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We develop a family of mixed finite element methods for a model of nonlinear poroelasticity where,
thanks to a rewriting of the constitutive equations, the permeability depends on the total poroelastic
stress and on the fluid pressure and therefore we can use the Hellinger—Reissner principle with weakly
imposed stress symmetry for Biot’s equations. The problem is adequately structured into a coupled
system consisting of one saddle-point formulation, one linearised perturbed saddle-point formulation, and
two off-diagonal perturbations. This system’s unique solvability requires assumptions on regularity and
Lipschitz continuity of the inverse permeability, and the analysis follows fixed-point arguments and the
BabuSka—Brezzi theory. The discrete problem is shown uniquely solvable by applying similar fixed-point
and saddle-point techniques as for the continuous case. The method is based on the classical PEERS;
elements, it is exactly equilibrium and mass conservative, and it is robust with respect to the nearly
incompressible as well as vanishing storativity limits. We derive a priori error estimates, we also propose
fully computable residual-based a posteriori error indicators, and show that they are reliable and efficient
with respect to the natural norms, and robust in the limit of near incompressibility. These a posteriori
error estimates are used to drive adaptive mesh refinement. The theoretical analysis is supported and
illustrated by several numerical examples in 2D and 3D.

Keywords: Mixed finite elements, stress-based formulation, nonlinear poroelasticity, fixed-point
operators, error estimates.

1. Introduction

Scope. Nonlinear interaction between flow and the mechanical response of saturated porous media is
of a great importance in many applications in biophysics, geomechanics, and tissue engineering, for
example. One of such models is the equations of nonlinear poroelasticity, whose mathematical and
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numerical properties were studied in detail, for example, in the references [15, 20, 32, 42, 49, 51]. In
addition, in the works [11, 12, 13] it is emphasised that a distinctive property of nonlinear poroelasticity
models targeted for, e.g., soft tissue (cartilage, trabecular meshwork, brain matter, etc.), is that the
nonlinear permeability (the hydraulic conductivity, defined as how easily pore fluid escapes from the
compacted pore spaces) that depends on the evolving total amount of fluid, does not entail a monotone
operator, and therefore one cannot readily apply typical tools from monotone saddle-point problems.

More specifically, this work considers deriving mixed finite element (FE) formulations (solving
also for other variables of interest), and for this we can cite in particular [40, 43], where fully mixed
formulations based on the Hu—Washizu principle are studied. Writing the poroelasticity equations in
terms of the strain tensor was motivated in particular in [43] because the permeability — at least in the
regime we focus on here — depends nonlinearly on the total amount of fluid, which is a function of
strain.

Novelty and main contributions. The upshot here compared to [43] is that we are able to rewrite the
constitutive equation for permeability to depend on the total poroelastic stress and on the fluid pressure
(similarly as in, e.g., [8]). This allows us to revert to the more popular Hellinger—Reissner type of mixed
formulations for poroelasticity [7, 44, 45, 52] (without solving explicitly for the strain). Consequently,
another appealing advantage with respect to the formulation in [43] is that, as in the Hellinger—Reissner
formulation, the model becomes robust in the nearly incompressibility regime. Also in contrast to [43],
in this work we use a mixed form for the fluid flow (adding the discharge flux as additional unknown),
which gives the additional advantage of mass conservativity. This is certainly a key advantage over
other models for nonlinear permeability poromechanics: that the formulation is adequately reverted
into a form that lends itself to analysis using well-known techniques.

Regarding the well-posedness analysis, the aforementioned non-monotonicity of the permeability
suggest, for example, to use a fixed-point argument. We opt for freezing the arguments of permeability,
turning the double saddle-point structure with three perturbations coming from the stress trace operator
and from the L? pressure blocks, into two decoupled saddle-point problems whose separate solvability
can be established from the classical literature for weakly symmetric elasticity and mixed reaction-
diffusion equations. Banach fixed-point theorem is then used to show well-posedness of the overall
problem. This analysis needs to verify conditions of ball-mapping and contraction of the fixed-point
map, and this imposes a small data assumption, which can be carried over to the external load, mass
source, boundary displacement, and boundary fluid pressure. Compared to [43], these conditions are
less restrictive and imply also a less restrictive discrete analysis (which follows closely the continuous
one), due to the analysis being performed using the inverse of the Hooke tensor, which allows us to
achieve robustness with respect to the first Lamé parameter A and also with respect to the storativity
coefficient.

Note that at the discrete level we can simply use conforming FE spaces. Discrete inf-sup conditions
are already well-known for the chosen FE families of PEERS; and Raviart-Thomas elements used for
the solid and fluid sub-problems (but several other inf-sup stable spaces that satisfy a discrete kernel
characterisation are also possible). We emphasise that, as a consequence of the parameter robustness
of the continuous formulation and of the conformity of the discretisation, all estimates hold uniformly
in the limit of nearly incompressibility (implying that the formulation is Poisson locking-free) as well
as when the constrained storage coefficient vanishes (poroelastic locking-free), and therefore they are
free of non-physical pressure oscillations. These properties are confirmed numerically through a set of
computations including mild and extreme parameters, not only testing dependence on Lamé constants
and storativity-permeability but also the Biot—Willis coefficient.
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An additional goal of this work is to derive efficient and reliable residual a posteriori error estimators
for the nonlinear poroelasticity equations. The approach follows a similar treatment as that of [36]
(which focuses on mixed formulations of stress-assisted diffusion equations), with the difference that
here we do not need to include augmentation terms for the mixed form of the mixed diffusion problem.
The main ingredients in the analysis of these estimates are Helmholtz decompositions and a global
inf-sup (together with boundedness and Lipschitz continuity of coupling terms), local inverse and
trace estimates, bubble-based localisation arguments, and properties of Clément and Raviart—-Thomas
interpolators. See also [3, 30] for estimators in a similar multiphysics context and, e.g., [21, 22, 46]
for mixed linear elasticity. Note that for the reliability of the estimator the aforementioned Helmholtz
decompositions — for both tensor-vector and vector-scalar cases — should be valid for mixed boundary
conditions. For this we follow [3] and [27], from which we inherit a convexity assumption on the
Neumann sub-boundary (where we impose traction and flux boundary conditions).

QOutline. The rest of the paper is organised as follows. The remainder of this Section has a collection
of preliminary definitions and notational convention, as well as the statement of the governing partial
differential equations. The weak formulation and proofs of the uniform boundedness of the bilinear
forms and suitable inf-sup conditions are shown in Section 2. The fixed-point analysis of the coupled
problem is carried out in Section 3. Section 4 then focuses on the Galerkin discretisation, including
its well-posedness analysis and definition of specific FE subspaces that provide equilibrium and mass
conservativity. In Section 5 we show a Céa estimate and using appropriate approximation properties we
derive optimal a priori error bounds including also the higher order case. The definition of a residual
a posteriori error estimator and the proofs of its reliability and efficiency are presented in Section 6.
We display in Section 7 some numerical tests that both validate and underline the theoretical properties
of the proposed discretisations, and close in Section 8 with a summary and a discussion on possible
extensions.

Notation and preliminaries. Let L>(Q) be the set of all square-integrable functions in Q C R? where
d € {2,3} is the spatial dimension, and denote by L?(Q) = L?>(Q)“ its vector-valued counterpart and
by L?(Q) = L?(Q)%*¢ its tensor-valued counterpart. We also write

L2, (Q):={1cl?(Q): 1=—1%},

skew

to represent the skew-symmetric tensors in Q with each component being square-integrable. Standard
notation will be employed for Sobolev spaces H” (Q) with m > 0 (and we note that H(Q) = L?(Q)).
Their norms and seminorms are denoted as || - ||, q and | - |,, o, respectively (as well as for their vector

and tensor-valued counterparts H" (Q), H™(Q)) see, e.g., [16].

Rdxd

As usual I stands for the identity tensor in , and | - | denotes the Euclidean norm in R?. Also,

for any vector field v = (v;);—1 4 we set the gradient and divergence operators as Vv := (%) ;
174, j=1,
4 9vj
J=13%;
be the divergence operator div acting along the rows of 7, and define the transpose, the trace, the tensor
inner product, and the deviatoric tensor as T' := (7ji); j—1,4, tr(%) := Z?:l T, T: 8= Y1 T Gij, and

and divv := . In addition, for any tensor fields T = (7;;); j—1.4 and § = (§;;)i j=1,4, we let div T

td=1— 5 tr(7) I, respectively. We also recall the Hilbert space

H(div;Q) := {ze L2(Q): divze L2(Q)},
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with norm ||z[|3;,.q := [1zIl§ o + || div z[|§ ¢, and introduce its tensor-valued version
H(div;Q) := {7t € L*(Q): divt € L*(Q)}.

Governing equations. Let us consider a fully-saturated poroelastic medium (consisting of a
mechanically isotropic and homogeneous fluid-solid mixture) occupying the open and bounded domain
Qin R?, the Lipschitz boundary dQ is partitioned into disjoint sub-boundaries dQ := I'p UTy, and it is
assumed for the sake of simplicity that both sub-boundaries are non-empty |I'p| - |T'n| > 0. The symbol
n will stand for the unit outward normal vector on the boundary. Let f € L?(Q) be a prescribed body
force per unit of volume (acting on the fluid-structure mixture) and let g € L?>() be a net volumetric
fluid production rate.

The equilibrium (balance of linear momentum) for the solid-fluid mixture is written as
—divo=f in Q, (1.1)

with ¢ being the total Cauchy stress tensor of the mixture (sum of the effective solid and fluid stresses),
whose dependence on strain and on fluid pressure is given by the constitutive assumption (or effective
stress principle)

6 =%¢€(u)—apl in Q. (1.2)

Here the skeleton displacement vector u from the position x € Q is an unknown, the tensor £(u) :=
$(Vu+[Vu]*) is the infinitesimal strain, by %" we denote the fourth-order elasticity tensor, also known
as Hooke’s tensor (symmetric and positive definite and characterised by €t := A(tr 7)1+ 21 7), A and
U are the Lamé parameters (assumed constant and positive), 0 < o < 1 is the Biot—Willis parameter,
and p denotes the Darcy fluid pressure (positive in compression), which is an unknown in the system.

We also consider the balance of angular momentum, which in this context states that the total
poroelastic stress is a symmetric tensor 6 = ¢*. To weakly impose it, it is customary to use the rotation
tensor

1
p:E(Vu—[Vu]t):Vu—e(u). (1.3)
The fluid content (due to both fluid saturation and local volume dilation) is given by
{=cop+ adivu, (1.4)

where cg > 0 is the constrained specific storage coefficient. Using Darcy’s law to describe the discharge
velocity in terms of the fluid pressure gradient, the balance of mass for the total amount of fluid is
0, § — div(xkVp) = g in Q X (0,%nq), where K is the intrinsic permeability tensor of the medium, a
nonlinear function of the porosity. In turn, in the small strains limit the porosity can be approximated
by a linear function of the fluid content { (see for example [51, Section 2.1]), and so, thanks to (1.4),
we can simply write

Kk = Kx(e(u), p).

Furthermore, after a backward Euler semi-discretisation in time with a constant time step and rescaling
appropriately, we only consider the type of equations needed to solve at each time step and therefore
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we will concentrate on the form
cop+otre(u) —div(x(e(u),p)Vp) =g in Q. (1.5)
Typical constitutive relations for permeability are, e.g., exponential or Kozeny—Carman type (cf. [6])

ko ki ko ki(cop+ atre(u))?

x(e(u),p) “fl—&- i exp(ka(cop+otre(u)))I, x(e(u),p) “fI i —(cop+ atrs(u))()lz 6,)
where [ denotes the viscosity of the interstitial fluid and kg, k;,k, are model constants. We note that
in the case of incompressible constituents one has ¢cp = 0 and @ = 1, indicating that permeability
depends only on the dilation tre(u) = divu (see, e.g., [11]). We also note that even in such a scenario
(of incompressible phases) the overall mixture is not necessarily incompressible itself. More precise
assumptions on the behaviour of the permeability are postponed to Section 2.2. Next we note that from
(1.2) we can obtain

tro = (dA+2u)divu—dap and € 'o+ 1=¢(u) in Q. (1.7)

d7L+2up

Then, from the first equation in (1.7) we get

tre(u)

= ! tro+ da
T dit2u di+2u?

and therefore the dependence of kx on €(u) and p (cf. (1.6)) can be written in terms of ¢ and p as
follows

ko, ki ks R
x(o,p) o +ufeXp<d7L+2u ((co(dA+2p)+do )p—:atro)) 7
k d\+2 do? t
k(6. p) = k01+ 1((60( +2u)+da)p+a rO') 1
He o (dA+2p)pp(dA +2u — ((co(dA +2p) +da?) p+ atr o))

(1.8)

and emphasize that the permeability tensor is the same constitutive law on either (1.6) or (1.8), so,
making abuse of notation we have

k =K(§) = k(e(u),p) = k(0 p).

In addition, putting together the second equation in (1.7) and (1.3) we obtain:

¢ o+ I=Vu—p inQ. (1.9)

o
ai+ou?
Finally, we introduce the discharge flux @ as an unknown defined by the constitutive relation
k(c.p) '¢=Vp, (1.10)
and combining (1.7) and (1.5), we are able to rewrite the mass balance equation as

+ * tro + do”
C
P 2 2u dA+2u

p—divp=g inQ. (1.11)
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To close the system, we consider mixed boundary conditions for a given up € H!/ 2(I'p) and pp €
HI/Z(FD)Z

u=up and p=pp on IDp, ¢-n=0 and on=0 on IW\. (1.12)

2. Weak formulation and preliminary properties

2.1. Derivation of weak forms

Let us define the following spaces
Hn(div;Q) := {7 € H(div;Q): Tn=0 on I},
Hn(div;Q) = {y e H(div;Q): y-n=0 on Iy}

We test equation (1.1) against v € L2(Q), equation (1.9) against T € H(div; Q), impose the symmetry
of & weakly, test equation (1.11) against ¢ € L?(Q), equation (1.10) against ¥ € Hy(div;Q), integrate
by parts and use the boundary conditions (1.12) naturally, and then reorder the resulting equations. Then
we arrive at

1. a a4 o .
/ch 0'.‘L‘+7dk+2“/gptrf+/gu d1v't+/gp.'r (Tn,up)ry V1 € Hn(div; Q),
/v'diVO':—/f~v Vv e L} (Q),
Q Q
/0'177:0 vnEszew(Q)a
Q

/QK(O‘,[))_lq)-l[IJr/deiVI[I:<I[I~n,pD>rD vy € Hy(div; Q),

do? o
- ——— [ quwo— [ qdive= VgeLX(Q
(60+dl+2u)/gpq+dl+2ufgq r /Qq ive /ng q € L7(Q),

where (-,-)ry, denotes the duality pairing between H~!/?(I'p) and its dual H'/?(I'p) with respect to the
inner product in L?(I'p), and we use the same notation, (-, 1p. in the vector-valued case.

Next we proceed to introduce the bilinear forms a : Hy(div;Q) x Hx(div;Q) — R, b :
Hn(div; Q) x [L*(Q) x L2, (Q)] = R, ¢ : Hy(div;Q) x L*(Q) — R, the nonlinear form gy -
Hn (div; Q) x Hy(div;Q) — R, and the bilinear forms b : Hy(div; Q) x L2(Q) — R and ¢ : L%(Q) x
L2(Q) — R, as follows

a(o,7) ::/ch_lo':’r, b('r,(v,n))::/Qv.div'r+/g1::n, c(t,q) :zﬁ/ﬁqtrr,

. ~ do?
~ ~—1 . ~
G = K(O . b = d = -
as (9, ¥) /Q (6.p) @-y, b(y,q) /Qq ivy, ¢(p,q) (co+dl+2u)/gpq,

B 2.1)
respectively, and linear functionals H € Hn(div;Q)’, F € (L?(Q) x L% (Q)), H € Hx(div;Q)', F €
LZ(Q)/

H(’E) = <Tn,uD>1"D7 F(V"n) = —/Qf-V, H(l]l) = <‘If‘napD>F1)7 F(Q) = _qu’
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we arrive at: find (0, u, p, @, p) € Hx(div; Q) x L2(Q) x L2 (Q) x Hx(div; Q) x L?(Q), such that:

a(o,t)+ b(t,(u,p)) + c(t,p)=H(T) - V1 e Hn(div;Q), (2.2a)
b(c,(v,n)) =F(v,n) VYvel}Q),vncll., (Q), (2.2b)
dop(9.¥)+ b(W.p) =H(y) Yy € Hy(div;Q),  (2.20)
b(9.9)— <p.q) ~ c(0.9)=F(q) Vgel’(Q).  (2.2d)

In what follows, we stress that bilinear forms without tildes will refer to the perturbed saddle-point
problem of the solid, and bilinear forms with tildes relate with the perturbed saddle-point sub-system
of the interstitial fluid. Functions with hats will typically denote fixed quantities (which will be of
importance in the fixed-point setting).

2.2. Stability properties and suitable inf-sup conditions

For the sake of the analysis, we allow the permeability k(0,p) to be anisotropic but still require
k(o,p)~! to be uniformly positive definite in L.*(Q) and Lipschitz continuous with respect to p €
L?(Q). That is, there exist strictly positive constants ki, k» such that

kv <vor(, )7 lKCop) T = k(G p2) T o) < Rllpt - p2llog, (2.3)

for all v.€ R\ {0}, and for all py, p» € L>(Q). We observe that the boundedness away from zero and
Lipschitz continuity of the permeability (in the pressure) are quite common assumptions on models for
nonlinear flow in porous media. For the specific applications we target here (bone, trabecular meshwork,
and other soft tissues), typical parametric regimes will imply that (2.3) easily holds for the constitutive
relations (1.8). We also note that it is possible to consider a more general formulation in non-Hilbert
setting for the fluid sub-problem, leading to p € L*(Q) and ¢ € H'(divy, Q) for a range of exponents , s
and % + % = 1. And, at least for sake of continuity of the bilinear form 4, the Lipschitz continuity of the
inverse permeability can be relaxed and sought for in the space L'(Q) with % + % = 1. The coercivity
of d, however, would require a more restrictive range for the exponents ¢, (and in turn for s). It is not
clear how this can be extended to a more general form of Lipschitz continuity without disrupting the
functional structure of pressure and flux (and therefore also of displacement and stress).

We start by establishing the boundedness of the bilinear forms a, b, c, Z, c

la(e,7)| < %HGHdiv;QHTHdiv;m bz, (v,m)| < I Tllaiv:a(I¥llo.a+Mlo.0), (2.4a)
|e(7.9)| < 7lI7llaiv:allgllo.o. (2.4b)
]Z(v,q)] < I¥llaiv:allgllo.0: 1€(p,9)| <Hlplloalldlloge, (2.4¢)

where /i o
Y= AT 20 and Y:=co+ AT (2.5)

On the other hand, using Holder’s and trace inequalities we can readily observe that the right-hand
side functionals are all bounded

H(z)| < luplliprplltllave,  [Fv,m)] < [Ifloalviloa < [floallvlioa+Inlog).
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[HW)| < lpolliary [Wlave:  [F@)] < lgloaldloo.

Let us now denote by V and V the kernels of b and b, respectively. They are characterised, respectively,
as

V= {TEHN(div;Q): divt=0 and T=1° in Q} (2.62)
V= {weHN(div;Q): divy =0 in Q} (2.6b)

From [2, Lemmas 3.1 and 3.2] we easily deduce that there exists ¢, > 0 such that
a(t,T) > cal|T||giva VTEV. (2.7)

Remark 2.1 From [33, Lemma 2.2] and [34, Lemma 2.2], we have that the ellipticity constant ¢, has
the form c, = c%, where ¢ depends on T'x, |Q|, and the Poincaré constant. Based on the above, ¢, has
a non-zero lower bound.

The following inf-sup conditions are well-known to hold (see, e.g., [19]):

b(t,(v,
swp 2O S ot lmlon) VLM ELAQ) x LA (@), S0
04ccHy(dive) | Tlldive
sup ) Blalloe VqeL*(Q). (2.8b)

04 ycHy (diviQ) W ldiv:0
Finally, we observe that ¢ is elliptic over L?(Q)
c(¢,9) = 7ll4lli - (2.9)

Remark 2.2 Due to the careful choice of the bilinear form a(-,-), constants in continuity estimates
(2.4a) —(2.4¢) and inf-sup conditions (2.8a) and (2.8b) do not blow up when A — oo and cy — 0. In
particular, the constants Y and 7y, which depend on A and cq (cf. (2.5)), remain bounded.

3. Analysis of the coupled problem

We now use a combination of the classical Babuska—Brezzi and Banach fixed-point theorems to
establish the well-posedness of (2.2) under appropriate assumptions on the data.

3.1. A fixed-point operator

We adopt a similar approach to, e.g., [26]. First, we define a closed ball of L?(Q) centred at the origin
and of given radius r > 0
Wi={pel?(Q): |ploa<r} (3.1)

Then, for a given (8‘,17) € Hn(div; Q) x W, thanks to the assumptions on the nonlinear permeability,
we can infer that the form 573_13 (cf. (2.1)) is continuous, as well as coercive over V

|ag.5(0, )| < Call@llaivel Wlav:a. (3.2a)
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g, (W.¥) > K| ¥lGe YO WEV. (3.2)
Then, we define the auxiliary operators R : W C L?(Q) — Hx(div; Q) x (L*(Q) x L2, (2)) and
S : Hn(div; Q) x W — Hy/(div; Q) x L?(Q), given by
R(p) == (Ri(P), (R2(P),R3(P))) = (6, (u,p)) VPEW,
with (0, (u,p)) € Hn(div; Q) x (L*(Q) x L2, (Q)) satisfying
a(o,t) + b(z,(u,p)) =H(T)—c(t,p) V7eHn(div;Q), 33)
b(e,(v.1)) =F(v,n) V(v 1) € L2(Q) X Ly (9, '
and
S(6,p) = (51(6,p),52(6,p)) = (¢,p) V¥(6,p) € Hn(div:Q) x W,
where (@, p) is such that
g ;(@.w) + b(y,p) =H(y) vy € Hy(div; Q), o)
b(@.q) — <lp.g) =F(g)+c(0,9) YVqel?(Q).
By virtue of the above, by defining the operator T : W C L?(Q) — L?(Q) as
T(p) == S2(R1(P), ), (3.5)
it is clear that (o, u,p, @, p) is a solution to (2.2) if and only if p € W solves the fixed-point problem
T(p) = p- (3.6)

Thus, in what follows, we focus on proving the unique solvability of (3.6).

3.2. Well-definedness of T

From the definition of T in (3.5) it is evident that its well-definedness requires the well-posedness of
problems (3.3) and (3.4). We begin by analysing that of (3.3).

Lemma 3.1 Let p € W (cf- (3.1)). Then, there exists a unique (&, (u,p)) € Hy(div; Q) x L?(Q) x
Lgkew(Q) solution to (3.3). In addition, there exist Cy, C; > 0, such that

1
|6 laiv.2 < Ci (upll1 /2, + | fllo.e) +— 7IIPllo.g;
1“0 3.7)
H“HO,Q"'HPHO-,Q§C2(||"DH1/2,FD+||fH0,Q)+B(1+HT)YHPHO,Q-
a

Proof It is a direct consequence of the BabuSka—Brezzi theory [31, Th. 2.34], using (2.7) and (2.8a)

ith
" C = (ci+%)(”u%) and cz::%(uﬁ)(uﬁ); (3.8)

we omit further details. O
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Next, we provide the well-definedness of S, or equivalently, the well-posedness of (3.4).

Lemma 3.2 Let (6,p) € Hn(div;Q) x W. Then, there exists a unique (@, p) € Hy(div; Q) x L2(Q)
solution to (3.4). In addition, there exists a constant C > 0 depending on ki, B, ¥, and C, such that

Illave + Ipllog < C(lgllog + Ipolli/2.r, + Y6 laive). (3.9)

Proof The existence of a unique solution (@, p) to (3.4) follows directly from the properties of the
bilinear forms a, E, and c. In particular, by examining conditions (3.2b), (2.9), and (2.8b), the proof
can be naturally divided into two cases: if ¥ = 0 — which corresponds to ¢y = 0 and either & = 0 or the
fully incompressible case of A = o — then the classical BabuSka—Brezzi theory for unperturbed saddle
point problems (see e.g., [14, Th. 4.2.3]) applies; whereas if ¥ > 0, we can readily invoke the theory
for perturbed saddle-point problems (with coercive perturbation) stated in [14, Th. 4.3.1]. Additional
technical details can be omitted. [

Remark 3.3 [t is important to note that, due to the careful choice of the bilinear forms 07371;7 57 C, the
constants _in estimates (2.4c) and (2.8b) do not blow up when A — o and co — 0. In particular, the
constant C which depends on the constant y, which in turn depend on A and co, remain bounded.

Lemma 3.4 Given r > 0, let us assume that

~ c
C(1+ 7€) (lglloe+ llpolli /2., + luplli 2 + 11 fllo.) + - rr<n, (3.10)
a

where C1, C, and Y are defined in (3.8), (3.9) and (2.5), respectively. Then, for a given p € W (cf. (3.1)),
there exists a unique p € W such that T(p) = p.

Proof From Lemmas 3.1 and 3.2, we ascertain that the operators R and S, respectively, are well-defined,
thereby ensuring the well-definition of T. Furthermore, from (3.7) and (3.9), for each p € W, we deduce
that

IT(P)llo.e = IS2(R1(P), ) |00

<C(llgllo.a+lpplli/2ry) +CYIRI(P)laiva

. . C .
< C(llgllo.a + llpplli/2,0p) +CYCi ([luplli /2,0 + 1 fllo.0) + = Ylplloq,
a

this, combined with assumption (3.10), implies T(W) C W, which concludes the proof.

Remark 3.5 Note that the argument used in Lemma 3.4 is as follows, for an arbitrary but fixed r > 0,
we define the ball W (cf. (3.1)). Then, for this fixed r, we assume that the data f, g, up, pp, and y (cf.
(2.5)) are sufficiently small to satisfy Hypothesis (3.10). In particular, for the last term on the left-hand

C
side of assumption (3.10), the condition — yzr < r is required, which implies that y2 < % As noted in
Ca
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Remarks 2.1 and 3.3, % admits a positive lower bound. Therefore, it suffices to consider A sufficiently
large (nearly incompressible regime) to ensure that V> is sufficiently small, thereby guaranteeing the
feasibility of the condition (3.10).

Remark 3.6 Another option for defining the operator S (see (3.4)) is to introduce the perturbation ¢
on the right-hand side of the system, given by

g 5(@. W) + b(y,p) =H(y) vy € Hy(div; Q),

b(,q) =F(q)+c(0,9)+c(p.q) VqeL*(Q).

But in this case, the assumption of small data in (3.10) (as well as in other instances, later on) would
also involve the storativity parameter co, making the analysis slightly more restrictive.

3.3. Existence and uniqueness of weak solution

We begin by establishing two lemmas deriving conditions under which the operator T is a contraction.

Lemma 3.7 Given py, p2,€ W, the following estimate holds

R - r
IR1(P1) —Ri(P2)laiv:@ < - vllP1 — DP2llo.q- (3.11)

ProofLet (61, (u1,p,)), (62, (u2,p,)) € Hn(div; Q) x (L2(Q) x L4 (Q)), such that R(py) =

(o1,(u1,p,)) ad R(p2) = (62, (u2,p5)). Then, from the definition of R (cf. (3.3)), we have

a(61—062,7T) +b(T,(u1 —u2,p,—p,)) =—c(t,p1—p2) V7eHn(div;Q),
b(61—062,(v,1M)) =0 Y(v,n) € L*(Q) x 132

skew

(Q).
(3.12)
Since 61 — 6, € V (cf. (2.62)), taking T = 61 — 6, in (3.12), and utilising the ellipticity of a on V (cf.
(2.7)) along with the bound of ¢ (cf. (2.4b)), we obtain:

cal|61 = 62|30 < a(61 — 62,61 —62) = —c(61 — 62,51 — p2) < 7[|61 — 62 ]|aival|lP1 — P2llo.0,

which concludes the proof. [
Lemma 3.8 Given (61, p1), (62, p2), € Hx(div; Q) x W, the following estimate holds

[S2(81, p1) — $2(62, p2) llo.a (3.13)
21(25

~ o~ o~ 2 o~
. ~ 3 6 iv: - .~ 5 6 - 6 iv: .
S oy (llgllo.c + l2plli 2,r + VG2 llaiv:e) 151 — P2llo.o + o vlo1 - 62]laiva

Note that min{7, k; } enters in the denominator of the estimate, but we have assumed that xj is
strictly positive and it does not degenerate to zero.
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Proof Let (@y,p1), (@5, p2) € Hn(div;Q) x L*(Q), such that S(61,p1) = (@,,p1) and S(62,p2) =
(@,,p2). Then, from the definition of S (cf. (3.4)), and employing similar arguments to those in
Lemma 3.7, we have

dg, 5, (1,91 — @2) —ag, 5, (P2, @1 — @) +c(p1 — p2,p1 —p2) = —c(61— G2, p1 — p2),
by adding +dg, 5 (@, @, — @,) in the last equation, we obtain
ag, 5, (@1 — @2, 9, — @) +c(p1 — p2,p1 — p2)
=g, 5, (92,91 — 92) — a5, 5, (92,91 — Q1) — (61— G2, p1 — ).

Then, using the the first assumption for k (cf. (2.3)), the ellipticity of ¢ (see (2.9)), the definition of 53._’ 5
(cf. (2.1)) and the continuity of the form ¢ (see (2.4b)), we deduce

k11— 5.0+ Vlp1 — p2l5.0 < @6, 5, (91— 2,01 — @2) +(p1 — P2, 21 — p2)
= /Q(K'(a'z,ﬁzV1 —x(61,01) ") @2 (91— @2) — (61— G2, p1 — p2)
< |k(62,52) " —k(61,71) =@ P2 ll0.0ll @1 — @2ll0.0 + 761 — 62 llaiv:allP1 — p2llog-
From the last equation, by utilising the second assumption regarding k (see (2.3)), we obtain

smin{7,x1}(|@, — @slloa+ p1 — p2lloe)* < xill@) — @[50+ 7P — 2150
<&|p2—Pilloall@llocll@; — @:lloe+ 7161 — 62llaivallPt — p2lloge
< (llp2 — Pillogll@alloe + 7161 — 62llaiv:e) (@1 — @2llo.0 + 21 — P2ll0.g),

the last, together with the fact that @, satisfies (3.9), leads to the following bound

3 min{7, k1 }(|@; — @5ll0.0 + lp1 — p2lloe) < ®2llP2 — Pilloall@sllo.0 + V(61 — 62 laiv:e
< %P2 —PilloaClgloa+ ol 2 + Y162 llav:e) + Y161 — G2llaiva,

and this yields (3.13), concluding the proof. [

The following theorem presents the main result of this section, establishing the existence and
uniqueness of the solution to the fixed-point problem (3.6), or equivalently, of (2.2).

Theorem 3.9  Given r > 0, assume that f € L?(Q), g € L*(Q), up € H'/>(T'p), pp € H/*(I'p) and
Y satisfies

2max{l, K ~ 21~
el L& cnleloa ol ar, + ol s, +1floa) + = 460} <1

(3.14)
Then, T (cf. (3.5)) has a unique fixed point p € W. Equivalently, (2.2) has a unique solution
(o,u,p,@.p) € Hx(div;Q) x L*(Q) x L2 (Q) x Hx(div; Q) x W. In addition, there exists C > 0,
such that

o llaiv:e + llulloo +lPlloe + @llav.e +1Pllo.q
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<C(llgllo.o + llppll1 /2,00 + luplli /2,00 + 1 fllo +77)- (3.15)

Proof Recall that (3.14) ensures the well-definedness of T. Let py, p2, p1, p2 € W, such that T(p;) = py
and T(p,) = p». From the definition of T (see (3.5)), and the estimates (3.13) and (3.11), we deduce

lp1 = p2llo.e = [T(P1) = T(P2)llo.o = [1S2(R1(P1), P1) — S2(R1(P2), P2) 0.
21(26

= min{7, k) (||8||0,£2+|\PDH1/2,FD+YH 1(P2)laiv:a) 11 — P2llo.c

—Y = 3 Ri(p1) =R (D -
min{Y, ki } YIRi((P1) = Ri(P2)llaiv-0
B min{?};? Kl}
2z
Ca min{;JZ Kl}

- 2K, C ~ ~ -
- _ Rt iR wollpi —
(llgllo.a +1ppll1 /2,0 ) 1121 P2||o,Q+min{% KI}YH 1(P2) laiv:ellP1 — P2llo.o

Y151 — P2llogs

the above, along with the fact that R (p,) satisfies (3.7) and p, € W, implies

p1—pal <2K725(” oo+ llPoll Mp1 = P2l Jr#?’z”A*AH
PLP2Ioe = ingy, my \10@ T IPRI2I P P20 T Sy (7 1 1P P2lloe
21(‘26 1 R R
it (€ (ol o, + 1 loe) + - vr) 151 = Pl
— = {C(l+C
= min{7, Kl}{ > C(1+Cry)(llglloa+ llpplli 2 + lup i 2.ry + 1F1l0.0)

+ cﬁ(l + Kzaf)}hﬁl —p2lloe;

a

which together with (3.14) and the Banach fixed-point theorem yields that T has a unique fixed point in
W. Finally, (3.15) is derived analogously to the estimates in (3.7) and (3.9), which completes the proof.
O

Remark 3.10 The operator T (see (3.5)) could be also defined, for example T : W — W, with W :=
[(6.5) € Bx(@iv:2) xL2(Q) - [[Glawa + |l < r} and T(@,5) = (R1(5),5:(8.5)) = (6.p)
with Ry and S, defined as in (3.3) and (3.4), respectively.

4. Finite element discretisation

In this section, we present and analyse the Galerkin scheme for problem (2.2). An advantage of this
scheme is that the well-posedness analysis can be straightforwardly extended from the continuous
problem to the discrete case. Therefore, we can omit many of the rather standard details.
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4.1. Finite element spaces and Galerkin scheme

Let us consider a regular partition .7, of Q made up of triangles K (in R?) or tetrahedra K (in R?)
of diameter hg, and denote the mesh size by h := max{hx : K € Z}. Given an integer £ > 0 and
K € 9, we first let P;(K) be the space of polynomials of degree < ¢ defined on K, whose vector
and tensor versions are denoted Py(K) := [P;(K)]¢ and Py(K) = [Py(K)]**?, respectively. Also, we let
RT,(K) := Py(K) @Py(K)x be the local Raviart-Thomas space of order £ defined on K, where x stands
for a generic vector in R¢, and denote by RT(K) the tensor-valued counterpart of this space.

For each K € .7}, we consider the bubble space of order &, defined as
1(bg)Pi(K) in R2?
B(K) := curl(bg )P (K) %n 37
V x (bKPk(K)) in R y

where by is a suitably normalised cubic polynomial on K, which vanishes on the boundary of K (see
[31D).

We recall the classical PEERS; elements (cf. [5]) to define the discrete subspaces for the stress
tensor 0, the displacement u, and the rotation tensor p

HO := {rh CHn(div;Q):  Thlx € RTH(K) @ [B(K)] VK € yh}
HY = {v, e L*(Q): wlx €Pi(K) VYK€ T}, 4.1
HP :={n), € L3 (Q)NC(Q) and n,lx € Pei1(K) VK€ T},

where C(Q) denotes the space of continuous tensor fields, and the following estimates are proven for
the PEERS; elements (cf. [46, Remark 3.3])

b(Ty, (i, .
sup ATM) g foqt mlon) V(vims) € HEXEE, (420
ozz,cne | Tallaive
a(th, ) > call Tlldiva VT € Vi, (4.2b)

where V), denotes the discrete kernel of b, that is
V= {m e HE b(en, (vmy) =0 V(i my) € Hi xHE .
Additionally, for ¢ and the pressure p, we define the FE subspaces
HY .= {y, e Hx(div;Q) : y,|x €RT(K) VK <€},
H) = {4 € L*(Q): aulx €Px(K) VK€ F}, (4.3)
and it is well known that b satisfies the inf-sup condition (see, e.g., [23, Lemma 4.6])

Sup b('l’m%)

— > B llanlloq Yan € Hj. (4.4)
Oyélyhe[-[}? ||WthIV;Q

Note that it is of course possible to consider other conforming and inf-sup stable spaces such as Arnold—
Falk—Winther and Brezzi—Douglas—Marini instead of (4.1) and (4.3), respectively. The Galerkin scheme



MIXED FEM FOR POROELASTICITY WITH STRESS-DEPENDENT PERMEABILITY 15

for (2.2) reads: find (6, uy, Py, @), pn) € HY x Hf x ]I-]IZ X HZ’ x HY, such that:

a(on,th) + b(Th,(un,py)) + c(Thypn) =H(Th) V1, € HY,

b(6n, (Vi M) =F(vi,n;) V¥(vi,m,) € HY x HE,

ao,p, (@, W)+ (W), pr) =H(y,) vy, €HY, “
b(@uan) — e(paran) — c(onagn) =F(qn) Vgn € Hy.

4.2. Analysis of the discrete problem

In this section, we analyse the Galerkin scheme (4.5). It’s worth noting that establishing well-posedness
can be readily achieved by extending the results derived for the continuous problem to the discrete
setting. Firstly, and similarly to the continuous case, we define the following set

W), = {ﬁh eHy . pulloa < r}-
Next, for a fixed pj, in W), we have that the bilinear form ag, p, satisfies
~ 2
a5, Vi Vi) = K[ Wllave YW, € Vi, (4.6)

where V), is the discrete kernel of b
Vi = {‘I’h € H/? : Z(‘1’1176111) =0 VYgye Hﬁ}

Additionally, we define the discrete operators Ry, : W), C HY — HZ x (H¥ x Hf )and S, : H x W), —
HY x HY, respectively, by

R;,(P1) := (Ria(Pn), (Ron(Ph), R34(P))) = (O, (un,py)) VD € Wi,
where (6, (u,p),)) € HP x (H) x Hf:) is the unique solution of

a(op,t) +  b(Th, (wn,pp)) =H(Ty) —c(Th,pn) VTu € HY,

" o 4.7
b(O'lu(VhJ?h)) :F(Vhanh> V(thnh) EHh XHh,

and
Sh(a/’uﬁh) = (Sl,/’l(a-lﬁﬁl’l)?SZJ’l(ah?ﬁh)) = (‘pl/uph) v(ahvﬁh) S H]? X W/’La

where (@, p) is the unique tuple in HY x H} such that

dg, 5, (0w W) + b(W,.pn) =H(W,) vy, € HY,
b(‘PhaCIh) - g(thQh) = F'(qh) +C(ahth) VCIh S Hg

Employing properties (4.2a), (4.2b), (4.4), (4.6) and (2.9) and proceeding exactly as for the
continuous case (Lemmas 3.1 and 3.2), it can be easily deduced that both operators are well-defined.
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Then, analogously to the continuous case, we define the following fixed-point operator
T,: W, CH) = H),  pyp> T(pn) == Son(Rip(Ph), Ph), 4.8)

which is clearly well-defined (since Ry, and S, are). Further, it can be easily deduced that T;,(W,,) C W},
if _
ey * C*
C (1+vcy) (llglloe+ lpolli 2,rp + lluplli 2ry + 1 flloe) + o Yr<n (4.9)
a
where C* and C7 (depending on ¢4, U, ki1, K2, Cz, B*, E *) are the discrete versions of the constants Cc
and Cj (cf. (3.7) and (3.9)). Finally, it is clear that (6}, up, p,, @5, Pr) is a solution to (4.5) if and only
if pj, satisfies
Tr(pn) = pn- (4.10)

The main outcome of this section is presented in the following theorem, establishing the existence and
uniqueness of a solution to the fixed-point problem (4.10), equivalently proving the well-posedness of
problem (4.5).

Theorem 4.1 Given r > 0, assume that the data and v satisfy

2max{1, Ko}
min{?};’ K1 ,V}

|07Q)+ﬁ (1—1-6*7')} < 1.
Ca \ K2
4.11)
Then, T}, (cf. (4.8)) has a unique fixed point p,, € Wy,. Equivalently, problem (4.5) has a unique solution
(Gh,un, Py, @y pn) € HY x HYY X Hﬁ X HZ’ x Wy.In addition, there exists C* > 0, such that

{&u+dwmmm+mmuufw@hﬂm+w

|onllaiv.io + [ #nllo.e + |Pxllo.e + |@4llaiv.a + | Pallo.o
<C*(llglloe + 1ol 2 + luplli 2.0, + 1 fllo + ¥7)- (4.12)

Proof First, we observe that, similar to the continuous case (as seen in the proof of Theorem 3.9),
assumption (4.11) ensures the well-definedness of T, and that T,(W;,) C W;,. Now, by adapting the
arguments used in Section 3.3 (cf. Lemmas 3.7 and 3.8), one can derive the following estimates

R . | B
IR 4(P1) — Ri1(P2)]aivie < . YllP1 — P2llo.e,
a

~ ~ 21(26* ~ —~ —~
Sru(0 —Su(0 <= S|l div: —
1S24(01, P1) = S2.4(62, P2) 0,0 < min{7, 1} (llgllo.e+ lppll 2,0 + VG2 llaivia) 121 — P2llo.o
—_y|l61 — 62 |aiv:
+ min{y, Kl} YH 1 2Hle,Q7

for all py, p» € W), and 6, 6> € H, which together with the definition of T}, (see (4.8)), yield

ITa(P1) = Ta(P2)llo.a < {Kz C*(1+Ci7)(lglloe + IPpll1 /2y + #1120 + | Fllo.0)

min{7. x1)
r ~
+ a8 n b - pala,

a
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for all p1, p» € Wy,. In this way, using estimate (4.11) we obtain that T}, is a contraction mapping on Wy,
thus problem (4.10), or equivalently (4.5) is well-posed. Finally, analogously to the proof of Theorem
3.9 (see also Lemmas 3.7 and 3.8) we can obtain (4.12), which concludes the proof. [J

5. A priori error estimates

In this section, we aim to provide the convergence of the Galerkin scheme (4.5) and derive the
corresponding rate of convergence. From now on we assume that the hypotheses of Theorem 3.9 and
Theorem 4.1 hold.

5.1. Preliminaries

Let the tuples (o,u,p,@,p) € Hn(div;Q) x L*(Q) x L2 (Q) x Hx(div;Q) x L2(Q) and
(Cn,un,Pp @ Pn) € HZ’ x Hj x HZ X HZ’ X Hﬁ be the unique solutions of (3.3) and (4.7), respectively.

Let us write e = 0 — O, ey =U— Uy, €p =P — P, €9 = @ — @, and e, = p — p;. As usual,
for a given (T4, (Vi, M) € HE x (HY x HP) and (¥,,,g,) € HY x H?, we shall then decompose these
errors into

eO':go'—"_xo‘? euzéu—’_xu? ep:§p+x’)7 e¢:§¢+x¢a epzép"—;{py (51)
with &5 1= 6 =), X 1= Th — On, &y 1= U=V, Xy i= Vi — up, Sp =P~ N Xp = Ny =P
‘gq; =0~V Xo =V, — @), Sp:=p—qn, and X, == Gh — P

Considering the first two equations of problems (2.2) and (4.5), the following identities hold

a(o,t) + b(t,(u,p))

H(t)—c(t,p) V7 eHn(div;Q),
F

b(o,(v,1)) =F(v,n) Vvel?(Q),Vn € L3, (Q),
and
a(6n,Th) + b(Th,(un,py)) =H(Th)—c(Th,pn) VT, € HY,
b(o'h’(VmTIh)) :F(thnh) v(vhanh) EHZXHZ

From these relations we can obtain that for all (T, (v, p),)) € HF x (H}t x HZ ), there holds

Cl(eo-,'th) + b('th»(euaep)) = _C(Th»ep)v
b(efh(vhanh)) =0,

which together with the definition of the errors in (5.1), implies that

a(X e Th) +0(Ths (X Xp)) + (X (Vi M)

= (g, Th) — b(Thy (£ Ep)) — b(E s (i) — (i X,) —c(ensE ), 0P

for all (Tp, (Va,p,)) € HE x (HY x HP).
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Next, considering the last two equations of both problems (2.2) and (4.5), we obtain

op(@.W) + b(w.p) =H(y) vy € Hy(div; Q),
b(9.q) — &pq) =F(g) +c(6,9) Yqel*(Q).
and ~
Aoy, (P W)+ b(Wipn) =H(W,) vy, €HY,
b(@an) — clpwan)  =F(gn)+c(On.qn) Vau€H,.

Then, using arguments similar to those in Lemma 3.8, by adding +ag, , (@, ¥),), we have

o, py (€@, Wn) +0(Wy,ep,) +b(ep,,qn) —c(ep,,qn)
= _/Q (K(Gap)il - K(o-haph)il> (p .Ilh+c(edaqh)7
which together with (5.1), implies that

as),p (qu V) +Z(th%m1) +Z(X(pv‘1h) —c(Xxp-an) +Zi°‘hvl’h(€¢’ Vi)
= 7b("’h7§[7) 7b(€‘p7q}l) +E(§[7’qh) - ‘/Q (K(o-7p)_l - K(G/’th)_l) ¢ ! ]Vh +C(eath)~
(5.3)

5.2. Derivation of Céa estimates

Lemma 5.1 There exist C5, C; > 0, independent of h, such that
126 llgiva + [ Zulloo + 1 Zpllo.e < Ci (1€ g llaiva + 18 ulloa +1€pllo.a+11E,ll0.0) +Civllxplloe-
5.4
Proof From the properties of a and b (refer to (4.2b) and (4.2a)), and [31, Proposition 2.36], we derive

the following discrete global inf-sup condition

1% 6 lldivia + | Zullo.o + [ Xp 0.0

" " a(xa’rh)+b(1h»(xu’xp))+b(xa7(vhvnh))
< (G +G) sup
oty N Tlavat iloat M4loo
where Cj, C; > 0 independent of s are the discrete version of the constants Cy, C; defined in (3.8).

Then, combining the last inequality with (5.2), and the continuity properties of a and b (see (2.4a)), we
obtain

1% & [laiv: + quHOiQ +11Zp llo.0
< (¢} +C’zk)(ﬁ €6 llaive + 1€Moo+ 1€, llo.e + 1€ s llaiva +YIXploo + VI 0.0):

which implies (5.4) with C; := (C; +C§‘)(ﬁ +147) and C; := Cj +C;. Note also, that the error
estimate is robust with respectto A. [
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Lemma 5.2 There exist 6;‘ , 6:3‘ > 0, independent of h, such that

1Zpllaiva + 112, lloe < C5 (18 pllaivia+ 1Epllo.a + 118 6 llaive)

" (5.5)
+C¢ ((lgllo.e + 1Pl 1215 + i 20 + 1 fllo@+ 7))l Xplloo + YIZ s laive)-

Proof Similarly to Lemma 5.1, using the properties of a, b and ¢ (refer to (4.6), (4.4) and (2.9)), and
[28, Th. 3.4], we derive the following discrete global inf-sup condition

2i"'hal’h (Xq)v V) JFZ(WthP) +Z(x¢,Qh) - g(vaq;z)
|07Q

X gllaa+ 1 %ploe <2C*  sup
e 0wy ) HE H [Willaiva + 4

)

with C* defined as in (4.9). Then, using the equation (5.3), the bound properties of 4, b and ¢ (see (3.2a)
and (2.4c)), and the second assumption for K (cf. (2.3)), we obtain

||Xq)||div;§2+ 1 2xpllo.0

< 2C*(Call€ pllaiv: + 1Eplloe + 1€ gllaivia + V1 Epllo
+x(0,p) " = k(0n,pr) " IL=(0) | Pllaive + Vlealaiva)

< 25*(Cﬁ|\§¢Hdiv;Q +1Epllo.a+ 1€ pllava + YEplloa+ K2lleplloo

@ llaiv:a + Ve laive),
hence, using the fact that @ satisfies (3.15) and the error decomposition (5.1), we have
1% pllaiv:a + 12plloe < 2C* (CAllE g llaivia + 1Eplloe + 1€ pllava + TEplloe + K2l Epllo.cll @llaive
+ 7€ sllaiva) +2C (2| 25 0.0
<G5 (1€ pllaivia + 1Eplloe + 1€ g laiv:e)
+2C (1:C(llgllo. + Poll2.rp + [l 20 + 1 fllo0 + 77) 2 llo
X5 llaivie),

|@lldivia + Yl X llaiv)

the last equation implies (5.5), with CI := 2C*(Cz+ 1+ 7+ 7+ ©C(|gloo + |pplli/20 +
luplli/2.rp + Ifllo.a+7vr)) and C; := 2C*(kC + 1), and concludes the proof. [

Theorem 5.3 Assume that
* ~k ~k ~k 1
(Cy +Cs+Cor)y+Cs(llglloe + Pl 2,y + luplli 2,0, + 1 llo.o) < 3 (5.6)

with Cy and 6;‘ being the constants in Lemmas 5.1 and 5.2. Furthermore, assume that the hypotheses
of Theorem 3.9 and Theorem 4.1 hold. Let (o,u,p,@,p) € Hn(div;Q) x L2(Q) x L2, (Q) x

Hx(div; Q) x L*(Q) and (O, up, Py, @5, pn) € HS x HY x Hﬁ X HZ’ x H} be the unique solutions of
(2.2) and (4.5), respectively. Then, there exists Ccgy > 0, independent of h, such that

llesllaivia + lleullo.o + llepllo.q + lleglldv.a +leplloq

. (5.7)
< Ceaadist ((6,u,p,@,p), HY x Hif x HP x HY x H}).
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Proof Combining (5.4) and (5.5), and using the assumption (5.6), we deduce

126 llaiv:a + 1 Xullo + 12 llo.a + | X pllav:a + 12 l0.0
<G ([[€gllaiva + 18 ulloa+11Epllo.a+11Ell0.0)

1
o2+ 512 o

~ 1
+Gs ([ gllaa + 1150 + 18 sllaiv) + 5112
And from the latter inequality we obtain

125 llaiva + 1 Zullo.o+1Xpllo.c + X gllaiv.a + 1 Xpllo.o

.~ (5.8)
<2(GHG3) (186 llaiva + 18 ulloa+ 1€ pllo.a+ 1€ gllava+ 15y

l0.0)-
In this way, from (5.1), (5.8) and the triangle inequality we obtain

les|laive +[lexllo +lleplloe+lepllave + lleplloe
< X llaive + 1€ g llaivie + [ Zulloo + Eulloe
+lxplloa+1€pllo.a+[1Xplldva + 1§ g lldva + 1xplloe + 1Epllo.0
< (265 +2C5 + 1)([[E g llaive + Eulloo + 1€ pll0.0 + 1€ pllaiva + [[Epll0.0),
which combined with the fact that (%, (V;,M,)) € H? x (HY x HP) and (¥,,,g,) € HY x H} are
arbitrary (see (5.1)), concludes the proof. [
5.3. Rates of convergence

In order to establish the rate of convergence of the Galerkin scheme (4.5), we first recall the following
approximation properties associated with the FE spaces specified in Section 4.1.

For each 0 < m < k+ 1 and for each 7 € H"(Q) NHn(div; Q) with divt € H"(Q), v € H"(Q),
n € H"(Q)NL2 . (Q), ¥ € H"(Q) NHy(div; Q) with div v € H"(Q), and ¢ € H"(Q), there holds

skew
dist (7,Hf) := inf_|[|T—T4llaivio S A" { 1Zllma+ ”diVTHm.Q}a (5.92)
‘L'hGHg
dist (v,H}}) := inf [[v—vulloo A" |V]ma, (5.9b)
hGHZ
dist(n,Hf)) == inf_[[n—m4loe /" [Nlne: (5.9¢)
T’hGHh
dist (WvHZ’) = inf HV’* ll’thiv;Q S n" {”WHmQ + ” div W”mﬂ}a (5-9d)
l[thHZ)
dist (¢, HY) := inf llg—anllo <" llgllmg- (5.9)
thHh

For (5.9a), (5.9b) and (5.9¢) we refer to [37, Th. 2.4], whereas (5.9d) and (5.9¢) are provided in [34,
Th. 3.6] and [31, Proposition 1.134], respectively. With these steps we are now in a position to state the
rates of convergence associated with the Galerkin scheme (4.5).
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Theorem 5.4 Assume that the hypotheses of Theorem 5.3 hold and let (6, u,p, @, p) € Hx(div; Q) x
L2(Q) x L2, (Q) x Hn(div; Q) x L2(Q) and (6, up, Py, @y, p1) € HE x HY x HP x HY x HY be the
unique solutions of the continuous and discrete problems (2.2) and (4.5), respectively. Assume further

that 6 e H"(Q), dive e H"(Q), u c H"(Q), p e H"(Q), ¢ e H"(Q), div ¢ € H"(Q) and p e H"(Q),
for 1 <m < k+ 1. Then there exists Ciae > 0, independent of h, such that

lesllaivia + lleullo + llepllo.q +leplldv.a +[lepllo.a

< Crate hm{HGHm-,Q +1|div &m0+ [#lme + Pllmo +[|@[lma+ [ div @[[na + ||pHm79}'

Proof The result follows from Céa estimate (5.7) and the approximation properties (5.9). O

Remark 5.5 Similarly to [43], the analysis developed in Sections 2-5 can be adapted to a formulation
without the variable p (p, in the discrete problem), imposing symmetry of © by taking 6 €
Hiym (div; Q) := {T € L§,(Q) : divt € L*(Q)} and L,,(Q) := {7 € L*(Q) : T = 1%}, wilizing
results from [43, Section 2.2] ([43, Section 4.1] for the discrete problem), and adapting the strategy
used in, e.g., [43, Sections 3 and 4].

6. A posteriori error estimates

In this section we derive residual-based a posteriori error estimates and demonstrate the reliability and
efficiency of the proposed estimators. Mainly due to notational convenience, we confine our analysis
to the two-dimensional case. The extension to three-dimensional case should be quite straightforward
(see, e.g., [24]). Similarly to [18, Section 4], we introduce additional notation. Let &}, be the set of edges
of 7, whose corresponding diameters are denoted /g, and define

&(x):={E€& : ECx}, *€{QTIpIn}

On each E € &, we also define the unit normal vector ng := (ny,n;)" and the tangential vector sg :=
(—ny,n1)". However, when no confusion arises, we will simply write n and s instead of ng and sg,
respectively. Also, by d% we denote the tangential derivative. The usual jump operator [[-] across internal
edges are defined for piecewise continuous matrix, vector, or scalar-valued functions. For sufficiently
smooth scalar y, vector v := (vi,2)", and tensor fields 7 := (7;;)1<; j<2, we let

p) dwt P 9 curl (vy)"!
curl (y) := (a—z,—a—Z) , rot(v) ::&—:—a—)‘;, curl (v) = ( ,

curl (vp)"!
and curl(t)= (2:5:3) .

In addition, we denote by I, the Raviart—-Thomas interpolator and by I, the Clément operator (see,
e.g., [3, Section 3] for their properties). In what follows, we denote by IIj, the tensor version of I,
which is defined row-wise by II; and by I the corresponding vector version of [;, which is defined
componentwise by Ij,.

In what follows, we will assume that the hypotheses of Theorems 3.9 and 4.1 are satisfied. Let 67,
up, Py, @, pr denote the FE solutions of (4.5). We define the residual-based and fully computable
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local contributions to the error estimator Z%, defined as the sum of =2 g and & f x> Where Eg g and E¢ g
pertain to the solid (mixed elasticity) and fluid (mixed Darcy) components, respectively:

Bk = If +divoy[lg  + o4 — OFl[5 x +hi 1€ o + il = Vuy +p, [ &

_*
dA+2u

a
+hgllearl(€ 7 o+ ———pil+p)llox+ Y hellup —will5 e
dA+2u " EcoKn,(Tp) '
o

+ Y (€ on+ ———pul+p,)s] 5 e

ECOKn,(Q) dA+2u '

_ o duD

+ Y ll(C T ont ————pul+p,)s— ||OE, (6.1a)

ECOKn&,(Tp) dA+2p

=2 « do? . 2 2 -1 2
Er k= llcopn+ mtrah + " —dive, —gllo.x +hxllk(Gn,pr) " @, — Vullok

2 ~1 2 h -1 a2

+ hx|[rot (k(6p, pn) @4)llo.x + Z E[(k(Gnpn)" @4) - slllo.g
EeaKﬁfh(Q)
-1 dpp o 2 1

+ Z he|| k(G pn)” @5 — d ||0,E+ Z hE||PD—Ph||o,E~ (6.1b)

E€IKN&,(Tp) § E€IKN&,(Tp)

Then, we define the global estimator
=Y Ek+Eik (6.2)
Ke9,

6.1. Reliability of the a posteriori error estimator

First we prove preliminary results that will be key in showing the reliability of the global estimator.
Lemma 6.1 There exists C; > 0, such that
l6 = Gullaiv:a+ [u—urlloa+ 1P —paloe < Ci([1%1[1+ | +div(en)loa + 64— Gilloe),

where

#1(T) ==a(6 —04,T)+b(T,(u—up,p—p,)), (6.3)

A
with Z\(Ty) = —c(Th, p — pn) for all T, e H?, and ||%,|| = sup 1(7) .
0+£7cHy (div;Q) 7]l aiv:0

Proof Using the properties of bilinear forms a and b, as outlined in equations (2.7) and (2.8a), along
with the insight from [31, Proposition 2.36], there exists C; > 0 depending on U, c,, B such that

a(es,T) +b(7, (eu,ep)) +b(eq, (V,1M))
llecllaiv:2 + lleullo.o +leplloq < Ci sup
gRavE T P 0(twm) [llaiv:e + [¥lloe + 700
el (div;Q) xL2(Q) x L2 . (Q)

skew
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<q ( sp 2B sup beg, (v, 1)) )

0#£7<HN (div;Q) HT”dva O;é(ym)eLz(Q)x]Lskew(Q) ||V||0,Q+||m|0,£2

Then, recalling the definitions of the bilinear form b (cf. (2.1)), using the equation (2.2b), along with
the fact that [, 6, : 1) = % [ (6, — 6F) : 1 for N € L2, (). the following estimate holds

o) (Il + Inlloq),

b(eq, (v, 1) < (||f +divoulloa+|lon—

and this gives the asserted inequality. [
Lemma 6.2 There exists C, > 0 such that

lle — @,llav:e + 1P — prllogo

o do? .
< CZ(”%ZH +llg —copn — mtroh - ml’h +dive,lloo+7lo— o'h”div;Q)a
where _
QZ(V’) = 50’-,P(¢ — @y, ‘V) +b(‘I’aP —Ph)»
satisfies % (y,,) = 0 for all W, € HY, and || %;|| = sup A2(¥)

0£ycHN (div;Q) || lI’”dlv Q

Proof Similarly to Lemma 5.1, using the properties of bilinear forms dg ,, and b (as outlined in equations
(3.2b), (2.8b) and (2.9)), aloEg with the insight from [28, Th. 3.4], we establish that there exists C; > 0

depending on ki, K, Cz, 7, B such that

ao‘,p(eqh ‘I’) +Z(V7 ep) +Z(e¢aQ) - Z:(epaq)

leellaiv:a+lleplloa < C sup
PR m 0£(y.g)Hy (div:Q) xL2(Q) | Wllaiv. + llgllo.0
‘% B 9 —cf )
SCz( sup Z(W) +  sup (e9,9) —clep q))
04yeHy (div;) [[Wllaive 0£qeL?(Q) lallo.e

Hence, recalling the definitions of E, ¢, adding ¢ (o, p), and using (2.2d), we arrive at

2

do
Op— (7 llaiv:allgllo.0;
dA+2u | '

~ _ a
|b(e.p,q) *C(ep’f])| <llg—copn— m tr

and therefore, we obtain the desired result. [

Throughout the rest of this section, we provide suitable upper bounds for %#; and %,. We
begin by establishing the corresponding estimates for %], which are based on a suitable Helmholtz
decomposition of the space Hn(div; Q) (see [3, Lemma 3.9] for details), along with the following two
technical results.



24 KHAN, LAMICHHANE, RUIZ-BAIER, VILLA-FUENTES

Lemma 6.3 Let us denote é := & —T1,(&). There exists a positive constant Cs, independent of h, such
that for each & € H'(Q) there holds

21(&)| < —c(&,p—pn)

1/2
+C3( Y ikl 6”+dl M I-Vup+pllic+ Y hE|uD_“h||(2),E> 18110
Keg), + Eeé’h(l"D)

Proof From the definition of % (cf. (6.3)), adding + ¢ (é, pn), and using equation (2.2a), we have

#(&) =H(E) —c(&,p)—a(6),&) —b(E, (un.p)))

o

= (@i, ~ g [ @) = 5 [ (@)

[ e @)= [ pu: (B)— [ wi-divid).

then, applying a local integration by parts to the last term above, using the identity [, IT,(T)n-& =
JpTn- &, for all & € Py(E), for all edge E of 7, the fact that up € L?(I'p), and the Cauchy-Schwarz
inequality, we obtain

A o A
Z# (€)= (—¢ o), — prl+Vu,—p,): &
ng, K A +2u
A o A
+ Z <€n»uD_uh>E_7/ p—pn) tr(§)
E€&(I'p) dA+2u
o .
< 1€ o+ prl—=Vuy+plloxl€llox
Kg’% dA+2u ) )
+ Y lluo—wuloelléllog—c(&,p—pn).
EEgh(F[ﬁ

Therefore, using the approximations properties of I, (see, e.g., [3, Section 3]) and the Cauchy—Schwarz
inequality, we obtain the desired result. [

Lemma 6.4 Let) € HILN (Q):={wecH(Q): w=0o0nT\}, denote ¥ := x —1,x, and assume that
up € H! (I'p). Then, there exists C4 > 0, independent of h, such that

|71 (curl (%))| < —c(curl (%), p — pa)

(04
+C4( hi|lewrl(€~ o+ ————pyl + 2
e ek
o
+ Y helll(e o+ Pl +py)slIfG
E€&,(Q) dA+2u

+ Y hell(Clon+
E€&(I'p)

R, | _
dl_"_z’uph +ph)s dS ||0,E>
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Proof Similarly to Lemma 6.3, adding +c¢ (curl (%), pj,), we have
Z01(curl (%)) = H(curl (%)) — c(curl (¥), p) — a(op, curl () — b(curl (%), (un, py))

ﬁ [ (o= ) te(curt ()

/‘K o curl (¥ /ph curl (¥ d),+2 /phtr curl (%)).

Then, applying a local integration by parts, using that up € H!(I'p), the identity (curl ()n,up)r,

—(X, d('j‘s )rp» and the Cauchy—Schwarz inequality, we obtain

= ((curl (%))n, up)ry, —

2 (curl (%)) = /curl (€ on+ ———pil+p,) X

o
Kes dA+2u

g @ TR )
+E€§,(Q>/E[[(<5 O'h+dl+2‘uphl+ph)sﬂ x a7+ Q(p pn) tr(curl (%))

_ (04 A
+ ) /(Cg 10h+7dl+2uphI+Ph*V'£D)S’Z

Ees;(Tp)'E
o
< ¥ eurl(@ oy + % pdip,) —c(eurl(£),p— p)
KEZ% Al +2u
_ (04 o
+ Z sz 10'h+mPhI-FPh)SHHO,EHXHO,E

Eegh (Q)

_ o duD N
+ Y 1@ ont —=—pul+pu)s — ——lloglZllo-
Eeht) dA +2u ds

As in the previous result, the approximation properties of the Clément interpolation (see, e.g., [3,
Section 3]) in conjunction with the Cauchy—Schwarz inequality, produces the desired result. [

The following lemma establishes the desired estimate for % .

Lemma 6.5 Assume that there exists a convex domain B such that Q C B and I'n C 9B, and that
up € H'(I'p). Then, there exists a constant Cs > 0, independent of h, such that

12
|6 —6hllaivia + lu—unloo+ P —Pilloa < CS{ Y :EK} +7llp = prlloo-
Teg,

Proof Let T € Hy(div; Q). From [3, Lemma 3.9], there exist § € H'(Q) and x € Hf (), such that
t=&+curly and [|&]lio+]X]1.e < Chemn| Tlaivas (6.4)
Using that % (t;) = —c(Th, p — py) for all T, € H?, we have

Z)(T) = Z1 (T —Th)—c(Th,p— pn) VT, € HY.
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In particular, this holds for 7, defined as T, = I1,& + curl (I,%), whence

2\(T) = %1 (8 —T14&) + %1 (curl (¥ — 1, X)) —c(Th, P — Ph)-

Hence, the proof follows from Lemmas 6.1, 6.3 and 6.4, and estimate (6.4). [
The following lemma establishes the estimate for %5.

Lemma 6.6 Assume that there exists a convex domain B such that Q C B and I'n C 9B, and that
pPp € H' (I'p). Then, there exists a constant Cg > 0, independent of h, such that

o+7vlo—ouloe)

12
@ — @,llaiv:a + [P — palloq < Cs{ Y :;K} +Cs (

TeI,

Proof Tt follows the steps of Lemma 6.5. From [27, Lemma 4.4], we have that for all y € Hx(div;Q)
there exist z € H! () and ¢ € H. (Q), such that = z +curl ¢ and [2l|1.0+ 9110 < Cietml|Wlaivio-
Thus, proceeding similarly to Lemmas 6.3 and 6.4, denoting % := z —IT;,(z) and ¢ := ¢ — I,,¢, applying
local integration by parts and the approximation properties of I, and I;, along with the Cauchy—Schwarz
inequality, and the second estimate in (2.2), we obtain the following estimates

|%2(z—(2))| < k2llp— prlloe ll@ulloqllzllie

1/2
+c6(zh 1k(Gnpn) " 00— Voulic+ ¥ hEnpD—phn%,E) el
Ke, Ecéy(I'p)

|%> (curl (¢ —1,9))| < k2| @y,

(6.5)
+c7( Y iR lrot(k(6n ) 0Bkt X hel[(k(Ghp) " 0p)-sT2x
Ke g, EC&,(Q)
dPD 12
COY he(Ghpn) 05— ||OE) 1910
Eeg)z(r‘D>

Then, noting that %, (y,) = 0 for all y,, € H,‘f, and defining Y, as ¥, = I,z +curl (7, ), we have

G2 (W) = Z%2(W — ¥,,) = %2(z— yz) + Za(curl (¢ — 1,9)).

Hence, the proof follows from Lemma 6.2, estimates (6.5), and the Helmholtz decomposition of
Hy(div;Q), with Cg depending on C;, Ky, Cyelm and the stability constants of IT, and [,. O

Finally we state the main reliability bound for the proposed estimator.

Theorem 6.7 Assume the hypotheses stated in Theorem 5.3 and Lemmas 6.5-6.6. Let (G, u,p,@,p) €
Hy(div; Q) x L2(Q) x L2, (Q) x Hx(div; Q) x L2(Q) and (64, up, P, @1, pr) € HE x HY x HP x

skew
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HZ’ X HZ be the unique solutions of (2.2) and (4.5), respectively. Assume further that

(6.6)

N —

(1+C3)y+CsC*(llglloe +Ipplli /2,05 + i 2,0 + 102 +77) <
Then, there exists Cr) > 0, independent of h, such that

lesllaivia + leulloo + llepllo.q+leplldv.a + leplloa < Cre E.

Proof It follows directly from Lemmas 6.5 and 6.6, using the fact that @, satisfies the estimate (4.12),
and the assumption (6.6). O

Note that, using the same arguments as in Remark 3.3, the constant C, appearing in Lemma 6.2
also remains bounded. Consequently, the constant Cg, which depends on C5, K>, Cyeln and the stability
constants of IT, and I, also remains bounded. Therefore, for the first term on the left-hand side of
assumption (6.6), (14 Cg)7, the condition (1 +Cg)y < 1/2 is required. Since Cg remains bounded, by
using the same arguments as in Remark 3.5 we can ensure the feasibility of assumption (6.6).

6.2. Efficiency of the a posteriori error estimator
In this section we derive the efficiency estimate of the estimator defined in (6.2). The main result of this
section is stated as follows.

Theorem 6.8 There exists Cesr > 0, independent of h, such that

CettZ < ||l6 —0nllaive + lu—unlloo+ P —Pulloo+ 1@ — @,llav.e + [P — prlloq +hot, (6.7)

where h.o.t. stands for one or several terms of higher order.

We begin with the estimates for the zero order terms appearing in the definition of E g (cf. (6.1a)).
Lemma 6.9 Forall K € 9, there holds

|f +divey|lox S |6 —Oullaive  and  ||64— 0} llok S |6 — Ohllaivk-

Proof By employing the same arguments as in [18, Theorem 3.2], we can conclude that f = —divo,
which, together with the symmetry of &, implies the desired result. Further details are omitted. [

In order to derive the upper bounds for the remaining terms defining the error estimator E; g, we
use results from [21], inverse inequalities, and the localisation technique based on element-bubble and
edge-bubble functions. The main properties that we will use can be found in [36, Lemmas 4.4-4.7].

Lemma 6.10 For all K € 9}, there holds

o
= IV
an +2#Ph up+ppllox

Shk(|o = onllaivik + 1P — Pallox + lp — Pallox) + lu—unllok-

hK||(57]0'h+
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Proof Tt follows from an application of [36, Lemma 4.4] with ¢ =4~ '6, + prl —Vu,+p,,

_*
dA+2u
using that ¢ o+ I =Vu—p and [36, Lemma 4.5]. We refer to [21, Lemma 6.6] for further

details. [0

_*
dl—l—Zup

Lemma 6.11 Forall K € ), and E € &,(Q), there holds

hi||curl(¢ " o), + pul+py)llox S 16— onllaivk + 110 —Pullox + 1P —pallox,

_*

dA+2u
1/2 _ (04

hE/ I[(€ " on+ mPhI+Ph)S]]||O,E S 16— onllaiv:op + 1P — Prllo.wp + 12— Prllowg

where the patch of elements sharing the edge E is denoted as 0 := U{K' € F,: E € &,(K")}.

(04

Proof Tt suffices to apply [36, Lemma 4.7] with & := %o+ m

pl+p=Vuand €, :=¢"'o),+

o
—pil .
dl—|—2uph TP

Lemma 6.12  Assume that up is piecewise polynomial. Then, for all E € &,(I'p), there holds

/2 jop— d
(@ oy + pul+py)s — G lloe S 16— Onllaivig +11P — Palloxs +17 = Palloke

_*

dA +2u
1/2

i up — oz < iy (116 = Gllaivike + 10 = Pillose +11p = pullo.e) + 1 — wnlo k.

where Kg is a triangle in 9}, that contains E on its boundary.

Proof The first estimate follows as in [36, Lemma 4.18], defining & and &, as in Lemma 6.11. On the
other hand, the second estimate follows from an application of the discrete trace inequality (see [36,

Lemma 4.6]), using that ¢ o+ pl=Vu— p, and the fact that u = up on I'p. See also [38,
Lemma4.14]. O

e
dA+2u

A direct application of Lemmas 6.9-6.12 yields

Y Eik S llecllava+ el +leplloa+llellave + leplog- (6.8)
Ke g,

Similarly, using the same arguments as in Lemmas 6.9-6.12, along with algebraic manipulations as in
Section 5, assuming that pp is piecewise polynomial, together with the Lipschitz continuity of k (cf.
(2.3)), we can bound each of the terms that appear in the estimator Z ¢ ¢ and obtain the following result

Y Zrk S llesllaivia + leulloe+leplloq + leglldva + lleplloq- (6.9)
Ke),

We remark that the efficiency of E (cf. (6.2)) in Theorem 6.8 is now a straightforward consequence
of estimates (6.8) and (6.9). In turn, we emphasize that the resulting constant, denoted by Ceg > 0 is
independent of A.
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Remark 6.13 For simplicity, we have assumed that up and pp are piecewise polynomial in the
derivation of (6.8) and (6.9). However, similar estimates can also be obtained by assuming up and
pp are sufficiently smooth (taking, for example, up € H'(I'p) and pp € H'(I'p), as in Lemmas 6.5-
6.6), and proceeding as in [25, Section 6.2]. In such cases, higher-order terms, stemming from errors
in the polynomial approximations, would appear in (6.8) and (6.9), accounting for the presence of h.o.t
in (6.7).

Remark 6.14 We conclude this section by noting that the a posteriori error estimation analysis
developed here can be adapted to the three-dimensional case. In particular, in [35, Theorem 3.2] and
[27, Lemma 4.4], one can find the suitable Helmholtz decompositions for the spaces Hy(div; Q) and
Hy (div; Q), respectively.

7. Numerical results

The computational examples in this section verify the theoretical properties (optimal convergence,
equilibrium and mass conservativity, and parameter robustness) of the proposed schemes. The
implementation has been carried out using the FE library FEniCS [1]. The nonlinear systems were
solved with Newton-Raphson’s method with a residual tolerance of 10~7, and the linear systems were
solved using the sparse LU factorisation of MUMPS [4].

Non-homogeneous essential conditions for flux and stress (for given ¢y € H -V 2(I'y) and oy €
H Y/ 2(I'y)) can be incorporated in the continuous and discrete analysis by using a classical lifting
argument (see, for example, [31, Remark 32.5]). Regarding implementation, it suffices to assign tags
for the corresponding sub-boundary and define the test space without the corresponding degrees of
freedom, and then provide a boundary datum on the trial space. In FEniCS this is simply done by
passing the d components of the non-homogeneous given traction to each of the row spaces of stress
(and the given non-homogeneous flux vector to the flux space) through DirichletBC.

7.1. Optimal convergence to smooth solutions and conservativity in 2D

We first consider a simple planar problem setup with manufactured exact solution. We take the unit
square domain Q = (0,1)?, the bottom and left segments represent I'p and the top and right sides are
I'y. We choose the body load f, mass source g, boundary displacement up, boundary pressure pp, as
well as (not necessarily homogeneous, but standard arguments can be used to extend the theory to the
inhomogeneous case) boundary data @ - n = ¢n and on = ON, such that the exact displacement and
fluid pressure are

u(xvy) =30 3

1 (cos [ (x+y)]
20 \ sin[3F (x—y)]

) ,  p(x,y) = sin(zx) sin(7my).

These exact primary variables are used to construct exact mixed variables of stress, rotation, and
discharge flux. We choose the second constitutive relation for the permeability in (1.8) and choose the
following arbitrary model parameters (all nondimensional) kg =ki =co=a =0.1, A=pu=pr=1.
These values indicate a mild permeability variation and it is expected that the nonlinear solver (in this
case, Newton—Raphson) converges in only a few iterations. We construct six levels of uniform mesh
refinement of the domain, on which we compute approximate solutions and the associated errors for
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k DoFs

h e(0)

rate

e(u)

rate

e(p)

rate

e(@)

rate

e(p)

rate

98
354
1346
5250
20738
82434

0.7071 | 3.5e+0
0.3536 | 1.9e+0
0.1768 | 9.9e-01
0.0884 | 5.0e-01
0.0442 | 2.5e-01
0.0221 | 1.2e-01

*
0.86
0.96
0.99
1.00
1.00

4.5e-02
2.0e-02
1.0e-02
5.0e-03
2.5e-03
1.3e-03

*
1.20
0.98
1.00
1.00
1.00

3.7e-01
8.0e-02
3.3e-02
1.3e-02
4.7¢-03
1.7e-03

*
2.19
1.30
1.37
1.43
1.47

4.9e-01
2.6e-01
1.3e-01
6.6e-02
3.3e-02
1.6e-02

*
0.92
0.98
0.99
1.00
1.00

2.4e-01
1.3e-01
6.5e-02
3.3e-02
1.6e-02
8.2e-03

*
0.92
0.98
1.00
1.00
1.00

290
1090
4226

16642
66050
263170

0.7071 | 1.3e+0
0.3536 | 4.1e-01
0.1768 | 1.1e-01
0.0884 | 2.7e-02
0.0442 | 6.8e-03
0.0221 | 1.7e-03

*
1.61
1.94
1.98
2.00
2.00

1.3e-02
4.2e-03
1.1e-03
2.7e-04
6.8e-05
1.7e-05

*
1.68
1.95
1.99
2.00
2.00

4.1e-02
1.4e-02
5.8e-03
2.0e-03
5.8e-04
1.5e-04

*
1.50
1.30
1.55
1.78
1.92

1.5e-01
3.9e-02
9.9¢e-03
2.5e-03
6.2e-04
1.6e-04

*
1.92
1.98
1.99
2.00
2.00

7.4e-02
2.0e-02
5.0e-03
1.2e-03
3.1e-04
7.8e-05

*
1.93
1.98
2.00
2.00
2.00

TABLE 7.1

Example 1. Error history (degrees of freedom, mesh size, individual errors and
experimental rates of convergence) in 2D for the formulation using the two lowest-order FE families
with PEERS), elements.

each primal and mixed variable in their natural norms. Convergence rates are calculated as usual:

rate = log(e/2)[log(h/h)] ",

where e and e denote errors produced on two consecutive meshes of sizes z and I, respectively. Table
7.1 reports on this error history focusing on the methods defined by the PEERS; family with k = 0
and k = 1, showing a O(K**!) convergence for all unknowns as expected from the theoretical error
bound of Theorem 5.4 (except for the rotation approximation that shows a slight superconvergence for
the lowest-order case and only in 2D — a well-known phenomenon associated with PEERS;, elements).
With the purpose of illustrating the character of the chosen manufactured solution and the parameter
regime, we show sample discrete solutions in Figure 7.1.

We also exemplify the equilibrium and mass conservativity of the formulation. To do so we represent
the loss of equilibrium and mass as

equy, = ngh[div(dh)—i-f]Héw, massy:= ngh {(co—k

2

da
dA +2u

)Ph+

_*
dA +2u

trO'h—i-diV((ph)—Fg}

=

where &), : L2(Q) — Pi(F;) is the scalar version of ;. They are computed at each refinement level
and tabulated in Table 7.2 together with the total error e := ¢(0) +e(u) +e(p) +e(@) +e(p), and its
experimental convergence rate. We report on the nonlinear iteration count as well. The expected optimal
convergence of the total error, and the announced local conservativity are confirmed. We also note that,
at least for this parameter regime, for all the refinements and polynomial degrees the nonlinear solver
takes three iterations to get a residual below the tolerance. In the last column of the same table we report
on the efficiency of the global a posteriori error estimator designed in Section 6 ef £(Z) = £, which —
in this case of smooth solutions — is asymptotically constant (approximately 0.98 for k = 0 and 1.52 for

k=1).

)
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FIG. 7.1. Example 1. Sample of approximate solutions (stress magnitude, displacement magnitude, non-zero entry of rotation,
flux magnitude, and fluid pressure) computed with the second-order scheme and plotted on the deformed domain (for reference
we also show the contour of the undeformed domain).

7.2. Convergence in 3D using physically relevant parameters

Next we investigate the behaviour of the proposed numerical methods in a 3D setting and taking model
parameters more closely related to applications in tissue poroelasticity. We still use manufactured
solutions to assess the accuracy of the formulation, but take an exact displacement that satisfies
dive — 0 as A — oo. The domain is the 3D box Q = (0,L) x (0,L) x (0,2L) with L = 0.01 m, and
mixed boundary conditions were taken analogously as before, separating the domain boundary between
I'y defined by the planes x =0, y =0 and z = 0, and I'p as the remainder of the boundary. The
manufactured displacement and pressure head are

sin(x/L)cos(y/L)sin(z/(2L)) +x*/A
u=-| —2cos(x/L)sin(y/L)cos(z/(2L)) +y*/A | , p=sin(x/L)cos(y/L)sin(z/(2L)).
2cos(x/L)cos(y/L)sin(z/(2L)) — 2% /A
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DoFs h | e rate  equy massy, iter eff(E)
k=0
97 0.707 | 4.83e+0 * 9.30e-16 194e-16 3 0.93
353 0.354 | 2.45e+0 098 9.44e-16 2.98e-16 3 0.94
1345 0.177 | 1.25e+0 0.98 2.64e-15 8.26e-16 3 0.96
5249 0.088 | 6.22¢-01 1.00 5.58e-15 2.49e-15 3 0.97
20737 0.044 | 3.10e-01 1.00 1.46e-14 7.03e-15 3 0.98
82433 0.022 | 1.55¢-01 1.00 1.72¢-13 1.09e-13 3 0.98
328705 0.011 | 7.63e-02 1.00 4.25e-13 3.46e-13 3 0.98
k=1
289 0.707 | 1.57e+0 *  2.88e-15 1.20e-15 3 1.45
1089 0.354 | 5.08¢e-01 1.63 6.77e-15 2.25e-15 3 1.50
4225 0.177 | 1.34e-01 192 2.2le-14 6.60e-15 3 1.53
16641 0.088 | 3.42e-02 1.97 8.00e-14 1.31le-14 3 1.52
66049 0.044 | 8.62e-03 1.99 39le-13 3.83e-14 3 1.51
263169 0.022 | 2.16e-03 2.00 8.20e-12 7.6le-14 3 1.51
1050625 0.011 | 5.04e-04 2.00 2.17e-11 490e-13 3 1.52

TABLE 7.2 Example 1. Total error, experimental rates of convergence,
{=-norm of the projected residual of the equilibrium and mass balance
equations, Newton—Raphson iteration count, and efficiency index of the
global a posteriori error estimator. Tabulated results correspond to the two
lowest-order polynomial degrees.

DoFs h | e(o) rate e(u) rate e(p) rate e(@) rate e(p) rate
unity parameters

328 0.0173|2.9e-02 x 1.1e-06 * 4.8e-04 =+ 3.le+0 % 1.3e-04
2311 0.0087 | 1.5e-02 0.94 5.7e-07 0.96 1.3e-04 1.90 1.6e+0 1.00 6.3e-05 1.00
17443 0.0043 | 7.5e-03 0.99 2.8e-07 1.00 4.4e-05 1.54 7.8e-01 1.00 3.2e-05 1.00
135715 0.0022 | 3.8e-03 1.00 1.4e-07 1.00 1.8e-05 1.34 3.9e-01 1.00 1.6e-05 1.00
1071043 0.0011 | 1.9e-03 1.00 7.0e-08 1.00 7.7e-06 1.19 1.9e-01 1.00 7.9e-06 1.00

physically relevant parameters

328 0.0173 | 2.1e+02 *x 1.1e-06 % 4.2e-04 x 4807 x 1.9e-04 «
2311 0.0087 | 1.1e+02 091 5.6e-07 0.99 1.1e-04 1.93 3.9e-07 0.55 9.1e-05 1.05
17443 0.0043 | 5.6e+01 0.98 2.8e-07 1.00 3.3e-05 1.74 2.2e-07 0.89 4.4e-05 1.04
135715 0.0022 | 2.8e+01 1.00 1.4e-07 1.00 1.2e-05 1.42 1.2e-07 0.93 2.2e-05 0.99
1071043 0.0011 | 1.4e+01 1.00 7.0e-08 1.00 5.3e-06 1.23 6.0e-08 0.97 1.1e-05 0.98

TABLE 7.3 Example 2. Error history (degrees of freedom, mesh size, individual errors and
experimental rates of convergence) in 3D for the formulation using the lowest-order FE family with
PEERS), elements and changing from unity (top) to physically relevant (bottom) parameters.

First we set again the model parameters to mild values A = u=co=ko =0 =pus=1,k; =k =0.1,
we use the exponential permeability constitutive law, and we compare them against the following values
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F1G. 7.2. Example 2. Sample of approximate solutions (stress magnitude, displacement magnitude, rotation magnitude, flux
magnitude, and fluid pressure) computed with the first-order scheme and plotted on the deformed domain (for reference we also
show the outline of the undeformed domain).

(from, e.g., [9, 48])

ko=228x10""m?, Kk =5x10""m’, A =1.44x10°Pa,
p=9.18x10°Pa, u;=75x10"*Pa-s, co=0, a=0.99.

Table 7.3 reports on the convergence of the method. While the magnitude of the stress errors is
much higher for the second parameter regime, the discharge flux error magnitude is smaller than in
the first case and the displacement, rotation, and fluid pressure errors remain roughly of the same
magnitude. In any case, the table confirms that the optimal slope of the error decay is not affected by a
vanishing storativity nor large Lamé constants. The components of the numerical solution are displayed
in Figure 7.2.

We also test the convergence of the mixed finite element scheme for a wider parametric space. We
select the following ranges A € [1,10'?],k; € [107'2,1],¢0 € [1072,1],& € [107'2,1]. Samples (81
instances) of these computations are collected in Figure 7.3 and they provide a robustness analysis
in terms of error history (in rate of error decay, and not in absolute errors since we are not using
parameter-rescaled norms and for each re-parametrisation the forcing terms change accordingly) and
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Newton—Raphson iteration count. In all cases we observe an optimal first-order convergence, and we
also see that for some parameters the nonlinear solver takes less iterations to reach the desired tolerance.

7.3. Convergence in the case of adaptive mesh refinement

We continue with a test targeting the recovery of optimal convergence through adaptive mesh refinement
guided by the a posteriori error estimator proposed in Section 6. We employ the well-known adaptive
mesh refinement approach of solving, then computing the estimator, marking, and refining. Marking is
done as follows [29]: a given K € .7}, is added to the marking set .#}, C .7}, whenever the local error

indicator Eg satisfies
= =2
) >0 ) =k
Ke.#), Ke g,

where { is a user-defined bulk density. All elements in ./, are marked for refinement and also some
neighbours are marked for the sake of closure. For convergence rates we use the alternative form

rate = —2log(e/e) [log(DoFs/ﬁ)]*l.

Let us consider the non-convex rotated L-shaped domain Q = (—1,1)>\ (—1,0)?> and use
manufactured displacement and fluid pressure with sharp gradients near the domain re-entrant corner
(see, e.g., [22] for the displacement and [17] for the fluid pressure)

u(rg):rx(‘UH‘I)COS([X+1]9)+(M2—X—l)Mlcos([x—l]e))
U 2u \ (e Dsin((x +1]0) + (Ma + x — DMy sin([x —1]6) )

p(r,0) = /3 sin(zl))(;r + 6)),

with polar coordinates r = (/x?+x3, 6 = arctan(xp,x), X ~ 0.54448373, M; = —cos([x +
llo)/cos([x — 1]®), and M, = 2(A +2u)/(u + A). The boundary conditions (taking as I'y the
segments at x = =1 and y = *1 and I'p the remainder of the boundary) and forcing data are constructed
from these solutions and the model parameters are A = 103, u =10, kp = % Ur=co=k =0.1,
o= %, where for this test we consider a Kozeny—Carman permeability form. As in [22], a sub-optimal
rate of convergence is expected for the mixed elasticity sub-problem in its energy norm. Note that
since the exact pressure is in H¥3¢(Q) for any & > 0 (cf. [41, Chapter 5]), it is still regular enough
to have optimal convergence. However its gradient (and therefore also the exact discharge flux ¢)
has a singularity located at the reentrant corner and therefore we expect an order of convergence of
approximately O(h'/3).

The numerical results of this test are reported in Table 7.4. We observe the expected sub-optimal
convergence under an uniform mesh refinement while the optimal convergence in all variables is
attained as the mesh is locally refined (the first three rows are very similar as most of the elements are
refined in the first three steps. This can be controlled by the bulk density, here taken as £ =9.5-107).
We also note that the individual errors are approximately of the same magnitude in the last row of each
section of the table, but for the adaptive case this is achieved using approximately 5.5% of the number
of degrees of freedom needed in the uniformly refined case. The last column of the table again confirms
the reliability and efficiency of the a posteriori error estimator. Note that for this case we compute the
divergence part of the error norm in the stress and fluxes as projections of the equilibrium and mass
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F1G. 7.3. Example 2. Parameter robustness of the convergence for the mixed finite element method in the lowest-order case
across 81 parameter configurations. The colour-bar represents the variation in A and the different line markers the variation in
the permeability parameter k; (here using Ky = k; = k» for the exponential permeability function). The top panels indicate total
error, and the bottom panels the iteration count.
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DoFs h | e(o) rate e(u) rate e(p) rate e(@) rate e(p) rate eff(E)
uniform mesh refinement
77 14142 1.7e+3 x 1.7e+1 % T.6etl * 9.det0 x 1.6e+t0 x 2.67
273 0.7071 | 1.5e+3 0.27 7.8e+0 1.10 2.5e+1 1.61 5.8e+0 0.65 7.8¢-01 1.06 2.65
1025 0.3536 | 1.2e+3 0.31 5.0e+0 0.63 2.le+1 0.27 4.3e+0 0.44 3.9e-01 1.00 3.12
3969 0.1768 | 8.9e+2 0.40 3.6e+0 0.50 1.7e+1 0.26 3.3e+0 0.38 2.0e-01 0.99 2.82
15617 0.0884 | 6.6e+2 0.43 2.6e+0 0.45 1.4e+1 0.32 2.6e+0 0.35 9.9¢-02 0.99 2.60
61953 0.0442|4.8e+2 045 1.9e+0 0.45 1.le+l 0.35 2.0e+0 0.34 5.0e-02 1.00 2.42
246785 0.0221 | 3.5e+2 0.46 1.4e+0 0.46 8.4e+0 0.38 1.6e+0 0.34 2.5e-02 1.00 2.27
985089 0.0011|2.9e+2 0.45 1.1e+0 045 6.7e+0 0.38 1.2e+0 0.34 1.3e-02 1.00 2.40
adaptive mesh refinement
77 14142 | 1.7e+3 + 1.7e+1 * 7.6e+l * 9.le+0 * 1.6e+0 2.67
273 0.7071 | 1.5e+3 0.29 7.8e+0 1.20 2.5e+1 1.76 5.8e+0 0.72 7.8e-01 1.16  2.65
1025 0.3536|1.2e+3 0.33 5.0e+0 0.66 2.le+1 0.28 4.3e+0 0.47 3.9e-01 1.04 3.12
3813 0.3536 | 8.9e+2 0.42 3.6e+0 0.52 1.7e+1 0.27 3.3e+0 0.40 2.0e-01 1.04 2.82
7113 0.2500 | 6.7e+2 0.89 2.6e+0 0.98 1.4e+1 0.68 2.6e+0 0.77 1.le-01 191 2.55
11013 0.2500 | 5.2e+2 1.20 2.0e+0 1.31 1.le+l 0.99 2.0e+0 1.07 6.0e-02 1.74 2.58
17449 0.2500 | 4.0e+2 1.10 1.5e+0 1.18 9.1e+0 0.95 1.6e+0 1.01 3.7e-02 1.79 2.52
27225 0.1768 | 3.1e+2 1.14 1.2e+0 1.18 7.2e+0 1.05 1.3e+0 1.05 2.1e-02 1.80 2.52
38081 0.1768|2.5e+2 1.37 9.0e-01 1.53 5.7e+0 1.38 1.0e+0 1.37 1.5e-02 1.57 2.55
54797 0.1250 [ 2.0e+2 1.18 7.2¢-01 1.21 4.6e+0 1.22 8.1e-01 1.26 1.2e-02 148 2.53

TABLE 7.4 Example 3. Convergence history (degrees of freedom, mesh size, individual errors,
experimental rates of convergence, and effectivity index) in a rotated L-shaped domain for the
Sformulation using the lowest-order FE family with PEERS) elements and changing from uniform (top)
to adaptive mesh refinement (bottom) guided by the a posteriori error indicator from (6.2).

residuals onto the displacement and pressure discrete spaces, respectively. We plot in Figure 7.4 the
approximate displacement and pressure as well as sample triangulations obtained after a few adaptive
refinement steps that confirm the expected agglomeration of vertices near the reentrant corner.

7.4. Adaptive computation of cross-sectional flow and deformation in a soft tissue specimen

Finally, we apply the proposed methods to simulate the localisation of stress, deformation, and flow
patterns in a multi-layer cross-section of cervical spinal cord. We follow the setup in [47, 50]. The
geometry and unstructured mesh have been generated using GMSH [39] from the images in [50]. The
heterogeneous porous material consists of white and grey matter surrounded by the pia mater (a thin
layer, also considered poroelastic. See Figure 7.5, top two left panels). All components are assumed
fully saturated with cerebrospinal fluid. The transversal cross-section has 1.3 cm in maximal diameter
and the indentation region is a curved subset of the anterior part of the pia mater (a sub-boundary of
length 0.4 cm). Boundary conditions are of mixed load-traction type, but slightly different than the ones
analysed in the previous section. We conduct an indentation test applying a traction on = (0, —P)*, with
P a constant solid pressure of 950 dyne/cm?. The posterior part of the pia mater acts as a rigid posterior
support where we prescribe zero displacement. The remainder of the boundary of the pia mater is stress-
free. For the fluid phase we impose a constant inflow pressure of cerebrospinal fluid of 1.1 dyne/cm?
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FI1G. 7.4. Example 3. Approximate primal variable solutions (solid displacement and fluid pressure) computed with the first-order
scheme, and meshes generated after two, three, and four adaptive refinement steps.

and zero outflow pressure at the stress-free sub-boundary, as well as zero normal discharge flux at the
posterior support. For the three different layers of the domain we use the following values for Young
modulus, Poisson ratio, and lower bound for permeability (some values from [10, 47, 50]) EPi
23'000dyne/cm?, VP2 = 0.3, EWhitt — 8400dyne/cm?, vV = 0.479, E2®Y = 16/000dyne/cm?,
Ve = 0.49, k5 = 1.4- 107 dyne/cm?, k§"® = 1.4 10~%dyne/cm?, k)" = 3.9 - 1010 dyne/cm?.
Further, we take f =0, g =0, ur = 7Odyne/cm2- s (for cerebrospinal fluid at 37°), k; = %ko, a= 41'1’
and cg = 1073,

The initial and the final adapted mesh, together with samples of solutions are shown in Figure 7.5,
where we have used the mesh density parameter { = 5.5-10~*. After each adaptation iteration guided
by the a posteriori error indicator (6.2), a mesh smoothing step was included. The figure indicates that
most of the refinement occurs near the interface between the heterogeneous components of the porous
media, and the plots also confirm a flow pattern moving slowly from top to bottom, consistently with a
typical indentation test.

ST )

8. Concluding remarks

In this work, we developed a family of mixed finite element methods for a nonlinear poroelasticity
model with stress-dependent permeability. By reformulating the constitutive equations, we enabled
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F1G. 7.5. Example 4. Cross sectional area of cervical spinal cord segmented from sheep imaging data in [50], initial coarse
mesh indicating subdomains with distinct material properties (outer pia mater in red, mid white matter in grey, inner grey matter
in green), final adapted mesh after six refinement steps, and sample of stress, displacement, fluid flux and fluid pressure at the
indentation test (bottom row figures are obtained with the lowest-order scheme and rendered on the deformed configuration).

the use of a Hellinger—Reissner-type mixed formulation, ensuring robustness with respect to near-
incompressibility and vanishing storativity limits. The problem structure was analysed using fixed-point
theory and saddle-point formulations, leading to well-posedness results for both the continuous and
discrete settings. The chosen finite element spaces (PEERS;, elements for elasticity and Raviart-Thomas
elements for fluid flow) provided exact equilibrium and mass conservation.

We derived a priori error estimates, demonstrating optimal convergence properties. Furthermore, a
residual-based a posteriori error estimator was introduced and shown to be both reliable and efficient.
This estimator guided adaptive mesh refinement strategies, which were validated through numerical
experiments in both two and three dimensions.

The proposed nonlinear dependence of permeability on stress in poroelasticity is particularly
relevant for soft tissues, where permeability changes due to deformation, and for subsurface reservoirs,
where stress variations influence fluid transport. The current formulation can be adapted to different
material systems by choosing appropriate functional forms for the permeability-stress relationship
including also anisotropic permeability variations.

We are keen to follow other extensions, for instance exploring different abstract results that would
impose a less restrictive assumption on smallness of data, and extend the formulation to accommodate
a nonlinear stress-strain constitutive law, transient effects and splitting algorithms following, e.g. [42],
as well as fully coupled multiphysics systems, such as thermo-poroelasticity. Note however that these
generalisations (useful to broaden the applicability of the proposed methods to more complex real-world
scenarios) will require a substantially different theoretical framework.
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