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In two and three dimensions, this study is focused on the numerical analysis of an eigenproblem
associated with a fluid-structure model for sloshing and elasto-acoustic vibration. We use a displacement-
Herrmann pressure formulation for the solid, while for the fluid, a pure displacement formulation is
considered. Under this approach we propose a non conforming locking-free method based on classic
finite elements to approximate the natural frequencies (of the eigenmodes) of the coupled system.
Employing the theory for non-compact operators we prove convergence and error estimates. Also we
propose an a posteriori error estimator for this coupled problem which is shown to be efficient and
reliable. All the presented theory is contrasted with a set of numerical tests in 2D and 3D.
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1. Introduction

The dynamics of fluid-structure interaction systems are of primary interest in a number of scientific and
industrial applications. For example, vibrations occurring in pipes, parts of aerospace vessels, tanks,
and many others. These applications are related to the design and development of different components,
structures, and devices that are needed in different contexts. Several specific frameworks of interest are
described in, e.g., [32]. Although this problem has been studied for many years, new applications,
formulations, methods, and challenges are still emerging in the literature, proving that research on this
problem is in ongoing progress.

In the present paper, our contribution is related to the development of numerical methods for an
elasto-acoustic problem where we model the motion of a fluid in a solid container. Regarding the
mathematical formulation of this classical problem (see, e.g., [13]), it is possible to use a displacement
formulation for both subdomains and employ, at the discrete level, simple Lagrangian finite elements
(FE) for the solid and Raviart–Thomas elements for the fluid. This type of formulation has been used
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for elasto-acoustic vibration models as well as hydroelastic and sloshing models. Some important
references, such as [7, 8, 11], are focused on the study of formulations where the main unknowns
are the displacements of the solid and the fluid. Hence, this choice of formulation leads to a numerical
analysis that involves classical finite elements, such as piecewise linear functions to approximate the
displacement of the solid and Raviart–Thomas elements for the displacement of the fluid. This choice
of finite elements is shown to be spurious free and capable of approximating the spectrum of the elasto-
acoustic problem accurately. However, the method depending on these families of finite elements leads
to a non-conforming approximation scheme, which has its inherent difficulties. To avoid this non-
conformity, [31] proposes an alternative mixed formulation based on the pressure of the fluid and
the stress of the solid, which, when numerically analyzed by approximating the stress with Brezzi–
Douglas–Marini elements and the pressure with piecewise linear functions, is shown to be locking free,
spurious free, and conforming. This formulation is consistent with the classical results in the literature.
An alternative method, such as the one introduced in [14], where only piecewise linear polynomials
are considered for both media, also turns out to be theoretically and computationally accurate. Time-
dependent elasto-acoustic problems can also be studied, such as in [12], where a semi-implicit time
discretization with distributed Lagrange multipliers is analyzed, or [3], where a spatial discretization
based on the finite element method is first considered and error estimates are also provided, followed
by a fully discrete approximation based on a family of implicit finite difference schemes in time. Let
us remark that an important physical property is the absence of viscosity in the model, particularly
in the fluid. This assumption leads to a linear eigenvalue problem, which is not the case when internal
dissipation is considered, where naturally the eigenvalue problem is quadratic, as in [9]. Hence, to begin
with a simple formulation, the presence of viscosity is not considered in this paper.

All the aforementioned references (and the references therein) are focused on a priori error
estimates. However, the a posteriori analysis can also be performed. Indeed, we can mention
[4, 5, 25, 29] as particularly interesting and well-developed contributions on this subject, which certainly
provide inspiration for our work. However, we are not considering a priori and a posteriori error analysis
separately; our plan is to unify the analysis under a new approach.

In the present paper, our contribution is focused on the mathematical and numerical analysis of
an extension of the elasto-acoustic model studied in, for instance, [7], where sloshing effects are also
considered, as in [31]. More precisely, the classical elasto-acoustic model of [7], which considers the
typical formulation for the elastic domain, is here extended with the incorporation of the so-called
Herrmann pressure [23]. This new variable creates a connection between the classical Stokes problem
and the elasticity problem. More precisely, for eigenvalue problems, it is possible to prove a relation
between the spectra of the Stokes and elasticity eigenproblems via the Herrmann pressure. This fact
has been proved and numerically analyzed in [27] with a finite element method involving inf-sup stable
families of finite elements for Stokes. This approach has the advantage of providing a framework in
which one can analyze both a fully incompressible solid (Stokes’ limit) and the typical elastic structure
by means of a locking-free numerical method. More precisely, with this formulation we are capable of
considering a Poisson ratio equal to 1/2, which classical formulations of the elasto-acoustic problem are
not able to handle. Indeed, as in [27] for the elasticity eigenproblem, for the elasto-acoustic eigenvalue
problem the locking-free property remains valid, as we present in our numerical findings. On the other
hand, the introduction of variable coefficients, reflecting the physical attributes of the structure, adds
another layer of complexity to our analysis. Specifically, these variable coefficients demand the use
of a weighted norm with spatially dependent parameters in order to ensure robustness of the different
estimates that we derive. For the fluid part, we consider a similar model to that of [14]. However,
there are two main differences with respect to the aforementioned study. First, the numerical scheme
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in the present paper considers an inf-sup stable family for the solid domain, such as Taylor–Hood or
MINI elements, while the fluid domain is discretized with Brezzi–Douglas–Marini elements. These
approximations provide conformity along the interface at the expense of additional degrees of freedom.
Second, we propose an a posteriori error analysis that relies on the weighted norm and a Helmholtz
decomposition to provide a reliable and efficient estimator.

Despite these relevant features of the Herrmann formulation and the framework of our analysis, the
approximation of the solutions must be studied not only on the domains in which the fluid or the solid
are located, but also on the interface. This drawback was rigorously studied in [7], where a corrected
interpolant was constructed in order to obtain a proper approximation on the contact interface while
accounting for the non-conformity of the method in that paper. For the mixed formulation in [31], this
corrected interpolant operator was also needed for the same reason, but its analysis is based on the
conformity of the method on the interface and hence, its construction was analyzed with a suitable
extension operator. For the analysis of our model and its numerical method, we also need this corrected
operator, and we construct it inspired by the aforementioned references.

Continuing with the contributions of the paper, we introduce a novel residual-based a posteriori error
estimator tailored to the proposed model. The formulation of the estimator for the solid domain draws
inspiration from the work of [27]. Leveraging the Helmholtz decomposition, we devise an innovative
estimator for the fluid domain. Furthermore, we establish the reliability and efficiency of the proposed
estimator, which are proved under the use of weighted norms and using the standard techniques for a
posteriori error analysis such as [1, 33].

The paper is structured in the following manner: In Section 2 we describe the governing equations
and derive a weak formulation of the eigenvalue problem, noting that the solution operator associated
with the corresponding source problem is non-compact. Next, Section 3 describes the numerical
discretization, introducing the main assumptions for the discrete spaces used herein (Taylor–Hood,
MINI element, and Brezzi–Douglas–Marini), and stating approximation properties of the needed
modification of classical interpolants. We discuss both the source and the discrete eigenvalue problem.
The spectral approximation is postponed to Section 4 according to [18], where we show the convergence
(with optimal order) of the nonconforming method in a suitably defined mesh-dependent norm. In
Section 5 we propose a residual-based a posteriori error estimator and show its robustness. We close in
Section 6 with a set of numerical experiments that report on the accuracy of the proposed schemes and
that also illustrate the properties of the a posteriori error indicators.

2. Model problem

We briefly describe the model problem according to [31], which represents the small-amplitude motion
of a fluid in a container with a free surface for the fluid. Let Ω f and Ωs two polygonal/polyhedral
bounded domains of Rd , where d ∈ {2,3}, with Lipschitz boundary. We assume that Ω f is the domain
where the fluid is contained whereas Ωs is the domain occupied by the structure. We split in two parts
the boundary ∂Ω f : the first part corresponds to the interface contact with the structure, which we denote
by Σ, and the second part is an open boundary that we dente by Γ0. On the other hand, the boundary
∂Ωs is such that ∂Ωs := Σ∪ΓD ∪ΓN , where ΓD is the part of the solid that we consider as clamped.
We assume that Σ is oriented by the normal vector nnn outward to the boundary of Ω f . The unit normal
outward to ∂Ωs is also denoted by nnn (see Figure 2.1).

On the solid subdomain, let us denote by σσσ the Cauchy stress tensor, defined as

σσσ := 2µεεε(uuu)+λ tr(εεε(uuu))I,
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FIG. 2.1. Sketch of a fluid-structure interaction domain with sub-boundaries. Here, ΩS and ΩF denote the solid and fluid
subdomains, respectively.

where uuu denotes the displacement of the solid, εεε(uuu) := 1
2 [∇uuu+(∇uuu)t] is the infinitesimal strain tensor,

and the Lamé parameters are given by

λ :=
E(xxx)ν

(1+ν)(1−2ν)
and µ :=

E(xxx)
2(1+ν)

,

with E and ν representing the Young modulus and Poisson ratio, respectively, both assumed
heterogeneous but uniformly bounded away from zero. Let us define the solid pressure variable
p := −λ divuuu. Under the assumption of small oscillations and inspired in [31], if ω > 0 represents
the natural frequencies of the eigenmodes, the system of interest consists in finding the values of ω

for which there is a tuple of solid and fluid displacements, together with Herrmann and fluid pressures
((uuu,www),(p,pF)) that satisfy the following system

−div(2µεεε(uuu))+∇p = ω
2
ρsuuu in Ωs,

divuuu+
1
λ

p = 0 in Ωs,

∇pF = ω
2
ρ f www in Ω f ,

pF +ρ f c2 divwww = 0 in Ω f ,

(2µεεε(uuu)− pI)nnn− (ρ f c2 divwww)nnn = 000 on Σ, (2.1)

www ·nnn−uuu ·nnn = 0 on Σ,

ρ f g(www ·nnn)+ρ f c2 divwww = 0 on Γ0,

uuu = 000 on ΓD, (2.2)

(2µεεε(uuu)− pI)nnn = 000 on ΓN ,

where g is the gravity magnitude, c is the sound speed, ρs and ρ f denote the density of the solid and
the fluid, respectively, and www is the fluid displacement. We observe that the pressure pF of the fluid can
be eliminated replacing the fourth equation on (2.1) on the third, leading to an expression for the fluid
depending only on the displacement www.

Let us consider the following spaces

V =
{

vvv ∈ H1(Ωs)
d : vvv = 000 on ΓD

}
, Q = L2(Ωs), W :=

{
τττ ∈ H(div,Ω f ) : τττ ·nnn ∈ L2(Γ0)

}
,
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and proceed to test system (2.1) by suitable test functions over V, Q and W, and imposing the boundary
and interface conditions, we obtain with the following variational problem: find ω ∈R+ and (000,000,0) 6=
(uuu,www, p) ∈ V×W×Q such that∫

Ωs

2µ(xxx)εεε(uuu) : εεε(vvv)−
∫

Ωs

pdivvvv+
∫

Σ

(ρ f c2 divwww)(vvv ·nnn) = ω
2
∫

Ωs

ρsuuu · vvv, ∀vvv ∈ V,

−
∫

Ωs

divuuuq−
∫

Ωs

1
λ (xxx)

pq = 0, ∀q ∈ Q, (2.3)∫
Ω f

c2
ρ f divwwwdivτττ−

∫
Σ

(ρ f c2 divwww)(τττ ·nnn)+
∫

Γ0

(gρ f www ·nnn)(τττ ·nnn) = ω
2
∫

Ω f

ρ f www · τττ, ∀τττ ∈W.

Note that the formulation is not well-defined for a Darcy flux merely in H(div,Ω f ), since in that
case we only have www · nnn,τττ · nnn ∈ H−1/2(∂Ω f ) and therefore the last term on the left-hand side of the
third equation in (2.3) might not be bounded. This explains the need for the space W defined above,
which in turn makes sense as long as Γ0 is sufficiently regular (see also, e.g., [22]). As commonly done
in other formulations for fluid-structure interaction problems, we observe from the sixth equation in
system (2.1) that, in order to enforce the continuity of the normal displacement across the interface, we
can define a functional space of kinematically admissible displacements as follows:

Y := {(vvv,τττ) ∈ V×W : vvv ·nnn− τττ ·nnn = 0 on Σ} ,

where the transmission condition is understood (at least) in the H−1/2(Σ) sense. This allows us to define
a strongly coupled system. Hence, using (vvv,τττ) ∈ Y in (2.3), we arrive at the problem: find ω ∈ R+ and
((000,000),0) 6= ((uuu,www), p) ∈ Y×Q such that∫

Ωs

2µ(xxx)εεε(uuu) : εεε(vvv)−
∫

Ωs

pdivvvv+
∫

Ω f

c2
ρ f divwwwdivτττ +

∫
Γ0

gρ f (www ·nnn)(τττ ·nnn)

= ω
2
(∫

Ωs

ρsuuu · vvv+
∫

Ω f

ρF www · τττ
)

∀(vvv,www) ∈ Y, (2.4)

−
∫

Ωs

qdivuuu−
∫

Ωs

1
λ (xxx)

pq = 0 ∀q ∈ Q,

Let us define κ := ω2 and H := Y×Q in order to rewrite (2.4) as follows: find κ ∈ R+ and
((000,000),0) 6= ((uuu,www), p) ∈H such that

A(((uuu,www), p),((vvv,τττ),q)) = (κ +1)B(((uuu,www), p),((vvv,τττ),q)), ∀((vvv,τττ),q) ∈H, (2.5)

where the continuous bilinear forms A : H×H→ R and B : H×H→ R are defined by

A(((uuu,www), p),((vvv,τττ),q)) :=
∫

Ωs

2µ(xxx)εεε(uuu) : εεε(vvv)−
∫

Ωs

pdivvvv+
∫

Ω f

c2
ρ f divwwwdivτττ

+
∫

Γ0

gρ f (www ·nnn)(τττ ·nnn)−
∫

Ωs

q divuuu−
∫

Ωs

1
λ (xxx)

pq+B(((uuu,www), p),((vvv,τττ),q)),

B(((uuu,www), p),((vvv,τττ),q)) :=
∫

Ωs

ρsuuu · vvv+
∫

Ω f

ρ f www · τττ,
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for all ((uuu,www), p),((vvv,τττ),q) ∈H. We observe that the formulation associated with the fluid corresponds
to the acoustic equations written in terms of the displacement of the fluid. Following the ideas of [7], it is
necessary to decompose H(div,Ω f ) in a suitable way. Also, we observe that the eigenspace associated
with κ = 0 is K :=

{
((000,curlξ ),0) : ξ ∈ H1

0(Ω f )
}
⊂ H, and its orthogonal complement (in L2)

denoted as G and defined by (see, e.g., [7])

G :=
{
((uuu,∇ϕ), p) : uuu ∈ V,ϕ ∈ H1(Ω f )

d , p ∈ Q
}
.

We also define the subspace GH := G ∩H. Moreover, it holds that H = K ⊕GH ([7, Lemma 2.3]).
To perform the analysis, we define the following parameter-weighted norm for all ((vvv,τττ),q) ∈H

|||((vvv,τττ),q)|||2H := ‖µ(xxx)1/2
∇vvv‖2

0,Ωs
+‖µ(xxx)−1/2q‖2

0,Ωs
+‖λ (xxx)−1/2q‖2

0,Ωs
+‖ρ1/2

S vvv‖0,Ωs

+‖(c2
ρ f )

1/2 divτττ‖0,Ω f +‖ρ
1/2
f τττ‖0,Ω f +‖(gρ f )

1/2
τττ ·nnn‖2

0,Γ0
.

Let us now define the solution operator

T : H→H, (( fff ,ggg),g) 7→ T(( fff ,ggg),g) := ((uuu,www), p),

where the triplet ((uuu,www), p) ∈H is the solution of the following source problem:

A(((uuu,www), p),((vvv,τττ),q)) = B((( fff ,ggg),g),((vvv,τττ),q)), ∀((vvv,www),q) ∈H. (2.6)

Let us recall the following result proved in [7, Theorem 2.5].

Lemma 2.1 If (( fff ,ggg),g) ∈ G , then T(( fff ,ggg),g) := ((uuu,www), p) ∈ GH is the unique solution of (2.6).
Moreover, there exist α ∈ (1/2,1], β ∈ (0,1] and C > 0 independent of λ , such that the following
estimate holds true

‖uuu‖1+β ,Ωs +‖www‖α,Ω f +‖divwww‖1,Ω f +‖p‖β ,Ωs ≤C‖(( fff ,ggg),g)‖L2(Ωs)d×L2(Ω f )d×L2(Ωs)
.

We observe that Lemma 2.1 establishes that source problem (2.6) is well posed and, as a
consequence of this, we have that T is well defined. We also notice that operator T is non-compact, since
H(div,Ω f ) is not compactly embedded in L2(Ω f )

d . Moreover, we observe that (κ,(uuu,www), p) ∈ R×H
solves (2.5) if and only if ((κ +1)−1,(uuu,www), p) is an eigenpair of T, i.e., if ((uuu,www), p) 6= ((000,000),0) and
T((uuu,www), p) = (κ +1)−1((uuu,www), p).

Moreover, as a consequence of Lemma 2.1, we have the following additional regularity for the
eigenfunctions, which holds when (( fff ,ggg),g) = (κ +1)((uuu,www), p).

Corollary 2.2 There exist α1 ∈ (1/2,1], β1 ∈ (0,1] and C > 0 independent of λ but depending on the
eigenvalue κ , such that the following estimate holds true

‖uuu‖1+β1,Ωs +‖www‖α1,Ω f +‖divwww‖1,Ω f +‖p‖β1,Ωs ≤C‖((uuu,www), p)‖L2(Ωs)d×L2(Ω f )d×L2(Ωs)
.

Next, the following result provides a spectral characterization of T. See [7, Theorem 2.7] for
instance.
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Theorem 2.3 The spectrum of T decomposes as follows: sp(T) = {0,1}∪{µk}k∈N, where:

i) κ = 1 is an infinite−multiplicity eigenvalue of T and its associated eigenspace is K .
ii) {κk}k∈N ⊂ (0,1) is a sequence of finite-multiplicity eigenvalues of T which converge to 0 and

the corresponding eigenspaces lie in {(uuu,www), p) ∈ H1+β1(Ωs)
d ×Hα1(Ω f )

d ×Hβ1(Ωs) : divwww ∈
H1(Ω f )}.

3. Numerical discretization

In this section our aim is to describe a FE discretization of problem (2.5). Let Th(Ωs) and Th(Ω f ) be
a conforming partition of the polyhedral domains ΩS and ΩF , respectively, into triangles (tetrahedrons)
T with size hT = diam(T ). Define h := max{hT : T ∈Th(Ωs)∪Ω f }. Both the interface and the meshes
are assumed conformal, that is, meshes are constructed such that the vertices of Th(Ωs) and Th(Ω f )
coincide on Σh = Σ. On the other hand, the numerical method that we propose is nonconforming. To
make matters precise, on the solid part of the problem, the discretization will be considered under the
approach of inf-sup stable families of FEs for Stokes, whereas for the fluid, Brezzi–Douglas–Marini
elements will be considered. This is the key point on the conforming or non conforming nature of the
methods. With this in mind, the analysis presented in [30] will become essential for our purposes.

Let k ≥ 1 and S ⊆ Rd . We denote by Pk(S) the space of polynomial functions defined on S of total
degree ≤ k. In particular, given two families of inf-sup stable FEs Vh and Qh to approximate the solid
displacement uuuS and the pressure p we can take, for example,

(a) the MINI element [20, Section 4.2.4]:

Vh = {vvvh ∈CCC(Ω) : vvvh|T ∈ [P1(T )⊕B(T )]d ∀ T ∈Th(Ωs)}∩V,

Qh = {qh ∈C(Ω) : qh|T ∈ P1(T ) ∀ T ∈Th(Ωs)},

where B(T ) denotes the space spanned by local bubble functions; or
(b) the Taylor–Hood element [20, Section 4.2.5]:

Vh = {vvvh ∈CCC(Ω) : vvvh|T ∈ Pk+1(T )d ∀ T ∈Th(Ωs)}∩V,

Qh = {qh ∈C(Ω) : qh|T ∈ Pk(T ) ∀ T ∈Th(Ωs)}.

Let us introduce the space to approximate the fluid displacement. We use the well-known Brezzi–
Douglas–Marini finite element space BDMk := Pk(Th)

d with k ≥ 1 (see [15]). We set Wh := BDMk ∩
W to be the corresponding global space. Then, as in [7], we need to impose a weaker condition than
(www−uuu) ·nnn = 0 on Σ, for the discrete space. Then, we introduce the following space

Yh := {(vvvh,τττh) ∈ Vh×Wh : vvvh ·nnn− τττh ·nnn = 0 on Σ} .

Let us remark that the choice of BDM elements to approximate what concerns to the fluid leads to a
conforming discretization since Yh ⊂ Y.

Now we recall some well-known approximation properties for this FE family. First, for the fluid,
given s∈ (0,1], let ΠΠΠh : Hs(Ωh)

d∩W→Wh be the classic global lowest order BDM interpolant operator



8 KHAN, LEPE, MORA, RUIZ-BAIER, VELLOJIN

which satisfies ∫
E
(ΠΠΠhτττ ·nnnE)ζ =

∫
E
(τττ ·nnnE)ζ , ∀ζ ∈P1(E)d ,

where E is an edge of any T ∈Th(Ω f ), and the following commutative diagram property holds true

div(ΠΠΠhτττ) = Ph (divτττ) ∀τττ ∈ Hs(Ω f )
d ∩H(div;Ω f ),

where Ph : L2(Ω f )
d →Uh is the L2(Ω f )

d-orthogonal projection onto

Uh := {qh ∈ L2(Ω f ) : qh|T ∈ Pk−1(T ) ∀T ∈Th(Ω f )}.

Moreover, for s ∈ (0,1], the operators ΠΠΠh and Ph satisfy the following approximation properties

‖τττ−ΠΠΠhτττ‖0,Ω f ≤Chs
(
‖τττ‖s,Ω f +‖divτττ‖0,Ω f

)
∀τττ ∈ H(div;Ω f )∩Hs(Ω f )

d , (3.1a)

‖τττ−ΠΠΠhτττ‖div,Ω f ≤Chs‖τττ‖Hs(div;Ω f ) ∀τττ ∈ Hs(div;Ω f )∩Wh, (3.1b)

‖vvv−Phvvv‖0,Ω f ≤Chs‖vvv‖s,Ω f ∀vvv ∈ Hs(Ω f )
d . (3.1c)

In the solid domain, we also introduce the orthogonal projection Λh : H1(Ωs)
d →Mh, where

Mh := {vvvh ∈ Vh : vvvh|T ∈ Pk+1(T )d ∀T ∈Th(Ωs)},

with k = 0 for MINI element, and k ≥ 1 for Taylor-Hood element. The projection satisfies

‖vvv−Λhvvv‖1,Ωs ≤Chs‖vvv‖1+s,Ωs ∀vvv ∈ H1+s(Ωs)
d . (3.2)

3.1. The interface approximation

Our goal is not only to approximate the solution (uuu,www) ∈ Y in Ω f and Ωs, but also to prove the
convergence of the proposed method on the interface Σ. This implies the construction of a corrected
BDM interpolation operator to approximate the solution on Σ. With this aim, and inspired in the analysis
of [31], the following sequel of results will provide the required corrected operator. Given vvv∈H1(Ωs)

d ,
let ϕ ∈ H1(Ω f ) be the solution of the following Neumann problem:

−∆ϕ =
1
|Ω f |

∫
Σ

vvv ·nnn in Ω f ,
∂ϕ

∂nnn
= 0 in Γ0,

∂ϕ

∂nnn
= vvv ·nnn on Σ. (3.3)

Applying classic regularity results for elliptic problems (see, e.g., [17, 24] for the case of Lipschitz
domains not necessarily convex), we know that there exists υ̂ > 0 such that ϕ ∈W2,υ̂(Ω f ) with 3

2−ε <

υ̂ < 3+ ε for a ε > 0 depending on the domain. Therefore ∇ϕ ∈ Hυ(Ω f )
d for every υ < 2− 2

υ̂
, giving

the worst bound υ < 2
3 . As a consequence of the trace inequality, the following estimate holds true

‖∇ϕ‖υ ,Ω f ≤C‖vvv‖1,Ωs . (3.4)

On the other hand, we define ψ̂ψψ := −∇ϕ such that div ψ̂ψψ ∈ R, according to the right hand side of the
first equation of (3.3). Let us define the following linear operator

E : H1(Ωs)
d →W, vvv 7→ Evvv :=−ψ̂ψψ.

Observe that E is bounded and provides an extension from Ωs to Ω f which, according to (3.4), satisfies
Evvv ∈ Hυ(Ω f )

d with ‖Evvv‖υ ,Ω f ≤ C‖vvv‖1,Ωs for all vvv ∈ H1
ΓD
(Ωs)

d . The following properties of E hold
true.
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Lemma 3.1 There exists a constant C > 0 independent of h such that

‖ΠΠΠhEvvv‖0,Ω f ≤C‖vvv‖1,Ωs ∀vvv ∈ H1
ΓD
(Ωs)

d ,

‖Evvv−ΠΠΠhEvvv‖0,Ω f ≤Chυ‖vvv‖1,Ωs ∀vvv ∈ H1
ΓD
(Ωs)

d .

Proof The proof of these estimates follows verbatim the arguments of [31, Lemma 5.1]. �

Next, let Eh be the discrete counterpart of E, defined by Ehvvv := ΠΠΠhE(Λhvvv) ∈Wh, for any vvv ∈
H1

ΓD
(Ωs)

d . The following result provides an approximation property between operators E and Eh and
its proof is available in [31, Lemma 5.2].

Lemma 3.2 There exists a constant C > 0, independent of h, such that

‖Evvv−Ehvvv‖div,Ω f ≤C (hυ‖vvv‖1,Ωs +‖vvv−Λhvvv‖1,Ωs) ∀vvv ∈ H1
ΓD
(Ωs)

d .

Our next task is to prove that any smooth enough (uuu,www) ∈ Y is well approximated by functions of
Yh. With this aim, we need to correct the BDM interpolant on the fluid to impose safely the continuity
of the degrees of freedom of the BDM elements and the piecewise linear functions on the interface Σ.
To do this task, we define the corrected interpolant operator Π̂ΠΠh : Y→ Yh as follows

Π̂ΠΠh(uuu,www) :=
(
Λhuuu,ΠΠΠhwww+(Ehuuu−ΠΠΠhEuuu)

)
∀(uuu,www) ∈ Y.

The following lemma proves that Π̂ΠΠh(uuu,www) indeed lies in Yh. See [31, Lemma 5.3] for the details.

Lemma 3.3 Let (uuu,www) ∈Y with www ∈Hυ(Ω f )
d and let (uuuh,wwwh) := Π̂ΠΠh(uuu,www). Then, (uuuh,wwwh) ∈Yh and

‖(uuu,www)− (uuuh,wwwh)‖W×V ≤C
(
‖www−ΠΠΠhwww‖div,Ω f +‖uuu−Λhuuu‖1,Ωs

)
.

The first step is to construct an adequate interpolant for the correct approximation in the domain
occupied by the fluid, the domain of the solid and the interface. With this aim, we introduce the
corrected operator Mh : Y×Q→ Yh×Qh, defined as follows:

Mh((vvv,τττ),q) :=

{
((000,000),Phq) ifT ⊂Ωs,

(Π̂ΠΠh(vvv,τττ),0), otherwise.

Moreover, the operator Mh satisfies the following approximation property.

Lemma 3.4 There exists a positive constant C such that, for all ((vvv,τττ),q)∈H1+β (Ωs)
d×Hα(Ω f )

d×
Hβ (Ωs) with divτττ ∈ H1(Ω f ) there holds

|||((vvv,τττ),q)−Mh((vvv,τττ),q)|||H ≤Chr(‖τττ‖α,Ω f +‖divτττ‖1,Ω f +‖vvv‖1+β ,Ωs +‖q‖β ,Ωs),

where r = min{α−1/2,β ,k}, and α,β are as in Lemma 2.1.
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Proof Let ((vvv,τττ),q) ∈ H1+β (Ωs)
d ×Hs(Ω f )

d ×Hβ (Ωs) with divτττ ∈ H1(Ω f ). From the definition of
Mh, direct computations reveal that

|||((vvv,τττ),q)−Mh((vvv,τττ),q)|||2H ≤ ‖µ(xxx)
1/2

∇(vvv−Λhvvv)‖2
0,ΩS

+‖µ(xxx)−1/2(q−Phq)‖0,ΩS

+‖λ (xxx)−1/2(q−Phq)‖2
0,ΩS

+‖ρ1/2
S (vvv−Λhvvv)‖2

0,ΩS

+‖(c2
ρF)

1/2 div(τττ− (ΠΠΠhτττ +Ehvvv−ΠΠΠhEvvv))‖2
0,Ω f

+‖ρ1/2
F (τττ− (ΠΠΠhτττ +Ehvvv−ΠΠΠhEvvv))‖2

0,Ω f

+‖(gρF)
1/2(τττ− (ΠΠΠhτττ +Ehvvv−ΠΠΠhEvvv)) ·nnn‖2

0,Γ0

≤ I1 + I2,

where

I1 :=C1

(
‖∇(vvv−Λhvvv)‖2

0,ΩS
+‖q−Phq‖2

0,ΩS
+‖vvv−Λhvvv‖2

0,ΩS
+‖div(τττ−ΠΠΠhτττ)‖2

0,Ω f

+‖τττ−ΠΠΠhτττ‖2
0,Ω f

+‖(gρF)
1/2(τττ−ΠΠΠhτττ) ·nnn‖2

0,Γ0

)
,

I2 :=C2

(
‖div(ΠΠΠhE(vvv−Λhvvv))‖2

0,Ω f
+‖ΠΠΠhE(vvv−Λhvvv)‖2

0,Ω f
+‖(ΠΠΠhE(vvv−Λhvvv) ·nnn)‖2

0,Γ0

)
,

with constants C1,C2 > 0 depending on µmax,µmin,λmin,ρS,ρF ,c and g.
From inverse inequality and the following estimate (valid for the BDM interpolation applied to any

τττ ∈ Hα(Ω f )
d), ‖ΠΠΠhτττ ·nnn− τττ ·nnn‖0,Γ0 ≤Chζ |τττ|α,Ω f , with ζ = min{α−1/2,k}, we have,

‖ΠΠΠhE(vvv−Λhvvv) ·nnn‖0,Γ0 ≤ ‖ΠΠΠhE(vvv−Λhvvv) ·nnn−E(vvv−Λhvvv) ·nnn‖0,Γ0 +‖E(vvv−Λhvvv) ·nnn‖0,Γ0

≤C
(

hζ |E(vvv−Λhvvv)|1/2+ζ ,Ω f
+‖E(vvv−Λhvvv)‖1/2+ζ ,Ω f

)
≤C

(
hζ‖vvv−Λhvvv‖1,Ωs +‖vvv−Λhvvv‖1,Ωs

)
.

Hence, the desired estimate follows using (3.1a)-(3.2), Lemma 3.1 and Lemma 3.2. �

To continue with the analysis, we require a suitable Helmholtz decomposition. This result has been
stated in [9, Lemma 4.1], and with minor manipulations can be adapted to our purposes. We skip details
for brevity.

Lemma 3.5 For ((uuuh,wwwh), ph) ∈ Gh we have the following decomposition

((uuuh,wwwh), ph) = ((uuuh,∇ξ ), ph)+((000,χχχ),0) with ξ ∈ H1+υ̃(Ω f ) and ((000,χχχ),0) ∈K ,

which satisfies

‖∇ξ‖υ̃ ,Ω f
≤C(‖divuuuh‖0,Ω f +‖wwwh‖1,Ωs +‖ph‖0,Ωs), and

‖χχχ‖0,Ω f ≤Chυ̃(‖divuuuh‖0,Ω f +‖wwwh‖1,Ωs +‖ph‖0,Ωs).

where υ̃ := min{ 1
2 ,υ}.
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3.2. The discrete eigenvalue problem

Now we are in position to introduce the discrete counterpart of the eigenvalue problem (2.5). It consists
in finding ((uuuh,wwwh), ph)) ∈Hh := Yh×Qh such that

A(((uuuh,wwwh), ph),((vvvh,τττh),qh)) = (κh +1)B(((uuuh,wwwh), ph),((vvvh,τττh),qh)), ∀((vvvh,wwwh),qh) ∈Hh.
(3.5)

Let us define the corresponding discrete solution operator

Th : H→Hh, (( fff ,ggg),g) 7→ Th(( fff ,ggg),g) := ((uuuh,wwwh), ph),

where ((uuuh,wwwh), ph) is the solution of the following discrete source problem:

A(((uuuh,wwwh), ph),((vvvh,τττh),qh)) = B((( fff ,ggg),g),((vvvh,τττh),qh)), ∀((vvvh,wwwh),qh) ∈Hh. (3.6)

It is straightforward to prove that problem (3.6) is well posed and hence, the operator Th is well defined.
On the other hand, we observe that (κh,(uuuh,wwwh), ph) ∈ R×Hh ∈ Qh solves (3.5) if and only if ((κh +
1)−1,(uuuh,wwwh), ph) is an eigenpair of Th, i.e., if ((uuuh,wwwh), ph) 6= ((000,000),0) and Th((uuuh,wwwh), ph) = (κh+
1)−1((uuuh,wwwh), ph).

Since Gh * G we need to apply the second Strang lemma in order to derive an approximation error.
For problems (2.6) and (3.6) the Strang estimate reads as follows:

|||((uuu,www), p)− ((uuuh,wwwh), ph)||| ≤
{

C inf
((vvvh,τττh),qh)∈Gh

|||((uuu,www), p)− ((vvvh,τττh),qh)|||

+ sup
((000,000),0)6=((vvvh,τττh),qh)∈Gh

A(((uuu,www), p)− ((uuuh,wwwh), ph),((vvvh,τττh),qh))

|||((vvvh,τττh),qh)|||

}
.

Since Mh((uuu,www), p) ∈ Hh and Hh = Gh⊕Kh, there exist ((uuuh,wwwh), ph) ∈ Gh and ((uuuKh ,wwwKh), pKh
) ∈

Kh such that Mh((uuu,www), p) = ((uuuh,wwwh), ph) + ((uuuKh ,wwwKh), pKh
). Then, since ((uuu,www), p) ∈ G is

orthogonal to ((uuuKh ,000),0) ∈Kh, we observe that

|||((uuu,www), p)− ((uuuh,wwwh), ph)|||
2 ≤ |||((uuu,www), p)− ((uuuh,wwwh), ph)|||

2 +
∣∣∣∣∣∣((uuuKh ,000),0)

∣∣∣∣∣∣2
=
∣∣∣∣∣∣((uuu,www), p)− ((uuuh,wwwh), ph)+((uuuKh ,000),0)

∣∣∣∣∣∣2
= |||((uuu,www), p)−Mh((uuu,www), p)|||2

≤Chr(‖www‖s,Ω f +‖divwww‖1,Ω f +‖uuu|1+β ,Ωs +‖p‖1,Ωs),

where we have used the approximation property of Mh given by Lemma 3.4.
Now for the consistency term, we procede as follows: Let ((vvvh,τττh),qh). Invoking Lemma 3.5, let us

consider the following decomposition ((vvvh,τττh),qh)= ((vvvh,∇ξ ),qh)+((000,χχχ),0) where ((vvvh,∇ξ ),qh)∈
Gh and ((000,χχχ),0) ∈K , which holds according to Lemma 3.5. Hence

A(((uuu,www),p),((vvvh,τττh),qh)) = 2
∫

Ωs

µ(xxx)εεε(uuu) : εεε(vvvh)−
∫

Ωs

pdivvvvh +
∫

Ω f

c2
ρ f divwwwdivτττh

+ 〈gρ f www ·nnn,τττh ·nnn〉Γ0 −
∫

Ωs

divuuuqh−
∫

Ωs

1
λ

pqh +
∫

Ωs

ρSuuu · vvvh +
∫

Ω f

ρ f www · τττh
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= 2
∫

Ωs

µ(xxx)εεε(uuu) : εεε(vvvh)−
∫

Ωs

pdivvvvh +
∫

Ω f

c2
ρ f divwwwdiv(∇ξ +χχχ)

+ 〈gρ f www ·nnn,(∇ξ +χχχ) ·nnn〉Γ0 −
∫

Ωs

divuuuqh−
∫

Ωs

1
λ

pqh +
∫

Ωs

ρSuuu · vvvh

+
∫

Ω f

ρ f www · (∇ξ +χχχ)

= 2
∫

Ωs

µ(xxx)εεε(uuu) : εεε(vvvh)−
∫

Ωs

pdivvvvh−
∫

Ωs

1
λ

pqh +
∫

Ω f

c2
ρ f divwwwdiv∇ξ

+ 〈gρ f www ·nnn,∇ξ ·nnn〉Γ0 −
∫

Ωs

divuuuqh +
∫

Ωs

ρSuuu · vvvh +
∫

Ω f

ρ f www ·∇ξ

=
∫

Ωs

ρS fff h · vvvh +
∫

Ω f

ρ f gggh ·∇ξ , (3.7)

where we have used that G ⊕K , where div χχχ = 0 in Ω f and χχχ ·nnn = 0 on Γ0 and that ((uuu,www), p) is the
solution of the source problem (2.6).

On the other hand, there holds

A(((uuuh,wwwh), ph),((vvvh,τττh),qh)) = 2
∫

Ωs

µ(xxx)εεε(uuuh) : εεε(vvvh)−
∫

Ωs

ph divvvvh +
∫

Ω f

c2
ρ f divwwwh divτττh

+
∫

Γ0

(gρ f wwwh ·nnn)(τττh ·nnn)−
∫

Ωs

divuuuhqh−
∫

Ωs

1
λ

phqh +
∫

Ωs

ρSuuuh · vvvh +
∫

Ω f

ρ f wwwh · τττh

=
∫

Ωs

ρS fff h · vvvh +
∫

Ω f

ρ f gggh · (∇ξ +χχχ). (3.8)

Now, subtracting (3.8) from (3.7), applying the Cauchy–Schwarz inequality and invoking Lemma 3.5
we have

A(((uuu,www), p)− ((uuuh,wwwh), ph),((vvvh,τττh),qh)) =
∫

Ω f

ρ f gggh ·χχχ

≤Cρ f ‖gggh‖0,Ω f ‖χχχ‖0,Ω f ≤Chs‖gggh‖0,Ω f (‖divτττh‖0,Ω f +‖vvvh‖1,Ωs +‖qh‖0,Ωs).

Finally, taking supremum, we readily obtain the bound

sup
((000,000),0)6=((vvvh,τττh),qh)∈Gh

A(((uuu,www), p)− ((uuuh,wwwh), ph),((vvvh,τττh),qh))

|||((vvvh,τττh),qh)|||
≤Chr‖gggh‖0,Ω f .

4. Spectral approximation

We begin this section recalling some definitions from classical spectral theory. Let X be a generic
Hilbert space and let S be a linear bounded operator defined by S : X →X . If III represents the identity
operator, the spectrum of S is defined by sp(S) := {z∈C : (zIII−S) is not invertible} and the resolvent is
its complement ρ(S) :=C\sp(S). For any z∈ ρ(S), we define the resolvent operator of S corresponding
to z by Rz(S) := (zIII−S)−1 : X →X .
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Also, if X and Y are vectorial fields, we denote by L (X ,Y ) the space of all the linear and
bounded operators acting from X to Y . We define X := W ×Q and X h := W h×Qh.

Let S be a linear operator defined by S : X →X . We define the norm ‖·‖h, associated with S
as follows

‖S ‖h := sup
xxxh∈X h

|||S xxxh|||
|||xxxh|||

. (4.1)

Let xxx ∈X and H and J be two closed subspaces of X . We define the following distances

δ
(
xxx,H

)
:= inf

yyy∈H
‖xxx− yyy‖ , δ

(
H ,J

)
:= sup

yyy∈H ,‖yyy‖=1
δ
(
yyy,J

)
,

and hence, the so-called gap between two subspaces

δ̂
(
H ,J

)
:= max

{
δ
(
Y ,J

)
,δ
(
J ,H

)}
.

As we claimed before, our aim is to apply the non-compact theory of [18] to derive the convergence
of the proposed method. This implies the validation of the following properties

[P1 ] ‖T−Th‖h→ 0, as h→ 0.

[P2 ] ∀xxx ∈X , lim
h→0

δ
(
xxx,X h

)
= 0.

We observe that property [P2] holds due to the smoothness of the eigenfunctions given by Corollary
2.2 and the approximation properties (3.1a), (3.1b),(3.1c), (3.2), and Lemma 3.4. The task now is to
prove [P1].

Lemma 4.1 Property [P1] holds true in the following sense: there exists a constant C > 0 independent
of h, such that

‖T−Th‖h ≤Chr,

where the parameter r is given by Lemma 3.4.

Proof Since Hh ⊂ H, for any discrete source 000 6= (( fff h,gggh),gh) ∈ Hh, operators T and Th are well
defined. Then, using the definition (4.1), Lemma 3.4, and the dependence on the data, we obtain

‖T−Th‖h = sup
0006=(( fff h,gggh),gh)∈Hh

|||(T−Th)(( fff h,gggh),gh)|||H
|||(( fff h,gggh),gh)|||H

= sup
0006=(( fff h,gggh),gh)∈Hh

|||((uuu,www), p)− ((uuuh,wwwh), ph)|||H
|||(( fff h,gggh),gh)|||H

≤ sup
0006=(( fff h,gggh),gh)∈Hh

|||((uuu,www), p)−Mh((uuu,www), p)|||H
|||(( fff h,gggh),gh)|||H

≤ sup
0006=(( fff h,gggh),gh)∈Hh

Chr(‖www‖s,Ω f +‖divwww‖1,Ω f +‖uuu‖1+β ,Ωs +‖p‖β ,Ωs)

|||(( fff h,gggh),gh)|||H

≤ sup
0006=(( fff h,gggh),gh)∈Hh

Chr|||(( fff h,gggh),gh)|||H
|||(( fff h,gggh),gh)|||H

≤Chr.
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This concludes the proof. �

A key consequence of the previous result is that we are in position to apply the well established
theory of [26] to conclude that the proposed numerical method does not introduce spurious eigenvalues.
This is stated in the following theorem.

Theorem 4.2 Let V ⊂C be an open set containing sp(T). Then, there exists h0 > 0 such that sp(Th)⊂
V for all h < h0.

Let us recall the definition of spectral projectors. Let µ be a nonzero isolated eigenvalue of T with
algebraic multiplicity m and let Γ be a disk of the complex plane centered in µ , such that µ is the only
eigenvalue of T lying in Γ and ∂Γ∩sp(T) = /0. With these considerations at hand, we define the spectral
projections of EEE associated with T as follows:

EEE :=
1

2πi

∫
∂Γ

(zIII−T)−1 dz.

Note that EEE is the projection onto the generalized eigenvector space R(EEE). A consequence of Lemma
4.1 is that there exist m eigenvalues, which lie in Γ, namely µ

(1)
h , . . . ,µ

(m)
h , repeated according their

respective multiplicities, that converge to µ as h goes to zero. With this result at hand, we introduce a
spectral projection

EEEh :=
1

2πi

∫
∂Γ

(zIII−Th)
−1 dz,

which is a projection onto the discrete invariant subspace R(EEEh) of T, spanned by the generalized
eigenvectors of Th corresponding to µ

(1)
h , . . . ,µ

(m)
h .

For the eigenfunctions, the following estimate holds true, which is nothing else but an implication
of properties [P1]-[P2], and the theory of [18].

Theorem 4.3 There exist constants h0 > 0 and C > 0 such that, for all h≤ h0,

δ̂ (R(EEEh),R(EEE))≤Chr.

On the other hand, regarding the eigenvalues, we have the following estimates.

Lemma 4.4 There exists a positive constant C independent of λ such that

|κ−κh| ≤Ch2r.

Proof Let us define U := ((uuu,www), p) and Uh := ((uuuh,wwwh), ph) such that the following algebraic identity
holds

A(U−Uh,U−Uh)−κB(U−Uh,U−Uh) = (κh−κ)B(Uh,Uh). (4.2)

Taking modulus on the above identity and using Young’s inequality, we have

|A(U−Uh,U−Uh)| (4.3)

≤ 2‖µ1/2
εεε(uuu−uuuh)‖2

0,Ωs
+2‖p− ph‖0,Ωs‖div(uuu−uuuh)‖0,Ωs +‖(cρ f )

1/2div(www−wwwh)‖2
0,Ω f
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+‖(gρ f )
1/2(www−wwwh) ·nnn‖2

0,Γ0
+‖λ−1/2(p− ph)‖2

0,Ωs

+‖ρ1/2
f (uuu−uuuh)‖2

0,Ω f
+‖ρ1/2

s (www−wwwh)‖2
0,Ω f

≤ 2C‖∇∇∇(uuu−uuuh)‖2
0,Ωs

+(Cλmin
+1)‖λ−1/2(p− ph)‖2

0,Ωs
+‖ρ1/2

s (uuu−uuuh)‖2
0,Ωs

+‖div(uuu−uuuh)‖2
0,Ωs

+(Cρ f ,c +1)‖(ρ f c2)1/2div(www−wwwh)‖2
0,Ω f

+‖(gρ f )
1/2(www−wwwh) ·nnn‖2

0,Γ0
+‖ρ1/2

s (www−wwwh)‖
1/2
0,Ω f

≤C(δ̂ (R(EEEh),R(EEE)))2 ≤Ch2r, (4.4)

where we have used the definition of the continuous and discrete spectral projections and the gap. Also

|κ||B(U−Uh,U−Uh)| ≤C(‖ρ1/2
s (www−wwwh)‖

1/2
0,Ω f

+‖ρ1/2
s (uuu−uuuh)‖2

0,Ωs
)≤C(δ̂ (R(EEEh),R(EEE)))2 ≤Ch2r.

(4.5)
On the other hand, it is straightforward to prove that B(Uh,Uh) > 0. Hence, replacing (4.3), (4.5) in
(4.2), we conclude the proof. �

5. A posteriori error analysis

The objective of this section is to present a residual-based error estimator and to demonstrate the
equivalence between the proposed estimator and the true error. Through all this section we will be
focused on eigenvalues with simple multiplicity.

Let us set some preliminary definitions and notations. For any K ∈ Th, we denote by EK its set of
facets and

Eh :=
⋃

K∈Th

EK .

We partition Eh into EΩ and E∂Ω, where E∂Ω is defined as the set of edges ` ∈ Eh such that ` lies
on the boundary ∂Ω, and EΩ comprises the edges in E excluding those in E∂Ω. Let K and K′ be the
two elements in Th that share the edge `, and let nnnK and nnnK′ denote their respective outer unit normal
vectors. For each internal edge ` ∈ EΩ and any sufficiently smooth function vvv, we define the jump of its
normal derivative on ` as follows:[[

∂vvv
∂nnn

]]
`

:= ∇(vvv|K) ·nnnK +∇(vvv|K′) ·nnnK′ .

5.1. Residual based a posteriori error estimator

Regarding the elastic structure, we can express the local element residual within each element (denoted
by ηK,S) and the discrepancy between neighboring elements’ solutions at their edges (denoted by ηJ,S)
as

η
2
K,S := h2

K‖ρS
1 RS

1,T‖2
0,T +‖(ρS

2 )
1/2RS

2,T‖2
0,T , η

2
J,S := hE‖ρS

EJS
` ‖2

0,`,

where

RS
1,T := div(2µhεεε(uuuh))−∇ph +ω

2
h ρSuuuh and RS

2,T := divuuuh +
1
λ

ph.
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For the jump terms, we define

JS
` :=


1
2
[[(2µhεεε(uuuh)− phI)nnn]], E ∈ΩS∩Eh

(2µhεεε(uuuh)− phI)nnn, E ∈ ΓN ∩Eh

000, E ∈ ΓD∩Eh.

Here, the parameters ρ1, ρ2 and ρ3 are defined by

ρ
S
1 := (2µh)

−1/2, ρ
S
2 :=

[
(2µh)

−1 +λ
−1]−1

, ρ
S
E := (2µh)

−1/2/
√

2,

where µh corresponds to the L2 polynomial projection of µ . The local data oscillation is characterized
by Θ2

K,S = ‖ρS
1 (µ − µh)εεε(uuuh)‖2

0. To conclude, let us delve into the definition of the global a posteriori
estimator ηS alongside the global data oscillation error ΘS, expressed as:

η
2
S := ∑

K∈Th

η
2
K,S, Θ

2
S := ∑

K∈Th

Θ
2
K,S.

Next, for fluid part, we can express the local element residual within each element (denoted by
ηK,F ) and the discrepancy between neighboring elements’ solutions at their edges (denoted by ηJ,F ) as

η
2
K,F := h2

K‖ρF RF
1,T‖2

0,T +h2
K‖ρF RF

2,T‖2
0,T , η

2
J,F := hE‖ρF

E JF
1,`‖2

0,`+hE‖ρF
E JF

2,`‖2
0,`,

where
RF

1,T := c2
ρF ∇(divwwwh)+ω

2
h ρF wwwh, RF

2,T := rot(ω2
h ρF wwwh).

For the jump terms, we define

JF
1,` :=


1
2
[[c2

ρF(divwwwh)nnn]], E ∈Ω f ∩Eh

c2ρF(divwwwh)nnn, E ∈ ΓN ∩Eh

000, E ∈ ΓD∩Eh.

; JF
2,` :=


1
2
[[ω2

h ρF wwwh×nnn]], E ∈Ω f ∩Eh

ω2
h ρF wwwh×nnn, E ∈ ΓN ∩Eh

000, E ∈ ΓD∩Eh.

Here, the parameters ρF and ρF
E are defined by

ρ
F := (c2

ρF)
−1/2, ρ

F
E := min{(c2

ρF)
−1/2/

√
2,(ω2

h ρF)
−1/2/

√
2}.

Finally, denoting ρ I = min{ρF
E ,ρ

S
E}, we define of the estimator for the interface as

η
2
E,I := hE‖ρ I((2µεεε(uuuh)− pI)nnn− (ρ f c2 divwwwh)nnn)‖2

0,E +hE‖ρF
E ω

2
h ρF wwwh×nnn‖2

0,E .

5.2. Reliability

Let us begin with the reliability analysis for the a posteriori estimator. The following result is
instrumental.

Lemma 5.1 For every ((uuu,www), p) ∈ Y×Q, there exists ((vvv,τττ),q) ∈ Y×Q with |||((vvv,τττ),q)|||H .
|||((uuu,www), p)|||H such that

|||((uuu,www), p)|||2H . A(((uuu,www), p),((vvv,τττ),q)).
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Proof From the definition of bilinear form A(·, ·), it follows that

A(((uuu,www), p),((uuu,www),−p)) =‖(2µ(xxx))1/2
εεε(uuu)‖2

0,Ωs
+‖λ (xxx)−1/2 p‖2

0,Ωs
+‖ρ1/2

S uuu‖2
0,Ωs

+‖(c2
ρ f )

1/2 divwww‖0,Ω f +‖ρ
1/2
f www‖0,Ω f +‖(gρ f )

1/2www ·nnn‖2
0,Γ0

.

Applying the standard inf-sup condition [27, Eq. 2.6 ] shows that for every p ∈ Q, there exists an
element ṽvv ∈ Y such that

−(p,divṽvv)≥ C2‖p‖2
0,Ωs

, ‖µ(xxx)1/2
εεε(ṽvv)‖0,Ωs ≤ C1‖µ(xxx)−1/2p‖0,Ωs .

This finding implies that

A(((uuu,www), p),((ṽvv,000),0)) = 2
∫

Ωs

µ(xxx)εεε(uuu) : εεε(vvv)−
∫

Ωs

pdiv ṽvv+
∫

Ωs

ρSuuu · ṽvv

≥C2‖p‖2
0,Ωs
−C1‖µ(xxx)1/2

εεε(uuu)‖0,Ωs‖µ(xxx)
−1/2 p‖0,Ωs −‖ρ

1/2
S uuu‖0,Ωs‖ρ

1/2
S ṽvv‖0,Ωs

≥ (C2−1/2ε1)‖p‖2
0,Ωs
− (C2

1ε1/2)‖µ(xxx)1/2
εεε(uuu)‖2

0,Ωs
−‖ρ1/2

S uuu‖0,ΩsC3‖µ(xxx)−1/2 p‖0,Ωs

≥ (C2−1/2ε1−1/2ε2)‖p‖2
0,Ωs
− (C2

1ε1/2)‖µ(xxx)1/2
εεε(uuu)‖2

0,Ωs
− (C2

3ε2/2)‖ρ1/2
S uuu‖2

0,Ωs
.

By taking the specific choices vvv := uuu+δ ṽvv, τττ = www and q =−p, it follows that

A(((uuu,www), p),((vvv,τττ),q)) = A(((uuu,www), p),((uuu,www),−p))+δA(((uuu,www), p),((ṽvv,000),0))

≥ ‖µ(xxx)1/2
εεε(uuu)‖2

0,Ωs
+‖λ (xxx)−1/2 p‖2

0,Ωs
+‖ρ1/2

S uuu‖2
0,Ωs

+‖(c2
ρ f )

1/2 divwww‖2
0,Ω f

+‖ρ1/2
f www‖2

0,Ω f
+‖(gρ f )

1/2www ·nnn‖2
0,Γ0

+δ ((C2−1/2ε1−1/2ε2)‖p‖2
0,Ωs
− (C2

1ε1/2)‖µ(xxx)1/2
εεε(uuu)‖2

0,Ωs
− (C2

3ε2/2)‖ρ1/2
S uuu‖2

0,Ωs
).

Choosing ε1 = ε2 = 2/C2 and δ = 1/2min{C2/C2
1 ,C2/C2

3} implies that

A(((uuu,www), p),((vvv,τττ),q))& |||((uuu,www), p)|||2H.

Moreover, it also holds that

|||((vvv,τττ),q)|||2H = |||((uuu+ ṽvv,www), p)|||2H . |||((uuu,www), p)|||2H.

�

To derive the upper bounds of the the fluid part, we employ the Helmholtz-decomposition based
approach as discussed in [16]. For sufficiently smooth scalar ψ , and vector vvv := (v1,v2)

t, we let

curl(ψ) :=
(

∂ψ

∂x2
,− ∂ψ

∂x1

)t
, rot(vvv) :=

∂v2

∂x1
− ∂v1

∂x2
.

By applying [16, Lemma 4.4], for each τττ ∈W, we can find zzz ∈ H2(Ω f ) and φ ∈ H1
Σ
(Ω f ), such that

τττ = ∇zzz+ curlφ in Ω f , and ‖zzz‖2,Ω f +‖φ‖1,Ω f . ‖τττ‖H(div,Ω f ).
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Finally, we can define a discrete function τττh ∈Wh such that

τττh = Ih(∇zzz)+ curlφh.

Then

div(τττ− τττh) = div(∇zzz− Ih(∇zzz)) = (I−Ph)(divτττ),

is L2(Ω)-orthogonal.

Theorem 5.2 Consider (κ,(uuu,www), p) ∈ R×H ∈ Q as a solution of the spectral problem (2.3) and let
(κh,(uuuh,wwwh), ph) ∈ R×Hh ∈ Qh be the discrete solution of the spectral problem (3.5). Then, for every
h0 ≥ h there holds:

|||((uuu−uuuh,www−wwwh), p− ph)|||H .η +Θ+‖(ρS(κuuu−κhuuuh))‖0,ΩS +‖(ρS(uuu−uuuh))‖0,ΩS

+‖(ρF(κwww−κhwwwh))‖0,Ω f +‖(ρF(www−wwwh))‖0,Ω f ,

where the hidden constant is independent of the mesh size, ν and the discrete solutions. Moreover, the
eigenvalue also satisfies the following reliability bound:

|κ−κh|. η
2 +Θ

2 +‖(ρS(κuuu−κhuuuh))‖2
0,ΩS

+‖(ρS(uuu−uuuh))‖2
0,ΩS

+‖(ρF(κwww−κhwwwh))‖2
0,Ω f

+‖(ρF(www−wwwh))‖2
0,Ω f

.

Proof By applying an application of the stability result of Lemma 5.1, for ((uuu−uuuh,www−wwwh), p− ph) ∈
Y×Q, there exists ((vvv,τττ),q) ∈ Y×Q with |||((vvv,τττ),q)|||H . |||((uuu,www), p)|||H such that

|||((uuu−uuuh,www−wwwh), p− ph)|||2H . A(((uuu−uuuh,www−wwwh), p− ph),((vvv,τττ),q)).

Using the definition of the weak formulation (2.5), it follows that

|||((uuu−uuuh,www−wwwh), p− ph)|||2H . (κ +1)B(((uuu,www), p),((vvv,τττ),q))−A(((uuuh,wwwh), ph),((vvv,τττ),q)),

. (κ +1)B(((uuu,www), p),((vvv,τττ),q))− (κh +1)B(((uuuh,wwwh), p),((vvv,τττ),q))

+(κh +1)B(((uuuh,wwwh), ph),((vvv,τττ),q))−A(((uuuh,wwwh), ph),((vvv,τττ),q)).

By the definition of the bilinear form B(·, ·) and using Cauchy–Schwarz’s inequality, we obtain

|(κ +1)B(((uuu,www), p),((vvv,τττ),q))− (κh +1)B(((uuuh,wwwh), p),((vvv,τττ),q))|
= |((κ +1)ρSuuu− (κh +1)ρSuuuh,vvv)+((κ +1)ρF www− (κh +1)ρF wwwh,τττ)|
. (‖(ρS(κuuu−κhuuuh))‖0,ΩS +‖(ρS(uuu−uuuh))‖0,ΩS)‖vvv‖0,ΩS

+(‖(ρF(κwww−κhwwwh))‖0,Ω f +‖(ρF(www−wwwh))‖0,Ω f )‖τττ‖0,Ω f .

In order to estimate

(κh +1)B(((uuuh,wwwh), ph),((vvv,τττ),q))−A(((uuuh,wwwh), ph),((vvv,τττ),q)),

we first add

A(((uuuh,wwwh), ph),((vvvh,τττh),qh))− (κh +1)B(((uuuh,wwwh), ph),((vvvh,τττh),qh)) = 0,
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and then apply integration by parts element-wise with the Helmholtz decomposition for τττ − τττh. Then
we obtain

(κh +1)B(((uuuh,wwwh), p),((vvv− vvvh,τττ− τττh),q−qh))−A(((uuuh,wwwh), ph),((vvv− vvvh,τττ− τττh),q−qh))

= IS + IF + II ,

where

IS := ∑
K∈Th∩Ωs

∫
K
(div(2µ(xxx)εεε(uuuh))−∇ph +κuuuh) · (vvv− vvvh)+

∫
Ωs

(
divuuuh +

1
λ

ph

)
(q−qh)

− ∑
E∈E (Th)∩Ωs

∫
E
((2µhεεε(uuuh)− phI)nnn) · (vvv− vvvh),

IF :=
∫

Ω f

(∇(c2
ρ f divwwwh)+κhρF wwwh) · (∇zzz− Ih(∇zzz)+

∫
Ω f

(κhρF wwwh) · (curlφ − curlφh)

− ∑
E∈E (Th)∩Ω f

∫
E
((c2

ρ f divwwwh)nnn) · (∇zzz− Ih(∇zzz)−
∫

Γ0

(gρ f wwwh ·nnn)((∇zzz− Ih(∇zzz) ·nnn),

II := ∑
E∈E (Th)∩Σ

∫
E
((2µhεεε(uuuh)− phI)nnn) · (vvv− vvvh)− ∑

E∈E (Th)∩Σ

∫
E
((c2

ρ f divwwwh)nnn) · (∇zzz− Ih(∇zzz)).

Applying integration by parts, along with the Cauchy–Schwarz inequality and the approximation results
of the Clément interpolant, yields:

IS . (ηS +ΘS)|||((vvv,τττ),q)|||H.

Using integration by parts and the Cauchy–Schwarz inequality implies that

|IF | ≤ (η f +Θ f )‖τττ‖H(div,Ω f ), |II | ≤ ηI |||((vvv,τττ),q)|||H,

which completes the proof. �

5.3. Efficiency

We now focus on proving the efficiency bound for the a posteriori error estimator. The strategy for this
is the standard based in the technique of using localization with bubble functions (see [1, 33]).

Lemma 5.3 (Interior bubble functions) For any K ∈ Th, let ψK be the corresponding interior bubble
function. Then, there holds

‖q‖2
0,K .

∫
K

ψKq2 ≤ ‖q‖2
0,K ∀q ∈ Pk(K),

‖q‖0,K . ‖ψKq‖0,K +hK‖∇(ψKq)‖0,K . ‖q‖0,K ∀q ∈ Pk(K),

where the hidden constants are independent of hK .
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Lemma 5.4 (Facet bubble functions) For any K ∈ Th and ` ∈ EK , let ψ` be the corresponding facet
bubble function. Then, there holds

‖q‖2
0,` .

∫
`
ψ`q2 ≤ ‖q‖2

0,` ∀q ∈ Pk(`).

Moreover, for all q ∈ Pk(`), there exists an extension of q ∈ Pk(K) (again denoted by q) such that

h−1/2
K ‖ψ`q‖0,K +h1/2

K ‖∇(ψ`q)‖0,K . ‖q‖0,`,

where the hidden constants are independent of hK .

The efficiency of the elastic estimator ηS directly follows from [27, Lemma 4.3]. On the other hand,
the efficiency of the fluid estimator ηF follows by collecting the bounds in the following result.

Lemma 5.5 There holds:

h2
K‖ρF RF

1,T‖2
0,T ≤ ‖cρ

1/2
F div(www−wwwh)‖2

0,T +‖(ρF)−1/2(ω2
h ρF wwwh−ω

2
ρF www)‖2

0,T ,

h2
K‖ρF RS

2,T‖2
0,T ≤ ‖(ρF)−1/2(ω2

h ρF wwwh−ω
2
ρF www)‖2

0,T ,

hE‖ρF
E JF

1,`‖2
0,` ≤ ‖cρ

1/2
F div(www−wwwh)‖2

0,ωT
+‖(ρF)−1/2(ω2

h ρF wwwh−ω
2
ρF www)‖2

0,ωT
,

hE‖ρF
E JF

2,`‖2
0,` ≤ ‖(ρF)−1/2(ω2

h ρF wwwh−ω
2
ρF www)‖2

0,ωT
.

Proof Firstly, we define vvvT = χT h2
T (ρ

F)2RF
1,T , where χT is the element bubble function defined on T .

Then

h2
T‖ρF RF

1,T‖2
0,T ≤ (RF

1,T ,vvvT ) =
∫

T
(c2

ρF ∇(divwwwh)+ω
2
h ρF wwwh)vvvT

=
∫

T
(c2

ρF ∇(divwwwh)+ω
2
h ρF wwwh− c2

ρF ∇(divwww)+ω
2
ρF www)vvvT

=
∫

T
(−c2

ρF ∇(div(www−wwwh))vvvT +
∫

T
(ω2

h ρF wwwh−ω
2
ρF www))vvvT = T1 +T2.

An application of integration of parts on T1 gives that

T1 =
∫

T
(−c2

ρF ∇(div(www−wwwh))vvvT

=
∫

T
(c2

ρF div(www−wwwh))divvvvT

≤ ‖cρ
1/2
F div(www−wwwh)‖0,T hT‖ρF RF

1,T‖0,T .

Finally, in order to estimate T2 we simply apply the Cauchy–Schwarz inequality to obtain

T2 =
∫

T
(ω2

h ρF wwwh−ω
2
ρF www))vvvT ≤ ‖(ρF)−1/2(ω2

h ρF wwwh−ω
2
ρF www)‖0,T hT‖ρF RF

1,T‖0,T .
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Ω1 Ω2

FIG. 6.1. Test 6.1. Schematic of 2D computational domains indicating dimensions, boundaries, subdomains, and using a coarse
mesh with N = 2.

By applying the inverse inequality, we derive the second stated result. Next, we define

vvv` := ψ`hE(ρ
F
E )

2[[c2
ρF(divwwwh)nnn]],

where ψ` is the bubble function that satisfies the properties outlined in Lemma 5.4. We then proceed to
estimate the term hE‖ρF

E J`‖2
0,`, leading to

hE‖ρEJ1,`‖2
0,` . ([[c2

ρF(divwwwh)nnn]],vvv`)` = ([[c2
ρF(divwwwh)nnn]],vvv`)`. (5.1)

Applying integration by parts on ωT yields

([[c2
ρF(divwwwh)nnn]],vvv`)` = ∑

T∈ωT

(
(c2

ρF(divwwwh)− c2
ρF(divwww),div(vvv`))T

+(RF
1,T ,vvv`)T +(ω2

h ρF wwwh−ω
2
ρF www,vvv`)T

)
.

Using the Cauchy–Schwarz inequality along with Lemma 5.4 and combining it with (5.1), we obtain
that

hE‖ρF
E J1,`‖2

0,` . (‖cρ
1/2
F div(www−wwwh)‖0,ωT +‖(ρ

F)−1/2(ω2
h ρF wwwh−ω

2
ρF www)‖0,ωT )h

1/2
E ‖ρ

F
E J1,`‖0,`.

The last estimates directly follows from [19, Theorem 2]. �

Lastly, the efficiency of the interface estimator ηI is a direct consequence of [27, Lemma 4.3] in
conjunction with Lemma 5.5.

6. Numerical experiments

This section presents a series of computational tests using the open-source FE library FEniCS
[2] together with the special modules FeniCSii [28] and multiphenics [6] for the treatment
of bulk-surface coupling mechanisms. The meshes have been constructed using the mesh
generation/manipulation library GMSH [21].
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As we typically do not know the closed-form solutions for the eigenvalues, their convergence rates
have been obtained with a standard least-squares fitting and highly refined meshes. We denote by N
the mesh refinement level (number of edges along the shortest edge) and dof denotes the number of
degrees of freedom. We denote by ωh,i the i-th discrete eigenfrequency and denote the error on the i-th
eigenvalue by err(ωi) with

err(ωi) := |ω2
h,i−ω

2
i |.

6.1. Accuracy test

In this section we perform a convergence analysis with respect to mesh refinement using the first three
eigenvalues of the coupled problem. With the aim of comparing the numerically obtained results against
the simulations reported in [31], the first series of tests employ the following parameter values ρs =
7700kg/m3, E = 1.44×1011Pa, ν = 0.35, ρ f = 1000kg/m3, c = 1430m/s, g = 9.8m/s2, and we focus
on the elasto-acoustic modes. We consider two configurations for the geometry. First, we consider Ω1
such that the fluid domain is a rectangle and the solid container is a polygon as depicted in Figure
6.1(left). The second geometry, denoted as Ω2, is such that we have re-entrant corners in the solid and
fluid subdomains 6.1(right). The domains are discretized such that there is conformity between ΩS and
Ω f .

The error history for is outlined in he two blocks of Table 6.1 for the elasto-acoustic modes in
Ω1 and Ω2, respectively. We observe an asymptotic linear convergence for the case of Taylor–Hood
elements, and suboptimal rate for MINI-elements. However, results on Taylor–Hood on the first part of
Table 6.1 are closer to the reference values from [31]. Suboptimal convergence results are expected in
Ωi because of the strong interaction between the solid and the fluid, where the solid contains at least
two angle singularities and four points where boundary conditions change from Dirichlet to Neumann.

6.2. Fluid-structure interaction in a half-filled barrel

In this experiment we study the behavior of the scheme when considering a non-polygonal domain in
three dimensions. The solid and fluid sub-domains (see a sketch in Figure 6.3) are defined as follows

Ωs1 := {(x,y,z) ∈ R3 : y2 + z2 = 1,x ∈ [−2,1]},

Ωs2 := {(x,y,z) ∈ R3 : y2 + z2 = 0.752,x ∈ [−1.75,0.75]},

Ωs := Ωs1\Ωs2 , Ω f := {(x,y,z) ∈ R3 :
√

y2 + z2 =−
√

0.75,x ∈ [−1.75,0.75]}.

The barrel is clamped on the external circular faces and free of stress in the rest. In order to compute
the references eigenfrequencies, we have used a highly refined mesh and the higher order family P3 +
P2 +BDM2 for the solid displacement, solid pressure and fluid displacement, respectively. The mesh
level is defined as h≈ 1/N. The error history is reported in Table 6.2. Approximate solutions are shown
in Figure 6.4. A linear rate of convergence is observed, justified by the fluid-solid interaction.

6.3. A posteriori error estimation

With the aim of assessing the performance of the a posteriori error estimator, we consider domains
with singularities in two and three dimensions. On each adaptive iteration, we use the blue-green
marking strategy to refine each T ′ ∈ Th whose indicator ηT ′ satisfies ηT ′ ≥ 0.5max{ηT : T ∈ Th}.
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TABLE 6.1 Test 6.1. Lowest computed elasto-acoustic eigenvalues on two different geometry
configurations Ωi.

C
on

fig
ur

at
io

n
Ω

1

N = 8 N = 10 N = 12 N = 14 Order ωextr
Meddahi et al.
(2014)

MINI-element + BDM1

452.4554 449.4600 447.7540 446.6792 1.83 443.3200 442.71
1495.3899 1487.1441 1482.4956 1479.5959 1.88 1470.8135 1469.4
2634.2701 2618.4326 2609.1272 2603.1127 1.68 2582.4208 2578.33
2813.9435 2796.5619 2786.7383 2780.5963 1.87 2761.8755 2758.94

Taylor–Hood + BDM1

443.7421 443.5416 443.4114 443.3204 1.18 442.8549 442.71
1471.5727 1471.1864 1470.9341 1470.7567 1.15 1469.8245 1469.4
2586.2547 2584.7255 2583.7213 2583.0128 1.12 2579.1717 2578.33
2763.4399 2762.6174 2762.0797 2761.7013 1.14 2759.6912 2758.94

C
on

fig
ur

at
io

n
Ω

2

N = 10 N = 12 N = 14 N = 16 Order ωextr

MINI-element + BDM1

405.0943 403.5271 402.5353 401.8617 1.76 399.2754
1597.7890 1592.0717 1588.3495 1585.7601 1.59 1574.6229
2634.5808 2625.2576 2619.2071 2615.0098 1.61 2597.2107
2654.9989 2645.1907 2638.9963 2634.7990 1.78 2618.9133

Taylor–Hood + BDM1

399.6299 399.4973 399.4046 399.3362 1.48 399.0376
1576.9642 1576.2474 1575.7438 1575.3713 1.14 1573.0690
2600.9286 2599.7732 2598.9654 2598.3703 1.17 2594.7947
2620.8404 2620.0780 2619.5463 2619.1554 1.18 2616.8270

TABLE 6.2 Example 6.2. Lowest computed eigenvalues using different
combinations of FE families in the half filled barrel domain.

N = 8 N = 10 N = 12 N = 14 Order ωextr

MINI-element + BDM1

752.0366 750.1402 735.6936 731.3101 1.11 712.2499
837.3585 833.0175 807.9182 799.7536 1.17 768.1502

1072.1009 1066.3581 1022.3635 1009.2311 1.30 963.4901
1137.4735 1133.2683 1101.1474 1091.0507 1.30 1057.3622

Taylor–Hood + BDM1

716.0246 715.3147 714.2296 713.8362 1.29 712.2499
772.4976 771.5265 770.3104 769.8766 1.37 768.1502
968.7337 967.6326 966.1352 965.6204 1.34 963.4901

1061.6803 1060.8890 1059.6190 1059.1303 1.32 1057.3622

The effectivity indexes with respect to η and the eigenvalue ωi are defined by

eff(ωi) := err(ωi)/η
2.

For simplicity, the adaptive algorithm uses the MINI-element family for the solid displacement and
pressure.
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FIG. 6.2. Example 6.1. Comparison between the first fourth lowest order computed elasto-acoustic modes on Ω2. The solid
domain have been warped by a sufficiently large factor in order to observe the deformation.

FIG. 6.3. Example 6.2. The computational domain of the half filled barrel.

6.3.1. 2D example
From Section 6.1 we observed that elasto-acoustic modes converges with suboptimal rate because of
the point singularities in the reentrant corner. In this example we study the convergence on the adaptive
process when this configuration is considered. The domain under consideration is the same as in Figure
6.1(right). We will analyze the convergence of the first eigenvalue for several values of ν . This is
observed in the intermediate meshes portrayed in Figure 6.5. Also, we note that the refinements are
concentrated where the solid pressure ph,1 becomes singular, namely, near the re-entrant corner and
where the boundary conditions change from Dirichlet to Neumann type.
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FIG. 6.4. Example 6.2. Sample numerical solutions of the first four elasto-acoustic modes on the barrel domain. The solid
subdomain has been warped by a sufficiently large factor in order to observe the deformation.

In order to further examine the locking-free property of our scheme, we proceed to change the
Poisson ratio but keeping the rest of the physical parameters unmodified. Adaptive meshes for ν = 0.49
and ν = 0.5 are also depicted in Figure 6.5. Here, we observe that less elements are used the closer we
get to ν = 0.5. The error decay is presented in Figure 6.6 for different values of ν . We observe that
optimal rates are attained for some h0 as predicted in Section 5. We end the experiment by investigating
the effectivity curves, reported in Figure 6.7. Properly bounded effectivity values are observed for the
studied eigenvalues with the selected values for ν .

6.4. 3D example

In this experiment we test our estimator on a geometry that has dihedral as well as trihedral singularities.
More precisely, we consider the domain defined by ΩCF := Ωs∪Ω f , where

Ωs := (−1,1)3,

Ω f := (−0.75,−0.3)× (−0.75,−0.2)× (−0.75,−0.1)\((−0.5,−0.3)× (−0.5,−0.2)× (−0.5,−0.1)).

Here, Ω f is a Fichera-like domain. The physical parameters are the same as those of Section 6.1. A
sample of this domain is depicted in Figure 6.8. The refinement level is such that 1/N ≈ h. We assume
that ΩCF is clamped in the xz-plane with y =−1 and consider Γ0 = /0.
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ωh,1, dof= 11970 ωh,1, dof= 50709 ωh,1, dof= 104871

ωh,2, dof= 13564 ωh,2, dof= 60933 ωh,2, dof= 139219

ωh,4, dof= 13709 ωh,4, dof= 75728 ωh,4, dof= 154326

FIG. 6.5. Example 6.3. Comparison between intermediate meshes on the adaptive process for the first, second and fourth
eigenfrequencies in Ω2 with ν = 0.35.
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FIG. 6.6. Example 6.3. Error history for the first four lowest computed frequencies in the adaptive algorithm on Ω2 with different
values of ν .

We start by presenting the lowest computed elasto-acoustic frequencies in Table 6.3. We observe
a linear rate of convergence in all the cases, denoting a strong coupling between solid and fluid. This
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FIG. 6.7. Example 6.3. Effectivity indexes for the first four lowest computed frequencies in the adaptive algorithm on Ω2 with
different values of ν .

FIG. 6.8. Example 6.4. Sketch of the computational domain ΩCF .

was also observed in [10] for the two dimensional case. Samples of the eigenmodes are portrayed in
Figure 6.4. Here we note the effects of having a bottom clamped cube and a singular fluid domain. The
pressure modes shows high gradients near z = 0 and on the dihedral singularities from the solid domain
side. On the fluid part, we observe that the third and fourth modes have high gradients across the Fichera
singularities.

Considering the extrapolated values from Table 6.3, we now perform a total of 12 adaptive
refinement for different values of ν . The results on the error and efficiency are depicted in figures
6.11 and 6.12. We observe that the fourth eigenmode is the one who takes more iterations to converge
optimally, and it is the one with less marked elements. This behavior increases when we approach to
the incompressible limit. In all the cases, optimal rates of O(h2)≈O(dof−1) is observed for some h0.
Also, the estimator remains reliable and efficient.

Sample of the adaptive meshes for ν = 0.35 are displayed in Figure 6.8. Here we present a bottom
view of the solid domain in order to observe the refinements on the edges where boundary conditions
change. It is clear that the algorithm detects and refine near the singularities according to the computed
eigenmode. The pressure modes in Figure 6.4 gives a clue of the zones to be refined. It notes that a
dihedral singularity for the solid is not necessary a singularity for the fluid.
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TABLE 6.3 Example 6.4. Lowest computed eigenvalues using different
combinations of FE families in the cube-fichera domain.

N = 8 N = 16 N = 24 N = 32 Order ωextr

ν = 0.35
MINI-element + BDM1

2611.7912 2533.9313 2506.0877 2494.1838 1.03 2468.8218
2704.2740 2646.4223 2626.2310 2617.1568 1.06 2599.8235
3921.0288 3804.9109 3772.5662 3759.9489 1.37 3741.8883
6100.5965 5981.2481 5938.0631 5918.0167 1.03 5879.1927

Taylor–Hood + BDM1

2488.4968 2477.4893 2473.7092 2472.1574 1.09 2468.9218
2611.8620 2604.6753 2602.3378 2601.3331 1.13 2599.4235
3747.8091 3742.5131 3740.6487 3739.9089 1.07 3738.2751
5903.2999 5888.5302 5883.9274 5881.8062 1.16 5878.1927

ν = 0.49
MINI-element + BDM1

2648.6718 2556.4203 2522.2810 2507.4712 1.01 2476.1459
2724.4364 2653.7656 2626.9209 2614.6971 1.04 2591.6592
3755.3424 3641.8972 3609.7036 3597.0934 1.24 3574.6994
6175.0254 6050.0035 5995.0476 5970.3920 0.96 5920.2144

Taylor–Hood + BDM1

2497.1383 2484.6311 2480.2831 2478.4651 1.07 2474.6225
2605.5115 2596.3564 2593.3240 2591.9988 1.11 2589.4592
3584.0209 3579.0341 3577.2017 3576.4690 1.01 3574.6994
5943.3247 5930.3454 5925.9587 5923.9550 1.06 5919.9416

ν = 0.5
MINI-element + BDM1

2657.6245 2561.6934 2526.2274 2510.8320 1.00 2476.0557
2731.1055 2657.5435 2629.3030 2616.5388 0.93 2585.4029
3745.9572 3631.9913 3599.5220 3586.8093 1.34 3567.8426
6181.2730 6060.4663 6003.3623 5977.8556 1.01 5932.4767

Taylor–Hood + BDM1

2499.4545 2486.7744 2482.3658 2480.5197 1.07 2476.6248
2606.4714 2597.1113 2594.0098 2592.6527 1.11 2590.0569
3573.4731 3568.4840 3566.6458 3565.9107 1.01 3564.1405
5948.8517 5935.9581 5931.5641 5929.5595 1.05 5925.4767
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domain have been warped by a sufficiently large factor in order to observe the deformation.
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31. MEDDAHI, S., MORA, D. & RODRÍGUEZ, R. (2014) Finite element analysis for a pressure-stress formulation
of a fluid-structure interaction spectral problem. Comput. Math. Appl., 68, 1733–1750.

32. MORAND, H. J.-P. & OHAYON, R. (1992) Interactions fluides-structures. Recherches en Mathématiques
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