V) - b(V, 0p).
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Then, bearing in mind the definitions of the forms and functionals involved (cf. (2.8), (2.9), and (2.12)), and
applying the Hélder and Cauchy-Schwarz inequalities, we find that

121 < {||- div(on) + Ltatn - pnglly /3.0

+ [2r@nthsym - 2un o un)? - 6], o} 191k (3.24)
IFp-p, ()| < 121" 18l0,00:2 19 ~ Pnllo, i Ve (3.25)
|c(us i, 9) - c(us B, D) < inle u - unllo,s0 ¥ (3.26)

In turn, proceeding as in the proof of [17, Lem. 3.8], that is using the Lipschitz-continuity of yu (cf. (2.2)), the
Cauchy-Schwarz and Holder inequalities again, and the regularity assumption on the operator S (cf. (3.17)),
we obtain (cf. [17, Egs. (3.67) and (3.68)]):

lag, (n, V) = ap(lin, V)| < 2Ly lligl c(e, n, |Q1) Itle,0 1@ — @rllo,4;0 Vi (B.27)

where i, denotes the continuous injection of H2(Q) into " (Q), with £* := 2/(1 - ¢), and c(g, n, |Q|)
is a positive constant depending on &, n, and |Q|. Hence, employing (3.24), (3.25), (3.26), and (3.27) to
bound |Q(V)| (cf. (3.23)), and replacing the resulting estimate back into (3.22), we get (3.20) with C; :=
vy~ max {1, |Q[Y/2, 2L, |lic|l c(e, n, |Q])}, which completes the proof. O

The bound for [|(§, &) — ($n, On)llg is provided next.
Lemma 3.5. There exists C, > 0, independent of h, such that
1(@> 8)~@n, B0l < Co{|-div@n)+ SunFully 4 5,0 +IKER— S @rtn—8n]ly o+ @nlglu-unlo, a0 +IRN} (3.28)
where R : H(div,3; Q) — Ris the functional defined by
R(T) := (th, Do + (@, div(D)o - (T- v, @p)r VT € H(divy3; Q). (3.29)

Proof. It proceeds similarly to the proof of Lemma 3.4, but now applying the global inf-sup condition (3.16)
tow = uand (p, Z’) = (§, 0) — (pn, On), and then employing the last two equations of (2.7), along with the
definitions and boundedness properties of the forms and functionals involved (cf. (2.10), (2.11), and (2.12)).
Further details are omitted. O

Thanks to Lemmas 3.4 and 3.5, we are able to state now a preliminary estimate for the global error
16 - Gnlx = (@, 0) - (n, on)lw + (P, &) — (Pn, On)llg-
Indeed, it follows straightforwardly from (3.20) and (3.28) that
16 - Onlx < Cs {" ~div(oy) + jthup - Pn8llo,4/3;0 + | - div(@n) + 3Un 'fh||o,4/3;o
+ [ 2u(@n)th,sym — 3 (up @ up)® - 02"0,9 + [ KEn — 5 pnun - Onllo.q
+ (Itnll + 1@nllg) lu - unllo,s0 + (181o,c00 + Itle,0) |9 — @nllo,a;0 + IRI + Ilill}

with C3 := max{C;, C;}. Then, according to the a priori estimates for [|tiyllu and |@nllg provided by [17,
Th. 4.11, Egs. (4.24) and (4.25)], there exist positive constants Cs,4 and Cs 4 independent of h, such that

[tnlla < Cs,a{rlglo,coe + (1 +7)luplliy2,r} (3.30)

and
1Prlg < Csq{1 + IKlo,co:0 + 1} I@pll1/2,r

whereas the regularity estimate (3.19) yields a corresponding bound for |t||¢,o. Thus, it follows that

Cs {(l8nln + 1@nlg) I - wnllo,s0 + (I8llo,c0s0 + Itle,0)l9 — @rllo,40} < max {C(data), C-(data)}lo - Gxllx
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where C(data) and C.(data) are the data-depending constants given by

C(data) :
Cc(data) :

C3 Cs,a{rlgllo,co;0 + (1 +71) lupllij2,r} + C3 C54{1 + IKlo,c0;0 + 1} ll@pnll1/2,r

C3lIgllo,c050 + C3 cs {rllgllo,cos0 + (1 + Mlupllij24e,r}-

As a consequence, we readily deduce the following result.

Lemma 3.6. Assume that 1
max {C(data), C.(data)} < 5

and let C := 2C5. Then there holds

16 - Bnllx < C {” ~ div(on) + 3thun - ‘Phg||0,4/3;9 + | - div(@n) + 3un 'fh||o,4/3;o
(3.31)
+ |21 thsym — 3(un ©uR)d - 0 o + [KEw — S@nun = Fnlly o + IRI+ 1T}

According to (3.31), and in order to complete the derivation of our residual-based estimator, we need to bound
the norms of the residual functionals R and R. In this regard, we now notice from the second and fourth
equations of the Galerkin scheme (2.14) that R(tp) = O for all T, € ]HZ and R(Ty) = Oforall 7 € H‘Z,
respectively, whence the aforementioned norms can be redefined as

R(T - Th) R(T - Th)

[|R]| := sup — | R| := sup —_— (3.32)
TeH (divs/3;0Q) ||T||div4/3;.() TeH(divy/3;Q) ”T||diV4/3;-Q
70 T+0

where the functions 7, and Tj are chosen within the suprema of (3.32) so that they depend on the corre-
sponding T € Ho(divs/3; Q) and T € H(div4/3; Q). More precisely, they are suitably defined in what follows
by employing the Helmholtz decompositions provided by Lemma 3.2 and (3.7) with p = 4/3. Indeed, letting
n e WH43(Q), & e HY(Q), n e WH*/3(Q), and ¢ € H1(Q), such that

T:=n+curl(§), T:=n+curl()) inQ (3.33)
with
Inll1,4/3;:0 + 18110 < Casz 1 Tlldivy ;0 Inl1,4/3:0 + 1811, < Cas3 I Tlldiv, ;0 (3.34)
we set
T = OE(p) + cutl (I,€) + cLe HY, Ty := ON(n) + curl (Ir8) € HY (3.35)

where the constant c is chosen so that tr (T5) has a null mean value, and hence T, does belong to ng. Note
that T, and T, can be seen as discrete Helmholtz decompositions of T and 7, respectively. In this way, using
that R(cI) = 0, and denoting

n=n-M0, §:=§-h§ 7:=n-Om, &:=§-Tnd
it follows from (3.33) and (3.35) that

R(T) = R(T-TH) = R(A) + R(curd () (3.36)
RE) = RE-Tn) = RA) + R(curl (2)) (3.37)

where, according to the definitions of R and R (cf. (3.21) and (3.29)), we find that
R(M) = (tn, Po + (up, div())q — (fjv, up)r (3.38)
R(curl () = (ty, curl (§))o - (curl ()v, up)r (339)

R@) = @, H)a + (Pn, div(i))a - G-V, ep)r, R(curl () = (4, curl (2)g - (curl (2) - v, pp)r.

The following lemma establishes the residual upper bound for |R||.
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Lemma 3.7. There exists a positive constant C, independent of h, such that

IR| < C{® + @} (3.40)
where
- Y B, @ - Y B
KeT? KeT?
with

D =hglrot )5 x + ) helltasllo. + ). heltss—Vupslg,

ecEp(K)NER(Q) ecEp(K)NER(D)
By = hg It = Vurlly o + Y hellup —unllg 4
ecE(K)NER(D)

Proof. According to (3.36), we begin by estimating R(#) (cf. (3.38)). Let us first observe that, for each e € &,
the identity (3.3) and the fact that uy|. € Py(e) yield fe nv - up = 0. Hence, locally integrating by parts the
second term in (3.38), we readily obtain

R(H) = (th - Vup, Do - Y. juD'ﬁVZ(th—Vuhaﬁ).Q— D J(UD—llh)-fIV

ecEp(I) 7€ ec&y(I) 7€

from which, applying the Holder inequality along with the approximation properties (3.5) and (3.6) (cf.
Lemma 3.1) with p = 4/3 and [ = 0, we find that

IR < Y lItn = Vunlloask Ifllo.azik + Y. up - Wnllo,ase I7VIo,a/3:e
KeTh ec&p()

= 1/4
< C1{ Y hilitn - Vugllo, sk Il amx + ). he! ”uD_uh||0,4;e|'1|1,4/3;1(9}
KeT? ecEn(l)
h

where, given e € (), K, is the triangle of 7}’]’ having e as an edge. Then, employing the discrete Holder

inequality in the above sums and then the first stability estimate of (3.34), we arrive at

1/4
IR@)| < Cz{ Y hgltn - Vupll o + Y he ||uD—uh||3,4;e} 1Tldiv, »:0- (3.41)
KeT? ec&n(l)

Next, we estimate R(curl (2’ ) (cf. (3.39)). In fact, regarding its second term, a suitable boundary integration
by parts formula (cf. [21, Eq. (3.35), Lemma 3.5]) yields

(curl (§)v, up)r = —(Vups, &)r. (342)

In turn, locally integrating by parts the first term of R(curl (E’ ), we get

(th, curl (§))o = zjmt(tm-E— Y jﬂthsﬂ-é— Y jths-é

KeT? K ecEn(Q) "€ ecEy(I) 7¢

which, together with (3.42), imply

R(curl (8)) = erot(tm-f— D J[[ths]]'g_ Y j(ths—VuDs)-E- (3.43)

KeT? K ec&y(Q) 7€ ec&p(IN 7€

In this way, applying the Cauchy-Schwarz inequality, the approximation properties provided by Lemma 3.3,
and again the first stability estimate of (3.34), we deduce from (3.43) that

1/2
m(curl(fmscg{ Y hplrot @)l x+ Y Rel[tasllg o+ ) heuths—VuDsué,e} 1Tl divy ;0. (3.44)
KeT? ee&y(Q) ec&n(l)

Finally, it is easy to see that (3.32), (3.36), (3.41), and (3.44) give (3.40), which ends the proof. O
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The derivation of the residual upper bound for || R|| proceeds analogously to the proof of the previous lemma.
We omit further details and state the corresponding result as follows.

Lemma 3.8. There exists a positive constant C, independent of h, such that

IRl < C{¥ + ¥}

where
7,2 32 7 Gt
vy o= z v, b Z ¥y
KeT? KeTh

with

V2 =2t @2+ Y helfE-sli3e+ Y helfn-s-Vop-sl3,
ecEp(K)NER(D) ecEp(K)NER(D)

V= hy = Vonlg s+ Y. hellop—@nlg 40
ecEp(K)NER(D)

We end this section by stressing that the reliability of the estimator © (cf. (3.11)), that is the proof of Theo-
rem 3.1, is a direct consequence of Lemmas 3.6, 3.7, and 3.8. However, we observe that, while the resulting
constant Cy is independent of h, it is not explicitly computable since it depends on other constants, such as
the ones arising from the interpolation errors and the regularity assumption on the operator S, which are not
known explicitly. For the same reason, that is, dependence on unknown constants, the smallness assump-
tions on the data are not verifiable in practice. Unfortunately, improving these results has remained elusive.
Nevertheless, the numerical examples reported in Section 6 illustrate the boundedness of C, and the good
performance of the adaptive strategy suggested by the a posteriori error estimates.

3.3 Preliminaries for efficiency

For the efficiency analysis of @ (cf. (3.11)) we proceed as in [6, 7, 15], and apply the localization technique
based on bubble functions, and the inverse and discrete trace inequalities. For the former, given K ¢ Tb. we
let g be the usual element-bubble function (cf. [39, Egs. (1.5) and (1.6)]), satisfying

Yk € P3(K), supp(Pg) <K, Yx=0 onodl, O<ypg<l ink.

The specific properties of i to be employed in what follows, are collected in the following lemma, for
whose proof we refer to [39, Lem. 3.3 and Rem. 3.2].

Lemma 3.9. Let k be a non-negative integer, p, q € (1, +0o) conjugate to each other,and K € T ,lf . Then, there
exist positive constants c1, c2, and c3, independent of h and K, but depending on the shape-regularity of the
triangulations (minimum angle condition) and k, such that for each u € Py(K) there hold

J- u’,bKV
K
c1 llullo,p;x < sup < lullo,p;x (3.45)

vePy(K) ||V"0,q;K

v#0
and

-1 -1
c2 hy IYxullo,gx < IV(Wrwlo,qx < €3 hy IYxullo,qx- (3.46)

In turn, the aforementioned inverse inequality is stated as follows (cf. [24, Lem. 1.138]).

Lemma 3.10. Let k, £, and m be non-negative integers such that m < ¢, andletr, s € [1, +oo], and K ¢ ‘If;.
Then, there exists c > 0, independent of h, K, r, and s, but depending on k, £, m, and the shape regularity of the
triangulations, such that

¢ _
Wl < chly S V9 1y ok Vv e Pr(K). (3.47)
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Finally, proceeding as in [1, Th. 3.10], that is employing the usual scaling estimates with respect to a fixed
reference element K, and applying the trace inequality in W1-P (K), for a given p € (1, +00), one is able to
establish the following discrete trace inequality.

Lemma 3.11. Let p € (1, +00). Then, there exits ¢ > 0, depending only on the shape regularity of the triangula-
tions, such that for each K € T}l; and e € &(K), there holds

— -1
VIS e < ¢ fRRMIVIE o+ EIVE i} Vv e WP (3.48)

3.4 Efficiency

In this section we prove the efficiency of @ (cf. (3.11)), which is stated as follows.

Theorem 3.2. Assume, for simplicity, that up and @p are piecewise polynomials. Then, there exists a positive
constant Ceg, independent of h, such that

Ces © +h.0.t. < [0 - Gnlx (3.49)

where h.o.t. stands for one or several terms of higher order.
The rest of this section is devoted to the proof of (3.49). We begin with the following result.

Lemma 3.12. There exist positive constants c, €, C, and C, independent of h, such that

| - div(on) + thun - 0ngllo.4 /3.0

(3.50)

<c {||a = Onlldiv,s;0 + U —Unllos0 + It —trlloo + llp - <Phllo,4;o}
I2p(@r)th sym — 3 (n @ up)* - a4, o (3.51)
3.51

<C {||0' = Onlldiv,5;0 + It =trllo,0 + lu —upllos,0 + o - ‘Ph"(”‘“ﬂ}
| - div@n) + Jun Tl 430 < E{18 = Bnllawysio + 1€~ Talo,o + u - wnllo,uia } (52

and

G ~ S prn — Gl g < T {1 - Bulaivyio + [~ Talo,o + u - whloo + 9~ pnloa). 353

Proof. Let us begin with the proof of (3.50). According to the third row of (2.3), and applying the triangle
inequality and the continuous injection of L*(Q2) into L*/3(Q), we readily find that

| - div(on) + 3thun - ©rgllo 4/5.0 = [diV(0 - o) — 3 (tu - tyup) + (¢ - <Ph)g||0 430
< 10 = Onlldiv,s;0 + 3 Ita = taupllo,a/3;0 + 181000019 = Prllo,4s0. (3.54)

Then, subtracting and adding tuy, and employing the triangle and Hélder inequalities, the latter with conju-
gate exponents given by 3/2 and 3, we obtain

[tu - thugplo,a3;0 < It —up)llo,s/3;0 + It —th)unlo,a/3;0
< tllo,o lu—arllo,s;0 + It —trllo,o laklo,s0. (3.55)

Next, using the bounds for |tlo,o and [upllo,4.0 provided by [17, Th. 3.11, Eq. (3.79)] and (3.30) (cf. [17, Th. 4.11,
Eq. (4.24)]), respectively, we deduce from (3.55) the existence of a positive constant C, depending only on data,
but independent of h, such that

Jtw - trunloaz0 < € {Ilu-unlowo + It—tallo,a}
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which, replaced back into (3.54), yields (3.50). In turn, for the proof of (3.51), we first make use of the fourth
row of (2.3) and the triangle inequality to obtain

[2u(@n)th,sym — 5 (an ® un)? - o5,
= |2{u(@n)th,sym - W(@)tsym} + H{O W - (U @ 1R} + 07 - a3, (3.56)
< 2 {I1(@n)th,sym ~ 1(@)tsymlo.0 + I (@@ W) - (Wr © un)lo,0 + 10 - Grlo,0}-

Then, subtracting and adding p(gn)tsym, using the upper bound of y (cf. (2.2)), proceeding as for the deriva-
tion of (3.27) (see also [17, Eq. (3.68)]), and employing the regularity estimate for |t|.,o provided by (3.19), we
find that
[1(@r)th, sym — U(@)tsymllo,0 < ”H(‘Ph)(tsym —th,sym)llo,0 + ”(H(‘P) - H((Ph)) tsymllo,0 ( )
3.57
< C{lIt-tallo,o + 9 - @alo,so}

where C is a positive constant depending only on data and independent of h. Similarly, subtracting and
adding uy in one factor of u ® u, and then applying Hélder’s inequality, we get

lweu) - (up @ up)lo,o < ullo,s;0 Iu - nllo,450 + IWnllo,450 Iu — Wrllo,450 (3.58)

from which, making use of the bounds for [lullo,4;0 and [[unllo,4;0 given by [17, Th. 3.11, Eq. (3.79)] and (3.30)
(see also [17, Th. 4.11, Eq. (4.24)], respectively, it follows that

[(weu) - (up@uy)lo,o < Cllu-uplo,s0 (3.59)

with another positive constant C depending only on data and independent of h as well. In this way, replacing
the bounds from (3.57) and (3.59) in (3.56), we are lead to (3.51). The proofs of (3.52) and (3.53), being similar
to those of (3.50) and (3.51), are omitted. O

The local efficiency estimates to be stated by the next two lemmas have already been proved in the literature
by using localization through bubble functions. We simply refer to their respective proofs.

Lemma 3.13. There exist positive constants c, ¢, C, and C, such that
hy |Irot (th)ll(z),K < clt- thll(z),K, h lIrot (fh)llé,K <C IIT—thI(Z),K VK e 72
e lI[trs]IG e < Clt=tald ,,»  hellltn-s)g. < CIE-Tald,, VYee&n(Q)
where w. is the union of the two elements of T ;l’ sharing the edge e.
Proof. See [9, Lemmas 4.3 and 4.4]. O

Lemma 3.14. Assume that up and @p are piecewise polynomials. Then, there exist positive constants c and ¢,
such that for each e € E(I') there hold

he llths — Vupslg, < clt—tnlg g,  hel€n-s—Vep-slg, < CIE-Tl] ¢,
where K. is the triangle of T, ,’]’ having e as an edge.
Proof. See [31, Lem. 4.15]. O
The inequalities supplied by Lemma 3.9 are invoked in the proof of the following lemma.
Lemma 3.15. There exist positive constants c and ¢, independent of h, such that
h it — Vunlll . < C {||u ~plld o + PRIt~ th||g,K} VK eTh

hi 16 = Vonl 4k < T — @nllg 4 + HEIE-Talg ] VK € TP,
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Proof. For the first inequality we proceed as in the proof of [15, Lem. 5.15]. In fact, given K € T2, we begin
by applying the vector version of the left hand side inequality of (3.45), with p = 4 and q = 4/3, to the local
polynomial x := t, — Vuy, € Pr(K), which gives

J Xk " Yxv

K
c1 lxgllo,ax < sup =—-——. (3.60)
verpxy IVllo,a/3:K
v#0

Then, using that t = Vu in Q, and integrating by parts, we find that

J Xk - Yxv = J {V(u -up) - (t- th)} YV = - J (u—up) div(pgv) - J (t—tn) - Ygv
K K K K
from which, employing the Holder and Cauchy-Schwarz inequalities, noting that

Idiv(PxV)llo,4/3:0 < IVWPrV)lo,4/3;0

and then applying the right-hand side inequality of (3.46), along with the fact that 0 < g < 1, we obtain

jK X $iev < C{hih lu = unlo,asic IVlo,a/3:1 + 1t = tllo,c IVlo,ic}- (3.61)

In turn, according to the local inverse inequality (3.47) withn =2, =m = 0, r = 2, and s = 4/3, there holds
Ivlox < ¢ h}l/z [vllo,4/3;x, and thus (3.61) becomes

[ i v < € Tl + i 1ttt} WWho.ae (.62
In this way, replacing (3.62) back into (3.60), and multiplying the resulting inequality by hg, we get
hic ltn = Vunllo,asx < Iu = pllo s + by It = tallo,x

so that taking the foregoing inequality to the power 4 the required bound is obtained. The second inequality
is derived by an analogous reasoning, and hence we omit further details. O

The remaining local efficiency estimates are established as follows.

Lemma 3.16. Assume that up and @p are piecewise polynomials. Then, there exist positive constants C and C,
independent of h, such that

4 4 2 4
he lup - walg o < C{lw=wrlg o + HE el |

hel@p = @nll 4o < TLIQ = @l 4k + HE =Tl .}

for all e € Ep(I), and where K, is the triangle of T ﬁ having e as an edge.

Proof. Being both inequalities proved in an analogous way, we only show the first one. In fact, given e €
En(I), we first observe that the local inverse inequality (3.47) withn = 1,£ =m = 0, r = 4, and s = 2 yields
lup—unllo,se < C h;w‘ [lup —upllo,e. Hence, taking the above to the power 4, using thatu = up on I', applying
the vector version of the discrete trace inequality (3.48) (cf. Lemma 3.11) with p = 2, recalling that t = Vu, and
employing the triangle inequality, we find that

4 4 -1 2 2 1?2
he llap — upll§ 4o < Clu-upllg, < C {hKe la —unlg g, + h, It = Vuy ||o,1<e} (3.63)
< C{mgt lu—wnld o, + P, It = tal3 g, + hc, It = Vunld 4 .
Next, and owing to the Cauchy-Schwarz inequality, we have that

2 1/2 2 2
HWHO,KE < |Kel / ||W||0,4;Ke < chg, ”w"0,4;Ke VW e L4(I(e)
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and it follows from (3.63) that

2
4 2 2 2 2
he lup =Wl 4o < C{lu—wnl] e+ hic, NE=tal] . + 2 It = Vurl2 x|
4 2 4 4 4
< =l g, + hE el . + i, It — Vanlg o |-

Finally, as a consequence of the first estimate from Lemma 3.15 we can bound the last term in the foregoing
inequality, and this step concludes the proof. O

At this point we stress that if up and ¢p were not piecewise polynomials but sufficiently smooth, then higher
order terms given by the errors arising from suitable polynomial approximations of these functions would ap-
pear in the efficiency estimates provided by Lemmas 3.14 and 3.16. This fact explains the eventual expression
h.o.t. in the global efficiency estimate (3.49).

We end this section by remarking that the proof of (3.49) follows straightforwardly from Lemmas 3.12-
3.16, and after summing up the local efficiency estimates over all K € T ,ll’.

4 A posteriori error analysis: the 3D case

In this section we extend the results from Section 3 to the three-dimensional version of (2.14). Similarly as
in the previous section, given a tetrahedron K € T2, we let &(K) be the set of its faces, and let &, be the set
of all faces of the triangulation T’ f’l . Then, we write £, = Ex(Q) U Ex(I) with E4(Q) and Ex(I') defined as in
Section 3.1. Also, for each face e € & we fix a unit normal v, to e. Now, let v € L?(Q) such that v|g € C(K)
oneachK € T }’f . Then, given e € £(K) N E,(Q), we denote by [v x v,] the tangential jump of v across e, that
is, [V x Ve] := (V|[g — V|g)|e X Ve, where K and K’ are the tetrahedron of 7;: having e as a common face. In
addition, for T € L2(Q) such that 7|x € C(K), we let [T x ve] be the tangential jump of T across e, that is,
[T xVe] := (Tl — Tlg')le X Ve. In what follows, when no confusion arises, we simply write v instead of v,. On
the other hand, we recall that the curl of a 3D vector v := (v1, v, v3) is the 3D vector
ovs 0V, Ovy O0vs 0Vy OVp
curl(v) =Vxv:= <a_x2_a_x3 m—a—xl, a_xl_a_xz>

and that, given a tensor function 7 := (7)3x3, the operator curl (7) is the 3 x 3 tensor whose rows are given
by

curl (711, T12, T13)

curl (1) := | curl(t1, 722, 723)
curl (731, 732, 733)

In addition, T x v stands for the 3 x 3 tensor whose rows are given by the tangential components of each row
of T, that is,
(T11, T12, T13) X Ve
TXVe:=| (T21,T22,T23) X Ve
(731, T32, T33) X Ve

In turn, the tangential curl operator curls and a tensor version of it, denoted curl;, which is defined
component-wise by curl s, will also be used.
Thus, for each K € ‘J’,LI’ we define

éi := [|2u(@n)th,sym — %(uh ®uy)’ - ‘7?1"(2),1( + | K, - %‘Ph“h - 6’!"3,1(
+ h2 leurl (©)12  + h2leurl @)I2 g + Tece, ) he{Ilta x VIS . + I x VI .} 4.1
+ Z he{llth x v — curl ((up)|l§ . + [t xv—curls(gop)llé,e}.

ecER(K)NER(D)
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Hence, bearing in mind the definitions of @2/ 3 (cf. (3.8)) and @2 (cf. (3.10)), which are also valid in the
present 3D case, the associated global a posteriori error estimator is defined as

3/4 1/2 1/4
@:{ y @;/3} +{ y @,2(} +{ y @jg} . (4.2)
KeT? KeT? KeT?

In this way, the corresponding reliability and efficiency estimates, which constitute the analogue of Theo-
rems 3.1 and 3.2, are stated as follows.

Theorem 4.1. Assume that the data are sufficiently small (similarly as indicated in Lemma 3.6), and suppose
that up and @p are piecewise polynomials. Then, there exist positive constants Cre] and Ceg, independent of h,
such that

Cef © + h.o.t. < ||0 - 0plx < Cral®.

The proof of Theorem 4.1 follows very closely the analysis of Section 3, except a few issues to be described
throughout the following discussion. Indeed, we first observe that the general a posteriori error estimate given
by Lemma 3.6 is also valid in 3D. Then, we follow [29, Th. 3.2] to derive a 3D version for arbitrary polyhedral
domains of the Helmholtz decomposition provided by Lemma 3.2. Next, the associated discrete Helmholtz
decomposition and the functionals R and R are set and rewritten exactly as in (3.35), (3.36), and (3.37), respec-
tively. Furthermore, in order to derive the new upper bounds of |R]| and | R, we now need the 3D analogue of
the integration by parts formula on the boundary given by (3.42). In fact, by applying the identities from [34,
Ch.1, Eq. (2.17), and Th. 2.11], we deduce that in this case there holds

(curl§ - v, r = —(curls9, &)r  VEcHY(Q), VIeHY2D).

In addition, the integration by parts formula on each tetrahedron K € T? which is used in the proof of the
3D analogue of Lemma 3.7, becomes (cf. [34, Ch.I, Th. 2.11])

J curlq-{—j q-curlé = (gxv, &k VqeH(curl; Q), V&eHY(Q)
K K

where (-, -)ok is the duality pairing between H-1/2(dK) and H'/2(9K), and, as usual, H(curl , Q) is the space
of vectors in L?(Q) whose curl lies also in L?(Q). Note that, unlike the 2D case, it is not necessary for the
reliability to assume that up € H+5(I) and @p € H™8(I), for some § > 0, since the curl is defined into
HY2(T).

Finally, in order to prove the efficiency of @ (cf. (4.2)), we first observe that the terms defining @?{/ 3
(cf. (3.8)) and the first two defining (:)%( (cf. (4.1)) are estimated exactly as done for the 2D case in Lemma 3.12.
For the remaining terms, we refer to [30, Lem. 4.2].

5 Extension to the Oberbeck-Boussinesq problem

The same tools and techniques employed in the previous sections can be applied for the a posteriori error
analysis of the fully mixed scheme from [18] for the Oberbeck-Boussinesq model. The resulting a posteriori
error estimators for the 2D and 3D cases are summarized in Sections 5.3 and 5.4.

5.1 The Oberbeck-Boussinesq problem

The stationary Oberbeck-Boussinesq problem consists of the incompressible Navier-Stokes—Brinkman equa-
tions coupled with the heat and mass transfer equations through a convective term and a buoyancy term
acting in opposite direction to gravity. More precisely, given an external force per unit mass g € L*(Q), and
Dirichlet data up € H'/?(I'), and ¢1,p, @2, p € HY?(I'), the model reduces to: Find a velocity field u, a pres-
sure field p, a temperature field ¢4, and a concentration field ¢,, both defining a vector ¢ := (@1, ¢2), such
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that
yu—-divQu(p)e(u)) + (Vu)u+Vp =(9-@)g in Q, diviu) =0 inQ
- div(K;Ve1) +u-Ve1 =0 inQ, -div(K,Ve;)+u-Ve,=0 inQ (5.1)
u=up onl, @1 =¢1,p onl, @2=¢2p onrl

where y is a positive constant inversely proportional to the reciprocal of the Darcy number Da, u : RxR* — R*
is the viscosity of the fluid, e(u) is the symmetric part of the velocity gradient Vu, also known as the rate of
strain tensor, 9 := (91, 9,) is a vector containing expansion coefficients, and K; € L°°(Q), with j € {1, 2}, are
uniformly positive definite tensors describing the thermal conductivity of the fluid. In addition, yu is assumed
bounded and Lipschitz continuous, which means that there exist constants u1, yup, Ly, > 0, such that

1 < p@) < 2, @) -p)l < Lylp -9l Ve, P eRxR*

where | - | denotes from on the euclidean norm of R", n € {1, 2, 3}. The incompressibility of the fluid (cf.
second eq. of (5.1)) and the Dirichlet boundary condition (cf. fifth eq. of (5.1)), imply that up must satisfy the
compatibility condition Jr up-v = 0. Then, using some of the auxiliary unknowns defined in Section 2.2, intro-
ducing the new ones that are set implicitly next, denoting ¢, := (91,0, 92,p), and eliminating the pressure p
as before, the Oberbeck-Boussinesq problem (5.1) can be re-stated as follows: Find (u, t, 0) and (g;, f,-, o)),
j € {1, 2}, in suitable spaces to be indicated below such that

Vu=t in Q
yu—diva+%tu—(m9-<,0)g=0 in Q
2u(P)tsym — %(u@u)d = ¢4 inQ

Vo; =1 in Q (5.2)
K;t; - %(p,-u:iij in Q
~dive; + SGu=0  in0

Jtr(20+U®u)=O, u=up @=@p onl.
Q

5.2 The continuous and discrete formulations

Bearing in mind the definitions and notations from Section 2.2, and according to [18, Sect. 3.1], the fully-mixed
variational formulation for (5.2) reads: Find (i, 6) € H x Ho(divs3; Q) and (@, 6;) « H x H(div,3; Q),
j € {1, 2} such that
dgp(ii, ) + c(u; W, V) + b(V,0) = Fp(¥) VVeH
b, 1) = G(1) VT € Ho(divs/s; Q)
a;(@j, ¥y) + Cu(@;, ¥y) + by, 8) = 0 Vi eH
b(®;,Tj) = G(T;) VT € H(divs3; Q)

(6.3)

where, given ¢ ¢ L*(Q), the forms dy and gj, and the functional F > are defined by
e, V) := (YU, V)g + QU(@tsym, 8o, &(®j, P)) == (K¥;,8)0,  Fp@) = (9-@)g,V)a

foralld := (u,t),V := (v,s) € H, for all T € Ho(div,3; Q), forall §; = (¢}, ), 1_/3,- := (5, ;) € H, and for
all 7; € H(div4/3; Q). In turn, as stated at the beginning of this section, the forms b, c, b, and Cw, the latter
for a given w € L*(Q), and the functionals G and G, are defined in Section 2.2.
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In turn, using the same finite element subspaces from Section 2.3, the Galerkin scheme associated
with (5.3) reads: Find (tip, 0x) € Hy, x HY and (§;,n, 6j,n) € Hy x HY, j € {1, 2} such that

dep, (Gp, V) + c(up;tp, V) + b(Vp, 0p) = F(ph(‘*,h) V¥, € Hy,
b(tiy, Tn) = G(Tp) VT, e HY

a;j(@j.n» l_j’j,h) + Cu, (D), l_/;j,h) + E(l;bj,h, Gjn) =0 Vl]’h c Hy
b@jn:Tin) = G(Fn) VT € HY.

(5.4)

For the well-posedness of (5.3) and (5.4) we refer to [18, Th. 3.9] and [18, Th. 4.7], respectively, whereas the
a priori error estimates and corresponding rates of convergence are established in [18, Th. 5.1 and 5.2].

5.3 The a posteriori error estimator in 2D

Recall that
o = (W, 0), (1, 01), (P2, 02)) € X := Hx Ho(divs/3; Q) x H x H(div/3; Q) x H x H(divs/3; Q)
is the unique solution of problem (5.3), and that
On = ((Tin, 6n), (P1,n, G1,1), (P2,n, G2,n)) € X := Hy x HY x Hyy x HY x Hp x HY

is a solution of (5.4). Then, assuming as in Section 3.2, that up € H'*9(I') n L*(I' and ¢; p € H*%(I) nL4(D),
for some 6 > 0, and for j € {1, 2}, we define for K € ‘I;f the local error indicators

2
4/3 = |yun - div(on) + 3thun - (9- <Ph)gl|o 43Kk T Z | - div(@;,n) + 3un 'fi.h"g,/?;/s;l( (5.5)

j=1

_ 2 2 _

P = |20 @) tnsym - S @ un)? o5+ > [KGin — S0inun - Gl ¢
’ j=1

+ h12<||l‘0t (th)no kTt Z h% zllrot (t] h)"o k7t z he” [tn s] ll(z),e

j=1 ecEp(K)NER(Q)
~ 2 —~
+ Z { Y hellfn-sllget Y helfin-s- Voo 'Sllé,e}
ec&n(K)NER(Q) ecEn(K)NERD)
+ ) heltyss - Vupsig, (5.6)

ecn(KONERD)
2
4 4 4 4y 4
Wy = hgltn — Vunllg 4.5 + Z hilltin = Vojnlo 4.k
=

2
+ Y he||uD—uh||é,4;e+Z{ D he||¢;,p—¢;,h||é,4;e} (5.7)

ecE(KINER(T) j=1 Lee&,r(K)NELD)
so that the global a posteriori error estimator is given by
3/4 /2 1/4
-1 tu;;/B} Ay q:,z(} SR )
KeT? KeT? KeT?

Then, the reliability and efficiency of ¥, whose proofs follow very closely the analysis of Section 3, are
established as follows.

Theorem 5.1. Assume that the data are sufficiently small (similarly as indicated in Lemma 3.6), and suppose
for simplicity that up and @; p, j € {1, 2}, are piecewise polynomials. Then, there exist positive constants Cyel
and Ceg, independent of h, such that

Ceg ¥ +h.0.t. < 16— Gnllx < Cra ¥

where h.o.t. stands for one or several terms of higher order.
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5.4 The a posteriori error estimator in 3D

In this case for each K ¢ ‘Iﬁ we define

2
Pk = [21(@p)th,sym — 3 (up @ up)? - 0?1"(2),1( + Z ;&0 — 5 0jn0n - ﬁi,h”(z),K

j=1
2
T 2

+ hylleurl (t)[3 « + Y hgllcarl @ )13 & + D he||ltn x VI|lo..

j=1 ecER(K)NER(Q)

2
~ 2 —~
+ { z he||[6,n x V][5, + Z helltjn x v - Curls(‘Pj,D)ll(z),e}
j=1 Lee&n(K)NER(Q) ec&R(K)NER(D)

+ Y heltyxv—cuarl (up)3 ,

ecER(K)NER(D)

so that, letting ?Il}/ 3 and @I‘é as defined by (5.5) and (5.7), the global a posteriori error estimator is given by (5.8),
while the reliability and efficiency results are stated analogously to Theorem 5.1.

6 Numerical results

This section presents three computational tests that illustrate the properties of the proposed family of meth-
ods. For each problem we provide a test with known closed-form solution that we use to quantify the robust-
ness of the a posteriori error estimators (tests 1 and 3), while we consider in test 2 an application-driven prob-
lem without closed-form solutions. All computations use Alfeld splits (barycentric refined meshes) ‘I,t; created
from regular partitions Ty of Q, using the open-source mesh manipulator GMSH [33]. For the implementation
of the numerical schemes we have used the open-source finite element library FEniCS [2]. A Newton—Raphson
algorithm with null initial guess is used for the resolution of all nonlinear problems, whereas the solution of
tangent systems resulting from the linearization is carried out with the multifrontal massively parallel sparse
direct solver MUMPS. The condition of zero-average pressure (thanks to (2.4), translated in terms of the trace
of the tensor quantity 20 + u ® u) is imposed by means of a real Lagrange multiplier.
Errors between exact and approximate solutions are denoted as

e(w) := [u-unloso, e = lt-trloo e(0) := [0 - Ohlldiv, 0, eP) := Ip - Pprllo.o
2 _ 2 o 2
e(@) = Y loj— @jnlloae, e® = Y IG-Tnloae, €@ = Y 18- jnllaiv,0
j=1 j=1 j=1

while we let r(x) denote their corresponding rates of convergence, specified for the case of adaptive compu-

tations as
log(e(*)/e’ (%))
log(DoF/DoF’)

where DoF and DoF’ denote the numbers of degrees of freedom associated with two consecutive meshes
producing errors e(x) and e’(x), respectively. The local contributions of the residual-based a posteriori error
estimators (3.11), (4.2), and (5.8), which come from the constitutive equations, the conservation equations,
and the inter-element residuals, are used to steer the adaptive mesh-refining. We follow Algorithm 1, which,
though explained below for (2.14) and O (cf. (3.11)), applies in the same way for (5.4) and ¥ (cf. (5.8)). It is
designed based on the classical loop of

r() 1= =2 V«xe{ut, 0,p, 0t 0} (6.1)

solving — estimating — marking — refining — solving — - - -

as specified in, e.g., [22, 39]. As in [18] we need to deal with the adaptive procedure associated with the initial
triangular/tetrahedral mesh at each refinement step, and perform an additional step to treat its Alfeld split
and to project the estimator on a macro (parent) mesh. The key user-defined parameter is X in step 12 of
Algorithm 1.
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Algorithm 1 - Adaptive refinement algorithm

1: for a given computation start with a coarse mesh 75 made of triangles (or tetrahedra) A and do

2 generate the associated barycentric refinement 7’ 2 made of triangles (or tetrahedra) K;
3: for the current mesh 7 2 do
4 solve the discrete problem (2.14) on the new barycentric mesh T;
5: end for
6:  foreachK € 7} do
7: compute O, Ok, and O, and then compute the local a posteriori error indicator Ok := Ok +
éK + @K;
8: end for
9 foreach A € 7, do
10: project the local a posteriori error indicator to the parent mesh 04 := Y KeT?, Kea Ok;
11: end for
12: if for an element in the parent mesh L € T, (even for a boundary element) we have ©; > N max KeT? Ok
then
13: mark L for refinement and mark further elements to guarantee that the triangulation remains
regular;
14: end if
15: if sufficiently many elements in the parent mesh T} are marked so that they represent a given fraction
of the total estimated error then
16: stop
17: else
18: continue to the next step;
19: end if
20: generate an adapted parent mesh from T} through a variable metric/Delaunay automatic meshing

algorithm using the local indicators 0, targeting the equidistribution of the local error indicators in
the updated parent mesh;

21: define the resulting mesh as T3 and go to step (2).

22: end for

6.1 Example 1: accuracy for the Boussinesq problem using uniform and adaptive
mesh refinement

First we verify numerically the convergence of the mixed method applied to the Boussinesq equations by
manufacturing exact solutions of (2.7) over the L-shaped domain Q = (-1, 1)% \ (0, 1)*:

" (x1 - 0.01)2 + (x5 - 0.01)2

—-100[(x;-0.01)%+(x,-0.01)?]

cos(5x1)sin (5x2) 1 + sin(x1x2) cos(x1 + X2)
= s n ’

—sin(5x1) cos (5xz)

@ =sin(x1x,) + cos(x1x3) + e

from which we can determine the exact strain rate, pseudostress, pseudo-heat, and heat flux. The values of
the exact velocity and temperature are used for Dirichlet data up and ¢p, and they are also used to gener-
ate matching right-hand side forcing term and heat source. We consider synthetic viscosity and conduction
functions, as well as constant gravity acceleration as follows:

e Ly 0
=e?, K = 1075, = .
u() <%X2 e) (%)

Note that the order of convergence derived in [17] depends on both the polynomial degree and on the regularity
of the exact solutions. As the manufactured pressure (and therefore the exact pseudostress) and the exact
temperature have relatively high gradients near the reentrant corner, we expect the accuracy of the mixed
finite element scheme to deteriorate upon using uniform mesh refinement.
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Tab. 1: Example 1: Convergence history for the fully-mixed approximation with polynomial degree k = 2 and using uniform
(top block) and adaptive mesh refinement guided by (3.11) (bottom block). DoF stands for the number of degrees of freedom
associated with each barycentric refined mesh ‘J’E, and Iter stands for the number of Newton-Raphson iterations required to
reach the tolerance 1078,

With uniform mesh refinement
DoF h e(u) r(u) e(t) r(t) e(o) r(o) Iter

2899 1.0000 7.87e+00 — 1.47e+02 - 8.59e+02 -
11521 0.5000 5.61e+00 0.491 1.18e+02 0.319 5.47e+02 0.655
45937 0.2500 5.23e+00 0.130 1.05e+02 0.174 4.94e+02 0.312
183457  0.1250 3.10e+00 0.884 9.24e+01 0.445 3.60e+02 0.242
733249  0.0625 1.45e+00 0.679 7.05e+01 0.130 3.44e+02 0.164 7

e(p) r(¢) e(®) r(®) e(o) r(@) e(p) rip)  eff(6)

3.72e-01 — 2.89e+00 - 1.72e+01 — 2.61e+02 — 0.585
1.38e-01 1.439 2.13e+00 0.438 1.62e+01 0.081 2.20e+02 0.127 0.738
7.13e-02 0.953 1.24e+00 0.790 1.34e+01 0.272 5.19e+01 1.213 0.929
4.37e-02 0.708 9.61e-01 0.363 1.30e+01 0.045 4.39e+01 0.243 0.658
4.56e-03 3.261 7.95e-01 0.257 9.07e+00 0.362 2.80e+01 0.648 0.370

[y
v

[ )NV, BN

With adaptive mesh refinement

DoF h e(u) r(u) e(t) r(t) e(o) r(o) Iter

19405 0.5143  5.70e+00 — 2.57e+01 - 9.88e+02 - 6
30385 0.5144 3.90e+00 1.694 1.14e+01 0.958 1.17e+02 0.740
44236 0.5153 2.13e+00 3.573 7.02e+00 1.215 7.62e+01 2.270
57601 0.5146 5.57e-01 3.975 6.51e-01 3.580 3.30e+01 3.415
77653 0.5144  7.96e-02 3.933 3.67e-01 3.131 7.49e+00 3.165
111070  0.5146  9.73e-03  3.272 8.73e-02 3.036 3.01e+00 3.489 3

e(p) r(¢) e(®) r(®) e(0) r(0) e(p) rip)  eff(6)

6.92e-02 — 1.24e+00 — 1.31e+01 - 5.87e+01 - 0.642
4.97e-02 1.481 9.53e-01  1.155 1.13e+01 0.669 4.45e+01 1.236 0.643
2.11e-02 3.999 5.47e-01  2.954 6.97e+00 2.547 3.38e+01 2.470 0.634
9.65e-03 3.472 3.04e-01  3.572  4.29e-01 3.122 7.13e+00 3.778 0.634
2.10e-03 3.201 9.39e-02  3.484 3.13e-02 3.535 3.77e+00 3.323 0.634
7.08e-04  2.067 4.56e-02  3.229 7.10e-03 3.283 9.31e-01 3.892 0.635

w &~ U

Error decay, uniform vs adaptive refinement

10T r=F=F9==CCg T T —T—T—
e et FORHERRHR IS Nteriten ey ¥ o S e
7 S ]
\\
Sel - O(h%3)
RS -0 O(h")
102 ~
T Total error — uniform

——6—Total error — adaptive
O Iterations — uniform
Iterations — adaptive
—- eff(©) — uniform
-p--eff(©) — adaptive

4 5
10 DoFs 10

Fig. 1: Example 1: Total error decay obtained with a method with polynomial degree k = 2 and using uniform and adaptive mesh
refinement.
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Fig. 2: Example 1: Approximate velocity magnitude (a), postprocessed pressure with colormap in log scale (b), and temperature
distribution (c) obtained using a mixed method for the Boussinesq problem with k = 2 and after two steps of adaptive mesh
refinement. Panels (d,e,f) show samples of adaptive meshes.

On each refinement level we compute approximate solutions, as well as errors and convergence rates
defined as above. The error history for each field variable and the effectivity index for the estimator (3.11),
eff(@) := e/O (where e denotes the total error), are supplied in Table 1. There, we also list for each refine-
ment step the iteration count for the Newton—-Raphson algorithm (needed for the £?-norm, either absolute
or relative, of the incremental vector solution to be below the prescribed tolerance of 1078). These results
tabulate the convergence of the method when following a uniform mesh refinement versus the adaptive case.
In the uniform case we generate triangular meshes and refine them uniformly, then apply for each mesh a
barycentric refinement, on which we compute numerical solutions and errors. In the adaptive case we use
Algorithm 1. In all cases we see that the convergence is suboptimal for the uniform refinement whereas opti-
mal and super-optimal rates are seen when we apply the adaptive algorithm. In addition, we observe that the
effectivity index is much more stable in the adaptive case. We also see that the number of iterations is system-
atically lower in the adaptive case. Note that the asymptotic convergence and the fluctuation of the effectivity
index can be easily tuned using step 12 in Algorithm 1. For example, using a refinement parameter X = 0.05
(instead of the value 0.01 used to generate Table 1) we get a slower convergence (but still super-optimal). Such
behaviour is not surprising since the high gradients of pressure and temperature are concentrated only on a
very small region near the reentrant corner. Once these gradients are resolved (which occurs after a couple
of adaptive refinement steps), then the solution is relatively smooth, leading to superconvergence. Moreover,
for this type of solutions, the experimental convergence computed as in (6.1) and used in the adaptive case,
can be quite different compared to the usual rate computed using two consecutive meshsizes. For sake of
completeness we also plot the total error decay vs the number of degrees of freedom in Fig. 1, that allows us
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to infer an approximate fourth-order convergence for the adaptive scheme versus a rate of convergence of
approximately 0.3 for the uniform case.

To further exemplify the performance of the scheme, we show in Fig. 2 approximate solutions (velocity
magnitude, postprocessed pressure, and temperature) obtained by the adaptive method on relatively coarse
meshes, together with examples of locally refined barycentric meshes indicating the expected refinement
near the reentrant corner of the domain, located at the origin.

6.2 Example 2: adaptive computation for the 3D thermal cavity

Next we test the adaptive algorithm in a 3D problem consisting of the stationary Boussinesq equations on
the unit cube Q = (0, 1)3, where the distribution of temperature and flow patterns is driven by differentially
heating the enclosure. The classical benchmark problem uses unity viscosity and thermal conductivity (see,
e.g., [4, 28]), while here we use the nonlinear viscosity v(¢) = 0.25 + exp(-¢) together with g = (0, 0, Ra)*
with a Rayleigh number of Ra = 5 - 10*. For the thermal energy conservation, the boundary is split into two
regions: I'y (top and bottom edges of the box) and I', (vertical walls) where temperature and heat flux are
prescribed, respectively. The boundary temperature on I'; is set to ¢p = 0 on the top surface and ¢p = 1
on the bottom. On I', we consider that the remainder squares of the boundary (that is, the cavity walls) are
insulated, which translates in prescribing zero normal components for the heat flux @, which is done as an
essential boundary condition. Finally, no-slip velocities up = 0 are prescribed everywhere on the boundary.

Starting with a coarse uniform tetrahedral mesh and its corresponding barycentric refinement, we com-
pute numerical solutions using the mixed method with k = 2. The error estimator (4.2) guides the adaptive
mesh refinement, which seems to focus the majority of the marking on the zone of higher temperature gra-
dients. The performance of the scheme is exemplified in Fig. 3 where we display approximate temperature,
heat flux, and velocity streamlines that exhibit a qualitative agreement with the expected flow recirculation.
We also show in the bottom panels of the figure, some coarse adaptively refined grids.

For a more quantitative study, and in order to emphasize another advantage of the fully mixed scheme,
we illustrate that the formulation is conservative in the momentum and thermal energy equations (cf. third
and seventh equations of (2.3)). In Table 2 (top) we show, for each step of adaptive refinement, the number of
degrees of freedom, the number of Newton—-Raphson iterations required to reach convergence, the £ norm
of the balanced momentum -div(oy) + %thuh — @ng, and the £*° norm of the balanced thermal energy
—div(op) + %uh -T,. We can see that at every adaptive step these balances are indeed very close to zero. For
sake of comparison, we compute the numerical solutions to the 3D thermal cavity problem using a classi-
cal (primal) finite element formulation in terms of velocity, pressure, and temperature, and discretized by
a Taylor—-Hood-P; scheme (and using a uniform, but not nested, refinement strategy). The secondary un-
knowns (velocity gradient, pseudostress, temperature gradient, and pseudo-flux) are posprocessed from the
primary fields. Table 2 (bottom) displays the same quantities for this primal method, and we can clearly see
a decay of the momentum and thermal energy errors, but is many orders of magnitude larger than those
obtained with the fully mixed scheme, even for comparable number of degrees of freedom. In addition, the
iteration count is also slightly lower in the adaptive case.

6.3 Example 3: accuracy for Oberbeck-Boussinesq in a truncated cube

We conclude our numerical tests with the verification of convergence of the mixed method and the adaptive
mesh refinement applied to the Oberbeck-Boussinesq system. We use the non-convex domain Q = (0, 1)3 \
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Fig. 3: Example 2: Different angle views for approximate velocity streamlines (a), temperature distribution (b), and heat flux
streamlines (c) for the Boussinesq equations modeling the differentially heated cavity. Solutions computed with a method
using k = 2 and a barycentric tetrahedral grid obtained after four steps of adaptive mesh refinement. Panels (d,e,f,g) show
samples of adaptive meshes with a crinkle clip across the geometry.

Tab. 2: Example 2: Momentum and energy balance computed with the fully mixed scheme and adaptive mesh refinement (top)
vs. a classical Taylor-Hood-Lagrange approximation of velocity—pressure—temperature and applying uniform mesh refinement
(bottom).

Fully mixed method and adaptive mesh refinement

DoF Iter ||div(dh) - thup + @pglew  [div(Th) — Jup - Tl

289801 6 7.761e-12 2.042e-12
372193 6 7.158e-12 5.527e-12
527365 5 9.263e-12 9.088e-12
620413 5 2.276e-11 1.823e-10
819805 6 6.733e-12 7.951e-12
1154365 5 8.537e-12 7.062e-12

Primal method and uniform mesh refinement

DoF Iter |div(gh) - 1thup + @pgle  [div(Th) — Jup - Epllec

7278 7 304.885 70.143
22578 7 148.230 59.625
79918 7 64.109 48.614

259818 7 29.382 47.591
740526 6 19.171 46.900
1863538 7 14.245 45.812
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Tab. 3: Example 3: Convergence history and Newton iteration count for the fully-mixed approximation of the Oberbeck-
Boussinesq equations on a truncated cube.

With uniform mesh refinement
DoF h e(u) r(u) e(t) r(t) e(o) r(o) Iter

46251 1 0.5848 - 17.11 - 135.7 - 4
368921 0.5 0.1542 1.285 11.67 0.549 96.16 0.332 5
2947041 0.3056 0.1320 0.511 9.265 0.388 64.02 0.451 5
8655681 0.1528 0.0944 0.603 6.304 0.410 45.78 0.398 4

e(y) (@) e(®) r(®) e(0) r@ e(p) r(p) eff(¥)

0.03211 — 0.6320 - 0.9353 - 6.432 - 0.767
0.02031 0.694  0.4377 0.467 0.6395 0.698 3.678 0.538 0.854
0.01276 0.766  0.1929 0.776 0.2684 0.819 2.353 0.692 0.612
0.00715 0.983 0.1307 0.462 0.2591 0.128 2.012 0.377 0.300

With adaptive mesh refinement

DoF h e(u) r(u) e(t) r(t) e(o) r(o) Iter

46251 1 0.5848 — 17.11 - 235.7 - 4
102181 1 0.3689 3.185 13.14 2.885 101.3 2.764 4
160002 0.7071 0.1952 2.838 9.246  2.233 60.17 2.552 4
334557 0.7071 0.0913 2.524 6.365 2.681 37.95 2.845 4
468940 0.7071 0.0532 2.487 4.032  2.528 22.79 2.709 3
667680 0.5719 0.0376 2.435 2,516  2.507 17.48 2.696 4
844490  0.5673 0.0193 2.617 1.254 2.791 11.89 2.391 3

e(o) r(p) e(®) r(®) e(o) @  e(p) rip)  eff(¥)

0.03211 - 0.6325 - 0.9353 - 7.432 - 0.767
0.02371 2.474 03761 3.543 0.6802 2.497 5.457 1.954 0.654
0.01240 1.946  0.2189 2.413 0.3549 2.794 2.872 2.506 0.679
0.00628 2.666  0.1047 2.123 0.1985 2.342 1.916 2.126 0.670
0.00161 2,728 0.0722 2.401 0.1343 2.194 1.141 2396 0.695
0.00092 2,729  0.0504 2.504 0.0865 2.946 0.753 2.560 0.695
0.00066 2.243  0.0299 2.538 0.0596 2.444 0.451 3.022 0.695

[0.5, 1]3 (with a volume of |Q| = 0.875), and consider the following closed-form solutions

sinz(nxl) sin(7tx,) sin(2mx3)
u = sin(7ix1) sin? (71x2) sin(27x3)
—[sin(27x1) sin(7rx3) + sin(7x; ) sin(27x5)] sin (71x3)

~ 1-x3-x3-x3
"~ (x1 —0.55)2 + (x5 — 0.55)2 + (x3 — 0.55)2

@1 = 1 - sin(7rx1) cos(mx3) sin(r1x3), @2 = exp(-(x1 - 0.55)% — (x3 — 0.55)% — (x3 — 0.55)?).

p

The manufactured exact velocity, concentration, and temperature are used as Dirichlet data everywhere on
the boundary. The pressure has a strong gradient near the reentrant corner of the domain and therefore we
expect that adaptive mesh refinement outperforms the convergence of the method using meshes successively
refined in a uniform way. We select the following parameter values

exp(—x1) 0 0
u(@) =exp(-p1), y=1, a=(1,0.5)" K= 0 exp(-x2) O , Ky=1
0 0 exp(—x3)

The error history for each field variable (number of degrees of freedom associated with each mesh and
experimental errors and convergence rates) and the effectivity index for the estimator (5.8) (its 3D version),
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Fig. 4: Example 3: Approximate velocity magnitude and streamlines (a), velocity gradient (b), Bernoulli tensor (c), postpro-
cessed pressure (d), temperature (e), concentration (f), temperature gradient (g), and concentration gradient (h), obtained
using k = 2 and an adaptive barycentrically refined tetrahedral mesh. Panels (i,j,k,l) show the repartition of the indicator on
coarse sample meshes.

eff(¥) := e/¥W (where e denotes the total error), are supplied in Table 3. As in the 2D Boussinesq case of Exam-
ple 1, the lack of smoothness of the exact solution is reflected in the hindered convergence observed under
uniform mesh refinement. Noticeably improved results are obtained for the case of adaptive mesh refinement.
The overall mesh density is controlled through a refinement tolerance in order to produce adaptive meshes
representing fewer degrees of freedom than in the uniform case. Even then the errors decay much faster for
the adaptive case and the effectivity index remains in a neighborhood of 0.69, confirming the efficiency and
reliability of the a posteriori error indicator. Approximate solutions are shown in Fig. 4.
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