A PRIORI AND A POSTERIORI ERROR BOUNDS FOR THE FULLY MIXED FEM
FORMULATION OF POROELASTICITY WITH STRESS-DEPENDENT PERMEABILITY*
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Abstract. We develop a family of mixed finite element methods for a model of nonlinear poroelasticity where, thanks to a
rewriting of the constitutive equations, the permeability depends on the total poroelastic stress and on the fluid pressure and therefore
we can use the Hellinger—Reissner principle with weakly imposed stress symmetry for Biot’s equations. The problem is adequately
structured into a coupled system consisting of one saddle-point formulation, one linearised perturbed saddle-point formulation, and
two off-diagonal perturbations. This system’s unique solvability requires assumptions on regularity and Lipschitz continuity of the
inverse permeability, and the analysis follows fixed-point arguments and the Babuska—Brezzi theory. The discrete problem is shown
uniquely solvable by applying similar fixed-point and saddle-point techniques as for the continuous case. The method is based on the
classical PEERS), elements, it is exactly momentum and mass conservative, and it is robust with respect to the nearly incompressible
as well as vanishing storativity limits. We derive a priori error estimates, we also propose fully computable residual-based a posteriori
error indicators, and show that they are reliable and efficient with respect to the natural norms, and robust in the limit of near
incompressibility. These a posteriori error estimates are used to drive adaptive mesh refinement. The theoretical analysis is supported
and illustrated by several numerical examples in 2D and 3D.
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1. Introduction. Nonlinear interaction between flow and the mechanical response of saturated porous
media is of a great importance in many applications in biophysics, geomechanics, and tissue engineering, for
example. One of such models is the equations of nonlinear poroelasticity, whose mathematical properties were
studied in great detail, for example, in the references [11, 13, 12]. In these works, it becomes clear that a distinctive
property of nonlinear poroelasticity models targeted for, e.g., soft tissue (cartilage, trabecular meshwork, brain
matter, etc.), is that the nonlinear permeability (the hydraulic conductivity, defined as how easily pore fluid
escapes from the compacted pore spaces) that depends on the evolving total amount of fluid, does not entail a
monotone operator, and therefore one cannot readily apply typical tools from monotone saddle-point problems.

Our interest is in deriving mixed finite element (FE) formulations (solving also for other variables of interest),
and for this we can cite in particular [36, 38], where fully mixed formulations based on the Hu-Washizu principle
are studied. Writing the poroelasticity equations in terms of the strain tensor was motivated in particular in [38]
because the permeability — at least in the regime we focus here — depends nonlinearly on the total amount of
fluid, which is a function of strain.

The upshot here compared to [38] is that we are able to rewrite the constitutive equation for permeability to
depend on the total poroelastic stress and on the fluid pressure (similarly as in, e.g., [8]). This allows us to revert
to the more popular Hellinger—Reissner type of mixed formulations for poroelasticity [7, 39, 40, 14, 46] (without
solving explicitly for the strain). Consequently, another appealing advantage with respect to the formulation
in [38] is that, as in the Hellinger—Reissner formulation, the model becomes robust with respect to the Lamé
constants. Also in contrast to [38], in this work we use a mixed form for the fluid flow (adding the discharge flux
as additional unknown), which gives the additional advantage of mass conservativity.

Regarding the well-posedness analysis, the aforementioned non-monotonicity of the permeability suggest, for
example, to use a fixed-point argument. We opt for freezing the arguments of permeability, turning the double
saddle-point structure with three perturbations coming from the stress trace operator and from the L? pressure
blocks, into two decoupled saddle-point problems whose separate solvability can be established from the classical
literature for weakly symmetric elasticity and mixed reaction-diffusion equations. Banach fixed-point theorem is
then used to show well-posedness of the overall problem. This analysis needs to verify conditions of ball-mapping
and contraction of the fixed-point map, and this imposes a small data assumption, which can be carried over
to the external load, mass source, boundary displacement, and boundary fluid pressure. Compared to [38§],
these conditions are less restrictive and imply also a less restrictive discrete analysis (which follows closely the
continuous one), due to the analysis being performed using the inverse of the Hooke tensor, which allows us to
achieve robustness with respect to the first Lamé parameter .
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Note that at the discrete level we can simply use conforming FE spaces. Discrete inf-sup conditions are
already well-known for the chosen FE families of PEERS; and Raviart—-Thomas elements used for the solid
and fluid sub-problems (but several other inf-sup stable spaces that satisfy a discrete kernel characterisation
are also possible). We emphasise that, similarly to [39, 40], all estimates hold uniformly in the limit of nearly
incompressibility (implying that the formulation is Poisson locking-free) as well as when the constrained storage
coefficient vanishes (poroelastic locking-free), and therefore they are free of non-physical pressure oscillations.

An additional goal of this work is to derive efficient and reliable residual a posteriori error estimators for
the nonlinear poroelasticity equations. The approach follows a similar treatment as that of [32] (which focuses
on mixed formulations of stress-assisted diffusion equations), with the difference that here we do not need to
include augmentation terms for the mixed form of the mixed diffusion problem. The main ingredients in the
analysis of these estimates are Helmholtz decompositions and a global inf-sup (together with boundedness and
Lipschitz continuity of coupling terms), local inverse and trace estimates, bubble-based localisation arguments,
and properties of Clément and Raviart—Thomas interpolators. See also [3, 28] for estimators in a similar multi-
physics context and, e.g., [19, 20, 41] for mixed linear elasticity. Note that for the reliability of the estimator the
aforementioned Helmholtz decompositions — for both tensor-vector and vector-scalar cases — should be valid for
mixed boundary conditions. For this we follow [3] and [25], from which we inherit an a convexity assumption on
the Neumann sub-boundary (where we impose traction and flux boundary conditions).

Outline. The rest of the paper is organised as follows. The remainder of this Section has a collection of
preliminary definitions and notational convention, as well as the statement of the governing partial differential
equations. The weak formulation and proofs of the uniform boundedness of the bilinear forms and suitable inf-sup
conditions are shown in Section 2. The fixed-point analysis of the coupled problem is carried out in Section 3.
Section 4 then focuses on the Galerkin discretisation, including its well-posedness analysis and definition of
specific FE subspaces that provide momentum and mass conservativity. In Section 5 we show a Céa estimate
and using appropriate approximation properties we derive optimal a priori error bounds including also the higher
order case. The definition of a residual a posteriori error estimator and the proofs of its reliability and efficiency
are presented in Section 6. We conclude in Section 7 with some numerical tests that both validate and underline
the theoretical properties of the proposed discretisations.

Notation and preliminaries. Let L2(Q) be the set of all square-integrable functions in ¢ R? where d € {2,3}
is the spatial dimension, and denote by L2(Q) = L2(Q) its vector-valued counterpart and by L2(Q) = L2(Q)4*4
its tensor-valued counterpart. We also write

L2, (Q):={Tcl?(Q): 7= -7,

skew

to represent the skew-symmetric tensors in {2 with each component being square-integrable. Standard notation
will be employed for Sobolev spaces H™(Q) with m > 0 (and we note that H°(Q2) = L?(Q2)). Their norms
and seminorms are denoted as || - ||m,o and | - |m.q, respectively (as well as for their vector and tensor-valued
counterparts H™(Q), H™(Q)) see, e.g., [15].

As usual I stands for the identity tensor in R4*?, and |-| denotes the Euclidean norm in R?. Also, for any vector

o . . L Ov; . L d Ov;
field v = (v;);=1,4 we set the gradient and divergence operators as Vv := (%)Z . and divwv := Zj:1 Wﬁ'

In addition, for any tensor fields 7 = (7i;); j=1,4 and ¢ = ({i;)i,j=1,4, We let div T be the divergence operator
div acting along the rows of 7, and define the transpose, the trace, the tensor inner product, and the deviatoric
tensor as T° := (7i)i j=1,d, tr(T) 1= Z?:l Tiiy T 1 €= D4 iy TijGijy and 74 :=7 — L tr(7)1, respectively. We
also recall the Hilbert space

H(div; Q) = {z € L*(Q) : div z € L*(Q)},

with norm || z]|3;,.q = [12[1§. + | div 2§ ¢, and introduce its tensor-valued version
H(div; Q) = {7 € L*(Q) : divT € L*(Q)}.

Governing equations. Let us consider a fully-saturated poroelastic medium (consisting of a mechanically
isotropic and homogeneous fluid-solid mixture) occupying the open and bounded domain €2 in Rd, the Lipschitz
boundary 052 is partitioned into disjoint sub-boundaries 9 := I'p U 'y, and it is assumed for the sake of
simplicity that both sub-boundaries are non-empty |I'p|-|T'n| > 0. The symbol n will stand for the unit outward
normal vector on the boundary. Let f € L2(f2) be a prescribed body force per unit of volume (acting on the
fluid-structure mixture) and let g € L2(Q2) be a net volumetric fluid production rate.

The balance of linear momentum for the solid-fluid mixture is written as
—dive =f in £, (1.1)

with o being the total Cauchy stress tensor of the mixture (sum of the effective solid and fluid stresses), whose
dependence on strain and on fluid pressure is given by the constitutive assumption (or effective stress principle)

o =Ce(u) — apl in Q. (1.2)
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Here the skeleton displacement vector u from the position & € €2 is an unknown, the tensor e(u) := 3 (Vu+[Vul*)
is the infinitesimal strain, by C we denote the fourth-order elasticity tensor, also known as Hooke’s tensor
(symmetric and positive definite and characterised by Ct := A(tr 7)I+2u 7), I is the identity second-order tensor,
A and p are the Lamé parameters (assumed constant and positive), 0 < a < 1 is the Biot—Willis parameter, and
p denotes the Darcy fluid pressure (positive in compression), which is an unknown in the system.

We also consider the balance of angular momentum, which in this context states that the total poroelastic
stress is a symmetric tensor o = o*. To weakly impose it, it is customary to use the rotation tensor

1
p= §(Vu — [Vu]*) = Vu — g(u). (1.3)
The fluid content (due to both fluid saturation and local volume dilation) is given by

¢ =cop+ adivu, (1.4)

where ¢y > 0 is the constrained specific storage coefficient. Using Darcy’s law to describe the discharge velocity
in terms of the fluid pressure gradient, the balance of mass for the total amount of fluid is 9;¢ — div(kVp) = g in
Q X (0, tend), where x is the intrinsic permeability of the medium, a nonlinear function of the porosity. In turn,
in the small strains limit the porosity can be approximated by a linear function of the fluid content { (see for
example [45, Section 2.1]), and so, thanks to (1.4), we can simply write x(e(u), p). Furthermore, after a backward
Euler semi-discretisation in time with a constant time step and rescaling appropriately, we only consider the type
of equations needed to solve at each time step and therefore we will concentrate on the form

cop + atre(u) — div(k(e(u),p)Vp) =g in Q. (1.5)
Typical constitutive relations for permeability are, e.g., exponential or Kozeny—Carman type (cf. [6])

_k ﬁex c atre(u k(e(u),p) = ko i (cop +  tre(u))?
K(é(u),p) = qu]l'i_ T p(kg( op +at E( )))Ha (5( )7p) = 1y Nf(lf (cop+atr€(u)))2

I (16)

where py denotes the viscosity of the interstitial fluid and ko, k1, ko are model constants. We note that in the
case of incompressible constituents one has ¢y = 0 and a = 1, indicating that permeability depends only on the
dilation tre(u) = divu (see, e.g., [11]). We also note that even in such a scenario (of incompressible phases)
the overall mixture is not necessarily incompressible itself. More precise assumptions on the behaviour of the
permeability are postponed to Section 2.2. Next we note that from (1.2) we can obtain

tro = (d\+2u)divu —dap and Clo + I=e(u) in . (1.7)

e
dx+2u”
Then, from the first equation in (1.7) we get

1 tro 4+ do
= ro
X\ + 24 dr+2u””

tre(u)

and therefore the dependence of x on e(u) and p (cf. (1.6)) can be written in terms of o and p as follows

kO kl 2 2
K(o,p) = —I+ —exp | ——((co(d\ + 2u) + da”) p+ atro) |1,
oo p)—@]l-i- k1 ((co(dX +2p) + do?) p+ atr o) I (1.8)
7 Hf (dX + 2p) g (dX + 20 — ((co(d/\+2,u)+doz2)p+oztr0'))2
In addition, putting together the second equation in (1.7) and (1.3) we obtain:
Clo+ Lpﬂ =Vu—p in Q. (1.9)

dX+2u
Finally, we introduce the discharge flux ¢ as an unknown defined by the constitutive relation
k(o,p) " '¢ = Vp, (1.10)
and combining (1.7) and (1.5), we are able to rewrite the mass balance equation as

2

« do
— ¢t —p—divp = in Q. 1.11
C°p+dx+2u ra+dA+2up ivp=g in (1.11)

To close the system, we consider mixed boundary conditions for a given up € H'/?(I'p) and pp € H/2(I'p):

u=up and p=pp on I[p, ¢-n=0 and on=0 on Iy. (1.12)
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2. Weak formulation and preliminary properties.
2.1. Derivation of weak forms. Let us define the following spaces
Hy(div;Q) := {r € H(div;Q): 7n =0 on Iy}, Hx(div;Q) := {¢p € H(div;Q): ¢pn=0 on I'n}.

We test equation (1.1) against v € L?(Q), equation (1.9) against 7 € Hx/(div; ), impose the symmetry of o
weakly, test equation (1.11) against ¢ € L2(Q), equation (1.10) against 1 € Hx(div; ), integrate by parts and
using the boundary conditions (1.12) naturally, and then reorder the resulting equations. Then we arrive at

C_l : « / t / 'd. / . _ V H d‘ Q
/Q T o J P UTevTeeT (Tn,up)ry, T € Hy(div; ),
/”'dinT:—/ﬁv Vo e L3(Q),
Q Q

/0':"7:0 vneﬂ"skew(ﬂ)v

Q
/fi(o-ap)*lgo-'lb—F/pddip:<¢.n,pD>FD V1 € Hy(div; Q),

Q Q
(c —l—(laQ)/ +L/ tra’—/ div —/ Vg e L3(Q)
L S T A ) WD W A Jadive= | g4 q 7

where (-,-)r, denotes the duality pairing between H='/2(T'p) and its dual H'/?(I'p) with respect to the inner
product in L?(T'p), and we use the same notation, (-,-)r,, in the vector-valued case.

Introducing bilinear forms a : Hy(div; Q) x Hyx(div; Q) — R, b : Hy(div; Q) x L2(Q) x L2, (2) — R,
¢ : Hn(div; ) x L?(2) — R, the nonlinear form az 5 : Hn(div; Q) x Hy(div; Q) — R, and the bilinear weak

forms b : Hy(div; Q) x L2(Q) — R and ¢ : L2(Q) x L(Q) — R, defined by

a(o,T) ::/QC*IO':T, b(t,(v,m)) ::/Qv'diVT—i—/Q’r:777 e(T,q) = dz\iQ /qtrT,

~ o .7 1o b = iv [ = o’
aa,p(%"‘/’) : /QKZ(O',p) ¥ "/"7 b(¢7‘]) . /qu 1/’7 C(p7 q) . (CO+ d)\+2/14) /qu,

(2.1)

respectively, and linear functionals H € Hy(div;Q), F € (L2(Q) x L2_(Q)), H € Hx(div; Q)’, G € L2(Q)’

skew

H(r) = (rmoup)ry. Flon) == [ fro. A@)= Wnpiro. Gl)i=- [ g,

we arrive at: find (o, u, p, p,p) € Hx(div; Q) x L2(Q) x L2 (Q) x Hx(div; Q) x L?(Q2), such that:

ale, )+ b(7,(u,p)) + cofr,p)=H(T) V1 € Hy(div; Q), (2.2a)
b(o, (v, m)) = F(v,n) Vo e L*(Q), V7 € L, (), (2.2b)
o p(,t) +  b(3,p) — H (<) Vp € Hy(div; Q), (2.2¢)
b(e,q) —  ep,q) — c(o.q)=G(q) VqeL(Q). (2.2d)

2.2. Stability properties and suitable inf-sup conditions. For the sake of the analysis, we allow the
permeability (o, p) to be anisotropic but still require (o, p)~! to be uniformly positive definite in L.°°(Q2) and
Lipschitz continuous with respect to p € L2(Q2). That is, there exist positive constants x1, k2 such that

milol <vtk( ) 7o, k() T =BG p2) T e o) < mellpr = p2llogs (2.3)

for all v € R%\ {0}, and for all p;, ps € L3(9).
We start by establishing the boundedness of the bilinear forms a, b, c, 5, c:

1
la(o, )| < ;\|U|\div;ﬂ||7'||div;ﬂ7 b(7, (v,m))| < ITllaivie([v]loe + [mllo.), (2.4a)
le(T,0)| < I llaivsellallo.; (2.4b)
|b(v,q)| < [<(p, )| < Allpllo.llgllo.q, (2.4c)
where )
avd do
_ d 2.5
t2p T N o (25)
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On the other hand, using Hdélder’s and trace inequalities we can readily observe that the right-hand side
functionals are all bounded

[H(T)| < lupllijorsITllaivie,  [Flo,m)] < lIflocllvloe < |If
[H(®)| < llpplhj2,00 [¥llaivie,  [Ga)] < gl

lo,2([[v]lo,2 + [I7llo.2),

o.2llallo.c-
Let us now denote by V and V the kernels of b and E, respectively. They are characterised, respectively, as
V= {’T € Hx(div;Q): divr=0 and 7=7" in Q}, (2.6a)
V= {1,1; € Hy(div;Q): divep=0 in Q} (2.6b)
From [2, Lemmas 3.1 and 3.2] we easily deduce that there exists ¢, > 0 such that
a(t,T) > caHTH?ﬁv;Q V1T ev. (2.7)

The following inf-sup conditions are well-known to hold (see, e.g., [18]):

b(t, (v,
sp AT g+ o) ¥ (i) € L) x Ly (), (280
0#TcHy (div;Q) ||T||div;Q
b ~
28.9) 3 Blgloa vae L@ (2.5b)

0#ypeHN (div;Q) ”deiv;Q
Finally, we observe that ¢ is elliptic over L2(Q)
&q,9) =7 4} o (2.9)

3. Analysis of the coupled problem. We now use a combination of the classical Babuska—Brezzi and
Banach fixed-point theorems to establish the well-posedness of (2.2) under appropriate assumptions on the data.

3.1. A fixed-point operator. We adopt a similar approach to, e.g., [24]. Firs, we define a closed ball of
L2(Q) centred at the origin and of given radius r > 0

W= {pel2Q) : |plon<r} (3.1)

Then, for a given (&,p) € Hyx(div; Q) x W, thanks to the assumptions on the nonlinear permeability, we can
infer that the form az 5 (cf. (2.1)) is continuous, as well as coercive over V

a5 5(,9)| < Cz ll@llaivell¥llaives (3.2a)
a5p(,¥) > rilldive Ve, Y EV. (3.2b)

Then, we define the auxiliary operators R : W C L*(Q) — Hx(div;Q) x (L*(Q) x L4, (2)) and S :
Hy (div; Q) x W — Hy(div; Q) x L2(Q), given by

R(p) = (R1(p), (R2(D), R3(p))) = (o, (u, p)) VPEW,
with (o, (u, p)) € Hx(div; Q) x (L%(Q) x L2, (Q)) satisfying
a(e,7) + b(7,(u,p)) =H(T)—c(r,p) V7 e Hn(div;), (3.3)
b(o, (v,n)) = F(v,n) V(v,m) € L2(Q) x L, (),
and
S(G.p) = (51(6.5),52(6.5)) = (¢,p) V(G,p) € Hx(div;Q) x W,
where (o, p) is such that
Gople¥) + Wp) =HE) 71 € Hy(div; ), 5.4)
be.q) — @pa) =Glg)+c(d,q9) YVqel?(Q).
By virtue of the above, by defining the operator T : W C L2(Q) — L?(Q) as
T(p) := S2(R1(p), D), (3.5)
it is clear that (o, u, p, ¢, p) is a solution to (2.2) if and only if p € W solves the fixed-point problem
T(p) =p. (3.6)

Thus, in what follows, we focus on proving the unique solvability of (3.6).
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3.2. Well-definedness of T. From the definition of T in (3.5) it is evident that its well-definedness requires
the well-posedness of problems (3.3) and (3.4). We begin by analysing that of (3.3).

LEMMA 3.1. Let p € W (cf. (3.1)). Then, there exists a unique (o, (u,p)) € Hx(div; Q) x L#(Q) x LE_, ()
solution to (3.3). In addition, there exist Cy, Cy > 0, such that

Lo
lollaiv;e < C1 ([unlly/z.rn + [[fllo.0) + — 7Pl

. 0,9
17 1 N (3.7)
leslos +lelloq < Oz (luplhyor, + 1 floe) + 5 (1+ =) 7 [Ploo
Proof. 1t is a direct consequence of the Babuska—Brezzi theory [29, Th. 2.34], using (2.7) and (2.8a) with
1 1 1 1 1 1
= (=+5)(1+—) and G=—(1+—)(1+—); 3.8
! ca B Jen 2B HCa 0] (3.8)

we omit further details. O
Next, we provide the well-definedness of S, or equivalently, the well-posedness of (3.4).

LEMMA 3.2. Let (7,p) € Hn(div; Q) x W. Then, there exists a unique (@, p) € Hx(div; Q) x L2(Q) solution
o (3.4). In addition, there exist C > 0 such that

lellaivea + [lpllo.o < C(ligllo.e +llppll/2.ro + vlIo[ldivio)- (3.9)

Proof. The existence of a unique solution (¢, p) to (3.4) is straightforward given the properties of the forms
a, b, and ¢. By examining (3.2b), (2.9), and (2.8b), we can confirm that the assumptions of [26, Th. 3.4] are
satisfied. In addition, ¢ and p satisfy the following bounds

1 ~ o~ = ~ o~ \1/2 R
Il < (o +Cr+Civ/7) (2max(Co, Cs})  (lgllo + lepllyjzry +7 16 lawee).

1 1 ~ ~ = ~ o~ \1/2 ~
Iploe < 5 (14 mar (1 + Co+ Cr/3) (2max(Cas Ca) ™) (lglloca + Il + 7 [3laivi)

where

~ 1 Cz ~ 1 =~ = ~ ~ C;  ~ C25
Cl = :(14—7), Cz ::74_01_'_,)/012 and 03 5201(1+T+C1 g')/); (310)
B K1 r1 B p?
and the above implies (3.9). We leave out additional minor details. O
LEMMA 3.3. Given r > 0, let us assume that
~ C )
C(l + 701)(”9”0,52 + |lppll1/2,rp + HUD||1/2,FD +If |0,Q) + P yer <, (3.11)
a

where Cy, Cy and v are defined in (3.8), (3.10) and (2.5), respectively. Then, for a given p € W (cf. (3.1)),
there exists a unique p € W such that T(p) = p.

Proof. From Lemmas 3.1 and 3.2, we ascertain that the operators R and S, respectively, are well-defined,
thereby ensuring the well-definition of T. Furthermore, from (3.7) and (3.9), for each p € W, we deduce that

IT®)llo.2 = IS2(R1(P), D)llo.2
< C(llgllo.o + llpplli/2,rp) + C v [[(R1(D)l|aiv:e

~ ~ c .,
< Clgllo.+lpollazrs) + CvCi(luplljzry + [ flo0) + —7*[Plloo,

this, combined with assumption (3.11), implies T(W) C W, which concludes the proof. O

REMARK 3.1. Another option for defining the operator S (see (3.4)) is to introduce the perturbation ¢ on the
right-hand side of the system, given by

Ge5le,) + b.p) =H(W) Vb € Hy(div; Q),

b(e.q) =G(q) +c(a,9) +(p,q) Vqel?Q).

But in this case, the assumption of small data in (3.11) (as well as in other instances, later on) would also involve
the storativity parameter co, making the analysis slightly more restrictive.
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3.3. Existence and uniqueness of weak solution. We begin by establishing two lemmas deriving con-
ditions under which the operator T is a contraction.

LEMMA 3.4. Given p1, p2, € W, the following estimate holds

- ~ 1 o
[R1(P1) — R1(P2)lldivse < — P1 — P2llo,- (3.12)
a

Proof. Let (o1, (u1, p1)), (02, (u2, py)) € Hn(div; Q) x (L*(Q) x Lg,, (), such that R(p1) = (o1, (u1, 1))

ad R(p2) = (o2, (u2, p3)). Then, from the definition of R (cf. (3.3)), we have
a(oc1 — o2, 7) + b(T,(u1 —ua,py —py)) = —c(T,p1 —p2) V7 e Hn(div;),
b(Ul — 02, (’Uan)) =0 V(’U, 77) S LQ(Q) X ]LSkcw(Q)'

Since o1 — o2 € V (cf. (2.6a)), taking 7 = o1 — o2 in (3.13), and utilising the ellipticity of a on V (cf. (2.7))
along with the bound of ¢ (cf. (2.4b)), we obtain:

(3.13)

callor — o2)Givia S alor — 02,01 — 02) = —c(01 — 02, P1 — P2) < V|01 — 2llaivielPr — P2llo.o,
which concludes the proof. O
LEMMA 3.5. Given (61, p1), (62, p2), € Hx(div; Q) x W, the following estimate holds
152(6'1, p1) — S2(2, P2)llo,0
25 C ~ L 2 L (3.14)
min{s, m1} (Igllo.0 + ol /2,00 + AF2lldivie) IPr — P2llo.c + min{s, m} v l[g1 = T2laivie-

Proof. Let (¢1,p1), (p2,p2) € Hx(div; Q) x L*(Q), such that S(&1,01) = (¢1,p1) and S(F2,p2) = (¢2,p2)-
Then, from the definition of S (cf. (3.4)), and employing similar arguments to those in Lemma 3.4, we have

5,5, (P1:P1 — P2) — U5,,5,(P2: 1 — P2) +E(P1 — P2, p1 — p2) = —c(01 — T2, p1 — p2),
by adding +az, 5, (¥, ¥1 — ¥3) in the last equation, we obtain
Az, 5, (P1— P2, P1— P2) T C(P1 — P2, P1 —D2) = G5, 5, (P2, P1 — P2) — U5y 51 (P2, 1 — P2) —C(T1 — T2, p1 — p2).

Then, using the the first assumption for x (cf. (2.3)), the ellipticity of ¢ (see (2.9)), the definition of az 5 (cf.
(2.1)) and the continuity of the form ¢ (see (2.4b)), we deduce

kil — 4P2||(2),Q + 7P —p2||(2),9 <daz, p (P1 = P P1 — P3) +¢(p1 — p2,p1 — P2)

_ /(Fé(&z,@)_l k(B ) s (01— @) — c(B1 — G, pr — 2)
Q

< 16(62,92) 7" = £(G1,51) " lL=() lpallogller — @alloe + 7161 = F2llaiviellpr — palloq.

From the last equation, by utilising the second assumption regarding  (see (2.3)), we obtain
3 min{F, 51} (1 = @allo + [lp1 = p2lloe)? < Killer — @all§ o + TP — p2lf 0
< ka2 — Pillogllealloeller — ealloe + 71101 — o2llaiviellpy — pe

< (k2lpz = Prllo.alleslloe + v llor — @2laivie) (ler — @alloe + llp1 — p2llo.e)

0,0

the last, together with the fact that ¢, satisfies (3.9), leads to the following bound

smin{¥, k1}(ler — @allo.e + P — p2llo,e) < ka2llp2 — Dillo.cllealloe + v 161 — &2 laivia
< kz2||p2 = Pillo.2C (llgllo.e + lpp 12,0 +YlF2lldivie) + 7 |01 — T2laiv;s

and this yields (3.14), concluding the proof. O

The following theorem presents the main result of this section, establishing the existence and uniqueness of
the solution to the fixed-point problem (3.6), or equivalently, the well-posedness of problem (2.2).

THEOREM 3.6. Given r > 0, assume that f € L2(Q), g € L*(Q), up € HY/?(I'p), pp € HY?(I'p) and v
satisfies

2

2max{1, k2} [~ v, 1~
———————=—C(1+C —(—+C 1. 3.15
2uarllena) L8+ Conlglon + Il an, + lunlh zry +17l0) + T (= +En} <1 (315)

Then, T (cf. (3.5)) has a unique fized point p € W. FEquivalently, (2.2) has a unique solution (o, u,p,p,p) €
Hy(div; Q) x L2(Q) x L2 (Q) x Hx(div; Q) x W. In addition, there exists C > 0, such that

skew

lo.o < Cllgllo.o + lppllij2,rs + lubllij2.rs + [[£lloo +v7).
(3.16)

lollaivia + ulloa + llello.q + lellave +
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Proof. Recall that (3.15) ensures the well-definedness of T. Let p1, D2, p1, p2 € W, such that T(p;) = p; and
T(p2) = p2. From the definition of T (see (3.5)), and the estimates (3.14) and (3.12), we deduce

lp1 — p2lloe = IT(P1) — T(P2)|lo,0 = [|1S2(R1(P1), b1) — S2(R1(p2), P2) 0,0

2/€2 C ~ ~ ~ 2 ~ ~
= min(3, ml (llgllo.2 + llppll1/2.rp + YIIRL(P2) laiv:e) 1P — Dallo.a + min(3, 7} YIR1(P1) — R1(p2)ldivie
2/€2 5 ~ —~ 2/432 5 —~ ~ ~
- . ~ 3 - - .~ 3 R iv: -
= min7, r1} (HQHO,Q + ||PD||1/2,FD)||P1 P2llo,0 + min, Hl}’YH 1(P2) |laiv;ellPr — D20,
2 o~
— = 72 ||p1 — P21]0,Q;
co min{7, K1}

the above, along with the fact that R;(p2) satisfies (3.7) and p» € W, implies

[p1 — p2lloo < 7%25 (llgllo.c + llpoll b1 = D2lloe + ———=—= "1 — D2l
b1 — P20, = min{?, m} gllo, Ppll1/2,rp ) 1IP1 — P2]l0,Q o min{?, m} Y lIP1 — P21{]0,Q
2%25 1
s oy (G Quplar, +1£lo0) + - 97) 15— Bl
2 ~ 2 ~ S
— cl+C g C _
S oG, md {'fz (1+Cy)lgllo. + llppllij2,rp + llunllij2,rp + | fllo.0) + Ca( + Ko 7“)}|P1 p2llo.0;

which together with (3.15) and the Banach fixed-point theorem yields that T has a unique fixed point in W.
Finally, (3.16) is derived analogously to the estimates in (3.7) and (3.9), which completes the proof. O

REMARK 3.2. The operator T (see (3.5)) could be also defined, for example T : W — W, with W :=
(3.9 € Ex(@ivi) x L) 5 [@lain + [Floe < 1} and T(@.) i= (1(5).52(3,5)) = (@), with B
and Sz defined as in (3.3) and (3.4), respectively.

4. Finite element discretisation. In this section, we present and analyse the Galerkin scheme for problem
(2.2). It is worth mentioning upfront that the well-posedness analysis can be straightforwardly extended from
the continuous problem to the discrete case. Therefore, we omit many of the details.

4.1. Finite element spaces and Galerkin scheme. Let us consider a regular partition 75, of Q made up of
triangles K (in R?) or tetrahedra K (in R?) of diameter hj, and denote the mesh size by h := max{hx : K € Tp}.
Given an integer ¢ > 0 and K € T, we first let P;(K) be the space of polynomials of degree < ¢ defined on K,
whose vector and tensor versions are denoted Py(K) = [P,(K)]? and P,(K) = [P,(K)]?*4, respectively. Also,
we let RTy(K) := Py(K)@Py(K) x be the local Raviart—Thomas space of order ¢ defined on K, where x stands
for a generic vector in R, and denote by RT(K) the tensor-valued counterpart of this space.

For each K € 7T, we consider the bubble space of order k, defined as

curl’(bxPr(K)) in R2

Bi(K) := {VX (bxPi(K)) in RS,

where by is a suitably normalised cubic polynomial on K, which vanishes on the boundary of K (see [29]).
We recall the classical PEERS, elements (cf. [5]) to define the discrete subspaces for the stress tensor o, the

displacement u, and the rotation tensor p
HY = {74 € Hn(div;Q) 1 74|k € RTR(K) & [Bi(K)]* VK €T},
Hy = {v, eL*(Q): wp|x €P(K) VK €T}, (4.1)
HP = {n, € L2.,(Q)NC(Q) and n,|x € Ppp1(K) VK€€ T},

and the following estimates are proven for the PEERS), elements (cf. [41, Remark 3.3])

b Th, ('UhaTI ) *
sup 2T ORI S geqi o0 4
otrnery || Thlldivio

0.0) Y(vn,my,) € Hy xHY, (4.2a)
a(Th7 Th) > cll||Tth21iv;Q VTh € th (42b)

where V}, denotes the discrete kernel of b, that is

Vii= {Ta €HT : b(ri, (onm) =0V (onmy) € HY x HE . (43)
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Additionally, for ¢ and the pressure p, we define the FE subspaces
HY := {4y, € Hx(div;Q) : ¢,k € RTy(K) VK €Ty},
HY = {qn € L*(Q): qn|lk € Pu(K) VK €Ty}, (4.4)

and it is well known that b satisfies the inf-sup condition (see, e.g., [21, Lemma 4.6])

sup b("rbhth) > D%
oz, cr? [[¥nllaivie

(4.5)

Note that it is of course possible to consider other conforming and inf-sup stable spaces such as Arnold—Falk—
Winther and Brezzi-Douglas—Marini instead of (4.1) and (4.4), respectively. The Galerkin scheme for (2.2) reads:
find (o, wn, pp, n,pr) € HY x HY x HY x HY x H} | such that:
alon,mn) + b(Th, (un,pp)) + c(Th.pn) =H(Ts) VT, € HY,
b(on, (v, M) F(vp,my,) Y(vn,my,) € Hy x HP,
Aoy (Prs¥r)  + 0(Yp, 1) H(iy,) V), € HY,
)

b(pnan) —  pn,an) — clon,qn) =Glan) Van € HY.

(4.6)

2. Analysis of the discrete problem. In this section, we analyse the Galerkin scheme (4.6). It’s worth
noting that establishing well-posedness can be readily achieved by extending the results derived for the continuous
problem to the discrete setting. Firstly, and similarly to the continuous case, we define the following set

Wi i={Bn € B} ¢ |Bullos <7}.
Next, for a fixed pj, in Wy, we have that the bilinear form @, ,, satisfies
550 (Yo ¥n) > 51l¥nllGive Vbu € Vi, (4.7)

where V3, is the discrete kernel of b
V,, = {"/)h eHY: E(z/)h,qh) =0 Vgq,¢€ HZ} (4.8)

Additionally, we define the discrete operators Ry, : W, C H) — HY x (H} x Hf) and Sy, : Hf x W, — HY x HY,
respectively, by

R (pn) := (R1.n(Pn), (Ro.n(Pn), R n(Pn))) = (o, (wn, py,)) VPn € Wh,
where (o, (un, pp)) € HY x (HP x HYf) is the unique solution of

alon,Tn) + b(Tn, (un,py)) =H(Tp) —c(Th,pr) V71 €HY,

b(on, (v, my)) = F(vn,my,) vV (vn,my,) € Hj x HY,
and
Sh(GhsPr) = (S1.a(Gh: D), S2.0(Gh, D)) = (@) Y (Gh,Pr) € Hf, x Wy,
where (¢;,,pp) is the unique tuple in HY x xH} such that
5 (Pntbn) + DWnpn) = H(tpy,) Vb, € HY,
b(enan) — cpn.qn) = Glan) +c(@n,qn) Van € Hy.

Employing properties (4.2a), (4.2b), (4.5), (4.7) and (2.9) and proceeding exactly as for the continuous case
(Lemmas 3.1 and 3.2), it can be easily deduced that both operators are well-defined. Then, analogously to the
continuous case, we define the following fixed-point operator

Tn: W, CHY - H),  pr— Trh(pr) := So,n(R1,1(Dn), Pr), (4.10)
which is clearly well-defined (since Rj, and S, are). Further, it can be easily deduced that Tp (W) C W), if

C*(1+ vC7) (Igllo.e + lppllj2,rs + lunlliyzrs + 1 flloe) + (4.11)

a

where C* and CY (depending on cq, p, K1, k2, Cs, B*, E*) are the discrete versions of the constants C' and 4
(cf. (3.7) and (3.9)). Finally, it is clear that (op, un, Py, Ph,Pr) is a solution to (4.6) if and only if p;, satisfies

Tr(ph) = ph- (4.12)

The main outcome of this section is presented in the following theorem, establishing the existence and uniqueness
of a solution to the fixed-point problem (4.12), equivalently proving the well-posedness of problem (4.6).
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THEOREM 4.1. Given r > 0, assume that the data and v satisfy

2max{l, Ko} [ ~ Y1~
—— = C*(1+CF ——+0C 1. 4.13
2l [Gn s cinllalon + Ipllers + lunler, +1fl0) + = (1 + € ) b <1 @)

Then, Ty, (cf. (4.10)) has a unique fized point pr, € Wy,. FEquivalently, problem (4.6) has a unique solution
(Oh, Un, pr, n,pn) € HY x HY x HY x HY x W,.In addition, there exists C* > 0, such that

lonllaivie+llwnllo.o+lonlloo+llenllavetipalloe < C*(lglloe+pplh/zre +llunll2r, HIflloo+yr). (4.14)
Proof. First, we observe that, similar to the continuous case (as seen in the proof of Theorem 3.6), assumption

(4.13) ensures the well-definedness of T}, and that Tp(Wj) € W;. Now, by adapting the arguments used in
Section 3.3 (cf. Lemmas 3.4 and 3.5), one can derive the following estimates

. . 1 PN
[B1,1(P1) — R1,n(P2)|ldivie < - 1 — D2llo,0:
a

PR . 2y C* . U
S ’ -8 ’ < T~ iv: —
[S2,n(G1, P1) — S2,1 (G2, P2) |00 < Y (llgllo.2 + llpplli 2,00 + YT2llaivie) [P1 — Dzllo.o
Y Y vlo1 — F2|ldivis

for all p1, p2 € Wy, and 1, 62 € HY, which together with the definition of T}, (see (4.10)), yield

ITh(P1) — Th(P2)llo0 <

{f’u C*(1+ C7)(lglloe + lepll 2,00 + lunlli/z,rs + 1fllog)

min{ﬁv K1 }

2 ~
#2028 ) {7~ Bl
a

for all p1, p2 € Wy,. In this way, using estimate (4.13) we obtain that T}, is a contraction mapping on W, thus
problem (4.12), or equivalently (4.6) is well-posed. Finally, analogously to the proof of Theorem 3.6 (see also
Lemmas 3.4 and 3.5) we can obtain (4.14), which concludes the proof. D

5. A priori error estimates. In this section, we aim to provide the convergence of the Galerkin scheme
(4.6) and derive the corresponding rate of convergence. From now on we assume that the hypotheses of Theo-
rem 3.6 and Theorem 4.1 hold.

5.1. Preliminaries. Let the tuples (o,u, p, ¢,p) € Hx(div; Q) x L2(Q) x L () x Hy(div; Q) x L2(Q)

and (op, un, P, Pp. o) € HY x HY x HY x Hf x H} be the unique solutions of (3.3) and (4.9), respectively.
Let us write eg = 0 — O, €y = U — Up, € = P — Py, €, = @ — ), and e, = p — p;. As usual, for a given
(Tn, On,Mp)) € HY x (HY x HY) and (¢,,q,) € HY x H}, we shall then decompose these errors into

eU:€J+XJ) eu:€u+Xu7 ep:£p+Xp7 e¢:€Lp+Xgp7 ep:€p+Xpa (51)

with Sa;\: o — ?hv Xo = ?h — Oh, Eu =Uu— %}H Xu = i)\h — Up, €p =p— ﬁha Xp = ﬁh — Ph> ELP =P - @Im
Xo =Yy — Pp, & =P — Qn, and xp 1= Gh — Ph-
Considering the first two equations of problems (2.2) and (4.6), the following identities hold
a(o,T) + b(r,(u,p)) =H(T)—c(r,p) V7 € Hn(div;Q),
b(o, (v,m)) = F(v,n) Vo e L3(Q), Vn € L, (),

skew

and
G,(U'h, Th) + b(Tha (uh7 ph)) = H(Th) - C(Thaph) v“-h S H}ay:7

blon, (vr, ) = F(vn,my,) V(vn,my) € Hj x HZ
From these relations we can obtain that for all (74, (vs, py,)) € Hf x (Hj x HY), there holds

a(em Th) + b(Th, (eu, ep)) = _C(Th7 ep)7
b(eo, (va,Mp)) =0

which together with the definition of the errors in (5.1), implies that

a(XosTh) + 0(Th, (Xu: Xp)) +0(Xo, (Vn, Mp)) (5.2)
= _0(50.77'}1) - b(Tha (Eu’gp)) - b(£a7 (,Uh"r’h)) - C(Tha Xp) - C(Thagp) .
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for all (7, (vn, py)) € HY x (H x HY).
Next, considering the last two equations of both problems (2.2) and (4.6), we obtain

Gop(@.p) + b(p,p) = H(1p) V1p € Hy(div; 2),
b(p,q) — epq) =G(q)+clo,q) VYgeLl(Q).
and _ -
Aoy pn (P ®n)  + 0(y,pn) = H(3py,) V4, € HY,
b(pp.an) — epn.an)  =Glan)+clon,an) Yau € HY.

Then, using arguments similar to those in Lemma 3.5, by adding +as, p, (¢, %},), we have

ao’;,,,ph (eﬁoh’djh) +E(¢h7 eph) +E(e¢}L7qh) - E(epthh) = _/ (K)(O’,p)_l - K(Uhvph)_l> ¥ - d’h + C(eo'v Qh),

Q

which together with (5.1), implies that

ZiO'h;Ph (chv’lph) +E(¢h?xph) +E(X¢a qh) - E(vaQh) +Zio'h,ph (E(p”l/"h)

Z ~ N B _ 5.3
= U &) W) + (&) — [ (w(on) = nlonm) ) @t clema). Y
5.2. Derivation of Céa estimates.
LEMMA 5.1. There ezist C5, C; > 0, independent of h, such that
X laivie + Ixullo.n + [1xpllo.0 < C5([1€s laivia + [1Eullo.n + [€pll0.0 + 1€, ll0.0) + Civlixpllo.0- (5.4)

Proof. From the properties of a and b (refer to (4.2b) and (4.2a)), and [29, Proposition 2.36], we derive the
following discrete global inf-sup condition

)

% % a(X 7Th) +b(7'h7(X » X )) +b(X 7(Uh777h))
X llaivia+Ixullo.otIXpllo.0 < (CT+C3) sup = T -
0% (h, 00 1), ) EH X HI x HE [7nllaivie + [vnlloe + 1400

with Cf, C5 > 0 independent of h, are the discrete version of the constants Cy, Cy defined in (3.8). Then,
combining the last inequality with (5.2), and the continuity properties of a@ and b (see (2.4a)), we obtain

1Xo llaivia + \|Xu||01,9 + [Ixpllo.0
< (C7+ CS)(;H&’UHdiv;Q +l&ullo.o + €pllo.0 + 1€slaivia + vlxpllo.a + YlI€pllo.0);
which implies (5.4) with C§ := (C} + C;)(i +1+47~) and C§ := Cf + C5 , and concludes the proof. O

LEMMA 5.2. There exist 5;, 56" > 0, independent of h, such that

X llaiv:a + IXpllo.0 < CF ([[€sllaiva + 1€pllo.0 + 1€4]divie)

= (5.5)
+C5 ((lgllo.o + Il j2.0n + luplli/zrs + 1 flo.0 +vm)lxpllo.e + vlXe laivie)-

Proof. Similarly to Lemma 5.1, using the properties of @, b and ¢ (refer to (4.7), (4.5) and (2.9)), and [26,
Th. 3.4], we derive the following discrete global inf-sup condition

iv; Q>
° v Ot o) HLE wEE [l + lanl

b

0,0

with C* defined as in (4.11). Then, using the equation (5.3), the bound properties of @, b and ¢ (see (3.2a) and
(2.4c)), and the second assumption for & (cf. (2.3)), we obtain
X llaivie + [xpll0.0
< 2C* (Call€llaivie + I€pllo.0 + €, llaivie +FlEplloe + 1x(e, )™ = K(an, pr) ™ e @) @ llaivie +7lles laivie)
< 207(Czll€ llaivia + [1€p]

0.2 + 1€, llaivie +FI€pllo. + Kallepllo.ollellava + Vles lldivia),

hence, using the fact that ¢ satisfies (3.16) and the error decomposition (5.1), we have

||X<p||diV;Q + Ixpllo,e < 20*(CE||£¢HdiV;Q + 1€pllo.0 + H‘Ecp”diV;Q +7€pll0. + K2llépllo.allellaiv:a + V[1€q ldaivie)
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+ 20" (K2l xp .2l llaivi + VIIXe llaivie)
< C3 (g llaivie + l&plloe + 6o laivie)
+2C" (k2C(llgllo. + ool /2,00 + [upllij2rs + [ Flo. +v7)IXpllo0 + VX laive),
the last equation irEplies (5.5), with 6’; = 20" (Ca+1+7+v+£2C(l|gllo,a+ lppll /2,0 + lun 1 /2,00 + | Fll0,0 +
yr)) and Cf := 2C*(k2C + 1), and concludes the proof. O
THEOREM 5.3. Assume that

(5.6)

N =

(C1 + Cs + Csr)v + Cs(llgllo.o + lppll/2,rs + lunllizrs + [ fllo.0) <

with C§ and 6’8‘ being the constants in Lemmas 5.1 and 5.2. Furthermore, assume that the hypotheses of Theo-
rem 3.6 and Theorem J.1 hold. Let (o,u,p,p,p) € Hx(div; Q) x L%(Q) x L2 () x Hx(div; Q) x L2(Q) and

(Ohsun, P, n,pr) € HT x HY x HY x HY x HY be the unique solutions of (2.2) and (4.6), respectively. Then,
there exists Coga > 0, independent of h, such that

| eollaivie + [leullo,o + [leplloe + [l epllaiv:a + llepllo.o

5.7
< Ceeadist ((o,u, p,,p), Hy x Hi x H, x HY x H}). (5.7)

Proof. Combining (5.4) and (5.5), and using the assumption (5.6), we deduce

IXolldivie + [Xullo.e +Ixpllo.0 + [Xpllave + [Xplloe < C3(€sllaiva + 1€ullo.o + [€ollo.0 + [1€pllo.0)

~ 1 1
+05 (€ llaivie + € llo.0 + €5 llaivie) + 5lIxpllo.e + SlIXe ldivie-

And from the latter inequality we obtain

1Xollaivia + IXullo.o + X pllo.0 + (X lldiv:a + [[Xpllo.0

< 2(C§ + C;)(‘|€c||div§9 + Héu”Oﬂ + |‘£p| 0,0+ ||£Lp||diV;Q + ”517”079)'

In this way, from (5.1), (5.8) and the triangle inequality we obtain

lecllaiv:a + lleullo.o + llepllo.o + llepllaivia + llepllo.e < [IXo llaivia + €5 laivia + [Ixullo.q + |1€ullo.0
Flxpllo.o +1€ll0.0 + X laivia + 1€, laivia + [Ixpllo.c + I€pllo.c
< (263 +2C5 + D ([[€o llaivie + [€ullo.a + 1€pll0.0 + 1Epllaive + [1€p]l0.2),
which combined with the fact that (7, (05, 1,)) € HY x (HY x Hf) and (¥, T) € H? x H} are arbitrary (see
(5.1)), concludes the proof. D

5.3. Rates of convergence. In order to establish the rate of convergence of the Galerkin scheme (4.6), we
first recall the following approximation properties associated with the FE spaces specified in Section 4.1.

For each 0 < m < k + 1 and for each 7 € H™(Q2) N Hx(div; Q) with divr € H™(Q), v € H™(Q),
neH™(Q)NL2. (), ¥ € H"(Q) N Hy(div; Q) with div v € H™(Q), and ¢ € H™(Q), there holds

skew
dist (7,HZ) == inf |17 — 7 laive S A" {||T||m,Q n Hdiwnmﬂ}, (5.92)
ThEHZ'
dist (v, H) := inf [lv —vnllo.0 S A" |0]lm.a: (5.9b)
'Uh,EH;:'
dist (n,HZ) = inf_[ln—my o0 <A™ [0l (5.9¢)
MNh Hh
dist (, HY) == inf oo =y lawie S 0 {[9llmc + | div $llma }, (5.94)
¥, €HY
dist (¢, H2) == inf [lg—anllo. S h™ llallme- (5.9¢)
thHfL

For (5.9a), (5.9b) and (5.9¢) we refer to [33, Th. 2.4], whereas (5.9d) and (5.9¢) are provided in [30, Th. 3.6] and
[29, Proposition 1.134], respectively. With these steps we are now in position to state the rates of convergence
associated with the Galerkin scheme (4.6).

THEOREM 5.4. Assume that the hypotheses of Theorem 5.3 hold and let (o, u, p, p,p) € Hx(div; Q) xL2(Q2) x
L2y () x Hx(div; Q) x L2(Q) and (o, wn, pp,, 5, pn) € H x HE x HY x HY x HY be the unique solutions of the
continuous and discrete problems (2.2) and (4.6), respectively. Assume further that o € H™(Q), dive € H™(Q),
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u e H™(Q), p e H™(Q), ¢ € H™(Q), div o € H™(Q) and p € H™(QY), for 1 < m < k+ 1. Then there exists
Chrate > 0, independent of h, such that

llexllaivio + [lewllo.e + [leplloo + [l epllaivia + llepllo.o

< Cose 8™ {1 lme + [1divolma + [ullne + [olme + |elne + 14 @lua + [Plno -

Proof. The result follows from Céa estimate (5.7) and the approximation properties (5.9). O

REMARK 5.1. Similarly to [38], the analysis developed in Sections 2-5 can be adapted to a formulation without
the variable p (p;, in the discrete problem), imposing symmetry of o by taking o € Hgyp(div;Q) = {T €
L2,,(Q) : divr € L2(Q)} and L2, (Q) := {T € L*(Q) : 7 = 7%}, utilizing results from [38, Section 2.2] ([38,

Section 4.1] for the discrete problem), and adapting the strategy used in, e.g., [38, Sections 8 and 4].

6. A posteriori error estimates. In this section we derive residual-based a posteriori error estimates and
demonstrate the reliability and efficiency of the proposed estimators. Mainly due to notational convenience,
we confine our analysis to the two-dimensional case. The extension to three-dimensional case should be quite
straightforward (see, e.g., [22]). Similarly to [17, Section 4], we introduce additional notation. Let &, be the set
of edges of Tj, whose corresponding diameters are denoted hg, and define

5h(Q) IZ{EeghIEgQ}, 5h(FD) ::{Eeé’h:EQFD}, and 5h(FN) = {EES}LEQFN}

On each E € &, we also define the unit normal vector ng := (n1,n2)" and the tangential vector sg := (—na, nq)".
However, when no confusion arises, we will simply write n and s instead of ng and sg, respectively. Also, by %
we denote the tangential derivative. The usual jump operator [-] across internal edges are defined for piecewise
continuous matrix, vector, or scalar-valued functions. For sufficiently smooth scalar 1), vector v := (v1,v2)t, and
tensor fields T := (74;)1<i,j<2, we let

(ai 577/}>t’ ot (v) i vy duy curl (v) = (curl (m)t) and curl () <r0t (7'1)> .

Ors ' Ox1 0wy Oxy’ curl (vg)® rot (T2)

curl (¢) :

In addition, we denote by II;, the Raviart-Thomas interpolator and by I the Clément operator (see, e.g., [3,
Section 3] for their properties). In what follows, we denote by IT, the tensor version of II;, which is defined
row-wise by II; and by Ij the corresponding vector version of Ij, which is defined componentwise by I},.

In what follows, we will assume that the hypotheses of Theorems 3.6 and 4.1 are satisfied. Let oy, up, py,,
@, pr denote the FE solutions of (4.6). We define the residual-based and fully computable local contributions
to the error estimator 2%, defined as the sum of EfK and E%K, where =, i and Z¢ x pertain to the solid (mixed
elasticity) and fluid (mixed Darcy) components, respectively:

=2 : 2 |2 2 -1 o 2
B g i= d — hi|IC —pp -V
sx = f+divong x + llon — oullo x + hxlC on + It 2ﬂph up + ppllo.x
_ Q _ o
+hiclleurl(Clon+ gl + el + Y0 hellC o+ el p)sllG s
E€OKNEL(Q)
+ Y helCont il + py)s — dup o S hslup - wil} g (6.12)
d)\+ 2M d h dS O,E 0,E7 N
EEaKﬂgh(FD) EeaKﬂfh(FD)
Etx = —9+copn + —tron + Lﬁgph — div |15 x + hxclls(on pr) " en — Voulg x
I d\ + 2u d\ + 2u ) )
+ hiclrot (k(on,pn) e+ D helll(s(onpn) en) - sllle
E€dKNER(Q)
- dpp
+ > hells(onpn) e, s — E”&E + > hellpp —palld e (6.1b)
EcdKNEL(T'p) EcdKNEL(TD)
Then, we define the global estimator
2= ) B +Eik. (6.2)
KeTy,

6.1. Reliability of the a posteriori error estimator. First we prove preliminary results that will be
key in showing the reliability of the global estimator.

LEMMA 6.1. There exists Cy > 0, such that

0.2 < CL(IR1ll + || f + div(ew)lloq + llon — o},

o — oullaiv.a + [[u —unlloo + llp — pp 0.2),
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where

Ri(t):=a(lo —op, 1)+ b(T, (v — up, p— py)), (6.3)

R
with Ra(74) = —c(rnp— pn) for all 7y €HY, and |[Ral| = sup o)
0#7€Hn (div;2) ||T||div;Q

Proof. Using the properties of bilinear forms a and b, as outlined in equations (2.7) and (2.8a), along with
the insight from [29, Proposition 2.36], there exists C7 > 0 depending on p, ¢, 8 such that

(e, T) + (7, (eu; 8p)) + bleq, (v,1))

lea llaivie + llewllo,o + l[epllo,0 < C1 sup
ellava +leulloq +lle, o [l + [olos + [aloc
EHn (div;Q) x L2 (Q) x L2 . (Q)
R b ,
gcl( sup (), sup (ec, (v, 7)) )
@) vl + lInllo.c

0#7cHn (div;Q2) ”T”diVZ,Q 0#(v,m)€L2(2) xL2

skew

Then, recalling the definitions of the bilinear form b (cf. (2.1)), using the equation (2.2b), along with the fact
that [, on:m =73 [,(on — o)) :n for n € L2 (Q), the following estimate holds

blea, (v,m)| < (IIf +divorlloq + lon — ahlloe)([v]oe + [nlo.0),

and this gives the asserted inequality. O

LEMMA 6.2. There exists Cy > 0 such that

« da? .
e —enllaivie+[p—prllooe < 02(||R2H+||g—00ph—mtrah—mpm-dlv<Ph||o,ﬂ+7||0—0h||div;n)7
where B
Ra (V) := Gop(p — @, ¥) +b(h,p — p), (6.4)
R
satisfies Ro(y,) = 0 for all ¢, € HY, and ||R2|| = sup 2(¢)

0#Y cHy (div;Q) H’lthdiV;Q .

Proof. Similarly to Lemma 5.1, using the properties of bilinear forms a. , and b (as outlined in equations
(3.2b), (2.8b) and (2.9)), along with the insight from [26, Th. 3.4], we establish that there exists Cy > 0 depending

on k1, ko, Cz, 7, ¥, B such that

o p(ep, W) +0(¥, 0,) + bleg, q) — &(ey, q)

legllaivia + [[epllo,o < C2 sup
o ' 0 (t),q)€Hx (div:2) X L2(9) % llaivse + llgllo.0
<Oy ( sup M + blep,q) — C(epaq)).
opeHx (divi) [Plldivie  ozgerz(@) lallo.c

Hence, recalling the definitions of b, ¢, adding + ¢ (o, p), and using (2.2d), we arrive at
2

_ Y o S
A +2u T dh+ 2

[b(eg, q) — clep, @) < llg — copn —

pr +divelloallgloq +vllo — anllaivallgloq;

and therefore, we obtain the desired result. m|

Throughout the rest of this section, we provide suitable upper bounds for R; and Rs. We begin by estab-
lishing the corresponding estimates for Ry, which are based on a suitable Helmholtz decomposition of the space
Hn (div; Q) (see [3, Lemma 3.9] for details), along with the following two technical results.

LEMMA 6.3. There exists a positive constant Cs3, independent of h, such that for each & € H(2) there holds

[R1(€& —T1,(8))| < Csv|p—pullonllé "
) leho

_ e

+03( > okl oy + mphﬂ —Vun+ppllix+ D, hellup — ua
KeTn Ee&yr(I'p)

Proof. From the definition of Ry (cf. (6.3)), adding + ¢ (& — I1,(€), prn), and using equation (2.2a), we have

R1(€ — I (§)) = H(§ —TMn(§)) — (€ — (), p) — alon, & — Tu(§)) — b(§ — T (&), (un, pp,))

= (€ =T €)mun)ry — 555 | (0= m) (€~ TH4(€) — 555 [ i e ~T(©)

—/Qc—lcrh:(&—m(&))—/ﬂph:<s—Hh<£>)—/Quh-div@—nh@)),

1,0
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then, applying a local integration by parts to the last term above, using the identity fE Iy (t)n- €= fE ™ - &,
for all £ € Py(E), for all edge E of Ty, the fact that up € L?(I'p), and the Cauchy-Schwarz inequality, we obtain

(0%
Ri€=TI€) = 30 [ (€7 on = Stmp T+ Vun—py) (€~ TH(€)
KeTh H
(07
I ( . Y [ pep) -1

2 U= T€)meun —un)e — o [ (0= ) (6~ TH(E))
Ee&r(I'p)

<Y lcte ﬁphﬂfvuh+Ph||o,K||€*Hh(£)Ho,K

KeTy H
+ > lup — wnlo.ellg = Ta(@)llo.z +vllp — prllo.llE — TL(€)]o.0,
Ec&n(I'p)

with « defined as in (2.5). Therefore, using the approximations properties of Il (see, e.g., [3, Section 3]) and
the Cauchy—Schwarz inequality, we obtain the desired result. O

LEMMA 6.4. Let x € Hp (Q) := {w € H'(Q) : w =0 on I'n} and assume that up € H'(I'p). Then, there
exists Cy > 0, independent of h, such that

[Ri(curl (x — Inx))| <

C h2||curl(C! % 2 he|l[(C! L, 2
+ 4(}(; ¥ ||curl( O'h‘*‘d)\JrQ'uph +ph)||O,K+EZ ell[( Uh+d)\+2uph +p1)slllo.2
h €& ()
a d up 1/2
b Y el e g St s = 21 s) e
Ec&n(Tp) H

Proof. Similarly to Lemma 6.3, adding + ¢ (curl (x — Inx), pn), we have

Ri(curl (x — Inx))
= H(curl (x — Inx)) — c(curl (x — Inx),p) — a(on, curl (x —Inx)) — b(curl (x — Inx), (un, py))

= ((curl (x — Inx))n, up)r, — ﬁ Q(P —pn) tr(curl (x — Inx)) (6.5)

—/QCflah seurl (x —Inx) — /Qph ccurl (x —Inx) — ﬁ /Qph tr(curl (x — Ix)).

Then, applying a local integration by parts, using that up € H!(I'p), the identity (curl (x — Inx)n,up)r, =
—(x — Inx, ‘Z‘—;’ﬁm and the Cauchy—Schwarz inequality, we obtain

Ry (curl (x — I 1(C™ I ~I
1(curl (x — Inx)) K;/ curl 0h+d>\+2 prl+pp) s (x = Inx)

I S - Hx—1
+E€£Zm/[[c ah+dH2 P o)l (=130 = 355 [ (0= ) tr(eurl (x ~T,)

+ Y (C oy + prl+ pp = Vup)s - (x — Inx)

A\ +2u

Ec&,(I'p) )\ + (66)
< Z lcurl (C~ O'h-i-i

on dA+2u
+ > e o+ ——pul + py)s] (x = Inx)lo,0

dX\ + 2p
E€&n(Q)
— « duD
fo 2 _ & 1 .

+ 0> ot Do +pn)s =~ lo.ellx = Inxllo.e

Ee€&n(I'p)

As in the previous result, the approximation properties of the Clément interpolation (see, e.g., [3, Section 3]) in
conjunction with the Cauchy—Schwarz inequality, produces the desired result. O

The following lemma establishes the desired estimate for R;.

LEMMA 6.5. Assume that there exists a convexr domain B such that Q C B and I'n C 0B, and that up €
HY(T'p). Then, there exists a constant Cs > 0, independent of h, such that

1/2
lo = onllaivie + lu —unlloo + llp — prlloe < 05{ > Eg,K} + Cs7llp — prllo.o-
TETh



16 KHAN, LAMICHHANE, RUIZ-BAIER & VILLA-FUENTES

Proof. Let T € Hy(div; ). From [3, Lemma 3.9], there exist £ € H'(2) and x € Hp_(€2), such that
T=¢&+curlx and [|€]0+[Ix[l1,0 < Cuen |7 lldivia (6.7)
Using that Ri(7x) = ¢(Th,pr — p) for all 75, € HY, we have
Ri(T) = Ri(T —Th) +c(Th,p —pn) YT, € Hf.
In particular, this holds for 7, defined as 7, = II,€ + curl (I, x), whence
R1(7) = Ru(§ — In€) + Ra(curl (x — Lnx)) + c(Th, P — pa).-

Hence, the proof follows from Lemmas 6.1, 6.3 and 6.4, and estimate (6.7). O
The following lemma establishes the estimate for Rs.

LEMMA 6.6. Assume that there exists a convex domain B such that Q@ C B and I'n C 0B, and that pp €
HY(T'p). Then, there exists a constant Cg > 0, independent of h, such that

1/2
e — enllaivie + [P — palloo < 08{ > E?K} + Cs(lenllo.alle — prllo.e +7lle — anllog)-

TeTh

Proof. Tt follows the steps of Lemma 6.5. From [25, Lemma 4.4], we have that for all ¥ € Hy(div;Q)
there exist z € H'(2) and ¢ € Hf._(Q), such that ¢ = z + curl ¢ and ||z[1,0 + [|¢]1,0 < Chietm [|¥||div:0. Thus,
proceeding similarly to Lemmas 6.3 and 6.4, applying local integration by parts and the approximation properties
of IT, and I} along with the Cauchy—Schwarz inequality, we can obtain the following estimates

1/2
E) Il

Ra(z = n(2))] < Cs llenlloellp = prllo.allzlhe

+Co( 3 wklston o) en - Tl + 3 helo
KeTn Eec&n(Tp)

|Ra(curl (¢ — In9))| < Crllepllo.nllp — prlloalldl e

(6.8)
+C7( > hilrot (k(on.pn) e gx + Y. hell(s(onpn) " es) - slllE 5
KeT Ec&n(9)
dpD 1/2
b Y slston)en s - B20s) ol

Eec&r(I'p)
Then, noting that R (ep,) = 0 for all ¥, € HY, and defining v, as ¢, = II,z 4 curl (I¢), we have

Ra(¥) = Ra(v — b)) = Ra(z — nz) + Ra(curl (¢ — [n9)).

Hence, the proof follows from Lemma 6.2, estimates (6.8), and the Helmholtz decomposition of Hy(div; (). O
Finally we state the main reliability bound for the proposed estimator.

THEOREM 6.7. Assume that the hypotheses stated in Theorem 5.3 and Lemmas 6.5-0.6 are satisfied. Let
(07u7p7§07p) € HN(le7Q) X L2(Q) x L3 (Q) X HN(dIVaQ) X L2(Q) and (o-hvuhaphugohuph) € HZ X H}: X

skew

HY x HY x HY be the unique solutions of (2.2) and (4.6), respectively. Assume further that

(C5 + Cs)y+ CsC*(|lg

lo.0 + IPpll1/2.00 + lunllj2rs + [ Floo+v7) < (6.9)

DN | =

Then, there exists Crep > 0, independent of h, such that
leollaivie + lleulloe + lepllo.e + llepllaivie + lleplloe < Cra E.

Proof. Tt follows directly from Lemmas 6.5 and 6.6, using the fact that ¢, satisfies the estimate (4.14), and
the assumption (6.9). O

6.2. Efficiency of the a posteriori error estimator. In this section we derive the efficiency estimate of
the estimator defined in (6.2). The main result of this section is stated as follows.

THEOREM 6.8. There exists Cog > 0, independent of h, such that

Cet E < |lo — opllaivio + [[u — unlloe + lp = pplloe + ¢ — @pllave + [l — prlloe + heot, (6.10)

where h.o.t. stands for one or several terms of higher order.
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We begin with the estimates for the zero order terms appearing in the definition of 2, x (cf. (6.1a)).
LEMMA 6.9. For all K € T}, there holds

|f +divonllox Sllo—onlavie  and |lon —allox < llo—onllaivk-

Proof. By employing the same arguments as in [17, Theorem 3.2], we can conclude that f = —div o, which,
together with the symmetry of o, implies the desired result. Further details are omitted. m|

In order to derive the upper bounds for the remaining terms defining the error estimator Z; x, we use results

from [19], inverse inequalities, and the localisation technique based on element-bubble and edge-bubble functions.
The main properties that we will use can be found in [32, Lemmas 4.4-4.7].

LEMMA 6.10. For all K € Ty, there holds

hi||C~ Yoy + prl — Vuy + ppllo,x

81
dX + 2p
S hi(llo = onllaivic + le = pullo.x + P — pallo.x) + [lw — wnllo,x-

Proof. Tt follows from an application of [32, Lemma 4.4] with ¢ = C"loj, + prl — Vuy, + p;,, using

>
A\ + 24

that C~lo + pl = Vu — p and [32, Lemma 4.5]. We refer to [19, Lemma 6.6] for further details. O

@«
dX+2p
LEMMA 6.11. For all K € T, and E € &,(QY), there holds

hil|lcurl(C~toy, +

prl 4 pp)llox S llo = onllaivix + o = prllo + [lp = prllo,x

e
dX+2u

|0,wE7

1/2 — o
i1 e + Dzt pr)slllo.e S llo = onllaves + 0 = ppllows + [P —pn
where the patch of elements sharing the edge E is denoted as wg := U{K' € Tp,: E € En(K')}.

Proof. Tt suffices to apply [32, Lemma 4.7] with & := C~lo + pl+ p = Vu and &, := C loy, +

@
dX +2p
e
Dot O

LEMMA 6.12. Assume that up is piecewise polynomial. Then, for all E € £,(I'p), there holds

hl2(C oy +

duD
S

prl+ pp)s — d

lo.g S llo —anllaivike + e — pullo.xs + lp — prllo, g,

>
d\+2u

1/2
il lup — wnllo.r < hicy (lo = onllavics + 1o = pulloscs + 1P — pallo.scs) + 1w — wnllo s,
where Kg is a triangle in Ty, that contains E on its boundary.

Proof. The first estimate follows as in [32, Lemma 4.18], defining & and £, as in Lemma 6.11. On the other
hand, the second estimate follows from an application of the discrete trace inequality (see [32, Lemma 4.6]), using

that C~ 1o + ﬁpﬂ = Vu — p, and the fact that w = up on I'p. See also [34, Lemma 4.14]. O
1
A direct application of Lemmas 6.9-6.12 yields
Y Eax Sllecllavia + llewllog + leplloq + legllav + llepllo.o- (6.11)
KeTn

Similarly, using the same arguments as in Lemmas 6.9-6.12, along with algebraic manipulations as in Section 5,
assuming that pp is piecewise polynomial, together with the Lipschitz continuity of x (cf. (2.3)), we can bound
each of the terms that appear in the estimator Z;  and obtain the following result

S =k S lesllaivia + llewllog + lleplloq + lleg v + llepllo.o- (6.12)
KeTy

We remark that the efficiency of Z (cf. (6.2)) in Theorem 6.8 is now a straightforward consequence of estimates
(6.11) and (6.12). In turn, we emphasize that the resulting constant, denoted by Ceg > 0 is independent of h.

REMARK 6.1. For simplicity, we have assumed that up and pp are piecewise polynomial in the derivation
of (6.11) and (6.12). However, similar estimates can also be obtained by assuming up and pp are sufficiently
smooth (taking, for example, up € H'(I'p) and pp € H'(I'p), as in Lemmas 6.5-6.6), and proceeding as in [23,
Section 6.2]. In such cases, higher-order terms, stemming from errors in the polynomial approzimations, would
appear in (6.11) and (6.12), accounting for the presence of h.o.t in (6.10).

REMARK 6.2. We conclude this section by noting that the a posteriori error estimation analysis developed
here can be adapted to the three-dimensional case. In particular, in [31, Th 38.2] and [25, Lemma 4.4], one can
find the suitable Helmholtz decompositions for the spaces Hn(div; Q) and Hy(div; ), respectively.
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k | DoFs h e(oc) rate e(u) rate e(p) rate e(p) rate  e(p) rate
98 0.7071 | 3.5e+0 * 4.5e-02 * 3.7e-01 * 4.9e-01 * 2.4e-01 *
354 0.3536 | 1.9e+0 0.86 2.0e-02 1.20 8.0e-02 2.19 2.6e-01 0.92 1.3e-01 0.92
1346 0.1768 | 9.9e-01 0.96 1.0e-02 0.98 3.3e-02 1.30 1.3e-01 0.98 6.5¢-02 0.98

0 5250 0.0884 | 5.0e-01 0.99 5.0e-03 1.00 1.3e-02 1.37 6.6e-02 0.99 3.3e-02 1.00
20738 0.0442 | 2.5e-01 1.00 2.5e-03 1.00 4.7e-03 1.43 3.3e-02 1.00 1.6e-02 1.00
82434 0.0221 | 1.2e-01 1.00 1.3e-03 1.00 1.7e-03 1.47 1.6e-02 1.00 8.2e-03 1.00

290 0.7071 | 1.3e+0 * 1.3e-02 * 4.1e-02 * 1.5e-01 * 7.4e-02 *
1090 0.3536 | 4.1e-01 1.61 4.2e-03 1.68 1.4e-02 1.50 3.9e-02 1.92 2.0e-02 1.93
1 4226 0.1768 | 1.1e-01 1.94 1.1e-03 1.95 5.8e-03 1.30 9.9e-03 1.98 5.0e-03 1.98

16642 0.0884 | 2.7e-02 1.98 2.7e-04 1.99 2.0e-03 1.55 2.5e-03 1.99 1.2e-03 2.00
66050 0.0442 | 6.8e-03 2.00 6.8e-05 2.00 5.8e-04 1.78 6.2¢e-04 2.00 3.1e-04 2.00
263170 0.0221 | 1.7e-03 2.00 1.7e-05 2.00 1.5e-04 1.92 1.6e-04 2.00 7.8e-05 2.00

TABLE 7.1
Ezample 1. Error history (degrees of freedom, mesh size, individual errors and experimental rates of convergence) in 2D for
the formulation using the two lowest-order FE families with PEERS), elements.

7. Numerical results. The computational examples in this section verify the theoretical properties (opti-
mal convergence, conservativity, and robustness) of the proposed schemes. The implementation has been carried
out using the FE library FEniCS [1]. The nonlinear systems were solved with Newton—Raphson’s method with a
residual tolerance of 10~7, and the linear systems were solved using the sparse LU factorisation of MUMPS [4].

7.1. Optimal convergence to smooth solutions and conservativity in 2D. We first consider a simple
planar problem setup with manufactured exact solution. We take the unit square domain € = (0, 1)2, the bottom
and left segments represent I'p and the top and right sides are I'y. We choose the body load f, mass source
g, boundary displacement up, boundary pressure pp, as well as (not necessarily homogeneous, but standard
arguments can be used to extend the theory to the inhomogeneous case) boundary data ¢-n = pn and on = oy,
such that the exact displacement and fluid pressure are

_i COS[sQﬂ(mng)]) T = sin(7x) sin(mw
(@,9) = 55 <Sm[32ﬁ(x_y)} o ple,y) = sin(mz) sin(my).

These exact primary variables are used to construct exact mixed variables of stress, rotation, and discharge
flux. We choose the second constitutive relation for the permeability in (1.8) and choose the following arbitrary
model parameters (all adimensional) kg = k1 =cg =a=0.1, A=p=p t = 1. These values indicate a mild
permeability variation and it is expected that the nonlinear solver (in this case, Newton-Raphson) converges in
only a few iterations. We construct six levels of uniform mesh refinement of the domain, on which we compute
approximate solutions and the associated errors for each primal and mixed variable in their natural norms.
Convergence rates are calculated as usual:

rate = log(e/e)[log(h/h)] ",

where e and € denote errors produced on two consecutive meshes of sizes h and E, respectively. Table 7.1 reports
on this error history focusing on the methods defined by the PEERS family with £ = 0 and k£ = 1, showing a
O(h*+1) convergence for all unknowns as expected from the theoretical error bound of Theorem 5.4 (except for
the rotation approximation that shows a slight superconvergence for the lowest-order case and only in 2D — a
well-known phenomenon associated with PEERS), elements). With the purpose of illustrating the character of
the chosen manufactured solution and the parameter regime, we show sample discrete solutions in Figure 7.1.

We also exemplify the momentum and mass conservativity of the formulation. To do so we represent the loss
of momentum and mass as

2

da )
d\ +2p

Ph +

b

momy, 1= H’Ph[div(a'h) + f]Heoo’ massy 1= HPh |:(Co +
EOC

trop, + div(e;,) + g}

a
A\ + 2

where Pp, : L2(Q) — Pi(Ts) is the scalar version of Pj. They are computed at each refinement level and
tabulated in Table 7.2 together with the total error e := e(o) + e(u) + e(p) + e(p) + e(p), and its experimental
convergence rate. We report on the nonlinear iteration count as well. The expected optimal convergence of the
total error, and the announced local conservativity are confirmed. We also note that, at least for this parameter
regime, for all the refinements and polynomial degrees the nonlinear solver takes three iterations to get a residual
below the tolerance. In the last column of the same table we report on the efficiency of the global a posteriori

error estimator designed in Section 6 eff(Z) = £, which — in this case of smooth solutions — is asymptotically
constant (approximately 0.98 for k = 0 and 1.52 for k = 1).
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Ph.12 i Ph Ph

2.3e01 0 2.3e01 12607 02 3.1e01 0.0e+00 1.0e+00
! 1,

- - - - | —

Fi1G. 7.1. Example 1. Sample of approzimate solutions (stress magnitude, displacement magnitude, non-zero entry of rotation,
fluz magnitude, and fluid pressure) computed with the second-order scheme and plotted on the deformed domain (for reference we
also show the contour of the undeformed domain).

DoFs ho | e rate  momy mass, iter eff(E)
k=0
97 0.707 | 4.83e+0 * 9.30e-16  1.94e-16 3 0.93
353 0.354 | 2.45e+0 0.98 9.44e-16 2.98e-16 3 0.94
1345 0.177 | 1.25e4+0 0.98 2.64e-15 8.26e-16 3 0.96
5249 0.088 | 6.22e-01 1.00 5.58e-15 2.49e-15 3 0.97
20737 0.044 | 3.10e-01 1.00 1.46e-14 7.03e-15 3 0.98
82433 0.022 | 1.55e-01 1.00 1.72e-13 1.09e-13 3 0.98
328705 0.011 | 7.63e-02 1.00 4.25e-13 3.46e-13 3 0.98
k=1
289 0.707 | 1.57e+40 * 2.88e-15 1.20e-15 3 1.45
1089 0.354 | 5.08e-01 1.63 6.77e-15 2.25e-15 3 1.50
4225 0.177 | 1.34e-01 1.92 2.21e-14 6.60e-15 3 1.53
16641 0.088 | 3.42e-02 1.97 8.00e-14 1.31e-14 3 1.52
66049 0.044 | 8.62e-03 1.99 3.91e-13 3.83e-14 3 1.51
263169 0.022 | 2.16e-03 2.00 8.20e-12 7.61le-14 3 1.51
1050625 0.011 | 5.04e-04 2.00 2.17e-11 4.90e-13 3 1.52

TABLE 7.2
Ezample 1. Total error, experimental rates of convergence, £°°-norm of the projected residual of the momentum and mass
balance equations, Newton—Raphson iteration count, and efficiency index of the global a posteriori error estimator. Tabulated
results correspond to the two lowest-order polynomial degrees.

7.2. Convergence in 3D using physically relevant parameters. Next we investigate the behaviour of
the proposed numerical methods in a 3D setting and taking model parameters more closely related to applications
in tissue poroelasticity. We still use manufactured solutions to assess the accuracy of the formulation, but take an
exact displacement that satisfies divu — 0 as A — co. The domain is the 3D box 2 = (0, L) x (0, L) x (0, 2L) with
L = 0.01 m, and mixed boundary conditions were taken analogously as before, separating the domain boundary
between I'y defined as the planes x = 0, y = 0 and z = 0, and I'p as the remainder of the boundary. The
manufactured displacement and pressure head are

sin(x/L) cos(y/L)sin(z/(2L)) + z2 /A
w(,,2) = 2 [ ~2cos(e/L) sin(y/ L) cos(=/(2L)) + 52/ |, play, 2) = sin(e/ L) cos(y/ L) sin(=/(2L)).
2cos(z/L) cos(y/L)sin(z/(2L)) — 222 /A

First we set again the model parameters to mild values A = p=cyp = ko = a = py =1, ky = ks = 0.1, and
we compare them against the following values (from, e.g., [9, 43])

ko =228 x107"m? Kk =5x10""m?® A=144x10°Pa, p=9.18x10°Pa, pu;=75x10"*Pa-s,

and ¢y = 0, « = 0.99. Table 7.3 reports on the convergence of the method. While the magnitude of the stress
errors is much higher for the second parameter regime, the discharge flux error magnitude is smaller than in the
first case and the displacement, rotation, and fluid pressure errors remain roughly of the same magnitude. In
any case, the table confirms that the optimal slope of the error decay is not affected by a vanishing storativity
nor large Lamé constants. The numerical solutions are displayed in Figure 7.2.

7.3. Convergence in the case of adaptive mesh refinement. We continue with a test targeting the
recovery of optimal convergence through adaptive mesh refinement guided by the a posteriori error estimator
proposed in Section 6. We employ the well-known adaptive mesh refinement approach of solving, then computing
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DoFs h | elo) rate  e(u) rate e(p) rate e(p) rate  e(p) rate
unity parameters

328 0.0173 | 2.9e-02 * 1.1e-06  *  4.8¢-04 x  3.1le+0 % 1.3e-04 %
2311 0.0087 | 1.5e-02 0.94 5.7¢-07 0.96 1.3e-04 1.90 1.6e+0 1.00 6.3e-05 1.00
17443 0.0043 | 7.5e-03 0.99 2.8e-07 1.00 4.4e-05 1.54 7.8e-01 1.00 3.2e-05 1.00
135715 0.0022 | 3.8e-03 1.00 1.4e-07 1.00 1.8e-05 1.34 3.9e-01 1.00 1.6e-05 1.00
1071043 0.0011 | 1.9e-03 1.00 7.0e-08 1.00 7.7e-06 1.19 1.9e-01 1.00 7.9e-06 1.00

physically relevant parameters

328 0.0173 | 2.1e+02  * 1.1e-06  *  4.2e-04 x 4807 % 1.9e-04 %
2311 0.0087 | 1.1e+02 0.91 5.6e-07 0.99 1.1e-04 1.93 3.9e-07 0.55 9.1e-05 1.05
17443 0.0043 | 5.6e+01 0.98 2.8e-07 1.00 3.3e-05 1.74 2.2e-07 0.89 4.4e-05 1.04
135715 0.0022 | 2.8e+01 1.00 1.4e-07 1.00 1.2e-05 1.42 1.2e-07 0.93 2.2¢-05 0.99

1071043 0.0011 | 1.4e+01 1.00 7.0e-08 1.00 5.3e-06 1.23 6.0e-08 0.97 1.1e-05 0.98
TABLE 7.3
Ezample 2. Error history (degrees of freedom, mesh size, individual errors and experimental rates of convergence) in 8D for the
formulation using the lowest-order FE family with PEERS), elements and changing from unity (top) to physically relevant (bottom)
parameters.

FI1G. 7.2. Ezample 2. Sample of approzimate solutions (stress magnitude, displacement magnitude, rotation magnitude, fluz
magnitude, and fluid pressure) computed with the first-order scheme and plotted on the deformed domain (for reference we also
show the outline of the undeformed domain).

the estimator, marking, and refining. Marking is done as follows [27]: a given K € T, is added to the marking
set M}, C Tj, whenever the local error indicator Zg satisfies

> Ek=¢ ) Ek

KeMy KeTh

where ( is a user-defined bulk density. All elements in M}, are marked for refinement and also some neighbours
are marked for the sake of closure. For convergence rates we use the alternative form

rate = —2log(e/€)[log(DoFs/ /Da“)]_l.

Let us consider the non-convex rotated L-shaped domain Q = (—1,1)?\ (—=1,0)? and use manufactured
displacement and fluid pressure with sharp gradients near the domain re-entrant corner (see, e.g., [20] for the
displacement and [16] for the fluid pressure)

gy = 7 (O Dcos(x + 1060) + (M — x — 1)M, cos([x — 1]9) r,0) = r/3sin( £ (2
“(’9)_2u((x+1)Sin([x+1]9)+(Mz+x—1)Mlsin([x—1]9))’ p(r0) = (3(2“’))’

with polar coordinates r = \/x% 4+ x3, 0 = arctan(z2,z1), x ~ 0.54448373, M; = — cos([x + 1]w)/ cos([x — 1w),
and My = 2(A+2u)/(n+A). The boundary conditions (taking as I'y the segments at z = £1 and y = +1 and I'p
the remainder of the boundary) and forcing data are constructed from these solutions and the model parameters
are A = 102, p = 10, kg = %, pr=co =k =01, o= %, where for this test we consider a Kozeny—Carman
permeability form. As in [20], a sub-optimal rate of convergence is expected for the mixed elasticity sub-problem
in its energy norm. Note that since the exact pressure is in H¥/37¢(Q) for any ¢ > 0 (cf. [37, Chapter 5]), it is
still regular enough to have optimal convergence. However its gradient (and therefore also the exact discharge
flux ¢) has a singularity located at the reentrant corner and therefore we expect an order of convergence of
approximately O(h'/?).

The numerical results of this test are reported in Table 7.4. We observe the expected sub-optimal convergence
under an uniform mesh refinement while the optimal convergence in all variables is attained as the mesh is locally
refined (the first three rows are very similar as most of the elements are refined in the first three steps. This
can be controlled by the bulk density, here taken as ¢ = 9.5-107°). We also note that the individual errors
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DoFs h | elo) rate e(u) rate e(p) rate e(p) rate  e(p) rate  eff(X)
uniform mesh refinement
77 1.4142 | 1.7e+3 * 1.7e+1 * 7.6e+1 * 9.1e+0 * 1.6e+0 * 2.67
273  0.7071 | 1.5e+3 0.27 7.8e+0 1.10 2.5e+1 1.61 58e+0 0.65 7.8¢-01 1.06 2.65
1025 0.3536 | 1.2e+3 0.31 5.0e+0 0.63 2.le+1 0.27 4.3e+0 0.44 3.9¢-01 1.00 3.12
3969 0.1768 | 8.9e+2 0.40 3.6e+0 0.50 1.7e+1 0.26 3.3e+0 0.38 2.0e-01 0.99 2.82
15617 0.0884 | 6.6e+2 0.43 2.6e+0 0.45 1l.de+1 0.32 2.6e+0 0.35 9.9e-02 0.99 2.60
61953 0.0442 | 4.8¢+2 0.45 1.9e4+0 0.45 1.le+1 0.35 2.0e+0 0.34 5.0e-02 1.00 2.42
246785 0.0221 | 3.5e+2 0.46 1.4e+0 0.46 8.4e+0 0.38 1.6e+0 0.34 2.5e-02 1.00 2.27
985089 0.0011 | 2.9e+2 0.45 1.1le+0 045 6.7e+0 0.38 1.2e+0 0.34 1.3e-02 1.00 2.40
adaptive mesh refinement

77 1.4142 | 1.7e+3 * 1.7e+1 * 7.6e+1 * 9.1e4+0 * 1.6e+0 * 2.67
273  0.7071 | 1.5e+3 0.29 7.8e+0 1.20 2.5e+1 1.76 58e+0 0.72 7.8¢-01 1.16 2.65
1025 0.3536 | 1.2e+3 0.33 5.0e+0 0.66 2.le+1 0.28 4.3e+0 0.47 3.9e-01 1.04 3.12
3813 0.3536 | 8.9e+2 0.42 3.6e+0 0.52 1.7e+1 0.27 3.3e+0 040 2.0e-01 1.04 2.82
7113  0.2500 | 6.7e+2 0.89 2.6e+0 0.98 1.4e+1 0.68 2.6e+0 0.77 1.1e-01 1.91 2.55
11013 0.2500 | 5.2e+2 1.20 2.0e+0 1.31 1.le+1 0.99 2.0e+0 1.07 6.0e-02 1.74 2.58
17449 0.2500 | 4.0e+2 1.10 1.5e+0 1.18 9.1e+0 0.95 1.6e+0 1.01 3.7e-02 1.79 2.52
27225 0.1768 | 3.1e+2 1.14 1.2e4+0 1.18 7.2e4+0 1.05 1.3e4+0 1.05 2.1e-02 1.80 2.52
38081 0.1768 | 2.5e+2 1.37 9.0e-01 1.53 5.7e+0 1.38 1.0e+0 1.37 1.5e-02 1.57 2.55

54797 0.1250 | 2.0e+2 1.18 7.2e-01 1.21 4.6e+0 1.22 8.1e-01 1.26 1.2e-02 1.48 2.53
TABLE 7.4
Ezample 3. Convergence history (degrees of freedom, mesh size, individual errors, experimental rates of convergence, and
effectivity indez) in a rotated L-shaped domain for the formulation using the lowest-order FE family with PEERS) elements and
changing from uniform (top) to adaptive mesh refinement (bottom) guided by the a posteriori error indicator from (6.2).

3.2e-03 1.1e+00

Fig. 7.3. Ezample 3. Approzimate primal variable solutions (solid displacement and fluid pressure) computed with the first-
order scheme, and meshes generated after two, three, and four adaptive refinement steps.

are approximately of the same magnitude in the last row of each section of the table, but for the adaptive case
this is achieved using approximately 5.5% of the number of degrees of freedom needed in the uniformly refined
case. The last column of the table again confirms the reliability and efficiency of the a posteriori error estimator.
Note that for this case we compute the divergence part of the error norm in the stress and fluxes as projections
of the momentum and mass residuals onto the displacement and pressure discrete spaces, respectively. We plot
in Figure 7.3 the approximate displacement and pressure as well as sample triangulations obtained after a few
adaptive refinement steps that confirm the expected agglomeration of vertices near the reentrant corner.

7.4. Adaptive computation of cross-sectional flow and deformation in a soft tissue specimen.
Finally, we apply the proposed methods to simulate the localisation of stress, deformation, and flow patterns in a
multi-layer cross-section of cervical spinal cord. We follow the setup in [42, 44]. The geometry and unstructured
mesh have been generated using GMSH [35] from the images in [44]. The heterogeneous porous material consists
of white and grey matter surrounded by the pia mater (a thin layer, also considered poroelastic. See Figure 7.4,
top two left panels). All components are assumed fully saturated with cerebospinal fluid. The transversal cross-
section has 1.3 cm in maximal diameter and the indentation region is a curved subset of the anterior part of the
pia mater (a sub-boundary of length 0.4 cm). Boundary conditions are of mixed load-traction type, but slightly
different than the ones analysed in the previous section. We conduct an indentation test applying a traction
on = (0,—P)~* with P a constant solid pressure of 950 dyne/cm?. The posterior part of the pia mater acts as
a rigid posterior support where we prescribe zero displacement. The remainder of the boundary of the pia mater
is stress-free. For the fluid phase we impose a constant inflow pressure of cerebrospinal fluid of 1.1 dyne/cm?
and zero outflow pressure at the stress-free sub-boundary, as well as zero normal discharge flux at the posterior
support. For the three different layers of the domain we use the following values for Young modulus, Poisson
ratio, and lower bound for permeability (some values from [10, 42, 44]) EP* = 23/000 dyne/cm?®, vP® = 0.3,
Evhite — 8400 dyne/cm?, p¥hite — 0,479, E&Y = 16/000 dyne/cm?®, v&Y = 0.49, k&' = 1.4 - 1072 dyne/cm?,
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FiGc. 7.4. Ezample 4. Cross sectional area of cervical spinal cord segmented from sheep imaging data in [/4], initial coarse
mesh indicating subdomains with distinct material properties (outer pia mater in red, mid white matter in grey, inner grey matter
in green), final adapted mesh after siz refinement steps, and sample of stress, displacement, fluid fluz and fluid pressure at the
indentation test (bottom row figures are obtained with the lowest-order scheme and rendered on the deformed configuration).

kyhite — 1.4. 1076 dyne/cm®, k2" = 3.9 - 10710 dyne/cm”. Further, we take f = 0, g = 0, = 70 dyne/cm>- s
(for cerebrospinal fluid at 37°), k; = %ko, o= %, and ¢y = 1073,

The initial and the final adapted mesh, together with samples of solutions are shown in Figure 7.4, where we
have used the mesh density parameter ¢ = 5.5-10~%. After each adaptation iteration guided by the a posteriori
error indicator (6.2), a mesh smoothing step was included. The figure indicates that most of the refinement
occurs near the interface between the heterogeneous components of the porous media, and the plots also confirm
a flow pattern moving slowly from top to bottom, consistently with a typical indentation test.
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