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Abstract

This paper analyses conforming and nonconforming virtual element formulations of arbitrary
polynomial degrees on general polygonal meshes for the coupling of solid and fluid phases in de-
formable porous plates. The governing equations consist of one fourth-order equation for the trans-
verse displacement of the middle surface coupled with a second-order equation for the pressure
head relative to the solid with mixed boundary conditions. We propose novel enrichment opera-
tors that connect nonconforming virtual element spaces of general degree to continuous Sobolev
spaces. These operators satisfy additional orthogonal and best-approximation properties (referred
to as a conforming companion operator in the context of finite element methods), which play an
important role in the nonconforming methods. This paper proves a priori error estimates in the
best-approximation form, and derives residual-based reliable and efficient a posteriori error esti-
mates in appropriate norms, and shows that these error bounds are robust with respect to the
main model parameters. The computational examples illustrate the numerical behaviour of the
suggested virtual element discretisations and confirm the theoretical findings on different polygonal
meshes with mixed boundary conditions.

Mathematics Subject Classification: 65N30, 65N12, 656N15.

Keywords: Conforming and nonconforming virtual element methods, poromechanics, fourth- and
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1 Introduction

Scope. Fluid-saturated porous media that deform are an essential ingredient in many engineering,
biophysical and environmental applications. From these materials, a family featuring interesting
properties is compressible thin plates. Porosity and permeability characteristics through the thickness
can be averaged, leading to a different scaling of poromechanical properties from the typical structure
exhibited in Biot’s consolidation systems (see, for example [18, Chapter 8§]).

A number of works have addressed the rigorous derivation of poroelastic plate effective equations
[34, 35, 38, 40, 41]. The well-posedness analysis has been conducted, for a slightly different model,
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in the recent paper [30]. Regarding numerical methods, a discontinuous Galerkin formulation has
been proposed in [32] (following [39]) and splitting algorithms have been analysed. High-order finite
element methods have been used for layer-wise poroelastic shells in [27].

The virtual element method (VEM) is a relatively new numerical technique that has been gaining
popularity in recent years due to its ability to handle complex geometries and provide high accuracy
numerical solutions for partial differential equations (PDEs). Another important feature of VEM
is the possibility of easily implement highly regular discrete spaces. This idea is initiated in [12],
where spaces of high global regularity (such as C', C? or more) are easily built in a very effcient
way. This has been applied and tested in some biharmonic models of thin plates. The literature
contains error analysis of VEM for biharmonic problems for thin plates models (Kirchhoff plates),
with a particular emphasis on conforming and nonconforming approximations, including eigenvalue
problems [2, 4, 12, 15, 23, 36, 37]. Other virtual element discretisations for biharmonic problems in
plate models provide a detailed error analysis of the particular type of method and demonstrate its
effectiveness through numerical experiments, and the analysis also includes a posteriori error estimates,
time dependent problem, 3D case, among others. See for example [1, 7, 8, 21, 44, 43].

The enrichment (averaging) operator for finite elements is introduced in [9] for multigrid methods
and explored in [29] to prove a priori error estimates utilising a posteriori error bounds in nonconform-
ing finite element methods (known as medius analysis). These averaging operators are enhanced with
orthogonal properties and best-approximation estimates in [17] (referred as conforming companion
operators) in the context of reliable a posteriori error control. The enrichment operators for VEM are
initiated in [31] and companion operators for VEM in [16, 15]. Since virtual element functions need
not be computed explicitly, the projection operators are paramount in VEM. The non-computable
conforming companion operators can be exploited in the analysis, whereas the computable ones also
in defining the discrete problem [15] allowing rough sources in turn. These companion operators are
computable using the degrees of freedom, and hence involve the shape-regular sub-triangulation of
the polygonal decomposition and so the finite element spaces of lowest-order like Crouzeix—Raviart
for second-order and Morley for fourth—order problems. In this paper, we propose a new enrichment
operator that maps nonconforming VE spaces to conforming VE spaces of one degree higher (which
is different from the construction in [31]) and in addition, satisfies H?-orthogonality and best ap-
proximation estimates. We then modify this enrichment operator through variety of bubble-functions
to design new companion operators having the lower-order orthogonalities (H' and L?). This paper
considers the sources in L2(Q2) and hence deals with possibly non-computable companion operators,
but achieves the important properties. The treatment of general boundary conditions is carefully ad-
dressed in this paper, necessitating the definition and thorough analysis of new companion operators
to establish well-posedness and obtain error estimates.

This paper presents an extension of nonconforming VE formulations for the coupling of biharmonic
problems and second-order elliptic equations (see the similar methods advanced for single-physics
problems in the recent contributions [16, 15]). The model encodes the interaction with a fluid phase,
and the study of this type of problems has gained significant attention due to its relevance in various
physical applications. More generally, the proposed framework offers a unified approach to solve
coupled problems with mixed boundary conditions on polygonal domains, even when they are non-
convex. For conforming cases, we combine C! — C? types of VEMs with various polynomial degrees.
The error estimates, measured in the weighted H? x H'! energy norm (for deflection and moment
pressure), demonstrate robustness with respect to material parameters. Additionally, we introduce a
reliable and efficient a posteriori error estimator of residual type. Leveraging the flexibility of VEMs
in utilising polygonal meshes, we employ the error estimator to drive an adaptive scheme. Notably,
the proposed a posteriori analysis is novel for high-order nonconforming VEMs and can be applied to
tackle more complex coupled problems: we emphasise that the proposed models presented in this work
can serve as a fundamental building block for establishing a comprehensive framework for complex
mixed-dimensional poroelastic models. These models can also be extended to incorporate interaction
with multi-layered structures, such as thermostats and micro-actuators, offering broad applicability
and versatility.
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The main contributions of this work can be summarised as follows:

e Application of the proposed conforming and nonconforming VEMs to the plate Biot equations .

e Design of new companion operators with the orthogonal properties and the best-approximation
estimates.

e A priori error estimates in the energy norm for both conforming and nonconforming formulations
in the best-approximation form that remain robust with respect to material parameters.

e The detailed proofs of the inverse estimate and the norm equivalence for the nonconforming VE
functions.

e Introduction and analysis of a residual-based a posteriori error estimator.

e Presentation of numerical results validating the theoretical estimates and demonstrating the
competitive performance of the proposed schemes.

Content and structure. The remainder of the paper has been organised in the following manner.
In the rest of this section we provide preliminary notational conventions and definitions to be used
throughout the paper. Section 2 contains the model description and defines the weak formulation of
the governing equations. The local and global VE spaces, the degrees of freedom and the computable
polynomial projection operators are addressed in Subsection 3.1, and the derivations for both con-
forming and nonconforming approximations and the analysis of existence and uniqueness of discrete
solution are conducted in Subsection 3.2. The a priori error analysis for the conforming VE methods in
the best-approximation form is carried out in Section 4. For the nonconforming case, the companion
operators are defined in Subsection 5.1 along with the proofs of the properties and the best approxi-
mation estimates followed by the a priori error estimates in Subsection 5.2. Subsections 6.1 recalls the
preliminary estimates and 6.2 contains the detailed proofs of standard estimates such as the inverse
estimate and the norm equivalence for the nonconforming VE functions, and a Poincaré-type inequal-
ity for H? functions. The reliability and efficiency of an a posteriori error estimator are included in
Subsection 6.4-6.5. Finally, a collection of illustrative numerical tests is presented in Section 7.

Recurrent notation and domain configuration. Consider a spatial domain Q=0x (—¢,¢) CR3
occupied by an undeformed thin poroelastic plate (a deformable solid matrix or an array of solid par-
ticles) of characteristic thickness 2¢, and where  C R? represents the mid-surface of the undeformed
poroelastic plate. The plate is assumed to be isotropic in the plate plane and to follow the Kirchhoff
law. In particular, it is assumed that the plate filaments are orthogonal to the deflected mid-surface
[25]. An appropriate modification of Biot constitutive poroelasticity equations is adopted in combina-
tion with Darcy flow in deforming pores (see [33]). Following the model presented in [32], we assume
that the equations governing the balance of momentum and mass of the solid and fluid phases can
be written in terms of the averaged-through-thickness deflection u (vertical displacement of the solid
phase) and the first moment of the pressure of the fluid phase p. We will denote by n the unit normal
vector on the undeformed boundary 9€2. The boundary 952 is disjointly split between a closed set I'“
and an open set I'* where we impose, respectively, homogeneous deflections and homogeneous normal
derivatives of deflections and of pressure moment (clamped sub-boundary with zero-flux) and homo-
geneous pressures with normal deflections and normal derivatives of the deflection Laplacian (simply
supported sub-boundary).

For a subdomain S C  we will adopt the notation (:,-), s for the inner product, and || - ||,,s
(resp. |-|m,s) for the norm (resp. seminorm) in the Sobolev space H™(S) (or in its vector counterpart
H™(S)) with m > 0. We sometimes drop 0 from the subscript in L? inner product and norms for
convenience. Also, given an integer k > 1 and S C R%, d = 1,2, by P.(S) we will denote the space of
polynomial functions defined locally in S and being of total degree up to k. Given a barycentre xg
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and diameter hg of a domain S, we define the set of scaled monomials My(S) of total degree up to k
and M (S) of degree equal to k by

r—1xg

1(8) = { (* )Z 16l <k}, and mg(s) = { ;st)e 16l = k).

Throughout the paper we use C to denote a generic positive constant independent of the mesh
size h and of the main model parameters, that might take different values at its different occurrences.
Moreover, given any positive expressions X and Y, the notation X < Y means that X < CY
(similarly for X = Y).

2 Plate Biot equations and solvability analysis

The Biot—Kirchhoff equations (using their usual deflection-pressure formulation in inertial regime) gov-
erning the transverse dynamics of a thin poroelastic body and considering mixed boundary conditions,
read

d%u

el +A%u+alp=f in  x (0,77, (2.1a)

Op O(Au) B )
Ba ma—a YAp =g in 2 x (0,77, (2.1b)
u=Vu-n=Vp-n=0 on I' x (0,77, (2.1c)
u=Au=p=0 on I'* x (0,77, (2.1d)

which also equip appropriate initial conditions. Here f € L?(0,T;) is the normal vertical loading
and g € L?(0,7T;9) is a prescribed mass source/sink. The model parameters depend on the first and
second Lamé constants of the solid — A, 1; and on the total storage capacity and Biot—Willis poroelastic
coefficients — ¢y, o, respectively:
B=(coA+2u]+a?)y, 7= AZM

System (2.1) is similar to the non-inertial problem in [32] which accommodates fluid-saturated
plates where diffusion is possible in the in-plane direction (see also the set of problems recently analysed
in [30]), here extended to the case of mixed boundary conditions. In order to fix ideas, we will focus first
on a simplified system, resulting from applying a centered and backward Euler semi-discretisation in
time to (2.1a)-(2.1b), with a conveniently rescaled final time 7" and rescaled time step to At = 1. Owing
to the specification of boundary conditions (2.1¢)-(2.1d) (taken homogeneous for sake of simplicity of
the presentation), a weak formulation is obtained, which reads: Find (u,p) € V x Q = [HZ.(2) N
H}(Q)] x H(Q) such that

('LL, U)Q + (VQU, VQU)Q - a(vp7 V'U)Q

=(fv)a VveV, (2.2a)
B(p, 9o + a(Vg, Vu)o +v(Vp, Va)o = (3, 9)a

q) VqeQ, (2.2b)

with V2v := (Zm 2”) being the Hessian matrix (of second-order derivatives) for a given v € H?().
yz  Uyy
The right-hand side terms also include the value of deflection and pressure moments in the previous

backward Euler time steps, denoted as @™, 4"~ ! and p", respectively:
f=f+2u"—a""',  g=g+p",
where the index n > 0 indicates the time step.

Let us now group the trial and test fields as 4 = (u, p) and ¥ = (v, ¢), respectively; and introduce
the operator A : H. — H, defined as

<A(ﬁ), ﬁ) = (U, U)Q + (VQU, V2U)Q - a(Vp7 VU)Q + B(pa Q)Q + a(VQa VU)Q + ’Y(Vpa VQ)Qa
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where (-,-) denotes the duality pairing between H. and H.. The product space H. contains all
4 € [HE.(Q) N H(Q)] x HEs(Q) which are bounded in the norm

I1]1gy, = lulldy + lul3 o + Bllpll + 1Pl o (2.3)

The subscript € denotes the weighting parameters (in our case, 3,7). We also define the linear and
bounded operator F : H. — R as

G = F(@) := (f,0)0 + (4,90,
and therefore Problem (2.2) is recast as: Find 4 € H, such that

(A(@),8) = F(¥) V¥ eH.. (2.4)

We are now in a position to state the solvability of the continuous problem (2.4).

Theorem 2.1. Problem (2.4) is well-posed in the space He equipped with the norm (2.3).

Proof. 1t follows from the Lax—Milgram lemma (see, e.g., [26, Lemma 25.2]), requiring the boundedness
of A over the space H,
(A(4), V) < ||dlle, |9]lu. V4,0 € H,

and the boundedness of F, as well as the coercivity condition
(A(@).d) = |}, Vi< H,.

For the continuity it suffices to apply the Cauchy—Schwarz inequality while the coercivity is a direct
consequence of the definition of the solution operator (whose off-diagonal terms cancel out). O

Now, we state an additional regularity result for the solution of problem (2.4).

Regularity estimates [28]. Given f € H54(Q) and § € H"~2(Q) with s > 2 and r > 1, there exists
a unique solution 4 = (u,p) € (H*(Q)NV) x (H"(2) N Q) to (2.4) such that

lullse + l2llne S 1 lls—a0 + 13l—2,0- (2.5)

3 Virtual element formulation and unique solvability of the discrete
problem

Let us denote by {7;}n>0 a shape-regular family of partitions of €, conformed by polygons K of
maximal diameter hz, and we denote the mesh size by h := max{hx : K € Tp}. Let V =V UV°UV*
and £ = £ U E°U & be the set of interior vertices V' and boundary vertices VU V*®, and the set of
interior edges £ and boundary edges £°U £%. By Ng we will denote the number of vertices/edges in
the generic polygon K. For all edges e € 0K, we denote by nj- the unit normal pointing outwards
K, t% the unit tangent vector along e on K, and V; represents the ith vertex of the polygon K. We
suppose that there exists a universal positive constant p such that

(M1) every polygon K € T, of diameter hy is star-shaped with respect to every point of a ball of
radius greater than or equal to phg,

(M2) every edge e of K has a length h. greater than or equal to phg.

Throughout this section we will construct and analyse a conforming and a nonconforming family of
VE methods.
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3.1 Virtual element spaces

VE spaces for displacement approximation. First we define the bilinear form a’ as the restric-
tion to K of

a(v,w) := /QVZU : Viwde.
For K € Ty, and k > 2, define the projection operator HkV2 : H*(K) — Pi(K), for v € H*(K), by
aK(HkVQv, xi) = o’ (v, x%) Vxi € Pr(K), (3.1)
with the additional conditions
@ =7v and Vﬂikwv = Vv for conforming VEM, (3.2a)

HkV?v =7 and VHk,vZU ds = Vouds for nonconforming VEM, (3.2b)
0K 0K

where T is the average NLK ZZ]\LIE v(V;) of the values of v at the vertices V; of K. Since the linear
polynomials xj € P;(K) C P (K) lead to the identity 0 = 0 in (3.1), it follows that the two conditions
in (3.2a) for conforming and (3.2b) for nonconforming fix the affine contribution and define Hkv2v
uniquely for a given v. Furthermore, the Poincaré—Friedrichs inequality implies

2 2 2
lo =T 0l S hiclo =T vl i S Piclo — T vl k- (3.3)

The local conforming VE space th’C(K ) [12] is a set of solutions to a biharmonic problem over K
with clamped boundary conditions on 0K, and it is defined, for £ > 2 and r = max{k, 3}, as

th’C(K) _ { vy, € H2(K)NCYOK) : A%vy, € Pp(K), vple € Pr(e) and Vup|e - nS, € ]P’k_l(e)} ‘

VeedK, and (v, — Y vp, ) =0V x € PR(K) \ Pr_a(K)

On the other hand, the local nonconforming VE space is a set of solutions to a biharmonic problem
with simply supported boundary conditions and was first introduced in [44]. Carstensen et. al pointed
out in [15] that the definition in [44] works for a polygon K without hanging nodes, and provided an
alternate definition for the lowest-order case (k = 2) with possibly hanging nodes in K. In this paper,
we extend this definition of the nonconforming VE space for general degree k. First we need to define
some preliminary geometrical notations. Let K € T}, be a polygonal element, and £k := {e1,...,en, }
and Vi,...,Vn, be the edges and vertices of K. Suppose that zi, ... s 2R denote the corner points
of K for some Nig < Ny, where the angle at each zj is different from 0,7,27. The boundary
OK =e1U---Uen, can also be viewed as a union of the sides sq,..., SRy where s; := conv{zj, zj;+1}
for z; = Vi, and zj41 = Vinj+n; with 2Rl = 21- See a sketch in Figure 3.1.

With these notations, we are in a position to define the local nonconforming VE space V,f (K
for kK > 2 by

v € HA(K)NCY(OK) : A?vy, € Pi(K), vple € Pr(e) and Avyl. € Pi_o(e)

. ‘) Vee &k, vls; € Cl(sy), fem]- vhxds:femj HkVZUthS V x € Pr_a(em;),

VoMK =
h .

and femﬁi vpx ds = femﬁi HkVthX ds V x € Prs(em,+i) fori=1,...,ny,

andj=1,...,Ng, (vp =T vn,x)k =0 ¥ x€Pp(K)\Pp 4(K)

The local degrees of freedom (DoFs) for both conforming and nonconforming VE spaces are sum-
marised in Table 3.1.

It can be shown that the triplets (K, V;"¢(K), {(D1) — (D5)}) and (K, V"°(K), {(D1*) — (D4*)})
form a finite element in the sense of Ciarlet [24], and the projection operator Hkv2vh for vy, € th’C(K )
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53

>

Vs Vi
Z4 €4 Z3

S4 €5 €3 S92
Zl 61 ~ 62 ,2’2
Vi Vo V3
< 5 >

Figure 3.1: Sample of pentagonal element with vertices Vi,..., Vs, edges eq, ..., es, corners z1, ..., z4,
and sides s1,..., S4.

degree | DoF's of v, € V;"°(K) DoFs of vy, € VF"°(K)

kE>2 [ (D1) vp(V;) Vi=1,...,Ng (D1*) vp(V;) Vi=1,...,Ng

(]D)Q) hViv'Uh(Vi) Vi=1,...,Ng (DQ*) fe Onvpxds V€ Mk_g(e), ek

k>3 | (D3) [ Opupxds Vx € My_s(e), e €&k | (D3*) f vpxds VxeMg_s(e), e €&k

k>4 | (D4) fopxds Vx€Miyle), ecéx (D4*) fovpxdx ¥V x € My_4(K)
(D5) frvnxdz ¥ x € My_4(K)

Table 3.1: The left panel describes the DoFs of V:’C(K) with the characteristic length (see [12], for

example) hy; associated with each vertex V; for all i = 1,..., Ng and the right column lists the DoFs
k,nc

of V""" (K).

(resp. vy € V}fc(K)) is computable in terms of the DoFs (D1)-(D5) (resp. (D1*)-(D4*)). We refer to
[12] (resp. [15]) for a proof.

Let II denote the L2-projection onto the polynomial space Py(K). That is,
(HkvaX)K = (U7X)K VX € Pk(K)
The orthogonality condition in the definition of the local VE spaces th’C(K ) and th’nC(K ) implies

that Il is also computable in terms of the DoFs.
For v € HY(K) and ¥ € (Px_1(K))?, an integration by parts leads to the expressions
(Mp—1Vv, Xk = —(v,divX)k + (v, x - ni)ox = —(ev, div X))k + (v, X - ni ok,  (3.4)
owing to the definition of IIj in the last step. Observe that the DoFs (D1)-(D2) and (ID4) determine

vp, € Pr(e) explicitly for all e € K. This and the computability of II; imply that II;_ Vv, for
vp € th’C(K ) is computable in terms of the DoF's. Since HkVth is computable, the values fe vpx ds
'IYL]'

for x € My_2(em;) are computable from the definition of V:’HC(K). If nj = 0, these (k — 1) estimates,

and the values at the vertices Vi,, and Vi, 41 uniquely determine vy € Py(en,). If ny > 0, the

point values v (Vin,+i), vh(Vin, +i+1), Orvn(Vin,+i) and fem-ﬂ- vpx ds for x € My_3(em;+4) evaluate vy,
J

on each edge ep;4; fori =1,...,n5,5=1,... ,NK, and consequently v is known on the boundary
OK. Similarly as above, this 2tep and the computability of I imply that II;_1 Vo is computable in
terms of the DoF's for v, € V,""(K).
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degree | DoFs of g, € Qfl’c(K) DoFs of g, € be’nc(K)

£>1 | (F1) qu(V;) Vi=1,...,Nxg | (F1*) f gnxds Vx € Mg y(e)

€>2 | (F2) f gnxds Vx € Mya(e) | (F2%) fignxde Vx € My_o(K)

(F3) fx anxdz  Vx € My_o(K)

Table 3.2: The left (resp. right) panel describes the DoF's of Q%C(K ) (resp. be’nc(K )).

Proposition 3.1 (Polynomial approximation [11]). Under the assumption (M1), for every v €
H*(K), there exists xx € Pp(K) with k € Ng such that

v = Xk|m,xk Shic "vls,xk for0<m < s < k41

The global VE spaces V}f “ and V,f ¢ are defined, respectively, as

V= o, € Vol € VIOK) VK €Th,
and

v € L2(Q) vk € th’nC(K) V K € Ty, vy is continuous at interior vertices
th’nc = and zero at boundary vertices, fe [Onvnlxds =0 Vx €Proe), ec EUES
and [ [up]xds =0 VxePy_3(e), ecé

VE spaces for pressure approximation. We define the projection operator II) : H'(K) — P;(K)
for £ > 1 and ¢ € H'(K) through the following equation

(VIIV ¢, Vxo)k = (V&, Vxo)k ¥ xe € Po(K), (3.5)
with the additional condition needed to fix the constant
yqg=q for conforming VEM, (3.6a)

/ Iy qds = / qgds for nonconforming VEM. (3.6b)
oK oK

This defines Hqu uniquely for a given ¢q. To approximate the pressure space @@, we introduce the local

conforming VE space Qﬁ’C(K ) for £ > 1 and K € T}, as the set of solutions to a Poisson problem with
Dirichlet boundary conditions [6]. In particular,

QL (i) o= { gn € H'(K) N COOK) : Agy € Py(K), gl € Byle) Yee 8K,}.

and (g, — I gr, X)k =0 ¥V x € Po(K) \ Pr_o(K)

In turn, the local nonconforming VE space Qi’nc(K ) is the set of solutions to a Poisson problem with

Neumann boundary condition [5] and is defined for £ > 1 as

e, | an€ HY(K)NCYOK) : Agy € Py(K), Ongnle € Pe-1(e) Ve e K,
Qy (K) = :

and (g, — I gn, X)xk =0 ¥V x € Po(K) \ Pr_o(K)

The DoFs for Q%C(K) and Qfl’nc (K) are provided in Table 3.2.

The triplets (K, Qy°(K), {(F1) — (F3)}) and (K, Q7 (K), {(F1*) — (F2*)}) form a finite element in
the sense of Ciarlet [24] (see, e.g. [6]). Note that II) g, can be computed from DoFs of (F1)-(F3) (resp.
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(F1*)-(F2*%)) for gy, € Q%C(K) (resp. qn € Qz "“(K)). Refer to [6] (resp. [16]) for a proof. Consequently,
the L2-projection IIy is also computable from the orthogonality condition in the definition of the spaces
fL’C( ) and Qz "“(K). This and the explicit expression of g, on the boundary K in (3.4) show that

IT,_1 Vg, is computable for ¢, € QI;L’C(K). The computability of II; and (F1*) in (3.4) imply that of
T,—1Vap for g € Q)(K).
Next we define the global VE spaces for conforming and nonconforming pressure approximation,
for > 1, as
W= {an € Qi anlk € QLK) VK €Th,

and

e _ J @ €LHQ): anli € Q(K) VK €Ty and
" [lan]xds=0 Vx €ePri(e), Vec EUE |’

respectively.

3.2 Discrete problem and well-posedness

Let us first set the continuous bilinear forms a1 : V X V,as : Q@ x V and ag : Q X @) as

ai(u,v) := (u,v)q + a(u, v) Vu,veV,
az(p,v) := a(Vp,Vv)q VpeQandVv eV,
a3z(p, q) := B(p, 9)o + 7(Vp, Vg)a Vp.g€eQ
with the local counterparts a{( , aé( and a? for K € Tj, and the piecewise versions a}" := " a1 , a2 =

S aX and ab” = 3" . af respectively. For all up, v, € th’C(K) or th’nC(K) and pp, qn € Qh (K)
or QY"°(K) with k > 2 and ¢ > 1, define the discrete counterparts by

a?(uh, Uh,)|K = (Hkuh, Hkvh)[( + S{’(O((l - Hk)uh, (1 — Hk)vh) + (Hk_Q(VQUh), Hk_g(vzvh))[(

+ S8 (1= T Jup, (1= T Jon), (3.7a)
ab (pn, vn)| ik = (Io—1 Vpn, i1 Vo) &, (3.7b)
al (pn, n)| i = BMepn, Tean) ik + Saio((1 = e)pr, (1 — e)an) + v(Me—1 (Von), -1 (Van)) k

+ S (1 =T )pn, (1 =TIy )gn).- (3.7¢)

The stabilisation terms S&, and Sfo on V:’C(K) or th’nc, and S& and Sél,(o on Q%C(K) or fL’nC(K)
are positive definite blhnear forms and there exist positive constants Cy2, C1 o, Cy, Ca0 such that

C’;%\vh\g’K < ng(vh,'l)h) < Cvz\vh@’K Y vy, € Ker (I} ), (3.8a)
CiéthH%{ < Sfo(vh,vh) < V vy, € Ker(Ily), (3.8b)
S (ans an) < Cv7lanlt ke V qn € Ker(I)), (3-8¢)

% < S50(an an) < CooBllanl% V g € Ker(Ily). (3.8d)

The standard examples of the stabilisation terms satisfying (3.8a)-(3.8d) respectively are
SEs (vhywh) = Zdofi(vh)dofi(wh) for all vy, wy, € Vf’C(K) or th’nc(K) and
i
K l,c /,nc
SY (Ph,aqn) = Zdofj(ph)dofj(qh) for all py,qn € Q" (K) or Q" (K)
J
with S\ = hi S w2 and S5y = h3S&. The global discrete bilinear forms af : V% VP (resp.
th’nc X th "), al Qic X thc (resp. Qinc X V}f’nc) and aél : Qi’c X Qf{c (resp. Qinc X Qi’nc) are
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defined by CL?(', ) = ZKG’Th CL?(-, )‘Kv a§(~, ) = ZKE’Th ag(‘v )’K and al?}('ﬂ ) = ZKETh CLQ(-, )‘K for
conforming (resp. nonconforming) VEM. The discrete problem is to find (up,pp) € th’c X Qi’c (resp.
th’nc X Qi’nc) such that

al (up, vn) — ak (pn, vn) = (fr, vn)o Y vy € VI© (resp. V™), (3.9a)

1
al(qn, un) + ab(pn, an) = (Gn, an)o YV qn € QY° (resp. Q), (3.9b)

with the discrete right-hand sides (fn,v)q = (f, zvp)o and (G, qn)o = (3, eqn)q. To rewrite the
above discrete problem, define the discrete product space HC = hk’c X Qi’c and the discrete operator
AS H — H" as

(A (), Bn) = a’(un, vn) — ak (b, vn) + ab(qn, un) + ak (on, qn) (3.10)

for @5, = (un, pp), Bn = (vn, qn) € H®. We also define the linear and bounded functional Fi HM -
R as

By, = FE(©n) = (frovn)a + (Gn, an)os

and therefore problem (3.9) is recast as: Find 4§ € H® such that
(A5 (45), Un) = F5(0n) VU, € HMC (3.11)

Similarly we define H»™ := th’nc X Qfl’nc, the discrete operators A and F3¢, and seek 4),° € Hwme
such that
(ARS(dp), ) = Fr(vy) Y ¥, € Hbne, (3.12)

Define the piecewise version || - [[g» of the norm || - [[m. for 4 = (u,p) € H2(Ty) x HY(Tp,) as

11z = [l + lul3 p + BlplE + Al = Y (lullk + luld k + BllplE +1plf x)-
KeTh

The following result yields the solvability of the discrete problems.

Theorem 3.1. Problem (3.11) (resp. (3.12)) is well-posed in the space H™ (resp. H'™) equipped
with the norm (2.3) (resp. || - [|@n)-

Proof. The boundedness of Aj and Aj€ clearly follows from the stability of the L?-projection operators
g o, g, 1, and I, for £ > 2 and ¢ > 1, and from (3.8a)-(3.8d). For @, € H™¢ or HM, the
definition (3.10) implies (Ax (@), 1) = af(vp,vn) + ak(qn, qn). The definition (3.7a) of af and the
lower bounds of stabilisation terms (3.8a)-(3.8b) lead to

2
af (vn,va) 2 IMgopllE + (1 = Me)op 1 + (T2 (V20R) [ + [(1 = T )val3 2 llonlld + onl3.0,

where we have employed ||(1 — II;_2)(V2u)|lo < |(1 — Hkv2)’Uh’27h and triangle inequalities in the last
step. Analogously we can prove that af is coercive, and consequently Aj (also AJ°) is coercive with
respect to the weighted norm || - [|g». Hence the Lax-Milgram lemma concludes the proof. O

4 Error analysis for conforming VEM
This section recalls the standard conforming interpolation estimates and establishes the a prioi error
estimates in the energy norm || - ||g, (cf. Theorem 4.1).

Proposition 4.1 (Conforming interpolation [13, 21]). There exists an interpolation operator fch :
(VN H*(Q)) x (QNH"(N)) — thf X Qfl’c such that, forv € VN H*(Q) with2 < s < k+ 1 and
qeQNH"(Q) withl <r <{l+1, Ijv:= (v],qf) and

jh Sholsq for0<j <2 and |q—qflin SH " gla for0<j<1.

v —of

10
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Throughout this paper, the oscillations of f g € L*(Q) for k> 2 and £ > 1 are defined as
oses(F.T) 1= (3 I -0 f1%)" and oser(a.7) = (3 et - gl )
KeTy KeTn
Theorem 4.1. Given uw € VN H*(Q) for s > 2 and p € QN H"(Q) for r > 1, the unique solution
ay = (uf,pf) € HC = V:’C X Qi’c fork>2 and £ > 1 (assume £ < k) to (3.11) satisfies
Y ul1,,
¢ T 5. T < hmin{kfl,sz,Z,rfl} r ~

+ osca(f, Th) + 0sci(g, Tn) S (U lls—a0 + llgllr—2.0)-

la — [l S

Proof. We drop the superscript ¢ (denoting the conforming case) in the proof just for the sake of
notational simplicity. Let €, := (e}, €}) = (ur — up, pr — pp) = Uy — Uy, € H* for @ = (us,pr). The
coercivity of Ay, from Theorem 3.1 and the discrete problem (3.11) in the first step, and an elementary
algebra in the second step lead to

- oL - w 2
lEnlfr, < An(dr. ) — Fu(@n) = (@ (ur — I "u,ef) + af™ (I u — u, ef)) + (az(p, ef)
- a/}zl(p[7 6%)) + (ag<pl - HZ p, eh) + CLSW(HEVP - P, 61}1)) + (a}Zl(eva U]) - a2(€]fi,u))
+((f = fem)a+ (G —anep)a) = Ti + To + T3 + Ty + Ts. (4.1)

The continuity of a? and af from Theorem 3.1, and the Cauchy—Schwarz inequality for a}™ and a}"
show

2 2
T+ Ty S (lur =T ullp + lu = T ull2n)(leblle + lehlz) + (lpr = T plhpw + 2 = TPl pw)
< (Bllepllo+vlehlin) < (lu—urllzn + llw = ullog + Il = prlln + llp = T pll1e) @l
< w2l (fuf o + [plrg) 1@ (42)

with triangle inequalities in the second step, and Propositions 3.1-4.1 in the last step. Algebraic
manipulations and the L?-orthogonality of IT,_; imply that

a Ty +Ty) = (Vp — M1 Vpr, Ve )a + (-1 Vpr, (1 — 1) Ve
+ (H471V€I;L, Iy—1Vur — Vu)g + (M- — 1>V€]Z, (1 =II;—1)Vu)gq. (4.3)

In addition, triangle inequalities and the L?-orthogonality of II,_; provide

pb—= Hz p|1h

Vp —T,1Vprla < |p—prlia+ |pr —

The second term in (4.3) vanishes because of the L2—0rthog0nality of Il and assumption ¢ < k.
Similarly, the third term in (4.3) reduces to (II—1Ve} , ;1 Vur — Vu)g = (Il;—1Ve}, Vur — Vu)q.
The Cauchy—Schwarz inequality in combination with the previous bounds in (4.3) result in

T+ Ty) S (lp— prlio+p— He p’1h)|€h|19+(|u—ul|19+|U—H£ ulyp)|el
hmln{&r 1,k,s— 1}(

|€h|1,§2+ \eh’1,9)>

where Propositions 3.1-4.1 were used for the last inequality. The L2-orthogonality of II; and I,
together with Proposition 3.1 and v > 1 allow us to assert that

Ts = (W%, (f = e f), h” (1 = Ti)ef)a + (b, (5 — T1eg), by (1 = o€l o
S osca(f, T)le]z,0 + osci(d, Tn)leh 1.0
< pintkASs =221} () £ o 4 (|G]—2.0) (e,

The estimates (4.2)-(4.4) in (4.1) show that

Q)- (4.4)

hmin{k:fl,sz,E,rfl}(

€], < [uls.0 + [plr + 1 flls—a0 + 13]—20) &5,

This and Proposition 4.1 in the triangle inequality |4 — uj[|gn < ||t — tir|lgn + [|€plgn followed by
the regularity estimates conclude the proof of the theorem. ]

11
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5 Error analysis for nonconforming VEM

Since the nonconforming discrete spaces th’nc and Qi’nc need not be subsets of continuous spaces
V and @, this section explains the different constructions (at least two) of conforming companion
operators which connect nonconforming VE spaces to continuous Sobolev spaces. The two crucial
ideas in the design are

e first to map a nonconforming VE space to a conforming VE space of one degree higher, and

e second to modify the linear operator constructed in the first step through standard bubble-
function techniques to achieve additional orthogonal properties (in particular, L?-orthogonality).

5.1 Construction of companion operators

Let doff’C for i = 1,...,N ec and dof; L0 for § = 1,...,N§’nC be the linear functionals associated
with DoF's of the VE spaces Qh and Qh "¢ of dimensions NZ’C and Ne’nC for £ > 1. Let dofk’C for
i=1,... ,Ng’c and doff’nC for j =1,... ,Nk ¢ be the linear functionals associated with DoFs of the

VE spaces V}f “ and V}f ¢ of dimensions Ng “and N Ig M for k> 2.

k+1,c
Vh

Theorem 5.1. There exists a linear operator Jy : Vf’ne — satisfying the following properties:

(a) doff’nC(th) = dof?’nc(vh) forall j =1,...,Ny™,
(b) aP™(vn = Jivn, x) = 0 for all x € Pi(Th),

(c) V(vp — Jivp) L (Pr_3(T3))? in (L?(2))? for k > 3,
2

d W2, — Jiop|in < inf — inf |vp, — .
)jz;) |op, 1Uh|J,hNX€]%D2(Th)|Uh X|2,h+UH€1V|Uh CIPYA

Construction of J1. First we observe that DoFs of th’nc is a subset of DoF's of thﬂ’c. Next we define
a linear operator Ji : th’nc — thH’c through DoFs of thﬂ’c, for vy, € V,f’nc, by
doff’nC(leh) = dofl?’nc(vh) Vij=1,...,Nbne

ST VIV i (z) VeV,
KeT.

][ Jivpx de :][ HZQUhX dx Vx € My_3(K),
K K

VJivp(z) = |7.’

where the set T, := {K € T, : z € K} of cardinality |T| contains the neighbouring polygons K sharing
the vertex z. We assign VJiup(z) = 0 for the boundary vertices z € V* if z is a corner (the angle at
z is not equal to 0,7, 27) and for all z € V°. If the angle at z € V* is equal to 0, 7, 27, then we assign

,7-| > On (I vn) | (2):

KeT.

Ot(Jivp)(2) =0 and  Op(Jivp)(z

Proof of Theorem 5.1(a). This is an immediate consequence of the definition of J;. O
Proof of Theorem 5.1(b). Let x € Pr(K) and set the notation Myn(X) = Onn(X), T (X) = On(Ax +

OrrX), and [Mnr(X)]z; = Onr(X)le;_1(25) = Onr(X)le;(2j) for j = 1,..., Ng with eg = en,.. Since
x € H*(K) and vy, — Jiv, € H?(K), an integration by parts leads to

a® (v, — J1op, x) = / A% (v, — Jyop) dx +/a Mpn (X)On (vy, — Jivp) ds
K K

12
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Nk

_ /(,)K T(X)(Uh — leh) ds + Z[MnTX]Z]. (’Uh — Jl’l)h)(Zj) =0,

with part 5.1(a) being used in the last step. This holds for any K € 7, and concludes the proof of
Theorem 5.1(b). O]

Proof of Theorem 5.1(c). For any v, € th’nc, X € Pr_o(K) with & > 3 and K € Tj, an integration by
parts and Theorem 5.1(a) show that

(V(vp — J1vp), VX) Kk = —(vp — J1vp, AX) K + (v — J10ph, OnX)ox = 0.

This proves 5.1(c). O]

Proof of Theorem 5.1(d). Since (kavh — Jivp) |k € V}fH’C(K), the norm equivalence found in, e.g.,
[31, Lemma 3.6] shows that

LY o, — Jyonlo. = R |[Dof* 1 (T1Y vy, — Jivp) g2, (5.1)

for the vector Dof**1¢ with arguments as the local DoFs of V,fH’C(K). Let z be an interior vertex
in V' N Vi belonging to an edge e € £x. The equality Jivj,(2) = v, (2) from Theorem 5.1(a) and the
inverse estimate for polynomials imply

2 2 - 2
((ILY “vp, — Jyon) [k (2)] < 1Y vh = o) loe S ha /2 Jon — IIY ople

~

—_ 2 2 2
< hoMon — Y opllx + |on — Y opl1ie S hielon — Y oplo. k.

The third step follows from the trace inequality, and the last step from (3.3) and (IM2). Let z be
an interior vertex in V' N Vg or a boundary vertex in V* N Vi with angle at z equal to 7, and
polygons K1 = K, ..., K|, share the node 2. Suppose (Hk,Vth)i = Hk,Vth\K“ and K; and K;41 are
two neighbouring polygons. Then

7.
VAT o~ B () = ;‘ S (VAT o) — V(I 0);)(2)
2 55
1 i . )
= > S (VI )i = VI )i} o) 52)
#lj=2i=1

A consequence of the mesh regularity assumptions (M1)-(M2) is that |7;| is uniformly bounded for
any z € V. Hence it suffices to bound the term (V(Hkv2vh)1 - V(HkVth)g)(z) for z € e and an edge
e € K1 N Ks. In addition, the inverse estimate for polynomials leads to

(VI o)1 — VALY vi)2)(2)] < VIV o)1 — VALY vn)2lloc.e S he V2 (|[VITY vplele-

~

Let v € V be an arbitrary function and a. := f, V(v — v3) ds. Since a, is uniquely defined from the

definition of vy, € th’nc, rewrite he_l/QH[VHkVth]eHe = he_l/zH[VHkVth — Vv + aelelle- Let we denote
the edge patch of e. Then the trace inequality and the triangle inequality show

he V2 VI op — Vo + aclelle S b HIVITY vh — Vo + e, + [TV 04 — ]2,

~

_ 2 2
< he I o = vnllvwe + IV (vh = 0) + tellwe) + T 0n = nl2, + [ = V]2

Since §, V (v, —v)+ae ds = 0, the Poincaré-Friedrichs inequality and (M2) imply ||V (vy—v)+ae|lw, S
helvp, — v]24, . This and (3.3) in the above displayed estimate provide

_ 2 2
he 2NIVILY vilelle S Y vn — vhl2w. + [0n — V]2, (5.3)

13
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The combination (5.2)-(5.3) results in
2 2
[h=V (I v = Jion) x(2)] S hac(fon = T vhlow, + [0 = vnl2a,)-

Theorem 5.1(a), the Cauchy—Schwarz inequality, the trace inequality lead for any xy € Mj_s(e) and
e €&k \ E° to

/ O (I "o, — Jyo)x ds < hY/2[0n (TTY v — va)c
e

2 2 2
S lon = Y valiwe + helvn — I vplow, S helvn — I vp

~

2,we

with (3.3) in the end. Analogously we can prove for any x € My_3(e) and e € Ex N E’ that

2,We *

][(Hkv2vh — Jyop)x ds < helvp, — Hkv2vh

e

Again Theorem 5.1(a), the Cauchy—Schwarz inequality, and (3.3) show for any x € My_4(K) that
2 2
][ (IIY v, — Jrop)x de < hclon — I vp o,
K

and fK(HkVQUh — Jivp)xdx = 0 for x € Mj_5(K). The definition of HkV2 from (3.1) implies |jvp, —
HkVthHg,h < infyep,(7;) [vn — Xl2,n- The previous estimates in (5.1) prove that

HVQU — Jiv < inf |uy — + inf vy — v]o .
[y v, — J1 h|2,hwxepkm)| h—Xl2,n v€V| h— Vl2n

Hence the triangle inequality v, — Jivpl2,n < |vp — H;YQUh|2,h + |Hkv2v;Z — Jivpl2,n and (3.3) prove the
estimate in Theorem 5.1(d) for the term |vp, — Jivp|2 . The Poincaré-Friedrichs inequality implies
> im0 W2 |on — Jivnljn S fon — Jrvnlan. O

The following theorem establishes the construction of the second companion operator which will
be used in the sequel.

Theorem 5.2. There exists a linear operator Jy : th’nc — V' such that it satisfies Theorem 5.1(a)-
5.1(d) and in addition the L?-orthogonality property. In particular,

(a) dof?’nC(ngh) = dof?’nc(vh) forallj=1,... N>
(b) apw(vn = Javp, x) = 0 for all x € Pi(Th),
(c) V(vp — Jovp) L (Pr_3(Tr))? in (L?(2))? for k > 3,
(d) vy — Jovp L P(Q) in L3(Q),

2
(€) > 1 ?|vn — Javaljn < Xeliél(fT

h)

— inf — .
[vn — X]2,pw +1}2V|Uh vlop

=0

Construction of Ja. Let b € H3(K) be a bubble-function supported in K and vgx € Py(K) be the
Riesz representative of the linear functional Px(K) — R, defined by, wy — (v, — Jivp, wg) g, for
wy, € Pi(K) in the Hilbert space Px(K) endowed with the weighted scalar product (bxe,e)x. Given
vp, € th’nc, the function @), € Py(T,) with 9|k = vk and the bubble-function by |k := bx € HZ(Q)
satisfy

(bnOn, w)o = (v, — J1vp, W) YV wy, € Pp(Th), (5.4)
and define

Jovy, = Jivp, + bpop € V. (5.5)

14
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Proof of Theorem 5.2(a). Since bx = 0 = Op(br) on 0K for any K € T, there holds, for any
k,nc
v, € Vh’ s

Jovp(z) = Jivp(2) = vp(2) for any z €V,
/8n(ngh)x ds = /8n(J1vh)x ds = /an(vh)x ds for x € My_o(e) and e € &,
][Jg(vh)xds :][Jl(vh)x ds :][vhxds for x € M_3(e) and e € £.

For x € Mj_4(K) and K € Ty, the definition (5.5) of J; and (5.4) show ;. Jovpx de = £ (Jivp +
brvg)x de = {5 vpx de. This concludes the proof of Theorem 5.2(a). O

Proof of Theorem 5.2(b)-5.2(c). This results from Theorem 5.2(a) and it follows as in the proof of
Theorem 5.1(b)-5.1(c). O

Proof of Theorem 5.2(d). This is an immediate consequence of the definition (5.5) of J and (5.4). O

Proof of Theorem 5.2(¢). The Poincaré-Friedrichs inequality implies Z}:o h=2|op, — Jovp|jn S |vn —
Jaup|2,n. Hence it remains to bound the term |v, — Jovp|2,n. The triangle inequality and (5.5) lead to

|, — Javnlon < Jvn — J1vn|2.n + |bu Uk 2,5 (5.6)

For any x € Pi(K) and K € Tp, there exist inverse estimates

2
Xl < brox®) e S lxllk and xS hRIbr X mx S Il (5.7)
m=0
This implies
brvklex S hillvill k- (5.8)

The first inequality in (5.7), and (5.4) with wy = v € Pg(K) result in
HUKH% < (brvi,vr)k = (v — J1vp, VK ) K-

Hence vk |k S ||Jvn — Jivn|| k. This, the estimates (5.6) and (5.8), and Theorem 5.1(d) conclude the
proof of Theorem 5.2(e). O

The same idea follows for the second-order VE space Qi’nc and the following two theorems similarly

construct J3 (as J1) and modify J3 to obtain J; (as Jp) with the L2-orthogonality. We prefer to
highlight only the main steps in the construction of J3 to avoid the repetition of the arguments.

Theorem 5.3. There exists a linear operator Js : Qi’nc — Qiﬂ’c satisfying the following properties:

(a) dof}’nC(ngh) = doff-’nc(qh) forallj=1,..., Nﬁ’nc,

(b) (va(Qh - JSQh)7 vaX)Q =0 fO’f’ all X € PK(%L))
1

c W lan — Jsanljn < inf |gn — x|in + inf g — ql1 -
();) | 15, XEPZ(’Th)‘ 1, qu’ I,

Construction of Js. First we observe that the DoF's of Qi’nc conform a subset of the DoFs of beﬂ’c.
We define a linear operator Js : fL’nC — beﬂ’c through DoFs of QfL+1’C, for gy € Qfl’nc, by

dof?’nC(ngh) = dof?’nc(qh) Vi=1,... ,Nf’nc,

15
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J3qn(z > Wanlk(z) VzeViuve,
|T| KeT.

][ Jzvpx dz =][ Y gnxdz ¥V x € My_ (K).
K K
Proof of Theorem 5.3(a). This is an immediate consequence of the definition of Js. O

Proof of Theorem 5.5(b). An integration by parts and Theorem 5.3(a) prove, for any x € Py(K) and
K € T, that

(V(gn — J3qn), VX) & = —(an — J3qn, AX) K + (g — J3Gh, OnX)ox = 0.

This concludes the proof of Theorem 5.3(b). O

Proof of Theorem 5.5(c). This follows analogously as the proof of Theorem 5.1(d) with obvious mod-
ifications. O

Theorem 5.4. There exists a linear operator Jy : gnc — @ such that it satisfies Theorem 5.3(a)-
5.9(c) and in addition the L*-orthogonality property. In particular,

(a) dof™(Jugn) = dofs"(qn) for all j=1,... Ny,
(b) (Vpw(gn — J3qn), Vpwx)a = 0 for all x € Py(Th),
(c) qn — Jagn L Pe(Q) in L*(Q),

1

(d) Zhj*1|qh—J4qh\j,h§ Jnf lan = xI,
j=0

1Lh-

5.2 Energy error estimate

This section proves the energy error estimate for the nonconforming case invoking the companion
operators constructed in Subsection 5.1.

Proposition 5.1 (Nonconforming interpolation). There exists an interpolation operator f,{:c (VN
H*(Q)) x (Q N H™(Q)) — Ve xq@f;m such that, for v € V.0 H*(Q) with 2 < s < k+ 1 and
qeQNH"(Q) with 1 <r <L+1, I = (v}, qf°) satisfies

i S ulsa for0<j<2 and |qg—qf|jn S glo for0<j <1

v —vr¢

Theorem 5.5. Given uw € VN H*(Q) for s > 2 and p € Q N H"(Q) for r > 1, the unique solution
up = (up®, pp°) € Hme — V:’nc X Qi’ne fork>2and £ > 1 to (3.12) satisfies

—’IIC

p e S llu— UIH2 pt lu =10 ullop + 10— prllis + llp — T plls
+|U— (faﬁl)_‘_oscl(g’ﬁb)
< hmin{k—l,é,s—Q,r—l}<Hf~H8_47Q + ngr_w).

[ —

Proof. Let 1y := (ur,pr) € Vk ne xQe "'“ be an interpolation of @ and €}, = (e}, €}) := (ur—up, pr—ps)-
The coercivity of Ay, from Theorem 3.1 and the discrete problem (3.12) lead to

Hﬁ”%g S An(€n, €n) = Ap(tr, €n) — Fr(€n)
= af(ur, e}) — db(pr.el) + ab (e}, ur) + ai(pr.eh) — (fu, ef)a — (Gn. €5)e
2 W 2 W - - -
= (af(ur — T w, ) + a™ (I w — u, ef)) + (a}™ (u, e}) — (f.ef)a) + (f — froef)o
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(—ab(pr, el) + ab(e? ur)) + (ak(pr — ) p, €?) 4+ a5V () p — p, €7))
+ (a5 (p, €}) — (3, €2)0) + (G — Gn, eh)a = T1 + To + Ts + Ty + Ts + T + T+,

with an elementary algebra in the last two steps. The boundedness of A;, from Theorem 3.1 and the
Cauchy—Schwarz inequality for a}" and af" show the chain of bounds

2 2 2 2
T+ T5 < (Jur — Y ullo + llu — Y ullo) lefillo + (Jur — I ulop + Ju — T ulan)lef]2n
+ (lpr = Y plle + lp — WY plle)Blleb Nl + (Ipr — Y plip + lp — 1Y p

([ = ws

1,h)7’6£’1,h

2 —
2.+ [lu =TI ullon + [Ip = prllin + 1o = T plls) 1€ e
hmin{k—l,s—?,é,r—l}(

S
S |uls.o + |plr.o)ll€nllen, (5.9)

with the triangle inequality in the second step, and Propositions 3.1-5.1 in the last step. Taking
U = (Jae}, Jueh) in the continuous problem (2.4) allows us to assert that

T+ Ty + T
= ™ (u, eff — Jae}t) + az(p, Jae}t) + (f, Joel — ef)a + ab" (p, €} — Jueh)

— az(Jaej, u) + (3, Jaep, — ) — (ab(pr, ef) — a3 (e, ur))

- (aﬁ% STl Tad) + (F - Tof Jack — e + B (p— T p,e? — Juel)
(G LG, Jae? — ef;;m) 4 <a2<p, Tael) — ab(pr ) + ab(e? up) — a2<J4ez,u>) T+ T

The last step follows from Theorems 5.2(b)-5.2(d) and 5.4(b)-5.4(c). The Cauchy—Schwarz inequality
and Theorems 5.2(e) and 5.4(d) show for Ty that

T < _ HVQ U _ HVQ 3 7' U o HV »

8 S lu =T ullalleyllo + (lu = Ty ulzp + osca(f, Th))lekl2.n + Bllp = T pllalle,llo
+ (Ylp = I plyn + 0sc1 (G, Ta))leh l1n
< WL (uf o+ [plna + [ flsman + [3l—2.0) 1€ |-

Next, an elementary algebraic manipulation for Ty provides

a Ty = (Vp — 1 Vpr, Vihaey)a + (-1 Vpr, Vel — Ty 1 Veg)q

+ (M1 Vel 1 Vur — Vu)g + (-1 Vel — Vel , Vu — VIIY u)q, (5.10)

with the L2-orthogonality of IT,_; and Theorem 5.4(b) in the last term. The Cauchy-Schwarz inequal-
ity, the triangle inequality [|[Vp —IIy—1Vprlla < [p —prlis + ||(1 = II—1) Vpwprllo for the first term in
(5.10) lead to

(Vp =1 Vpr, Vdaep)a < (Ip — prlin + [[(1 = 1) Vpwprllo)| J2ep] 1,0
< (Ip = prlip + IVP — L1 Vplla) | el oo S R pl, oleklon, (5.11)

having employed ||Vp; — ;1 Vpr|lx < [|Vpr — U1 Vp||k for any K € T;, followed by the triangle
inequality in the second step, and Propositions 3.1-5.1 and the stability of Js from Theorem 5.2(¢) in
the last step. For k = 2, the Cauchy-Schwarz inequality and the L2-stability of II,_; for the second
term in (5.10) imply

(I1,—1Vpr, Vdee, —II1iVep)a < |prlinl|VJ2e, — L Vep o
< (lpr = plin + Ipl)(len — J2eplin + len —ieplin) S hlplio

ehl2,h-

The second step results from the triangle equality, and the last step from Propositions 3.1-5.1, and
Theorem 5.2(¢). Theorem 5.2(c) in the second term of (5.10) for £ > 3 leads to

(Tly_1Vpy, VJzel — 1 Ved)a = (1 Vpr — Vpw (I} _op), VJoel — ;1 Vel )q
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(IVp = -1 Vplle + p = privn + [p = TI_gpl1p)(lef — Jaehlin + (1 = x-1) Viweii o)
hmin{@,r,kfl}
Pl

IZANVAN

ehl2,n,

where we have used the bound ||Vpr — ;1 Vprllx < ||Vpr — ;-1 Vp||x for any K € T;, and the
triangle inequality in the second step, and Propositions 3.1-5.1 and Theorem 5.2(¢) in the last step.
Similarly the remaining two terms in (5.10) are handled as

(g1 Vel Ty Vur — Vau)g < Rmint=bs=lhy) o
(g1 Vel — Vel Vu — Vi (I u))g < RREs=1 gy g leP

eMlin, (5.12a)
Lh- (5.12b)

The combination (5.11)-(5.12b) and the observation @ < 1 <« in (5.10) prove that

Tg S hmin{k—l,s—l,ﬁ,r—l}(|u’S’Q + |p|r,Q)(|€7}LL

2. +lep|1n)-
The L2-0rth0gonality of Il and II;, and Proposition 3.1 result in
T3+ Tr = (b7, (1 — i) f, (1 = Ti)ef)a + (hy, (1 = 1) g, by (1 — Tg)eh )
S osca(f, Th)letlan + osc1 (g, Tn)leh|1n

5 hmin{k+1,s—2,€+1,r—1}(|f|s_47Q + |£~7|r—2,ﬂ)(|€7}ﬂ2,h + ')”eﬁl,h)a

with v > 1 in the end. The previous estimates in (5.9) readily prove that

hmin{k—l,s—2,£,'r—1}(

[€nllan < uls.0 + [Plre + | Flsag + |dlr—2.0)-

This and Proposition 5.1 in the triangle inequality |4 — tp|lgn < ||t — tirllgn + [|€n[lgn followed by

regularity estimates conclude the proof of the theorem. ]

Remark 5.1 (Best-approximation for lowest-order case). If we reconstruct Jo for k = 2 with an
additional H'-orthogonality in Theorem 5.2(c) as V(v — Jovy) L (Po(Tr))? in (L?(2))? (see Subsec-

tion 6.3 for a definition), then the error estimate in Theorem 5.5 for k =2 and £ =1 can be written

in the best-approximation form

—1C

. 2
i — i |l S llw —wrllop + lu =105 wllon + 2 = prllus + lp = Y Pl
+ Ju— Y uly 5 + osea(f, Tn) + osc1(g, Tn).

6 A posteriori error analysis

This section contains the derivation of a posteriori error indicators and the proof of their robustness.
We provide the details for the nonconforming case and a remark for the conforming case to avoid the
repetition of arguments.

6.1 Preliminaries

We collect here the following local estimates, proven in [31, Lemma 3.2] and [31, Lemmas 3.3-3.4],
respectively.

Lemma 6.1. For any € > 0, there exists a positive constant c(€) such that

ok @b vllx Yo e HA(K).

|1k S ehklv

Lemma 6.2. For every v € H*(K) such that A%v € Py,_4(K), there exists a polynomial p € Py(K)
satisfying

A%y = A?p in K.
Moreover, the following estimates hold

2k S hil|A%][x S v

2k, [plex ShiZlvlle, ok S lvllx.

Ip
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6.2 Standard estimates

We start with technical results (inverse estimates and norm equivalences) that are required in the
analysis of the nonconforming formulations. These tools are available in the literature only for the
conforming case. There are two terminologies, namely original and enhanced VE spaces, in the VE
literature (see [3] for more details). This paper utilises the enhanced versions, but we first prove the
results for the original space and then build for the enhanced space. Let us denote the original local
nonconforming VE space for deflections by XN/hk’nC (K) and define by

v, € HA(K)NCP(0K) : A?vy € P_4(K), vile € Pr(e) and Avy|e € Pr_o(e)
v}fVHC(K) = Veceg, vh|3j € C’l(sj), fem (vp, — Hkv2vh)x ds=0 Vyxe Pk_g(emj), and

J

femﬂ‘(vh — Hkvzvh)xds =0 VxePys(emi)fori=1,...,n5 j=1,...,Ng
J
Lemma 6.3 (Inverse estimates). For any 0 € ?f’“C(K) and K € Ty, there holds
(o2, S BP0l and [0 S b0l (6.1)

Proof. Given v € ‘Zf’nc(K), A%y € P,_4(K) and consequently, we can choose a polynomial p € Py (K)
from Lemma 6.2. The triangle inequality and the second bound in Lemma 6.2 assert that

2.k + Ploe S 10— plok + i |10k

0|2, < [0 —p

If we prove |0 — pla.x S hi2||o — pl|k, then the triangle inequality together with the third bound in
Lemma 6.2 will provide

~ —2||~ —2/|~ —2)|~
0= plox Shllo—pllx SR (I0]x + llpllx) < PE7N0] k-

Hence we concentrate on showing | — plo,x S hi’||o — pl| k. First we note that since A% = A%p and
UV—p€ th’nC(K ), without loss of generality we can assume that A% = 0. Then we define, for a fixed
v, the following set

S(K):={w e H*(K) :w =17 on 0K, and /8n(f) —w)xds =0 Vyx €Prole),ecéx} (6.2)
e
and the fact a® (7,7 — w) = 0 for w € S(K) leads to
D)2,k < |wlo,x Yw € S(K). (6.3)
Next, we define Qx¥ € ‘N/th’C(K) for v € anC(K) through the DoF's as
Dof i1 (Qx ) = Dofh (), and Dofi*(Qxt) = 0, (6.4)

where
Dof*+1<(e) = Doffyt' () UDof5 " (e).

~
boundary DoFs  interior DoF's

Observe that, for © € H?(K), its tangential derivative 0;¥ is well-defined along OK. If z is not a corner
in 0K, then we can assign that 9,0(z) = 0, and if z is a corner then the two tangential derivatives at
z will suffice to define Vo(z) uniquely. This implies that @ xv is well-defined. In addition, since Qx
is uniquely determined by boundary DoFs of v and 7|, € Py(e) for all e € Ex, we have

Qv =7 onJK.
This and (6.4) show that Qxv € S(K) and, consequently (6.3) imply the first inequality in

0l2,k < |QKTlox S h2QK| Kk S higDof*™ 1(Qk)||;2 = hit [Dothi(Qxd)| 2
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with the inverse estimate and the norm equivalence available for conforming VE functions in the next
two inequalities, and (6.4) in the last equality.

Let us examine each contribution to the DoFs in the expression above. Firstly, for any z € Vi it
can be inferred that
()] < |17 < =125
v(2)] < HU”L‘X’(BK) ~ N HU”L2(0K)
< hig ol + [0k
S L+ (@) [0l + e |0l2, i,

where we have used the inverse estimate for polynomials in 1d in the second step, and the trace
inequality and Lemma 6.1 in the last two steps.

Secondly, the similar arguments show
hz|Vo(2)] = ha| VQk0(2)| < hz|QkUl1,00,0K S 1QKD]loo0K
—1/2) ~ 1y~ -
< hi Plollore < hil 9l + ehicltlex.

Note that the inverse inequality for polynomials is suitable here since 0,Q k0| € Pr_1(e). For the
remaining boundary moments, the Cauchy—Schwarz inequality and the inverse estimate lead to

| [onoviads| = [ 0n(@uihiads| < a0t
ShPQkdle = ke VP [6lle S R 1]k + ehic|Bla.x

with (6.3) and Lemma 6.1 once more in the last two steps. Similarly, we can prove that

][ Sxh_s ds < W 3]l + ehiclolax.

e

These bounds allow us to write ||D0f§}1’C(QK6)||@2 < ht||9]| k + ehi | D)2,k , which in turn proves that

0]o,x S hil|0] K + €llax

and absorbing the e term on the left-hand side we immediately have the first bound in (6.1). For the

second bound it suffices to combine the first bound with Lemma 6.1. O

C

ady)
ty

B

Figure 6.1: Sketch of a polygonal domain K and three consecutive vertices A, B, C. The unit vectors
t1,ts form an angle 6 on A.

Lemma 6.4 (Poincaré-type inequality). Let K be a polygonal domain and v € H*(K). If v(A) =
v(B) = v(C) for any three non-collinear consecutive vertices A, B,C of K (see the diagram in F'ig-
ure 0.1), then there exists a positive constant Cp depending only on the mesh regularity parameter p,
such that

|v|1,xk < Cphi|v|o K.
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Proof. With respect to Figure 6.1, let ¢1, t2 be two tangential unit vectors along the sides AB and AC,
respectively, oriented as in the diagram (moving away from the vertex A), forming an angle 6 € (0, 7),

and |t; - t2| = | cosf|. Owing to the transformation stability result from [14] we know that
. 2 . 2
min (@a-v)" +(a-u) =1—|v- ul,
acR?\{0} lal|?

for linearly independent unit vectors v,u € R% We use this result in our context with a = Vuv(x),
v =11, u =%y, giving

(1 —|cosf))|Vo(x)]> < (Vo(x) - t1)? + (Vo(zx) - t2)>.

Now we define f; = Vv - t; for j = 1,2. An integration over K leads to
ol e < T (Uil + 12l
T 1 — | cos |

On the other hand, note that since ff fids=0= ff f2ds from the assumption v(A) = v(B) = v(C),
we can apply the Poincaré—Friedrichs inequality to f; and fa (see, for example, [16]). We are then left
with

| fillk < Cprhi|fili,x fori=1,2.

Hence

o < P12 (AR 1l ) <SP i ol
71— |cos b ’ 7T 1 — | cos b ’
which proves the sought bound with Cp := Cpy, /#Osel. O

Lemma 6.5 (Local norm equivalence). For v € ‘N/}f’nC(K), there holds
19l = hic||Dot™™(3) | 2.
Proof. Step 1. Proceeding as in the proof of Lemma 6.3, for the DoFs we have
0(2)] S hig' 19l + [8]1,5 S Pt |10l

with the inverse inequality applied to ¥ from Lemma 6.3. Using the Cauchy—Schwarz inequality, the
trace inequality, and Lemma 6.3 again, we arrive at

| [ o2 ds| < 10a80Y2 S ol + biclolo S i 5l
e

In addition,

Foxiads| < 2ol S b ol
e

The Cauchy—Schwarz inequality for the cell moments proves that
£ oxiada] < K120l = i il
and combining these bounds together we readily obtain
IDof*(0) 12 S 151 - (6.5)
Step 2. On the other hand, let us consider the problem of finding @ € H}(K) N H?(K) such that
A%0y = A% in K; Mypn (D) = Myn (%) on OK.
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Let ©7 = ¥ — ¥y. Then, it follows that
A% =0 inK;  Mpn(t1)=0and &, =0 on 0K.

Next we recall that for any w € S(K) (cf. (6.2)) we have a® (91,0, — w) = 0. From the proof of
Lemma 6.3 we also recall that Qv is well-defined and

QK’El = 171 =0 on JdK.
The triangle inequality and Lemma 6.4 for ; — Qxv; (applies from the definition of Q) result in

< hloila,k + Qx| k-

11l < 1191 = QrOillc + [Qxtrllxe S hiclor —

From the proof of Lemma 6.3, we can infer that |01]2,x < hl_(g/QHf)lHaK and ||Qx01||x < ||01]|ox. This
in the previous bound results in [|01] g < h}(/QHf)lHaK.

Recall that A%y = A?0 =: gy € P_4(K) and Mpn(92)le = Mpn(9)]e =: gale € Pr_a(e) for all
e € Ek. Therefore, after expanding g; = Z|a|§k74 g¥me and gole = ngkﬁ ggmg in terms of the
scaled monomials m, € My_4(K) and m% € M;_o(e), an integration by parts provides

|2

5.5 = (A%02,02) k + (Mnn(2), Ont2)ox = (91,0) K — (91, 1)k + (92, OnD)ox — (92, OnD1)ok

= > glma, D+ Y. g5(ma,0nd)ax — (91,01)K — (92, On1)okc-
o] <k—4 |B|<k—2
Set the notation g1 = (¢§)a, g2 = (925)3 and recall from [19, Lemma 4.1] that hx||g1]/.2 < ||g1]|x and

h}(/ZH 32lle2 S llg2llox- Hence the Cauchy—Schwarz inequality in the previous bound and the definition
of DoF's show

k, k,
013 1 < G lle2 | K|IDOf ™ (@)l 2 + (1Tl 2 Dot 5" (@)l + lgnll 15111 5 + llg2llorcl|On1lox
k,n k,n.
< hicllgr | Dot (@) 2 + hie | g2 lorc [ Dot (7) 2
+llollx Bl + g llo (1 + R Talo.xc + Cle)hy |17l k)

. - -1/2)~ 1/2) ~ 1/2)~ —-3/2)
with [|0nd1]lox < B2 o1l1s + Pl loilak S (1 + Oy o)ox + Cle)h?||T ]|k from the trace
inequality and Lemma 6.1 in the last step. Note also that, thanks to [20], we can assert that

lg1llx = [|A%D2] ik S b

and using the inverse inequality on ga|e € Px_o(e), the trace inequality, and Lemma 6.4, we are left
with

~1/2, -

K 10202k

lg2llox < hic o

Hence, all the above bounds result in

Dot (3) |2 + h |5 o

We can then invoke again Lemma 6.4 to obtain ||9e||x < h3|92]2,x, and so

1/2

1ol < 11l + 192l < by llollon + hac[[ Dot (3) 2.

Since v is a polynomial along each e € £k, then standard scaling arguments imply that ||0]|gx =~
1/QHDofk 7w (0)]]¢2, and therefore
15 & S hic[[Dof*(%)| 2. (6.6)

Finally, the desired result follows from combining the estimates (6.5) (from Step 1) and (6.6) (from
Step 2). O
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Lemma 6.6. The inverse estimates and norm equivalence results hold for any v € V:’HC(K).

Proof. Given v € V:’HC(K), construct v € th’nC(K) with Dof*"(v) = Dof*"¢(%). Such ¥ can be
found since the DoFs of both local VE spaces th’nC(K ) and ‘7: "°(K) coincide. Starting from the
triangle inequality |v|2,x < |v — D|2,x + |0|2,x, wWe apply integration by parts, the Cauchy-Schwarz
inequality, and the inverse inequality on A?(v — 9) € Py (K) to obtain

]v—ﬁ\%K:aK(v—f),v—f)) :/ A% (v — ) (v—0)de
K
< 1A% (v = )|k llv = ol S hilv = Bl2 o — Ol

This and the triangle inequality show that [v — 9o x < hi(|v]lx + ||9]|x). Putting together this
bound with Lemma 6.3-6.5 readily implies that

oo,k S i (lvllx + 18llx),  18llx = hx|[Dof**(0) |2 = hx [ Dof*(v) | 2.
Then we can follow the arguments developed in the proof of Lemma 6.3 to get

o,k S Aok + €lvl2 x,

and the proof of the inverse estimate is concluded after absorbing the € term on the left-hand side.

Regarding the norm equivalence result, we note that steps 1 and 2 from the proof of Lemma 6.5
apply to any v € V}f "°(K), and decompose v = v1 + vo. The proof follows analogously only differing
in the presence of the term A%vy = A2y =: g; € Px(K), now written as

(A%vp,0) = Y gf(ma, )+ D g7 (masv)k.

lal<k—4 k—4<|a|<k

The first term on the right-hand side is treated just as in Lemma 6.5. For the second term we can
apply the definition of the space th’nc (K) and the Cauchy—Schwarz inequality to obtain the estimate

2 _ 2 2
Y gimav)k = D gt ma, T V)i < g lolklmall T vl ~ llgo | T vllx
k—4<|a|<k k—4<a|<k

with the observation ||m||x & hx in the last step. Since Hkv2v is uniquely determined by the DoF's of
v and Dof*¢(v) = Dof*"°(%), we can conclude that HkaU = HkVQf;. This and the triangle inequality
show ||Hkvzv|| K= ||HkVQf1|| K < ||Hkvzl7—f1||[(+ |0]l . The Poincaré-Friedrichs inequality and the inverse
inequality provide HH,CVQT) —9)lk < ||9||x. These bounds together with Lemma 6.5 establish

2 ~ ~
Y vl S ol < hicl|Dof™ (@) |2 = [ Dot (v}l 2,

and this observation concludes the proof of norm equivalence. ]

6.3 Modified companion map

In this subsection, we consider the lowest-order (kK = 2) nonconforming VE space Vh2 "¢ and the
aim is to modify the companion operator Jyv; for v, € th ¢ from Theorem 5.1 so that the new
companion Jjvy, satisfies the H'-orthogonality V(v — J3vs) L (Po(77))? in addition to the H?- and
L2-orthogonalities established in Theorem 5.2(h)-5.2(d).

If e € £ is an interior edge, we assume that it’s shared by two triangles 7+ ¢ K+ and T~ C
K~ inside two neighbouring polygons K+ and K~, and set w, := KT UK~, and if e € & is a
boundary edge, we assume that it only belongs to a triangle 7T C K and set w. := K*. Let
Ve, pe € HE(TT UT™) be two edge bubble-functions from [10, 22] satisfying the following properties:
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o f b ds=1,[¢clors = ht,
e 9. =0on aTi’ fe On¢eds =1, ’¢e’2,Ti ~ hgl'

Step 1. Given Jjvp, and the bubble-function 1., define
Jivn == Jiop + Y (][(vh — Jyup) ds>1/1e ev. (6.7)
ecE V€

Observe from the definition of .J; and v, that J{v,(z) = vp(z) for any z € V and f, (v, — Jivp) ds =0
for any e € £. The Cauchy—Schwarz inequality and the scaling of 1, from above show that

[(f = ron) ) Il S B2l = Jronlle
e
S he2llon = Tivnllw. + e Hon = Jivnl1w. S [on = J1val2.

with the trace inequality and Theorem 5.1 in the last two steps. This proves that |vy, —Jfvp|2n S |vn —
J1vp|2,n. Similarly the scaling [¢e|; 7+ &~ 1 and Theorem 5.1(d) result in vy, —J{vp|1n S hlop—J1vk|2,6.
Step 2. Given J{vp and the bubble-function ¢., define

Titon = Jjon+ 3 (/8n(vh — Jiup) ds) be € V. (6.8)

ec& €

Since ¢l = 0, we have Ji*vy(2) = vp(2) for any z € V and §, (vy, — J{*vp,) ds = 0 for any e € £. Note
from [ Op¢eds =1 that [ On(vy — Ji*vp)ds = 0. Again as in Step 1, it is easy to prove that

(f 0aten = Tion) ds) Il S o = Tienla

and consequently,
o, — J{*vnlon S |vn — Jivnlan S lvn — J1val2,n-

Step 3. Next we construct the operator J5 and the design employs the tools from the construction
of Jo. Recall the element bubble-function by | = bx € HZ(K) and suppose vy € Po(K) is the Riesz
representative of the linear functional Po(K) — R, defined by, wa — (vp— J; vp, we) k., for wy € Pa(K)
in the Hilbert space Po(K) endowed with the weighted scalar product (bxe,e)x. Given vy, € Vh2 e
the function 09 € Po(7p) with 0Us|x := vy satisfy (bpU2, w2)q = (vp — Ji vp, wa)q for all we € Po(T)
and define

J;’Uh = Jf*vh + bpoo € V. (6.9)

Theorem 6.1. The modified conforming companion operator J; satisfies the following properties.

2
(€) Y W ?|vn — J3vnljn S inf : [vn = X2, + Inf [on — vl2n.

P
=0 XEP2(Th,

Proof. We provide only the proof of modified property 6.1(c) and the remaining properties follow
analogously as in the proof of Theorem 5.2. Since b = 0 on JK, it results from that definition of
J5 and Ji* that f J3v, ds = f, J{*vp ds = £, vy ds. Hence, for ¥ € (Po(K))? and for any K € Ty, an
integration by parts shows

(V(vn = J3vn), X) i = —(vn = J3vn, div(X)) k + (vn — J3vn, X - 1 )or = 0,
and therefore it concludes the proof of Theorem 6.1(c). O]
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6.4 Reliability
Recall (up, pp) is the nonconforming VE solution to the discrete problem. Define the local contributions

nx = hiclf = Ml + bkl f — A wp, — Mgy, — oV - To_q Vg %,
m5.x = hi g — Wegll% + Pillg + vV - oe—1 Vpp — BIepp 4+ oV - Ty Vug | %,

773,K = Z he||[Mnn Hk uh)]”e?

6651 UEL
W=y WEITAY up) + ol Vpy - n]|2,
eegl
7752)7,( = Z hel|[adly_1Vuy, - n + AT Vpy, - 1|2,
eEE}}US%
2 2
Moxc = Sz (1= IL7 Jup, (1= TV Jup) + SG (1 =T )pp, (1 — I )pn),
g = 2HDOfk’nc(uh — I un) [ 72,
= he M(IIVIRY un]lf? + | [Tepl|2)-
e€fk
Denote n? := n? . for i = 1,...,8 and the following theorem shows that the sum of these
P KeTy, i, K

contributions form an upper bound for the error in energy norm.

Theorem 6.2. With the aforementioned notation, there holds, for k =2 and £ =1,
8
|1 — tinllgn S w° =D ni-
i=1

Proof. Let Juy, := (Jyun, Japy) and € := 4 — Ju;, € He. Even though J5 is constructed for the
lowest-order case (k = 2), we prefer to write the proof with the notation k and ¢ to point out the
challenges for general values. The coercivity of the continuous bilinear form .4 leads to

€llf, < A, €) — A(Jtin, €) = F(&) — Fr(€r) + Ap(in, €r) — A(J i, €).

The identities (Ilxf,e% — Jie¥)g = 0 = (I, ey — Jyeb)q from Theorems 6.1.d and 5.4.c, and the
L?-orthogonality of Il and IT, show

F(&) — Fu(€r) = (f,e")a — (Ui f, Jiet)a + (3, €")a — (11eg, Jaeh)o
:(f7v)9+(f_nkfﬂ]2€?_ kvel)9+(g Q)Q+(g H€97J4€[_H€ 61) (6'10)
with v = e" — Jje} and g = e — Jyell. The definitions of Aj, and A provide

Ap (i, €r) — A(Jtp, €) = (af (up, e¥) — ar(J3un, €)) + (a2 (Japn, €") — as(pp, e¥))
+ (ab (el up) — az (€, Jyup)) + (a(pp. €}) — az(Jupp, €F)) =: Tt + To + T3 + Ty (6.11)

Theorem 6.1(b)-6.1(d) imply the relations (ITy_oV?uy, ;_2V2e¥)q = (ngﬂkwuh, V2J5e¥)q
and (ITyup, ge})q = (Hyup, J5€f)q. This results in
Ty = —(Igup, v)o + xup — J5up, e)a (V Hk up, V WwU)o + (V (Hk up, — Jyup), Vie')q
+ S10((1 = M up, (1= Tr)ed) + Se2 (1 =TI Yup, (1 = TIY)ed).
An integration by parts and the fact that v € V, lead to

2 2
— (V2 U, V2 0)o = — > (A up ) — > ([Man (I 0n)], Onv)e — > (LAY up)], v)e.
KeTh ecEIUES ec&t
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This simplifies T3 to
2 " 2
Z ((—Hkuh — A2Hkv uh,v)K -+ (Hkuh — JZUh, e“)K + (VZ(H,Y Up — quh), V26U)K

T =
KeTy,
I Tun, (1~ T)e) + S5, (1~ T Jup, (1~ TIT)e))
= > (M (T up)), 0p0)e = D (DAY up)], ) (6.12)
ecEIUES ecEi
Theorem 6.1(c) and the L?-orthogonality of II,_; imply (IIg—1Vpp, VJset —I_1Ve})q = 0. This
and an integration by parts show
—1 _ u
a Ty = (Vidaph — 1 Vpp, Ve')o — Y (VT Vpp, v)k + > ([ 1 Vi - mel,v) (6.13)
KeTn ec&?
Theorem 5.4(b), the L?-orthogonality of II,_1, and again an integration by parts prove that
—1p _ p P
a 'y =Y (e Vel — Viael, iy Vg, — oy Vg + (¢, V - oy V)
KeTy,
+ (VeP, 1 Vuy, — VJ;uh)K) - Y (@, My Vg - ne))e. (6.14)
ecEiUE

The identities (IT—1 Vpp, —1Vel)q = (=1 Vpp, VJseh)q and (Iypy, eeh)o = (epp, Jaeh)q follow
from Theorem 5.4(b)-5.4(d). This in the first step and an integration by parts in the next step lead to

Ty = B((Hepp, — Japn, €”)o — (Lepn, @)a) + (=1 Vpr, — Vdapy, Vel )q — (y—1Vpr, Vq)q)
+ S2,0((1 — g)pp, (1 — Ip)el) + Sy (1 — 1Y )pp, (1 — I )eh)

= Y (B@upn — Japn, ")k + YTy Vpp — VJapn, VeP) k + (YV - Ty Vpy — BTlepn, q)

KeTy,
+ S5 = T)pn, (1= T)e)) + SE((1 =17 )pn, (1= TF)e)) = > ([T V- nel, @)
ec&iUEe

The rearrangement of the terms results in
|€llfr, < Ts+ -+ Tho, (6.15)

where
7ok u V2 u 3 277V2
Oy f, Jyef — I ef)a + (f — vy, — AT up, — oV - 111 Vg, v)q

Ts = (f -

T = (§ — 14§, Jaeh =TIy e)) + (G + 7V - 1 Vipp, — BIpy, + aV - Ty Vg, @)

T7 = (Mgup, — Jyup, e*)q + (ng(ﬂkwuh — J3up), Ve )q + a(VJypy — 1 Vpn, Vev)a
+ (IL—1 Vel — Vel Ty _1Vuy, — 1 Vug) g + a(VeP 1 Vuy, — VJsup)q

+ B(Mepp, — Japn,€’)q + y(H—1 Vpy, — Vdypp, VeP)q,
= S10((1 — M )up, (1 — T)eld) + Sy (1 — I} Yup, (1 =TIV )el) + Sa0((1 — Te)py, (1 — IIy)el)

+ Sv((1 = I )pp, (1 — I )eh),
- Z <Q7 [akalvuh “Me + ”)’Héfleh : ne])a

ecEiUEe

2 2

Tip:=— Y ([Mun (I up)], 0nv)e = 3 (T up) + 0Ly Vpr, - e, v)e.
eegiugs eEEi

The Poincaré-Friedrichs inequality implies that hp*||J5e% — HkVQe}LH k) S |Jsef — Hka€qf’2,K and

h]_DQHUHLz(K) < |v]o,x- Then the triangle inequality |J5ef —Iief|o,x < |J5€f —elf|a k +|ef —Iief|2 k

Tg =
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and |v]|g,x < |e* — €Yok + |€} — J5ef|2 i followed by propositions 5.1 and 3.1, and Theorem 6.1(e)
show

15 S ( > 771,K)|6“ 2,0- (6.16)

KeTy

Similarly we can prove that Tg < (Z KeT, 2, K) leP|1 0. Then we proceed to rewrite the terms in 77
using the L2-orthogonality I, I, and Theorem 6.1(d)-5.4(c) as

(IMgup, — Jyup, €*)q = (HMpup — Jyup, e — e )q = (HkVQuh — Jyup, e —Ige“)q
(Hepn — Japn, €”)o = (Wepn — Japn, €” — TeP)g = (1Y pp, — Japp, €” — TgeP ).
Then we combine Cauchy—Schwarz and triangle inequalities, which results in

on + [up — T up|1p

2 2
Tr < (lun — T wnlle + lun — T uplop + lun — Jsunllo + lun — J3up
+lpn — I palle + [pn — I palin + 1pn — Japnlla + 1pn — Japnlin) || €]

2 —
S 30 (0 hoc B fun = T wnlo,sc + fun = 0 wnl + (U b lpn = T pilusc + s, ) 1€] 1,
KeTy,

SO ek + 0k + s | €]m, -
KeT,

5.1-5.4, and the last
2 (see [31] for a

The second step follows from the Poincaré—Friedrichs inequality and Theorem
step from (3.8a)-(3.8¢) and the equivalence |up — ITY up|1 g = ||[Dof™ ¢ (uy, — T up,)|
proof). Cauchy—Schwarz inequalities for inner products and (3.8b)-(3.8d) lead to

T3 < ( > llun — Myl 2y + lpn — Mepnl ey + 7]6,K> (le7l2.n + lef]in)
KeTh

S (X2 o) (1o + [hlin)

KeTh

. 2 2
with [Jup, — Myunll < up — 0wk S Piclun — IR uplo i and [[pn — Meppllx < llpn = I pallx <
hi|pn — IIY prl1 i followed by (3.82)-(3.8¢) in the last estimate. The trace inequality shows [|q|le <
het/ llgllo. + hY/ 2|q|17w6 S hi/2|q |1,w. With the Poincaré-Friedrichs inequality in the last bound. This
and the Cauchy—Schwarz inequality prove that

Ty ( > 775,K>\€p|1,9-
KeTy,

Finally, analogous arguments as those used in Ty show that Tjg < (Z KeT,, (N3, + M4, K)) le*|2,0. The

previous bounds in (6.15) conclude the proof. O

6.5 Efficiency

Theorem 6.3 (Efficiency up to stabilisation and data oscillation). Under the assumption ¢ < k < {+2,
the local error estimators are bounded above as follows:

i Sl —unl|x + [u—unlox + [ — pulix + 16,5 + 0sca(f, K), (6.17a)

i S |u—upl2x + Bllp — pullx + P — pulix +n6.x + 0sc1(g, K), (6.17b)

S D0 D (lu=unlli +u=wnlogr + o= puligr + 16,0 +0sea(FK)), (617¢)
ecli K'cwe

mES >, Y (HU — upll g + |u = unla, g + 1P — Pal1g + 6,50 + 0sea(f, KI)): (6.17d)
ecli K'Ewe
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S, D, (!U —upl1,xr + Blp — pullxr + vIp — prlixr + 6.k + 0sc1(g, K')), (6.17¢)
ecly K'€we

K S lu—unlix + u— (6.17f)

N8,k S |u—upl2 k + [P — palix + 16,k (6.17g)

Proof. Recall the element bubble-function by i := bi € Hg (K) supported in K € T, and ¢ < k. Let
=, f — A2 up, — My, — @V - Ty Vpp, € Pp(K) and v := vgby x € H3(Q) C V.

This in the first equation of the continuous problem (2.2a), and aK(H,CVQuh,v) = (AQHkVQuh, v)x and
(ITg—1Vpp, Vu)g = —(V - T;_1Vpp,v) g from an integration by parts lead to

(u — Mgun, ) + aX (u— T up, v) — a(Vp — My Vpn, Vo) g = (f = T f, 0) i + (g, v) &

Hence v = vby i and the inequalities (5.7) show that

W3kl S BENF — i fllie + hllu — Tun ||k + |u— T upla. i + hic | Vp — Ty Vpp | x
S lu—upl| g + [u = upl2, i + [P — prl1,x + 6,1 + osca(f, K)

with triangle inequalities and (3.8b)-(3.8d) in the last estimate. This and the triangle inequality
mi < osca(f, K) + h%||vg|lx conclude the proof of (6.17a). The bubble-function by i € Hj(K)
supported in K is constructed as in [16] and it satisfies, for any x € Py(K), that

1
Il S D Wb rxlmx S Ik (6.18)

m=0

Let qp := IL,g +~V - 11,1 Vpp, — Bllpp, +a'V - 11,1 Vuy, and q := qeby k. This in the second equation of
the continuous problem (2.2b), and (Vq,x_1Vup)x = —(q,V - Ux_1Vup) g and (II;_1Vpp, Vq)x =
—(V -My-1Vpp, q) ik show

B(p — Wepn, @) ik + (g, Vu — 1 Vup)k +v(Vp — o1 Vpr, Vo) k = (G — g, @)k + (90, @)k
Hence (6.18) in the above equation allows us to assert that

2 ~
hicllaelle S lw—unlo + Bllp — pullc + 10 — prli + lun — T wnla i + |pn — T pul1,x + osci (g, K)
S |lu—uplo,k + Bllp — prllx +vIp — prli,x + 16,5 + 0sc1(g, K).

This concludes the proof of (6.17b). It follows from [22] that v := @e[Mypn (ITY “up)] satisfies the first
inequality
(M (Y )12 S (Mo (T )], 00 = @ (T “ap, 0) = (APTIY ", 0,

= o (Y “wp, — w,0) + (f = T f, 0)w, + (05, V), + [Mgun, — 1,0, + a(Vp — Ty Vi, Vo),
(6.19)

with the second equality from an integration by parts and the last equality from (2.2a). The Cauchy—
Schwarz inequality in (6.19) and the inverse estimate result in

2
M (Y )12 S D7 (B2l = T unda o+ 116 + e = Thgaan
K’'€we

+ahi 1V = ey Fpnlic ol

Refer to [22] for the estimate ||v|,, < h3/2\|[ nn(Hv up)]|le- This and (6.17a) conclude the proof of
(6.17¢). Since [T(Hkv up,) + olly—1Vpp, - m] is a polynomial along an edge e, the analogous arguments
as in the bound of n3 g for w := 1, [T(HkVQuh) + ally_1 Vpy, - n] lead to

([T up) + oIl Vpp - n), w)e = (u — Myup, w)y, — (F — Mup, — A2, — oV - Ty Vpy, w),,
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—a(Vp —1y—1Vpp, V), — a*e (HkVQuh —u,w) + ([Mnn(l'[kvguh)], OnW)e.

The Cauchy-Schwarz inequality, the inverse estimates 32, _, R 2wl i S lwllk S he 3/2 I [T(HkVQuh)—i—
oIl;_1Vpp-n]||e, and (6.17a)-(6.17¢) conclude the proof of (6.17d). Let be € Hg (we) be the edge-bubble
function constructed as in [13, Lemma 9] with the estimates

1
—-1/2
2 S (e x®)e S IXI2 and > B2 bl S e (6.20)

m=0
for x € Py(e) with the constant elongation of x in the normal direction of e € Ex. The test function
q =be[aV -Ty_1Vup + vV - II;_1Vpy] in (2.2b) and an integration by parts show
B(p —Iepn, Qw. + a(Vg, Vu =1 Vup)w, + (VP = o1 Vpn, V@)w, = (9 — 110G, ¢,

+(ILeg — Hgpp, + aV - g1 Vup, + 4V - 1V, @), — ([@V - i1 Vup + 4V - -1 Vpal, @)e.
The Cauchy—Schwarz inequality, x = [aV - II;_1 Vu,+vV-II,_1 Vpp] in (6.20), and the estimate (6.17h)
for 19 x conclude the proof of (6.17¢). Invoke the equivalence |uy, —IT) up|1 i = || Doff; (up, — ITY up)|| g2
again as in the reliability, and then the definition of Hevz and the triangle inequality prove

1K+ |u— Hevu|17K.

mrx S lun — Y ul kg < Ju—up
The estimate (6.17g) immediately follows from the arguments involved in the proof of Theorem 5.1(d).
O

Remark 6.1 (Higher degrees k > 3 and ¢ < k < ¢ + 2). If we introduce Juy, = (Joup, Japy) in the
proof of Theorem 6.2 for k > 3, then the proof follows analogously with only difference in the estimate
(6.13) of the term Ty. There the arguments utilise the H'-orthogonality V pw (v, — J3vp) L (Pr—1(Tr))?
and hence the same estimator works if one can construct J5 for k > 3 with this orthogonality (which
is possible but not trivial). Still for higher k, we can invoke the H'-orthogonality Theorem 5.2(b) and
this leads to

a(Ily—1Vpp, Visef — Vel k = a(lly—1Vpy, — I _3Vpy, Vdoe] — 11,1 Vel i

< allpn — I py,

L + o — I _opnl1,x)hilel |1k

with the Cauchy—Schwarz inequality, the triangle inequality, Theorem 5.2(¢), and Proposition 3.1 in
the last estimate. Consequently, we assume that k — 2 < £ and obtain an additional contribution, say
M9,k , 1 the error estimator. The equivalence of norms show

2 272 k v 2
Mk = & hic|| Dof (pn — Hk—2ph)||527
and also the efficiency

1,5 < |p—prlix +hilp— Hkv—zph,K-

No.rc S hrclpn — T _opnl1.c < hiclpn — TIY_op

Remark 6.2 (Conforming VEM). As companion operators are not required in the conforming case,
the proof of reliability and efficiency follows analogously assuming J = I, where I denotes the identity
operator. Note that the local contributions ng k and ng i arise due to the noncoformity of the method
and hence the error estimator in the conforming case is

lu — il <Dk

i=1

Remark 6.3 (Choices of projection operators). Note that the projection Ii_oNV vy for vy, € th’c (or
th’nc) s also computable in terms of the DoF's, and both a priori and a posteriori error analysis hold
with this choice. We prefer to use llp_oVuy instead of I1i,_1Vuy in the numerical experiments below.
Also from the theoretical analysis, observe that if we set { = k (one degree higher for pressure) and
modify the term (Vp, Vu)g = (x_1Vp,;_1Vu) i for all K € Ty, in the discrete approximation, then
the error estimator component n; will disappear. But higher approximation of pressure may not be a
good choice from numerical perspective.

29



Virtual element methods for poroelastic plate models Khot, Mora & Ruiz-Baier

7 Numerical results

We now present a number of computational tests that confirm the theoretical a priori error estimates
from Sections 4-5 and a posteriori from Section 6, and we also include typical benchmark solutions
for Kirchhoff-Love plates that we modify to include the coupling with filtration in porous media. All
meshes were generated with the library PolyMesher [42].

7.1 Example 1: Accuracy verification with smooth solutions

In order to investigate numerically the error decay predicted by Theorems 4.1 and 5.5, we follow the
approach of manufactured solutions. We set the parameters o« = = v = 1 in all the examples below.

We construct a transverse load and a source function f, g, respectively, as well as homogeneous
and non-homogeneous boundary data for u and p, such that the problem has the following smooth
deflection and fluid pressure moment exact solutions

u(z,y) = sin?(wz) sin®(ry), p(z,y) = cos(rzy),

on the square domain 2 = (0,1)? with mixed boundary conditions T, := {z = 0} U {y = 0} and
I'y :== 0Q\ I'.. Then we employ a sequence of successively refined meshes 7' and compute the
projected virtual element solution (Hkvzuh, Hevph) on each mesh refinement h;, and monitor the norms
lu — Hkvzuhlg,h for displacement approximation, |p — Hévphh’h for pressure approximation and the

combined energy norm || - |lg». The experimental order of convergence r; is computed from the
formula eiin
log(=g-+)
ri=—73-" 0
log(=5)

where e; denotes a norm of the error on the mesh 7;:

We impose the appropriate boundary conditions for both clamped and simply supported bound-
aries. In case of the conforming VEM, note that the degrees of freedom include the gradient values at
vertices and u(z) = 0 = Au(z) = 0 implies Vu(z) = 0 for a corner z along the boundary I'*. Hence,
we have to impose the zero gradient values at the corners on simply supported part in addition to the
clamped part.

approx u, approx p,
— 1 — 1
10.9 10.8
los 10.6
10.7 104
106

0.5

0.4

0.3

0.2

0.1

0

Figure 7.1: Approximation uj, of displacement u for k = 2 (left) and py, of pressure p for £ = 1 (right)
on a smooth Voronoi mesh of 400 elements.
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We take ¢/ = k — 1 in numerical experiments to obtain the expected optimal convergence rates for
both conforming and nonconforming VEM. See Table 7.1 (resp. 7.2) for k = 2 and ¢ = 1 (resp. for
k =3 and ¢ = 2). Tables 7.1-7.2 display the errors and the convergence rates on a sequence of Voronoi
meshes.

2 — — —
h Jlu—T uplon | i | lp—TWpahia| T ||t —Tdplgn | i

Conforming VE discretisation

0.6801 13.530 0.575 0.8743 0.106 14.848 0.551
0.3124 8.6492 1.213 0.8051 1.247 9.6714 1.212
0.1558 3.7205 0.988 0.3382 1.450 4.1621 1.036
0.0795 1.9133 0.908 0.1275 1.328 2.0729 0.941
0.0390 1.0023 1.148 0.0495 1.126 1.0608 1.151
0.0193 0.4483 * 0.0225 * 0.4734 *

Nonconforming VE discretisation
0.7147 24.738 0.966 5.1202 0.855 33.475 1.001
0.3625 12.837 1.197 2.8642 1.360 16.960 1.223
0.1862 5.7833 0.943 1.1574 1.798 7.5073 1.092
0.0938 3.0282 1.181 0.3372 1.825 3.5485 1.261
0.0476 1.3600 1.207 0.0978 1.632 1.5092 1.252
0.0244 0.6077 * 0.0329 * 0.6544 *

Table 7.1: Error @ — Iy, = (u — H2V2uh,p —T1Ypy,) in the energy norm || |gp with k=2 and £ =1
on a sequence of smooth Voronoi meshes of 5,25,100,400,1600, and 6400 elements.

h lu — H?Y?uh

on | T |Ip—OYphia| 1 |8 - Miplgs | =

Conforming VE discretisation
0.6801 8.2153 1.986 0.4883 1.712 8.9142 1.984
0.3096 1.7206 2.058 0.1269 2.861 1.8713 2.114
0.1508 0.3916 2.219 0.0162 2.313 0.4091 2.226
0.0794 0.0942 1.979 0.0036 2.069 0.0980 1.984
0.0393 0.0234 2.109 0.0008 2.166 0.0243 2.111
0.0203 0.0058 * 0.0002 * 0.0060 *

Nonconforming VE discretisation
0.7147 9.4826 0.462 3.3593 -0.279 13.510 0.218

0.3352 6.6791 1.574 4.1502 1.599 11.449 1.627
0.1818 2.5494 2.075 1.5603 2.580 4.2323 2.273
0.0943 0.6525 1.814 0.2867 2.780 0.9516 2.059
0.0471 0.1857 1.758 0.0417 2.924 0.2284 1.919
0.0241 0.0572 1.793 0.0059 2.442 0.0632 1.844
0.0124 0.0173 * 0.0016 * 0.0186 *

Table 7.2: Error @ — Iy, = (u— Hgvzuh,p — 11 py,) in the energy norm || |gr with k=3 and £ =2
on a sequence of smooth Voronoi meshes of 5,25,100,400,1600, and 6400 elements.

Figures 7.2-7.3 display the error and the error estimator convergence rates for both uniform and
adaptive refinements. In this example, we choose a smooth Voronoi mesh of 25 elements as an initial
partition and follow the standard adaptive algorithm

SOLVE — ESTIMATE — MARK — REFINE
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In all the adaptive experiments below, we first solve the discrete problem (3.11) (resp. (3.12)) for
conforming (resp. nonconforming), comute the upper bound 7 in Theorem 6.2, consider the Déorfler
marking strategy with # = 0.5, and divide a marked polygon into quadrilaterals by connecting vertices
to the centroid of the respective polygon. The same refinement strategy is utilised to divide all the
elements in case of uniform refinement. The additional error estimator component 79 from Remark 6.1
is incorporated in the experiment of the nonconforming VEM with degree £k = 3 and ¢ = 2.

—e—uniform (k=2,0=1) —e—uniform (k =2,0=1)
1021 —+—adaptive (k =2,£=1)| | L2 adaptive (k =2,£=1)
uniform (k = 3,4 = 2) 2 —+—uniform (k= 3,0=2) |3
adaptive (k = 3,£ =2) 5 \ . —v—adaptive (k =3,£=2)
_,g :
2 100} 3
) o 0
5 107 ¢
o}
1072}
- 1072 : ,
107 10 10° 107 10* 109
NDof NDof

Figure 7.2: Left (resp. right) panel displays NDof vs error in energy norm (resp. error estimator) in
both uniform and adaptive refinements for conforming VEM.

—e—uniform (k =2,=1) +unifor@ (k=2,£=1)
102 L ——adaptive (k =2,£=1)|] adfiptlve (k=2,£=1)
uniform (k = 3, = 2) 102 L & +un1for.m (k=3,4=2)|

s adaptive (k = 3,0 = 2) % —<—adaptive (k = 3,£=2)
L E
o 0 =
£ 107¢ 7]
. :
o

1 : ® 100}
10724 ]
107 10* 10° 102 10°

NDof NDof

Figure 7.3: Left (resp. right) panel displays NDof vs error in energy norm (resp. error estimator) in
both uniform and adaptive refinements for nonconforming VEM.

7.2 Example 2: Convergence rates with non-smooth solutions

We consider the L shaped domain = (—1,1)?\ [0,1)? and the exact solution

u(r,0) = /3 sin (5—0), p(r,0) = r*/?sin (2—0)
3 3
with clamped boundary conditions for v and Dirichlet boundary condition for p on 92 (observe that
we can take Dirichlet boundary condition instead of Neumann for p on I'“ without affecting the well-
posedness and error analysis of the model problem). Since both the displacement v € H®/3)=¢(Q)
and the pressure p € H®/ 3)*6(Q) for all € > 0 have corner singularities, the lowest-order scheme k = 2
and ¢ = 1 suffices to achieve the optimal convergence rates with respect to the regularity of u and p.
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When the adaptive algorithm is run, we see more refinement around the singular corner as displayed
in Figures 7.4-7.5. Figure 7.6 shows that the method with unifom refinement leads to suboptimal rates
whereas adaptive refinement recovers the optimal convergence rates, and the error estimator mirrors
the behaviour of the actual error. We observe from the plots of error estimator components that 7y
(resp. 7g) dominates the remaining contributions for the case of conforming (resp. nonconforming)

approx u,

1
I 0.8
1 0.6
0.4
0.2
0
-0.2
-0.4
-06

approx u,

Figure 7.4: Approximation uy of displacement u on adaptive meshes 71, 75, T1o.

approx p,,

approx p,

Figure 7.5: Approximation py of pressure p on adaptive meshes 71, Ts, T1o.
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Figure 7.6: Left panel displays NDof vs error in energy norm and estimator in both uniform and adap-
tive refinements, and right panel displays estimator components in adaptive refinement for conforming

VEM.
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10* ‘ 1
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Figure 7.7: Left panel displays NDof vs error in energy norm and estimator in both uniform and
adaptive refinements, and right panel displays estimator components in adaptive refinement for non-
conforming VEM.
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