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VIRTUAL ELEMENT METHODS FOR BIOT-KIRCHHOFF
POROELASTICITY

REKHA KHOT, DAVID MORA, AND RICARDO RUIZ-BAIER

ABSTRACT. This paper analyses conforming and nonconforming virtual ele-
ment formulations of arbitrary polynomial degrees on general polygonal meshes
for the coupling of solid and fluid phases in deformable porous plates. The gov-
erning equations consist of one fourth-order equation for the transverse dis-
placement of the middle surface coupled with a second-order equation for the
pressure head relative to the solid with mixed boundary conditions. We pro-
pose novel enrichment operators that connect nonconforming virtual element
spaces of general degree to continuous Sobolev spaces. These operators satisfy
additional orthogonal and best-approximation properties (referred to as con-
forming companion operators in the context of finite element methods), which
play an important role in the nonconforming methods. This paper proves a
priori error estimates in the best-approximation form, and derives residual—
based reliable and efficient a posteriori error estimates in appropriate norms,
and shows that these error bounds are robust with respect to the main model
parameters. The computational examples illustrate the numerical behaviour
of the suggested virtual element discretisations and confirm the theoretical
findings on different polygonal meshes with mixed boundary conditions.

1. INTRODUCTION

Scope. Fluid-saturated porous media that deform are an essential ingredient in
many engineering, biophysical and environmental applications. From these mate-
rials, a family featuring interesting properties is compressible thin plates. Porosity
and permeability characteristics through the thickness can be averaged, leading to
a different scaling of poromechanical properties from the typical structure exhibited
in Biot’s consolidation systems (see, for example [18, Chapter 8]).

A number of works have addressed the rigorous derivation of poroelastic plate
effective equations [33, 34, 37, 39, 40]. The well-posedness analysis has been con-
ducted, for a slightly different model, in the recent paper [29]. Regarding numerical
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methods, a discontinuous Galerkin formulation has been proposed in [31] (follow-
ing [38]) and splitting algorithms have been analysed. High-order finite element
methods have been used for layer-wise poroelastic shells in [26].

The virtual element method (VEM) has gained popularity in recent years due
to its ability to handle complex geometries and provide high accuracy numerical
solutions for partial differential equations (PDEs). Another important feature of
VEM is the possibility of easily implementing highly regular discrete spaces. This
idea is initiated in [12], where spaces of high global regularity (such as C*!, C? or
more) are easily built in a very efficient way. This has been applied and tested
in some biharmonic models of thin plates. The literature contains error analysis
of VEM for biharmonic problems for thin plates models (Kirchhoff plates), with a
particular emphasis on conforming and nonconforming approximations, including
eigenvalue problems [2, 4, 12, 16, 22, 35, 36]. Other VE discretisations for bihar-
monic problems in plate models provide a detailed error analysis of the particular
type of method and demonstrate its effectiveness through numerical experiments,
and the analysis also includes a posteriori error estimates, the time dependent case,
and the extension to 3D, among others. See for example [1, 7, 8, 21, 43, 42].

Since nonconforming spaces might not be a subset of the continuous space, the
enrichment (averaging) operator introduced in [9] is adapted to prove a priori error
estimates utilising a posteriori error bounds in [28] (known as medius analysis).
These averaging operators essentially assist in connecting the nonconforming dis-
crete space to the continuous space with the required approximation properties.
Such operators are then modified in [17] (referred to as conforming companion op-
erators) satisfying, in addition, orthogonality properties and best approximation
estimates. A similar strategy can be carried out in VEM. Indeed, enrichment oper-
ators for VEM were recently proposed in [30], and companion operators for VEM
were analysed in [15, 16]. Since VE functions are not known explicitly, the com-
putable or non-computable enrichment/companion operators acting on VE func-
tions can be constructed depending on the specific purpose. In particular, com-
putable conforming companion operators can be exploited to define the discrete
problem and allowing rough sources [16]. In turn, the non-computable ones can be
used for purposes of the analysis (not necessarily knowing the structure explicitly).
So far, the design of such computable companion operators requires a shape-regular
sub-triangulation of the polygonal decomposition together with lowest-order finite
element spaces such as Crouzeix—Raviart for second-order and Morley for fourth—
order problems. One of the primal advantages of computable companion maps
is that they permit to approximate rough sources in H~2(Q). In this paper we
consider sources in L?(Q2), and hence we only need to present the construction of
non-computable companion operators. This is enough for the required analysis and
most importantly, we can avoid to go down on the sub-triangular mesh as done in
the construction of computable companion operators. We stress that the proposed
enrichment operator maps nonconforming VE spaces to conforming VE spaces of
one degree higher (which is different from the construction in [30]), and in addition,
it satisfies H?-orthogonality and best approximation estimates. We then modify
this enrichment operator through a variety of bubble-functions to design new com-
panion operators having a lower-order orthogonality property (in H! and L?). The
treatment of general boundary conditions is carefully addressed in this paper, for
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which the definition and thorough analysis of the new companion operators is key
to establish well-posedness and to obtain error estimates.

This paper presents an extension of nonconforming VE formulations for the cou-
pling of biharmonic problems and second-order elliptic equations (see the similar
methods introduced for each of the component sub-problems of second-order linear
elliptic and fourth-order elliptic in the recent contributions [15, 16], respectively).
The model encodes the interaction with a fluid phase, and the study of this type
of problems has gained significant attention due to its relevance in various physical
applications. More generally, the proposed framework offers a unified approach
to solve coupled problems with mixed boundary conditions on polygonal domains,
even when they are non-convex. For conforming cases, we combine C! — C? types
of VEMs with various polynomial degrees. The error estimates, measured in the
weighted H? x H! energy norm (for deflection and moment pressure), demonstrate
robustness with respect to material parameters. Additionally, we introduce a re-
liable and efficient a posteriori error estimator of residual type. Leveraging the
flexibility of VEMs in utilising polygonal meshes, we employ the error estimator to
drive an adaptive scheme. Notably, the proposed a posteriori analysis is novel for
high-order nonconforming VEMSs and can be applied to tackle more complex cou-
pled problems: we emphasise that the models presented in this work can serve as
a fundamental building block for establishing a comprehensive framework for com-
plex mixed-dimensional poroelastic models. These models can also be extended
to incorporate interaction with multi-layered structures, such as thermostats and
micro-actuators, offering broad applicability and versatility.

The main contributions of this work can be summarised as follows:

e Application of the proposed conforming and nonconforming VEMs to the
plate Biot equations.

e Design of new companion operators with the orthogonal properties and the
best-approximation estimates.

e A priori error estimates in the energy norm for both conforming and non-
conforming formulations in the best-approximation form that remain robust
with respect to material parameters.

e The detailed proofs of the inverse estimate and the norm equivalence for
the nonconforming VE functions.

e Introduction and analysis of a residual-based a posteriori error estimator.

e Presentation of numerical results validating the theoretical estimates and
demonstrating the competitive performance of the proposed schemes.

Content and structure. The remainder of the paper has been organised in the
following manner. In the rest of this section we provide preliminary notational
conventions and definitions to be used throughout the paper. Section 2 contains
the model description and defines the weak formulation of the governing equations.
The local and global VE spaces, the degrees of freedom and the computable poly-
nomial projection operators are addressed in Subsection 3.1, and the derivations
for both conforming and nonconforming approximations and the analysis of exis-
tence and uniqueness of discrete solution are conducted in Subsection 3.2. The
a priori error analysis for the conforming VE methods in the best-approximation
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form is carried out in Section 4. For the nonconforming case, the companion op-
erators are defined in Subsection 5.1 along with the proofs of the properties and
the best approximation estimates followed by the a priori error estimates in Sub-
section 5.2. Subsections 6.1 recalls the preliminary estimates and 6.2 contains the
detailed proofs of standard estimates such as the inverse estimate and the norm
equivalence for the nonconforming VE functions, and a Poincaré-type inequality
for H? functions. The reliability and efficiency of an a posteriori error estimator
are included in Subsection 6.4-6.5. Finally, a collection of illustrative numerical
tests is presented in Section 7.

Recurrent notation and domain configuration. Consider an open, bounded,
connected Lipschitz domain of R3, denoted Q=0x (—¢,¢) € R? and occupied
by an undeformed thin poroelastic plate (a deformable solid matrix or an array of
solid particles) of characteristic thickness 2¢, and where  C R? represents the mid-
surface of the undeformed poroelastic plate. The plate is assumed to be isotropic
in the plate plane and to follow the Kirchhoff law. In particular, it is assumed that
the plate fibers remain orthogonal to the deflected mid-surface [24]. An appropriate
modification of Biot constitutive poroelasticity equations is adopted in combination
with Darcy flow in deforming pores (see [32]). Following the model presented in
[31], we assume that the equations governing the balance of momentum and mass of
the solid and fluid phases can be written in terms of the averaged-through-thickness
deflection w (vertical displacement of the solid phase) and the first moment of the
pressure of the fluid phase p. We will denote by n the unit normal vector on the
undeformed boundary 9f2. The boundary 052 is disjointly split between a closed set
I'® and an open set I'* where we impose, respectively, homogeneous deflections and
homogeneous normal derivatives of deflections and of pressure moment (clamped
sub-boundary with zero-flux) and homogeneous pressures with normal deflections
and bending moments (simply supported sub-boundary).

For a subdomain S C Q we will adopt the notation (-, -),,g for the inner product,
and | - [|m,s (resp. |- |m,s) for the norm (resp. seminorm) in the Sobolev space
H™(S) (or in its vector counterpart H™(S)) with m > 0. We sometimes drop
0 from the subscript in L? inner product and norms for convenience. In view
of the boundary conditions mentioned above, we also define the Sobolev spaces
H2.(Q) == {v € H*(Q) : v = Opv = 0 on I'“}, where d,,v denotes the normal
derivative of v, and HL. () := {g € H}(Q) : ¢ = 0 on I'*}. Also, given an integer
k>1and S C RY d = 1,2, by P.(S) we will denote the space of polynomial
functions defined locally in S and being of total degree up to k. Given a barycentre
zg and diameter hg of a domain S, we define the set of scaled monomials My (S)
of total degree up to k and M} (S) of degree equal to k by

r—xs

M, (S) = {( s )Z 10 < k},andM;;(S) - {(z ;:"S)Z |0 = k}

Throughout the paper we use C' to denote a generic positive constant indepen-
dent of the mesh size h and of the main model parameters, that might take different
values at its different occurrences. Moreover, given any positive expressions X and
Y, the notation X < Y means that X < C'Y (similarly for X > Y).
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2. PLATE BIOT EQUATIONS AND SOLVABILITY ANALYSIS

The two-dimensional poroelasticity problem arising when a fluid flows through
a deformable porous plate of thickness d can be written in the following form

2

(2.1a) ,’5% +divdiv AV?u + abAp = f in Q x (0,77,
a? op d®o(Au) kK )

(2.1b) (co+ >\+2u)8t_ab12 5 —;Ap—g in 2 x (0,77,

(2.1c) U=0pu=0,p=0 on I'® x (0,71,

(2.1d) U=0Oppu=p=0 on I'* x (0,71,

with appropriate initial conditions and where p is the reduced density (taking into
account a volume-to-surface scaling), A := D((1—v)I4+vI®I) for the flexural rigidity

D.— _Bd®__ _ pOtpd
= 130107 T 3020

v € (0,0.5), the Lamé parameters \, u and dppnu := (V2u)n-n. Also « is the Biot—
Willis poroelastic coefficient, b = 2u(\ + 2u) ™1, ¢ is the total storage capacity, x
is the absolute permeability, and 7 is the viscosity of the fluid. We concentrate our
attention in the following modification of this Biot—Kirchhoff system in the case of
a specific adimensionalisation proposed in [31, eq. (7)-(9)]:

of the plate for the Young modulus F, the Poisson ratio

2
(2.2a) % + A2t aAp=f in Q x (0,7T],
) O(Au )
(2.2b) 56—;:—04 (315 ) —~vAp=g in Q x (0,71,

where with an abuse of notation we have kept the same notation for the dimension-
less problem. Here f € L?(0,T; () is the normal vertical loading and g € L?(0,T'; )
is a prescribed mass source/sink. Henceforth, we treat «, 3,7 as the main model
parameters, where < 1 <+ and

B=(colA+2u+0%)y, 7= ”T“

Note that the reduced density p and the rigidity D of the plate are absorbed in
the load f and the model parameter «. In plate problems, the Poisson ratio v
tending to 0.5 is one of the interesting limiting phenomena and that, in turn, leads
to the case of the first Lame parameter A — oco. In our new normalised problem,
it essentially implies that the model parameters 3, will go to infinity. The aim
in this paper is to analyse the normalised problem (2.2) and show that its robust
with respect to the model parameters a, 3, .

System (2.2) is similar to the non-inertial problem in [31] which accommodates
fluid-saturated plates where diffusion is possible in the in-plane direction (see also
the set of problems recently analysed in [29]), here extended to the case of mixed
boundary conditions. In order to fix ideas, we will focus first on a simplified system,
resulting from applying a centred and backward Euler semi-discretisation in time
to (2.2a)-(2.2b), with a conveniently rescaled final time 7" and rescaled time step
to At = 1. Define the displacement and pressure space

Vi=HE(Q)NH;(Q), Q:=Hp(Q).

Owing to the specification of boundary conditions (taken homogeneous for sake of
simplicity of the presentation), a weak formulation is obtained, which reads: Find
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(u,p) € V x Q such that

(2.3a) (u,v)q + (V2u, VZ0)q — a(Vp, Vo)g = (f,v)q YvelV,

(2.3b) Bp: o+ a(Ve, Vu)a +7(Vp, Voo = (9,9)e  VqeQ,

with V2v = <Z” Z“’) being the Hessian matrix (of second-order derivatives)
ye  Uyy

for a given v € H?(Q). The right-hand side terms also include the value of deflec-
tion and pressure moments in the previous backward Euler time steps, denoted as
a™,u™ ! and p", respectively:
f:f+2an_an—l7 §:g+ﬁnv
where the index n > 0 indicates the time step.
The product space H, contains all 4 € [HZ.(Q) N HE(Q)] x HE. () which are

bounded in the norm

(2.4) 4]1F, = llulld, + |u

5.0+ Blplld +1pl o

The subscript € denotes the weighting parameters (in our case, 3,7). Let us now
group the trial and test fields as 4 = (u,p) and ¥ = (v,q), respectively; and
introduce the operator A : H. — H, defined as

(A(@), D) == (u,v)q + (V?u, V*0)q — a(Vp, Vo)g + B(p,q)a + a(Vq, Vu)g

where (-, -) denotes the duality pairing between H, and H.. Note that |u|s o defines
anorm on V, which is equivalent to H?-norm [23, pp. 34]. In particular, this implies
for any v € V that

(2.5) [v]l2.0 S [vl2.0-
We also define the linear and bounded operator F : H, — R as
¥ F(8) = (f,0)a + (3, 9)0,
and therefore Problem (2.3) is recast as: Find 4 € H, such that
(2.6) (A1), ) = F(0) Vv e He.
We are now in a position to state the solvability of the continuous problem (2.6).
Theorem 2.1. Problem (2.6) is well-posed in the space H, equipped with the norm

(2.4).

Proof. Tt follows from the Lax—Milgram lemma (see, e.g., [25, Lemma 25.2]), re-
quiring the boundedness of A over the space H,

(A(4), 0) S ||l .
and the boundedness of F, as well as the coercivity condition

(A(d), @) = [ldllfy, V4 €H.

U||u, Vi, v € He,

For the continuity it suffices to apply the Cauchy—Schwarz inequality while the
coercivity is a direct consequence of the definition of the solution operator (whose
off-diagonal terms cancel out). ]
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Now, we state an additional regularity result for the solution of problem (2.6).

Regularity estimates [27]. Given f € H*~*(Q) and § € H"2(Q) with s > 2 and
r > 1, there exists a unique solution 4 = (u,p) € (H*(Q)NV) x (H"(2) N Q) to
(2.6) such that

(2.7) lulso + Ipllre S 1 lls—ag + 13ll—2.0-

Remark 2.2 (Simply supported boundary condition). The boundary condition u =
Onnt = 0 on the simply supported part and an integration by parts

(A2u, v)o = (V2u7 V2U)Q + (On(Au),v)s0 — (Onnt, Onv)aa — (Ontu, Orv)sq

for v € V allow the hessian term (VZu,V?v)q = (A?u,v)q in the weak form.
However to be consistent with plate mechanics, a zero bending moment My, (u) :=
vAu+ (1 — v)Onnu = 0 should be prescribed in place of 9y,,u = 0 and instead one
can consider the integration by parts

a(u,v) == / vAuAv + (1 — v)u;;vi;
Q

_ /Q Ay + /d Mo (1)0,0 - /d (On Ao+ (1= V)0ngudie).

This replaces the hessian term by the above bilinear form @(u,v) and the weak
formulation becomes

(2.8) (u,v)q + a(u,v) — a(Vp, Vo)a = (f,v)q YovelV,
(2.9) B, 0o +a(Vq, Vu)a +7(Vp, Ve)a = (§,9)a YqeQ.

The boundedness of modified A is straightforward and the coercivity follows from
the observation @(v,v) = (v||Av[|g + (1 = v)|v[3q) 2 [v[3 with the equivalence
(2.5) in the last inequality.

3. VIRTUAL ELEMENT FORMULATION AND UNIQUE SOLVABILITY OF THE
DISCRETE PROBLEM

Let us denote by {73 }n>0 a shape-regular family of partitions of €, conformed
by polygons K of diameter hg, and we denote the mesh size by h := max{hg :
K € T} Let V =ViUVCUVS and € = EYUECUE? be the set of interior vertices V*
and boundary vertices V°UV?, and the set of interior edges £ and boundary edges
EcUE®. By Nk we will denote the number of vertices/edges in the generic polygon
K. For all edges e € 0K, we denote by nj the unit normal pointing outwards K,

¢. the unit tangent vector along e on K, and V; represents the i*" vertex of the
polygon K. We suppose that there exists a universal positive constant p such that

(M1) every polygon K € T, of diameter hy is star-shaped with respect to every
point of a ball of radius greater than or equal to phg,
(M2) every edge e of K has a length h, greater than or equal to phg.

Throughout this section we will construct and analyse a conforming and a noncon-
forming family of VE methods.
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3.1. Virtual element spaces. VE spaces for displacement approximation.
First we define the bilinear form o€ as the restriction to K of

a(v,w) := / V2 : V2w de.
Q

For K € T, and k > 2, define the projection operator ka : HA(K) — Py(K), for
v € H*(K), by

(3.1) MY v x) = a® (o) V€ P(K),
with the additional conditions
(3.2a) MMY’v =7 and VIIYv=Vv for conforming VEM,

(3.2b) IMMY*» =7 and VHZQU ds = / Vuvds for nonconforming VEM,
oK oK

where U is the average N—lk vafl v(V;) of the values of v at the vertices V; of K.
Since the linear polynomials xj € P1(K) C Pr(K) lead to the identity 0 = 0 in
(3.1), it follows that the two conditions in (3.2a) for conforming and (3.2b) for
nonconforming fix the affine contribution and define Hkvzv uniquely for a given v.

Furthermore, the Poincaré—Friedrichs inequality implies

2 2 2
(3.3) lo =T 0l i S hiclo = T 0l1,x S hclo =TIV w

2,K-

The local conforming VE space th’c(K ) [12] is a set of solutions to a biharmonic
problem over K with clamped boundary conditions on dK, and it is defined, for
k > 2 and r = max{k, 3}, as

vp € H*(K)NCYOK) : A%vy, € Pi(K), vple € Pr(e) and
V}f’c(K) = Vuple - n% € Pr_1(e) Vee€ 0K, and
(vn =Y oh, X)) =0 ¥ x € Pp(K) \ Pp_y(K)

On the other hand, the local nonconforming VE space is a set of solutions to
a biharmonic problem with simply supported boundary conditions and was first
introduced in [43]. However, it is pointed out in [16] that the definition in [43]
works for a polygon K without hanging nodes, and that new work provides an
alternative definition for the lowest-order case (k = 2) with possibly hanging nodes
in K. In this paper, we extend such a definition of the nonconforming VE space
for a general degree k. First we need some preliminary geometrical notations. Let
K € Ty, be a polygonal element, and Ex := {e1,...,en, } and Vi,...,Vx, be the
edges and vertices of K. Suppose that z1,..., zg, denote the corner points of K for

some Ni < N, where the angle at each z; is different from 0, w, 2. The boundary
OK =e1U---Uen, can also be viewed as a union of the sides s1,...,sg, , where
55 := conv{zj, zj11} (convex hull of z; and z;41) for z; = Vi, and 241 = Vi, 4,
with 25, = 2z1. Note that m; is the index in the vertex numbering corresponding
to the j*® index of the corners of K and n; is the total number of straight edges
on the sides s;. See a sketch in Figure 1 (e.g., mqy = 1 and n; = 2, my = 3 and
ng = 1, and so on.) With these notations, we are in a position to define the local
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S3
>
Vs Vy
4 €& 73
Sq (S5 €3 S2
1 & _ )
V1 \s> V3
S1
FIGURE 1. Sample of pentagonal element with vertices V7,..., V;,
edges eq,...,es5, corners 21, ..., 24, and sides sq,..., S4.
degree | DoF's of vy, € VF°(K) DoF's of v, € V;""°(K)
]4}22 (Dl)vh(Vi) Vi:1,...,NK (]D)l*)vh(Vi) Vi:1,...,NK

(D2) hy,Vor (Vi) Yi=1,...,Ng | (D2*) [ Opvnxds V x € My_a(e)

k>3 | (D3) [ Onvpxds Vx€Mi_s(e) | (D3*) £ vaxds Vx e Mi_s(e)

k>4 | (D4) £ vpxds Vx € Mg_4(e) (D4*) e vnxde V¥ x € My_4(K)
(D5) JCK vpxde Vx € Mk_4(K)

TABLE 1. The left panel describes the DoFs of V,"¢(K) with the
characteristic length (see [12], for example) hy, associated with
each vertex V; for all i = 1, ..., N and the right column lists the
DoF's of th’nC(K). The edge e belongs to the set £ of all edges
of K.

nonconforming VE space V}f T(K) for k > 2 by
vp € HA(K) : A%vp, € Pu(K), vple € Pr(e) and Avy|. € Pr_o(e)
Vee &k, uls, € Cl(sj), fem‘ vpx ds = fem‘ Hkv2vhxds

V}f’nc(K) = V x € Pr_a(em,), and fe vy ds = femﬁi HkVthX ds

7nj+i
Vx €Pr_s(em;4) fori=1,...,n; and j = 1,...,Ngk,
(v =TI vp, X)k =0V x € Pp(K) \ Pp_4(K)

The local degrees of freedom (DoFs) for both conforming and nonconforming VE
spaces are summarised in Table 1.

It can be shown that the triplets (K, V;"°(K), {(D1)—(D5)}) and (K, V;""°(K), {(D1*)—
(D4*)}) form a finite element in the sense of Ciarlet [23], and the projection oper-
ator HkVth for vy, € th’C(K) (resp. vy € thC(K)) is computable in terms of the
DoFs (D1)-(D5) (resp. (D1*)-(D4*)). We refer to [12] (resp. [16]) for a proof.
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Let IT;, denote the L2-projection onto the polynomial space Py (K). That is,
(v, x)k = (v,x)xk ¥V x € Pr(K).

The orthogonality condition in the definition of the local VE spaces th’C(K ) and
V,{C’HC(K) implies that IIj is also computable in terms of the DoFs.

For v € HY(K) and ¥ € (Px—1(K))?, an integration by parts leads to the ex-
pressions
(3.4)
(-1 Vv, X)k = —(v,divX)k + (v, X - ni)ox = —(Lpv,divX)k + (v, x - n% ok,

owing to the definition of IIj, in the last step. Observe that the DoFs (D1)-(D2) and
(D4) determine vy, € P,.(e) explicitly for all e € K. This and the computability of
I, imply that IT,_1 Vuy, for v, € V,f"c(K) is computable in terms of the DoF's. Since
Hkvzvh is computable, the values femA vpx ds for x € Mk,Q(emj) are computable

from the definition of th’nC(K). If n; = 0, these (k—1) estimates, and the values at
the vertices V,,,; and V., 1 uniquely determine vy, € Pr(en,). If n; > 0, the point
values vy (Vin, +i), U (Vin; +i41), OrVh (Vin, +4) and fem L UX ds for x € My_3(em,+:)

evaluate vj, on each edge €., 4 fori =1,...,n5,7=1,..., Nk, and consequently vy,
is known on the boundary 0K . Similarly as above, this step and the computability
of IT; imply that II;_; Vv, is computable in terms of the DoF's for vy, € th’“C(K).

Proposition 3.1 (Polynomial approximation [11]). Under the assumption (M1),
for every v € H*(K), there exists xi € Pr(K) with k € Ny such that

v = Xklm,xk S hi "vls,x for0<m <s<k+1.

The global VE spaces th’c and th’m are defined, respectively, as
VEC = (o e Viuoplx e VIU(K) VK €T,
and
op € L2(Q) s vl € VP"(K) Y K € Tp, vy is continuous at
V}f M= interior vertices and zero at boundary vertices, [ [Opvp]xds =0
VX €Prale), ecEUE and [ [op]xds =0 VyxePrsle), ecé

VE spaces for pressure approximation. We define the projection operator
Iy : HY(K) = Py(K) for £ > 1 and ¢ € H'(K) through the following equation

(3.5) (VIR ¢, Vxo)xk = (Vg. Vxe)k ¥ xe € Po(K),

with the additional condition needed to fix the constant

(3.6a) Iyg=7q for conforming VEM,

(3.6b) / Iy gds = / qds for nonconforming VEM.
oK oK

This defines Hévq uniquely for a given ¢q. To approximate the pressure space @,
we introduce the local conforming VE space be’c(K ) for £ > 1 and K € T}, as the
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degree | DoFs of g, € Q},°(K) DoF's of g, € Q4" (K)

{>1 (Fl) qh(‘/;') Vi=1,...,Ng (]F].*) fe qnxds Vx € Mg_l(e)

0>2 | (F2) f qaxds Vx € My_s(e) (F2%) f anxda  Vx € My_o(K)

(F3) fx anxdx Yy € My_o(K)

TABLE 2. The left (resp. right) panel describes the DoFs of
YC(K) (resp. Q"(K)). The edge e belongs to the set Ex of
all edges of K.

set of solutions to a Poisson problem with Dirichlet boundary conditions [6]. In
particular,

Q%< (K) qn € HY(K)NC°(OK) : Agy € Py(K), qnle € Pe(e) Vee€dK,
" o and (qn — Y g, X)xk =0V x € Py(K) \ Pr—a(K)

In turn, the local nonconforming VE space Qi’nC(K ) is the set of solutions to a

Poisson problem with Neumann boundary condition [5] and is defined for £ > 1 as

Z,nC(K) . qn € Hl(K) N Co(ﬁK) :Agp € P((K), 8th‘e € Pg_l(e)
h ' VeedK, and (g, — 1) gn, X)k =0 V x € Po(K) \ Pr_s(K)

The DoFs for Qy°(K) and Q,™(K) are provided in Table 2.

The triplets (K, Qv (K), {(F1) — (F3)}) and (K, Q"™ (K), {(F1*) — (F2*)}) form
a finite element in the sense of Ciarlet [23] (see, e.g. [6]). Note that IT) g, can
be computed from DoF's of (F1)-(F3) (resp. (F1*)-(F2*)) for gp € Qf;’c(K) (resp.
an € QV™(K)). Refer to [6] (resp. [15]) for a proof. Consequently, the L2-
projection II, is also computable from the orthogonality condition in the definition
of the spaces Qy°(K) and Q,™°(K). This and the explicit expression of g, on the
boundary 0K in (3.4) show that II,_1 Vg, is computable for ¢, € QfL’C(K). The
computability of IT, and (F1*) in (3.4) imply that of IT,_; Vg, for gy, € Qi’m(K).

Next we define the global VE spaces for conforming and nonconforming pressure
approximation, for ¢ > 1, as

Q. ={an € Q: anlx € QLK) VK €T},
and
otne o o €L?(Q): qulx € Qy"(K) VK €T, and

b Llanlxds =0 Vx ePri(e), Veec ' UE®

respectively.

3.2. Discrete problem and well-posedness. Let us first set the continuous bi-
linear forms a1 : V X Vias : @ x V and a3 : Q X @ as

a1 (u,v) := (u,v)q + a(u,v) Vu,veV,
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az(p,v) := a(Vp, Vu)q VpeQandVov eV,

as(p,q) == B(p, 9o +v(Vp, V)a Vp,qeQ
with the local counterparts al ,aX and a3 for K E Tr and the piecewise versions
alV =Y af b =3 af and @)Y = . af respectively. For all up, v, €

V}f “(K) or th’nc(K) and py, q, € Qi’C(K) or i’nC(K) with & > 2 and £ > 1, define
the discrete counterparts by

a?(uh, ’Uh)‘K = (Hkuh, Myop) Kk + 51[,(0((1 — Hk)uh, (1 — Hk)vh)

(3.72) - (Me2(V2un), o (V20)) ¢ + S (1 — T un, (1~ T o),
(3.7b)

a% (s vn)|x == a(lle—1 Vpn, i_1 Vop)

af (ph, )| = BMepn, Tegn) i + S5 (1 = e)pn, (1 — Ie)qn)

(3.7¢) +Y(Me-1(Vpn) Me-1(Van)) i + S5 (1 =TI ), (1 =117 )gn).

The stabilisation terms S&, and S on VEC(K) or VP, and SE and S5 on

fLC( ) or QZ "“(K) are positive definite bilinear forms and there exist positive

constants Cyz, C o, Cv, Cao such that

(3.8a) Cozlonls x < Sg2(vn, vn) < Cyzlunl3 k ¥ vy, € Ker(ITY ),
(3.8b) Crollvnll% < STo(vn, vn) < Crollonlli Vo, € Ker(Ilk),
(3.8¢) Coanli S (an, an) < Co7lanli k Y g1, € Ker(ITy'),
(3.8d) C{,%BH%H%{ < S50 (an, an) < CooBllanll%i Y qn € Ker(Ily).

Let dof; denote the i degree of freedom. Standard examples for stabilisation terms
satisfying (3.8a)-(3.8d) respectively are

SE, (vn,wp) = hi? Zdofi(vh)dofi(wh), Sfo(vh,wh) = W3 SE, (vn, wp),

SS (pnsan) =7 Y_ dof(pn)dof;(an),  S50(pn,an) = Bhi Y _ dof;(pr)dof;(qn),
J J
for all vy, wy, € V:’C(K) or V}f’nc(K) and pp, qn € Qf;’c(K) or Qf;’nc(K). The global
discrete bilinear forms af : V° x V"¢ (resp. V;" x V"), al Qi’c X V< (resp.
e s yRney and al - Q4 x Q5° (resp. QY ne x QY nC) are defined by al(-,) :=

ZKeTh a1( )|K7a2( ) = ZKGTh 02( )k and a3( ) = ZKGT,,, ag(-,-)|K for
conforming (resp. nonconforming) VEM. We assume that ¢ < k, and then the

discrete problem is to find (un,pn) € V,f’c X Qf{ (resp. V’C ne % QZ ") such that
(3.9a) al(up,vn) — al(pn,vn) = (fr,vn)a Yo, € VPO (vesp. V"),
(39b) ag(th uh) + a‘g(pha Qh) = (gfm Qh)ﬂ v an € Q% (rebp Qe HC)’

with the discrete right-hand sides (fh, vp)q = (f, v )q and (G, gn)a = (G, Iegr)q-
To rewrite the above discrete problem, define the discrete product space H"¢ :=
V’c “ Qh and the discrete operator A§ : H¢ — H"¢ as

(3.10) (A5 (r), Br) = aff (un,vr) — a%(pn, vn) + ab(qn, un) + ay (pn, 1)
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for iy, = (un,pn),¥n = (vn,qn) € HP. We also define the linear and bounded
functional Ff : H® — R as

By, > Fi(0n) = (fn,vn)a + (Gns an)os
and therefore problem (3.9) is recast as: Find 5, € H"¢ such that
(3.11) (A5, (dy,), On) = Fi(Yh) v &), € HC.
Similarly we define H""¢ := V" x Z e
seek i,° € H""® such that

, the discrete operators Aj¢ and F;¢, and

(3.12) (Apc(tdy,), Up) = Fpc(Up) v @), € Hne,

Define the piecewise version || - [|gg» of the norm || - g, for @ = (u,p) € H*(Tn) X

HY(Tp) as

G030 = Nalid+lul3p+BllplE+1plE = Y (lulli +lul3 x +BllpllE +1plT x)-
KeTy,

The following result yields the solvability of the discrete problems.

Theorem 3.1. Problem (3.11) (resp. (3.12)) is well-posed in the space H"¢ (resp.
H""¢) equipped with the norm (2.4) (resp. || - [ en)-

Proof. The boundedness of A§ and A}° clearly follows from the stability of the
L2%-projection operators Hk_g,Hk,Hg_l, and I, for £ > 2 and ¢ > 1, and from
(3.82)-(3.8d). For @), € H™¢ or H?"¢ the definition (3.10) implies (A (), Tn) =
al(vp,vn) + al(qn, gn). The definition (3.7a) of a?? and the lower bounds of stabili-
sation terms (3.8a)-(3.8b) lead to

2
al (vn,vn) 2 Mol + 11 = e)opllg + M2 (Vo) IG + [(1 = T val3
2 llonlld + lvnl3 0,

where we have employed ||(1 — II;_2)(VZup)|la < [(1 — Hkvz)vh|27h and triangle

inequalities in the last step. Analogously we can prove that ag is coercive, and

consequently Aj; (also Aj¢) is coercive with respect to the weighted norm || - [|ggn .
Hence the Lax—Milgram lemma concludes the proof.

4. ERROR ANALYSIS FOR CONFORMING VEM

This section recalls the standard conforming interpolation estimates and estab-
lishes the a priori error estimates in the energy norm || - ||z, (cf. Theorem 4.1).

Proposition 4.1 (Conforming interpolation [13, 21]). There exists an interpolation
operator If - (VNH?*(2))x (QNH"(Q)) — V}f’c X Qfl’c such that, forv e VNH?(Q)
with2<s<k+1landqe QNH"(Q) with1 <r </l+1, fﬁv = (v9,¢§) and

lv—vfljn Shvlsa for0<j<2 and |q—qiljn Sh gl for0<j<1.

Throughout this paper, the oscillations of f,§ € L2 (Q) for k > 2 and £ > 1 are
defined as

1/
oseo( 7.7 = ( 32 k(-1 f1%) " oser@. 7 o= (32 Insci-malk)

KeTn KeTy
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Theorem 4.1. Given 4 := (u,p) € (VNH*(Q))x (QNH"(Q)) fors>2andr > 1,
the unique solution 5, = (uf,, ps) € HM¢ = V" x Qi’c fork>2and1<0<kto
(3.11) satisfies

|16 — i@ e, S 16— iilla, + 16— Thid]ar + o' lu =T ulyp + osca(f, Th)
+osci (g, T) € hETLTRE T () Fll g + [13]lr—2.0),
for Tiyds = (T "u, TIY p).
Proof. We drop the superscript ¢ (denoting the conforming case) in the proof just
for the sake of notational simplicity. Let €, = (e}, e}) = (ur — un,pr — pr) =
iy — iy € HM for 4y = (ur,pr). The coercivity of Aj, from Theorem 3.1 and the

discrete problem (3.11) in the first step, and an elementary algebra in the second
step lead to

= N 5 2 W 2
€nllfs, < An(tir, &) — Fr(€n) = (a} (ur — I u,ef) + aP™ (1Y w — u, eft))
+ (a2(p, ef) — ab(pr,ep)) + (al(pr — Y p, ) + a5 (IIY p — p, €}))

+ (a3 (e, ur) — az(€f,w) + ((F = fusei)a + (3 — Gn. €} )o)
(41) =: T1 +T2+T3+T4+T5.

The continuity of a? and a¥ from Theorem 3.1, and the Cauchy—Schwarz inequality
for o™ and a}" show

2 2 2
T+ 15 S (Jur =T ullo + [lu = I ullo) eflle + (lur — I ulz.p

2
+ Ju— I ulop)lepla,0 + B2 (lpr — Iy plle + [Ip — I pllo) 82|l ||o

+ 92 (lpr — Y pllvs + lp — Y plls)y el |n
< (It — Tail|g, + |16 — Tl )| €],
(4.2) < pminlkmle=2br=1 (4 o+ |plro) ||€n ] .,

with triangle inequalities in the second step, and Propositions 3.1-4.1 in the last
step. Algebraic manipulations and the L2-orthogonality of IT,_; imply that

o N Ty + Ty) = (Vp — M1 Vpr, Vep)a + (-1 Vpr, (1 — 1) Vej o
(4.3) + (H571V€Z7H1€,1VU1 — VU)Q + ((Hz,1 - 1)V61}1, (1 — Hg,l)Vu)Q.
In addition, triangle inequalities and the L2-orthogonality of II,_; provide
IVp =11 Vpirlla < lp—pilie + pr =1 phin S Ip — prlva + [p — 1 pli s
The second term in (4.3) vanishes because of the L2-orthogonality of IIj,_; and as-
sumption £ < k. Similarly, the third term in (4.3) reduces to (II;—1 Vel , 11— Vu; —
Vu)o = (I;—1Vey, Vur — Vu)g. The Cauchy—Schwarz inequality in combination
with the previous bounds in (4.3) and a'/2 <1 < 4/2 result in
Ty +Ta SYY2(p = prive + Ip = 1Y plua)lef Lo
+a' 2 (ju—urlo + [u—T4 ulu )y ?leh 0
< (I — Iiadla, + 16 — ]l + o' lu =T ulys) (elo.0 + 7' 2[eh]10)

< pmintlr—Lka=1y(u), o 4y L/2]eP| o))



VIRTUAL ELEMENT METHODS FOR POROELASTIC PLATE MODELS 15

where [u—ur|1.0 S [u—ur|2.0 and |e}]1,0 S |ejt|2,o from (2.5), and Propositions 3.1-
4.1 were used for the last two inequalities. The L2-orthogonality of Il and II,
together with Proposition 3.1 and v > 1 allow us to assert that

Ts = (b5, (f — Wi f), h> (1 — Ip)ep)a + (b, (§ — Teg), hy (1 — Tl )q
S osca(f, Th)lei]2.0 + ose1 (g, Ta)leh]1.o
(44) <RS2 F o+ [Glle—2,0) (k2.0 + 72 eb]10)-
The estimates (4.2)-(4.4) in (4.1) show that

€], < BT 2E T (o + [Pl + | flls—a0 + 1F]—2.9)-

This and Proposition 4.1 in the triangle inequality |4 — 4, ||m, < |4 — dr|lm, +
||én|le, followed by the regularity estimates conclude the proof of the theorem. O

5. ERROR ANALYSIS FOR NONCONFORMING VEM

Since the nonconforming discrete spaces Vk "¢ and QZ " need not be subsets
of continuous spaces V and @, this section explalns the different constructions (at
least two) of conforming companion operators which connect nonconforming VE
spaces to continuous Sobolev spaces. The two crucial ideas in the design are

e first to map a nonconforming VE space to a conforming VE space of one
degree higher, and

e second to modify the linear operator constructed in the first step through
standard bubble-function techniques to achieve additional orthogonal prop-
erties (in particular, L2-orthogonality).

5.1. Construction of companion operators. Let doff’C fori=1,... ,N{’C and
dofz’nC for j = 1,. Nz’nC be the linear functionals associated with DoFs of the
VE spaces Qh and Q() "¢ of dimensions N9 and N{™ for £ > 1. Let doff’C for
i=1,...,NF and dof? " for j =1,..., N5 be the linear functionals associated
with DoFs of the VE spaces th’c and V,f’nc of dimensions N5 and N5™ for k > 2.

Theorem 5.1. There exists a linear operator J; : Vk e V’H'1 © satisfying the
following properties:

(a) dofk’nC(leh) = dof?’nc(vh) forall j=1,... Nbr
(b) pW(Uh — Jivp, x) = 0 for all x € Pr(Th),
(c) V(vp, — Jivp) L (Pr_3(Tr))? in (L*(Q))? for k > 3,
2
) .

(d h— Vl2,n-

hj_2v — Joplin < inf vy, —
[un, lhlj’h’“xemm)lh X

k)

nc

Construction of Ji. First we observe that DoFs of th’ is a subset of DoF's of

Vf“’c. Next we define a linear operator Jp : th’nc — thH’c through DoF's of

V,f“’ﬁ for vy, € V}f’nc, by
dof?’“C(leh) = dof’?’m(vh) Vj=1,...,Np"

> vy ol (z) VzeV
KeT.

VJl’Uh |T|
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][ Jivpx de :][ Hkvzvhxdaz YV x € Mj_5(K),
K K

where the set T, := {K € T}, : z € K} of cardinality |7.| contains the neighbouring
polygons K sharing the vertex z. We assign VJyvp,(z) = 0 for the boundary vertices
z € V¥ if z is a corner (the angle at z is not equal to 0,7, 27) and for all z € V. If
the angle at z € V° is equal to 0,7, 27, then we assign

|T| > a1y “on)|k (2).

KeT.

6t(J1vh)(z):0 and 8 (Jl’l)h

Proof of Theorem 5.1(a). This is an immediate consequence of the definition of
J1. O

Proof of Theorem 5.1(b). Let x € Pr(K) and set the notation T'(x) := On(Ax +
Orrx); and [Mnr(X)]z; = Onr(X)le,- (2) = Onr(X)le, (25) for j =1,..., Nk with
eo = eny - Since x € H*(K) and vy, — Jivp, € H?(K), an integration by parts leads
to

aK(vh — Jivp, X) = / A2x(vh — Jyop)dx —|—/ OnnXOn (vp, — Jivg) ds
K oK

Nk
= [ TG0 = ) ds Y (M, (0~ Jren)(z) =0,

oK =
with part 5.1(a) being used in the last step. This holds for any K € 7, and
concludes the proof of Theorem 5.1(b). O

Proof of Theorem 5.1(c). For any vy, € Vk " x € Pr_o(K) with k > 3 and K € Ty,
an integration by parts and Theorem 5 (d) show that

(V(vn = J1vn), VX)k = —(vn — J1vn, AX)k + (vh — J10p, OnX)ox = 0.
This proves 5.1(c). O

Proof of Theorem 5.1(d). Since (HkVth — Jiop) |k € th+1’C(K), the norm equiva-
lence found in, e.g., [30, Lemma 3.6] shows that

2 _ c 2
(5.1) [T vp, — Jivp|o.x = b |[Dof* T (Y vy, — Jyvn)|| ez,

for the vector Dof* ¢ with arguments as the local DoFs of V’chl “(K). Let z be an
interior vertex in V'NVx belonging to an edge e € £x. The equality Jrop(z) = vp(2)
from Theorem 5.1(a) and the inverse estimate for polynomials imply

2
(Y “on = Jrow) e (2)] < 1Y v = o) [losse S b /2 |lon — TIY vp e
S hy o = 1Y UhHK + |op, — TIY 'Uh|1 K < hlvp — IIY Uh|2K

The third step follows from the trace inequality, and the last step from (3.3) and
(M2). Let z be an interior vertex in VN Vg or a boundary vertex in V* N Vg with
angle at z equal to 7, and polygons K; = K. .., K|1,| share the node 2. Suppose
(Hkvzvh)i = H,szhhgi7 and K; and K,y are two neighbouring polygons. Then

|-

2 ]. 2 2
VALY vp — Jiop)1(z ITIZ V(LY o)1 — VLY vp)5)(2)
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7] j-1
1 2 2
(5.2) =T DD (VLY vn)i — VLY va)ir1)(2)-
2l j=2i=1
A consequence of the mesh regularity assumptions (M1)-(M2) is that |7,| is uni-
formly bounded for any z € V. Hence it suffices to bound the term (V(HkVth)l —
V(Hkv2vh)2)(z) for z € e and an edge e € K1 N K. In addition, the inverse estimate

for polynomials leads to
2 2 2 2
(VALY on )1 — VALY 0n)2)(2)| < VI vp)1 — V(I )2l co,e
(5:3) S b2V vl e
Let v € V be an arbitrary function and a. := fe V(v — vg)ds. Since a. is
uniquely defined from the definition of v, € th’nc, rewrite h;l/2||[Vl'IkVth]eHe =
h;1/2||[VHkv2vh — Vv +aele|le. Let we denote the edge patch of e. Then the trace

inequality and the triangle inequality show

2 2 2
R [VITY wn — Vo + aelelle S AT HIVITY v — Vo + aellw, + [TIY vn — v)o.0,

~Y
S h (Y on = a1, + [V (0 = 0) + aellw.) + TV 0 — vnlow, + |05 — V]2, -

Since f, V(v —v) 4 ac ds = 0, the Poincaré-Friedrichs inequality and (IM2) imply
IV (vp, —0) + Gellw, S helvn —v]2,w,. This and (3.3) in the above displayed estimate
provide

(5.4) ho V2 VI oplele S LY op — o

2,we + |Uh - ’U|2’we'
The combination (5.2)-(5.4) results in
2 2
PV (LY on — Jivn) |k (2)] S B (Jon — I 02w, + [0 = vnl2.,)-
Theorem 5.1(a), the Cauchy—Schwarz inequality, the trace inequality lead for any
X € Mj_2(e) and e € Ex \ €€ to
/ On (I "vn — Jyon)x ds < 0/ 0 (I “or — v) e

< Jon — IV Onlrw, + helon — Y Walow, S helvn — Y Vpl2,

with (3.3) in the end. Analogously we can prove for any xy € Mj_3(e) and e € ExNE?
that

2 2
][(Hkv Vh — Jﬂ)h)X ds S he|vh — Hkv Uh|2,we-
€

Again Theorem 5.1(a), the Cauchy—Schwarz inequality, and (3.3) show for any
X € Mk,4<K) that

2 2
][ (IIY v — Jyvp)xde S hiclo, — I vpl2 .k,
K

and f, (HkVth —Jivp)xdx =0 for x € M} _;(K). The definition of I_IkV2 from (3.1)
implies |lvp, — HkVZ'Uh||27h < infyep, (77,) [vn — X|2,n- The previous estimates in (5.1)

prove that

2 .
Y op — Jivplen S inf fop —x

o,n + inf vy —vlop.
XEP(Th) ”€V| |
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Hence the triangle inequality |vp, — Jivp|an < Jop — Hkvz’l]h|27h + |Hkvzvh — J1vp|2.n
and (3.3) prove the estimate in Theorem 5.1(d) for the term |vp, — Jivp|2,n. The
Poincaré-Friedrichs inequality implies Z;:o B2 |vp — Jyvpljn S lvn—Jivplon. O

The following theorem establishes the construction of the second companion
operator which will be used in the sequel.

Theorem 5.2. There exists a linear operator Js : th’nc — V such that it satisfies
Theorem 5.1(a)-5.1(d) and in addition the L?-orthogonality property. In particular,

(a) dof?’nC(ngh) = dof?’nc(vh) forall j=1,... Nbre
(b) apw(vn — Jovn, x) =0 for all x € Px(Tr),
(c) V(vp, — Javy) L (Pr_3(Tr))? in (L*(Q))? for k > 3,
(d) Vp — ngh 1 Pk(ﬂ) m LQ(Q),
2
(€) Y W Pup — Jovnlin S inf o — xlapw + Inf Jop = vf2,p.

=0 XEPL(Tr)

.

Construction of Jo. Let bx € HZ(K) be a bubble-function supported in K and
vk € Pi(K) be the Riesz representative of the linear functional P, (K) — R, defined
by, wg — (vp, — Jivp, wi) Kk, for wg € Pp(K) in the Hilbert space Py (K) endowed
with the weighted scalar product (bxe,e)x. Given v, € th’nc, the function v, €
Py (71) with 9| := vk and the bubble-function by, |k = bx € H3(Q) satisfy

(5.5) (bhOn, wi)o = (vp — J1vp, wi)o YV wyi € Pr(Th),
and define
(56) Jovp, = Jyvp + bpop, € V.

Proof of Theorem 5.2(a). Since b = 0 = 9y, (bk) on OK for any K € Ty, there
holds, for any vy, € th’m,

Javp(2) = J1vp(2) = vp(2) for any z €V,

/an(ngh)x ds = /8n(leh)X ds = /6n(vh)xds for x € M_s(e) and e € &,

][JQ(U;L)X ds :][Jl(vh)xds :][vhx ds for x € Mj_s(e) and e € €.

For x € My_4(K)and K € Ty, the definition (5.6) of Jo and (5.5) show f,. Jovpx de =
frc (Jivn + bgvg)x de = f, vpxde. This concludes the proof of Theorem 5.2(a).
|

Proof of Theorem 5.2(b)-5.2(c). This results from Theorem 5.2(a) and it follows as
in the proof of Theorem 5.1(b)-5.1(c). O

Proof of Theorem 5.2(d). This is an immediate consequence of the definition (5.6)
of Jy and (5.5). O

Proof of Theorem 5.2(¢). The Poincaré-Friedrichs inequality implies Z;:o hi=2|vp,—
Jovnljn S |vn — Jovn|2,n. Hence it remains to bound the term |v, — Jovp|2,n. The
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triangle inequality and (5.6) lead to
(5.7) |vp, —

For any x € P,(K) and K € Ty, there exist inverse estimates

2
(5:8)  IIxll%k S (bxoxP)x S IxlE and lxlle S PR BrXm i S 1]
m=0

This implies
(5.9) brvklex S hillvi k.
The first inequality in (5.8), and (5.5) with w, = vk € Pr(K) result in
ok ll% < (bxvic,ve)x = (vn — J1vp, vi ) k-
Hence ||lvk||lx S |lvn — Jivn|lk. This, the estimates (5.7) and (5.9), and Theo-

rem 5.1(d) conclude the proof of Theorem 5.2(e). O

Corollary 5.1. The piecewise H2-seminorm forms a norm on th’nc, and it is in
turn equivalent to the piecewise H2-norm. That is, for any v, € th’nc, there holds

Proof. Recall that Jovy, € V for vy, € th’nc. Then the triangle inequality leads to

2.0 S vnl2,n + [J2vn|2,0

S |vnle,n + [Jovn

with Theorem 5.2(e) and (2.5) in the second step, again the triangle inequality and
Theorem 5.2(e) in the last two steps. O

The same idea follows for the second-order VE space Qi’nc and the following two
theorems similarly construct Js (as Jy) and modify J3 to obtain Jy (as Jo) with the
L2-orthogonality. We prefer to highlight only the main steps in the construction of
Js to avoid the repetition of the arguments.

Theorem 5.3. There exists a linear operator Js : ch — QZH " satisfying the
following properties:
(a) dofy™(J3qn) = dof ;" (qn) for all j =1,... N{™°,
() (Vpw(gn — J3qn), Vewx)a = 0 for all x € P¢(Tr),
1

R an — Jzqnlin < inf — + inf |gp — .
>jZ::o |Qh 3Qh|g,hNX€P2(Th)|Qh X|1,h q€Q|Qh Q|1,h

Construction of Js. First we observe that the DoF's of Qe ¢ constitute a subset of
the DoF's of Q/H '°. We define a linear operator Js : Qf;nc — Q/H *“ through DoF's
of Q,T1, for gy € Q™. by

dofﬁ’“C(ngh) = dof‘»“(qh) Vi=1,..., N

ZHZQh|K vz e Viuve,
KeT.

J3qn(z
|T\
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][ Jsvpx de :][ H[thxdcc YV x € Mj;_(K).
K K

Proof of Theorem 5.5(a). This is an immediate consequence of the definition of
Js. O

Proof of Theorem 5.3(b). An integration by parts and Theorem 5.3(a) prove, for
any x € Py(K) and K € Ty, that

(Vlgn — J3qn), VX)k = —(qn — J3qn, AX) Kk + (qn — J3qn, OnX)ox = 0.
This concludes the proof of Theorem 5.3(b). O

Proof of Theorem 5.3(c). This follows analogously as the proof of Theorem 5.1(d)
with obvious modifications. O

Theorem 5.4. There exists a linear operator Jy : e " 5 @ such that it satisfies
Theorem 5.3(a)-5.3(c) and in addition the L2-0rth0g0nalzty property. In particular,

(a dofz P Jaqn) = dof ’nc(qh) forallj=1,... N

(b) ( pW<Qh J3qh) vaX)Q =0 fOT all X € Pg(ﬁ);
(c) ah Jagn L Pe() in L2(Q),
)

d R an — Jagnlin < inf — + inf |gn — .
( ]Zo |Qh 4qh|g,hNX€M(Th)|Qh X|1,h qu|Qh (J|1,h

5.2. Energy error estimate. This section proves the energy error estimate for
the nonconforming case invoking the companion operators constructed in Subsec-
tion 5.1.

Proposition 5.1 (Nonconforming interpolation). There exists an interpolation op-
erator I - (VN H*(Q)) x (QNH"(Q)) = VF" < QU™ such that, forv e VNH*()
with2 <s<k+1landqe QNH"(Q) with1 <r </l+1, I_;ILICU = (v}°, q1°) satisfies

v — v in S h‘g_j|v|5,g for0<j<2andl|qg—q;|jn S hr_j|q|T7Q for0<j<1.

Theorem 5.5. Given 4 := (u,p) € (VN H*(Q)) x (QNH"(R)) for s > 2 and for
r > 1, the unique solution @),° = (ul¢,pic) € Hhe = Vf’nc X Qi’nc for k> 2 and
¢>1 to (3.12) satisfies

14 — a5, e < (16— Tpailla + 1|6 — Tt + o' (Ju — T uly
+hlp —IY_ypl1,n) + Bhllp — Y plla + osca(f, Tr) + osc1 (g, Ta)
< it LEs 2 () L ao A+ [Glle—2.0)-
Proof. Let 4y := (us,pr) € th’nc X Qi’nc be an interpolation of % and &, =
(ey,eh) := (ur — un,pr — pn). The coercivity of Aj from Theorem 3.1 and the

discrete problem (3.12) lead to
€nllFer S An(€n. €n) = An(dr, &) — Fr(€n)
= aj (ur, e};) — ag(ph €h) + a?(efw ur) + a3 (pr,€y) = (fase)a = (Gns eh)o
= (af (ur = TIY "w, eft) + P (I w — w,e)) + (b (u, ) = (f, €} )o)

+(f = fro€i)a + (—ab(pr.e}t) + al (€h7u1)) + (af (pr — 1Y p, en)
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+ " (I p — p,ef)) + (a5 (0, ) — (G, €)a) + (G — Gn. €}
=T +T+T5+Ty+T5 +Ts+ 17,

with an elementary algebra in the last two steps. The boundedness of Aj from
Theorem 3.1 and the Cauchy—Schwarz inequality for a}" and a5 show the chain
of bounds

2 2 2
Ty +Ts S (lup — Y ullo + [Ju— IR ullo) e llo + (Jur — T ulzn
2
+ u = IV ula ) leplon + B2 (lpr — Y plla + [lp — I plle) B2 (le} o
+ Y2 (Ipr = Y plin + [p = I plun)y 2 €d|in

S (g —dr e + |4 — ﬁhﬁHHg)

&l
(5.10) < hmin{k—l,s—Q,Z,r—l}(|U|S7Q + |p|r,9)‘|éhl|H§a

with the triangle inequality in the second step, and Propositions 3.1-5.1 in the last
step. Taking ¥ = (Jae}, Jae}) in the continuous problem (2.6) allows us to assert
that

To+ Ty +Ts
= a" (u, e} — Ja€}l) + aa(p, Joejr) + (f, Joel — M) + ab” (p, el — Jueh)

- G‘Q(J4€Zau) + (ga J4€Z - GZ)Q - (ag(p[,éﬁ) - a‘g(eza UI))

W 2 u u r r u u w
= (a‘f (u =T u, ey — Jaey) + (f =i f, Jael — ef)a + a5™ (p — 1) p, e}, — Jae})

+ (9 — ILeg, Jaeh, — ez)g) + (ag(p, Joed) — ab(pr,el) + ag(efb,uj) — aQ(J4e‘,';,u)>
=:Tg + Ty.
The last step follows from Theorems 5.2(b)-5.2(d) and 5.4(b)-5.4(c). The Cauchy—
Schwarz inequality and Theorems 5.2(e) and 5.4(d) show for Ty that
Ty < (Ju—T0Y ulop + osca(F, Tn))leitlon + (Bhllp — I plla ++/2lp — 1Y plun
+osc1(3, Tn))y?leb]1n
S pmintEmLsm2 b= (g o+ |plra + | fls—ae + 9lr—2.0) 1€ lE2n -
Next, an elementary algebraic manipulation for Ty provides
a Ty = (Vp —T1,_1Vpr, Vel )o + (1 Vpr, Vol — 1 Ved)q
(5.11) + (I—1 Vel 1 Vur — Vu)g + (Ily—1 Vel — Vsel, Vu — VI u)q,

with the L2-orthogonality of II,_; and Theorem 5.4(b) in the last term. The
Cauchy—Schwarz inequality, the triangle inequality |[Vp—II,—1Vpr|la < [p—pr1|1,n+
[|(1 = II—1)Vpwprl|q for the first term in (5.11) lead to

(Vp —I1,_1Vpr, Vdaey)a < (Ip — prlin + [|[(1 = He—1) Vwpr )] J2€) 1,0
S —prlin + Ve — e Vplla)| J2ep |20
(5.12) < piter=Hpl ol

2,h>

having employed ||Vpr —I1,—1 Vpr||x < ||Vpr —I,—1Vp| i for any K € Ty, followed
by the triangle inequality in the second step, and Propositions 3.1-5.1 and the
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stability of Jo from Theorem 5.2(e) in the last step. For k = 2, the Cauchy—Schwarz
inequality and the L2-stability of IT,_; for the second term in (5.11) imply

(IL,—1Vpr, Vdeey —I1Ver)a < |prlinllVJze;, — 1 Ve ||
< (lpr = pli,n + |pl,0) (e — Jaeplin + ey — Hieglin) S Rlplaleylz n.

The second step results from the triangle inequality, and the last step from Propo-
sitions 3.1-5.1, and Theorem 5.2(e). Theorem 5.2(c) in the second term of (5.11)
for k > 3 leads to

(Tly_1Vipr, Vel — Ty 1Vel)a = (-1 Vpr — Vpw (Y _op), Voel — ;1 Vel g

< (IVp —TL—1Vplla + [p — prlin + |p — Y _op|in)
x (e — Jaeplin + (1= Temy) Vpwep ) S A tomr=tp

rolenl2n,

where we have used the bound ||[Vpr — II,_1Vpr|lx < ||Vpr — II,—1Vp||k for any
K € Tp, and the triangle inequality in the second step, and Propositions 3.1-5.1 and
Theorem 5.2(e) in the last step. Similarly the remaining two terms in (5.11) are
handled as

(5.13a) (p—1Veh 1 Vur — Vu)o S hmin{k_1’5_1}|u|57g|eﬁ 1hs
(5.13b)  (T—1 Vel — Vuel , Vu — Vo (I u)) < RSyl olel |1 4.

The combination (5.12)-(5.13b) and the observation o < 1 <~y in (5.11) prove that
Ty < (|4 — gl + ||t — il gn ) eft]2,n
+ ! (Ju =T uly + hlp = T _oplin)y'leh]in
S RO (a6 + [ple) (lefil2n + 72 leh 1n)-
The L2-orthogonality of II;, and II,, and Proposition 3.1 result in
Ts+T7 = (h3 (1 - 1) f, h%?(l —y)ey)a + (hy, (1 —1e)g, h}hl(l —1IL)el)a
S osca(f, Th)lerlzn + osci (g, Ta)leh |in

< printrLe =2 LU (| g+ [gl—2.0) (e l2n + 7% eh]1n),

with 4 > 1 in the end. The previous estimates in (5.10) readily prove that

I€nlle: S BT TRE T (a0 4 [plea + | Flaman + 13l-20)-

This and Proposition 5.1 in the triangle inequality |4 — @p|gr < |4 — drllar +
|€n e followed by regularity estimates conclude the proof of the theorem. O

Remark 5.6 (Best-approximation for lowest-order case). If we reconstruct Jy for
k = 2 with an additional H'-orthogonality in Theorem 5.2(c) as V (v, — Jovs) L
(Po(7r))? in (L?(2))? (see Subsection 6.3 for a definition), then the error estimate
in Theorem 5.5 for k = 2 and £ = 1 can be written in the best-approximation form

—1NC

1@ — @3 e S 18— LGl + (16— Dpailay + o'/ fu = ulyp + Bhllp — 1Y pllo

+ osca(f, Tn) + osci (g, Th)-
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6. A POSTERIORI ERROR ANALYSIS

This section contains the derivation of a posteriori error indicators and the proof
of their robustness. We provide the details for the nonconforming case and a remark
for the conforming case to avoid the repetition of arguments.

6.1. Preliminaries. We collect here the following local estimates, proven in [30,
Lemma 3.2] and [30, Lemmas 3.3-3.4], respectively.
Lemma 6.1. For any € > 0, there exists a positive constant c(e) such that

lv1 k S ehkl|vle,x + c(e)hl_(l||v||K Vv € H*(K).

Lemma 6.2. For every v € H?(K) such that A%*v € Py_4(K), there exists a
polynomial p € Py (K) satisfying

A2y = A?p in K.
Moreover, the following estimates hold

2k S hE ol Iplx < vl

Ipl2,x S N A* ]k S |vl2.k, p

6.2. Standard estimates. We start with technical results (inverse estimates and
norm equivalences) that are required in the analysis of the nonconforming formu-
lations. These tools are available in the literature only for the conforming case.
There are two terminologies, namely original and enhanced VE spaces, in the VE
literature (see [3] for more details). This paper utilises the enhanced versions, but
we first prove the results for the original space and then build for the enhanced
space. Let us denote the original local nonconforming VE space for deflections by
VF"(K) and define by

v, € HA(K)NCY(0K) : A%vy, € Pr_4(K), vple € Pi(e) and
Avple € Pr_s(e) Veelk, vnls; € Ct(s;),
2
th,nC(K) ,: femj (vh — I vp)xds =0V x € Pr_z(em,), and
J.

fori=1,...,nj; j=1,...,Ng

(vp, — Hkv2vh)x ds=0 Vx&Pr_3(em,+i)

mj+i

Lemma 6.3 (Inverse estimates). For any 0 € VKHC(K) and K € Ty, there holds

(6.1) 02,5 S Al and |81 S Rt 0]k

Proof. Given ¥ € VK’HC(K), A%p € Py_4(K) and consequently, we can choose a
polynomial p € Pp(K) from Lemma 6.2. The triangle inequality and the second
bound in Lemma 6.2 assert that

0]2,c < [0 = plo,i + [Pla.x S 19— pla.x + hi [0 k-

If we prove [0 — plax S h;(2 |0 — p||k, then the triangle inequality together with
the third bound in Lemma 6.2 will provide

[0 = pl2x S hi2 110 = pllx £ A (10lx + Ipllx) S hill9] -
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Hence we concentrate on showing |0 — pla x < hi||o — pllx. First we note that
since A20 = A?pand ¥ —p € th’nc(K ), without loss of generality we can assume
that A%20 = 0. Then we define, for a fixed 9, the following set

(6.2)
S(K) :={w € H*(K) : w = ton 8K,/8n(17—w)xds =0 Vx€Pr_ale),eclk}

and the fact a’ (9,9 — w) = 0 for w € S(K) leads to

(63) |1~}‘2,K < |’U}|2’K Yw € S(K)

Next, we define Qo € VFHH4(K) for § € VF"(K) through the DoF's as
(6.4) Dof 5 (Qr0) = Dof°(3),  and Dofy " (Qx @) = 0,
where

Dof¥*1¢(e) = Doff1°(e) UDof} (o).

boundary DoFs  interior DoFs

Observe that, for & € H?(K), its tangential derivative ;9 is well-defined along OK.
If z is not a corner in K, then we can assign that 0,9(z) = 0, and if z is a corner
then the two tangential derivatives at z will suffice to define Vo(z) uniquely. This
implies that Qv is well-defined. In addition, since kv is uniquely determined
by boundary DoF's of ¢ and 9|, € Py (e) for all e € Ex, we have

Qrv =70 on JK.

This and (6.4) show that Qxo € S(K) and, consequently (6.3) imply the first
inequality in

92,k < QKo S hil|QKd|| K
< i IDof* 1 (Qicd) 2 = byt [Dofh i (Qw ) |2

with the inverse estimate and the norm equivalence available for conforming VE
functions in the next two inequalities, and (6.4) in the last equality.

Let us examine each contribution to the DoF's in the expression above. Firstly,
for any z € Vi it can be inferred that

~ ~ —1/2 ~
15(2)] < 18]l o) S P 115 20
Shillollx + [0l,x S 1+ e(€)h 5]l + el ]2k,

where we have used the inverse estimate for polynomials in 1d in the second step,
and the trace inequality and Lemma 6.1 in the last two steps.

Secondly, similar arguments show that
hz|Vo(2)] = hz| VK (2)| < 2 |QK]1,00.0K S |QKD]c0.0K
< i P 8lloxe < hig 1915 + ehe ol i

Note that the inverse inequality for polynomials is suitable here since 9,,Q k0| €
Pr_1(e). For the remaining boundary moments, the Cauchy—Schwarz inequality
and the inverse estimate lead to

| [ onori-2ds| = | [ 0n(@utia-ads] < [0n(QucD). 1L

S hP1Qklle = h V2 0)e S ROl + ehieltlo.x
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with (6.3) and Lemma 6.1 once more in the last two steps. Similarly, we can prove
that

][17ka3 ds S h;(1||’l~)||K + EhK|1~J
e

2,K-

These bounds allow us to write ||D0f§}1’C(QK17)||52 < it |9k + ehxe |2,k , which

in turn proves that

[0l2,5c S M lI9lx + €02,k
and absorbing the € term on the left-hand side we immediately have the first bound
in (6.1). For the second bound it suffices to combine the first bound with Lemma 6.1.

O

Ady
ty

B
FIGURE 2. Sketch of a polygonal domain K and three consecutive
vertices A, B, C'. The unit vectors t1,ts form an angle 6 on A.

Lemma 6.4 (Poincaré-type inequality). Let K be a polygonal domain and v €
H%*(K). If v(A) = v(B) = v(C) for any three non-collinear consecutive vertices
A, B,C of K (see the diagram in Figure 2), then there exists a positive constant
Cp depending only on the mesh regularity parameter p, such that

||,k < Cphi|v|2 k.

Proof. With respect to Figure 2, let t1,t> be two tangential unit vectors along
the sides AB and AC, respectively, oriented as in the diagram (moving away from
the vertex A), forming an angle § € (0,7), and [¢; - t2] = |cosf]. Owing to the
transformation stability result from [14] we know that

(a-v)?+ (a-u)?

i =1—|v-
ack\ [0} a2 [ ul,

for linearly independent unit vectors v, u € R%2. We use this result in our context
with @ = Vu(x) for an interior point x of K, v = t;, u = to, giving

(1 — | cos )| Vo(z)]? < (Volz) - 1) + (Vo(z) - t)%

Now we define f; = Vv - t; for j = 1,2. An integration over K leads to
1
‘U|%7K < m(”fl”%{ + Hf2||%<)

On the other hand, note that since ff fids=0= ff f2ds from the assumption
v(A) = v(B) = v(C), we can apply the Poincaré-Friedrichs inequality to f1 and fo
(see, for example, [15]). We are then left with

Ifillx < Cprhkl|fili,x fori=1,2.



26 KHOT, MORA, AND RUIZ-BAIER

Hence
C? 202
2 - PF___p2 2 2 < PE__p2 1,12
[v|f i < T Jcosd| w(lfx + [ felf k) < T Jcosd] * V12 K
which proves the sought bound with Cp := Cpg, /ﬁ. [l

Lemma 6.5 (Local norm equivalence). For o € VF""(K), there holds

19ll 5 = hrc[[Dof™ " (3) | 2.

Proof. Step 1. Proceeding as in the proof of Lemma 6.3, for the DoF's we have
[0(2)] S hi' 18l & + 0], S hig 9]l

with the inverse inequality applied to v from Lemma 6.3. Using the Cauchy-
Schwarz inequality, the trace inequality, and Lemma 6.3 again, we arrive at

| [ o2 ds] < 100501k S [ol e + el il 5l
€

In addition,

Foxacads] <h 2ol S b ol
€

The Cauchy—Schwarz inequality for the cell moments proves that
[f oxameda] < K120l = 1 ol
K

and combining these bounds together we readily obtain

(6.5) IDot™ (@)l S hi 13llx-

Step 2. On the other hand, let us consider the problem of finding o, € Hj(K) N
H?(K) such that

A5y = A*D in K; Onn(02) = Opn® on OK.
Let ©1 = ¥ — 5. Then, it follows that
AP =0 in K; Onn(01) =0and 9; =¥ on OK.

Next we recall that for any w € S(K) (cf. (6.2)) we have a® (91,9, —w) = 0. From
the proof of Lemma 6.3 we also recall that Qv is well-defined and

Qkt1 =0 =7 ondK.
The triangle inequality and Lemma 6.4 for 9; — Q1 (applies from the definition
of Q) result in
|91l < (151 = Qrdnllx + |Qu il S hilor — Qrilox + [|Q [l

< hlorle,x + Qx| k-

~

From the proof of Lemma 6.3, we can infer that |01|2,x S h;<3/2||771|\aK and
1Qk 1|l < |51 ]lok- This in the previous bound results in |7 || x < 732|510k

Recall that A%0y = A%0 =: g1 € Pp_4(K) and Opn(02)le = Onndle =t g2l €
Pr_o(e) for all e € Ex. Therefore, after expanding g1 = Z|a\§k—4 g§m,, and
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g2le = Z|ﬂ|<k_2 gg’m; in terms of the scaled monomials m, € My_4(K) and
m§ € My_2(e), an integration by parts provides

|2

5.5 = (A%02,02) Kk + (Onn(D2), Onl2)oxk
(91,5)1( - (917171)K + (92’ anf/)aK - (92, 3n171)aK

> gt ma )k + Y, 95(mp, 0ok — (91,51)k — (92, Ot ok
o] <k—4 |B|<k—2

Set the notation § = (9%)a, G2 = (¢5)s and recall from [19, Lemma 4.1] that

hic|ldillee < |lg1llx and h}f”g}”p < |lg2llox. Hence the Cauchy—Schwarz inequal-
ity in the previous bound and the definition of DoFs show

1212 ¢ < 11 lle2| KNI DOf5 (8) g2 + 112l e2 | Dot (3) ]2
+llgullzllorllx + llgzllox | Onrllox
< hiellgull e |Dot™ (9) ]2 + hi' [l gallosc | Dofh e (3)]| 2
+ gl + lgallor (1 + )hil* |1 ]2,k + ClehE* 171 l1x)

. - —1/2~ 1/2~ /2 3/2

with [Oninllox S hi' 2[00,k + B 1ok S (L RG2[1 o,k + C ()R 1| 1
from the trace inequality and Lemma 6.1 in the last step Note also that, thanks
to [20], we can assert that

lgillx = [1A%0alx S |22,k

and using the inverse inequality on go|. € Pr_s(e), the trace inequality, and
Lemma 6.4, we are left with

lgzlloxe < i Balox S by’ *l0alie + b el S b ez,
Hence, all the above bounds result in
[Balz.5c S By IIDO™™ () |2 + b [l
We can then invoke again Lemma 6.4 to obtain |02 x < h3%|0s|2,kx, and so
19l < 151l + 15allic S Ay lI9llox + il Dot (Tl 2.

Since v is a polynomial along each e € £k, then standard scaling arguments imply
that [|5]|ox = hi/?||Dof52° ()|, and therefore

(6.6) 19ll 5 < Dot (@) | 2.
Finally, the desired result follows from combining the estimates (6.5) (from Step 1)
and (6.6) (from Step 2). O

Lemma 6.6. The inverse estimates and norm equivalence results hold for any
k,nc
ve V" (K).

Proof. Given v € V""(K), construct o € V,*"(K) with Dof*"(v) = Dof*().

Such @ can be found since the DoF's of both local VE spaces V(K and V"™ (K)
coincide. Starting from the triangle inequality |v]s k' < |v—0|2,x + 0|2,k , We apply
integration by parts, the Cauchy—Schwarz inequality, and the inverse inequality on
A?(v — ) € Pr(K) to obtain

|v—@\§’K:aK(v—f),v—f)):/ A?(v—9) (v —12)dx
K
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<[1A%(w =) xllv = Bllx S hi’lv -0

2.k |[v — 0| k.

This bound together with the triangle inequality show that [v—o|2,x < hi>(||v]|x+
I9]| k). Combining this last bound with Lemma 6.3-6.5 readily implies that

oo, S hil(vllx + 18l), 18l = hic[Dof* (@) |2 = | Dof* (v)]|2.
Then we can follow the arguments developed in the proof of Lemma 6.3 to get
[ol2, i S hillollx + elvlo,x,

and the proof of the inverse estimate is concluded after absorbing the e term on
the left-hand side. Regarding the norm equivalence result, we note that steps 1
and 2 from the proof of Lemma 6.5 apply to any v € th’nC(K), and decompose
v = v1 + vo. The proof follows analogously only differing in the presence of the
term A2vy = A%y =: g; € Pi(K), now written as

(A200)k = 3 g+ Y gi(ma.v)k.

|or| <k—4 k—4<|a|<k

The first term on the right-hand side is treated just as in Lemma 6.5. For the second
term we can apply the definition of the space V,""*(K) and the Cauchy-Schwarz
inequality to obtain the estimate

(e} « 2
Z 9 (ma’U)K = Z 91 (mmHIY U)K

k—4<|a|<k k—4<|a|<k
— 2 2
< it gl lmall s ITY ol & [lga |l x T o]l

with the observation ||mq||x =~ hx in the last step. Since HkVQv is uniquely de-
termined by the DoFs of v and Dof*"¢(v) = Dof*™ (%), we can conclude that
Hkvzv = Hkvzﬁ. This and the triangle inequality show ||HkVQ’uHK = HHkV2f)||K <
||HkVQ17 — 3|k + ||9]|x. The Poincaré-Friedrichs inequality and the inverse inequal-
ity provide ||Hkaf) — 0|l < ||9]| k- These bounds together with Lemma 6.5 establish

2 ~ nc/ ~ nc
T ol S N18ll5c S hic[Dot™ ()| 2 = hc|[Dof* (v) | 2,

and this observation concludes the proof of norm equivalence. [l

6.3. Modified companion map. In this subsection, we consider the lowest-order
(k = 2) nonconforming VE space Vh2 ¢ and the aim is to modify the companion
operator Jyvy, for vy, € Vi’nc from Theorem 5.1 so that the new companion J3vy,
satisfies the H!-orthogonality V (v, —J5vp,) L (Po(7x))? in addition to the H?- and
L2-orthogonalities established in Theorem 5.2(b)-5.2(d).

If e € £ is an interior edge, we assume that it’s shared by two triangles T+ Cc K+
and T~ C K~ inside two neighbouring polygons K and K, and set w, :=
KT UK™, and if e € £’ is a boundary edge, we assume that it only belongs to
a triangle TT C KT and set w, := KT. Let ¢, ¢. € HZ(TT UT™) be two edge
bubble-functions from [10, 21] satisfying the following properties:

o f.vbe ds=1,[tb] s =~ hZ',
e ¢.=0on 9T+, [, Ondeds =1,|¢e|or+ = ht.
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Step 1. Given Jyv;, and the bubble-function ., define
(6.7) Tivn == Jion + > (][(vh — Jyvn) ds)z/)e ev.

ecé €

Observe from the definition of J; and v, that Jyvy(z) = vi(z) for any z € V and
f.(vn — Jfvy)ds = 0 for any e € £. The Cauchy-Schwarz inequality and the scaling
of 1, from above show that

(0 = 7o) )

S he_QHUh — J1vp||w, + he_1|vh — J1vnliw. S [vn — J1vnl2.w,

S he 32 o — Jivp e

We ~v

with the trace inequality and Theorem 5.1 in the last two steps. This proves that
lon — Jivnlon S |vn — Jivp|o,n.  Similarly the scaling [¢e|; 7+ ~ 1 and Theo-
rem 5.1(d) result in |vp, — J{vp|in S o — Jivpl2h-

Step 2. Given J{v;, and the bubble-function ¢., define

(6.8) Ji o = Jfop + Z (/3n(vh — Jiwp) ds) e € V.

ec& €
Since ¢l = 0, we have J{ vy, (2) = vi(z) for any z € V and f (vy, — J{*vp)ds =0
for any e € £. Note from fe On®eds = 1 that fe On(vp, — Jf*vp)ds = 0. Again as
in Step 1, it is easy to prove that

| (][ On(on = Jivn) ds) |18ellu. S lon = Tivnla s

and consequently,
lop, = I vnlon S lon — JTonlon S lon — J1vn2,n.

Step 3. Next we construct the operator J5 and the design employs the tools from
the construction of J. Recall the element bubble-function by,|x = bx € HZ(K) and
suppose vy € Po(K) is the Riesz representative of the linear functional Po(K) —
R, defined by, we — (v — Ji*vp, we) K, for we € Py(K) in the Hilbert space
Py (K) endowed with the weighted scalar product (bxe, ). Given vy, € V;>™°, the
function ¥y € Po(Ty) with U9|x := vy satisfy (bpva, we)a = (v — Ji*vp, we)q for
all wy € Po(Tp) and define

(69) J;’Uh = Jf*vh + bpvg € V.

Theorem 6.7. The modified conforming companion operator J5 satisfies the fol-
lowing properties.

(a) dof?’nc(Jz*vh) = dof?’nc(vh) forallj=1,...,N3™,
(b) V2(vn — J3vp) L (Po(Tn))>*? in (L2(2))2*2,
(c) V(vn — J35vn) L (Po(Th))? in (L*(2))?,
) vn — J3vn LPy(Tn) in L*(Q),

2

)

W=2op, — Jsopljn < inf — inf |vp — .
(e ]Z::o [on = J3onljn S b fon = Xlo.n + If fon = vl
Proof. We provide only the proof of modified property 6.7(c) and the remaining
properties follow analogously as in the proof of Theorem 5.2. Since by = 0 on 0K, it
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results from that definition of J3 and Ji* that f Jiv,ds =, J{* v, ds = £ vp, ds.
Hence, for ¥ € (Po(K))? and for any K € Ty, an integration by parts shows

(V(vn = J3vn), X))k = —(vn — J3vp, div(X)) k + (vn — J308, X - K)ok =0,
and therefore it concludes the proof of Theorem 6.7(c). O
6.4. Reliability. Recall (u,pp) is the nonconforming VE solution to the discrete

problem and the notation T'(e) = 0p(A e +0,,e). We proceed to define the local
contributions for the estimator

~ ~ ~ 2
0t i = hic | f = W fll% + hicllf — AT up — Hgup — oV - e Vs |
5.5 = hicll§ — Wegll5 + i )|l§ + 4V - W1 Vpp, — Bllgpp + oV - 1 Vg [ %,
2
M= hell[Onn (LY un)]ll2,

e€€i UES,
2
W= Y TR un) + alley Vs - nl|IZ,
ec&l
M= Y hellolly1Vuy -n 4111 Vpy, - 0|2,
e€&l UES

Mg = (1+ 0 Phye + h%)2 S5 (1 =TI Yup, (1 TV Yup)
+ S&((1 =11 )pp, (1 = I )pp) 4+ S5 ((1 = Te)pn, (1 — Tg)pa),
n2 i = || Dof™ (up, — I up) ||,
Br= > b (VI un) |2 + 1| [Tepn] 1)
ecfi

Denote n? = > KeT, N7 k for i =1,...,8 and the following theorem shows that
the sum of these contributions form an upper bound for the error in energy norm.

Theorem 6.8. With the aforementioned notation, there holds, fork =2 and { =1,
8
@ — @ frn S0 =D i
i=1

Proof. Let Juy = (J3up, Jupr) and € := 4 — Juy := (e",eP) € H, with €7 :=
(e, €el). Even though J; is constructed for the lowest-order case (k = 2), we prefer
to write the proof with the notation £ and ¢ to point out the challenges for general
values. The coercivity of the continuous bilinear form A leads to

|€llfr, < A, €) — A(Jiin, €) = F(€) — Fu(€r) + An(tin, €r) — A(Jtip, €).

The identities (I, f, ¥ — Jse¥)q = 0 = (I1¢g, €% — Jueh)q from Theorems 6.7.d and
5.4.c, and the L?-orthogonality of II; and II, show

F(&) = Fu(@r) = (f.e")o — (Wi f, J3ef)a + (3,¢")o — (ILg, Jach)o
= (F0)a+ (F = W Jsef — 1Y efa+ (3, a)a + (3 — Led, Jach — 11T e
with v = e* — JeY and ¢ = e — Jyel. The definitions of A and A provide
An(tn, €1) — A(Jtin, €) = (af (un, ef) — a1 (J3un, €*)) + (az(Japn, €*) — a3 (pn, €f))
+ (a3 (e}, un) — az(e?, Jyun)) + (a§ (pn, €f) — as(Japn, €’)) =: Tt + To + Ts + T
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Theorem 6.7(h)-6.7(d) imply (Iy—oV2up, Iy_2V2e¥)q = (V2 IV up, V2J5ed)o
and (gup, Hret)q = (Miup, J5€¥)q. This results in
Ty = —(Myup, v)o + (Mgup — J3un, €*)g — (V2IIY up, V2,0)0
+ (V2 (I, — J3un), V2 o + S1.0((1 — i )un, (1 =TIy )e})
S (1 =T Jun, (1= T )ef).
An integration by parts and the fact that v € V, lead to
(V2 I up, Vi 0)a = — 3 (A un,v)x — Y ([Onn(ILY up)], Onv).

KeTn ec&IUES

—Z Hvuh )

eegt
This simplifies T} to

2
= Z ((_Hkuh — AT up,v) i + (Mpup, — J3up, )i
KeTn

+ (VQ(Hszuh - J;uh), V2€u)}( + Sfo((l — Hk)uh, (1 — Hk)e?)
+ SE(O =T Y, (=T )ep)) = D7 ([Onn (T wn)], O

e€&iUES
— E Hv uh ) .
ec&t

Theorem 6.7(c) and the L2-orthogonality of Iy, _; imply (I;—; Vpp, VJ5e4—TI;_1Ved)q =
0. This and an integration by parts show

(6.10)

a Ty = (Vdapn = Tle1 Vi, Ve')o = D (V-Tl1Vpn, v)i + > (Moo Vpp - mel, v)e.
KeTy ecgl

Theorem 5.4(b), the L2-orthogonality of II,_;, and again an integration by parts

prove that

a 'y = Z ((He—1V6§ — Vduel M1 Vup, — e 1Vup) ik + (¢, V - I—1Vup) i
KeTy,

(6.11)
+ (Vefﬂl'[k,quh - VJ;’LL}I)K> - Z (q, [kalvuh ~ne])e.
ecEiUEe

The identities (IL;—1Vpp,ILi—1Vel)q = (-1 Vpp, VJsel)q and (Igpp, Ieh)o =
(epp, Jseh)q follow from Theorem 5.4(b)-5.4(d). This in the first step and an
integration by parts in the next step lead to

Ty = B((gpn — Japn, €?)a — (Lepn, @)a) + (=1 Vpr — Vdapn, VeP)q
— (IL—1Vpn, Vag)a) + S2,0((1 — e)pn, (1 — Ip)el)
+ Sv((1 =11 )pn, (1 =TIy )ef)

=) (ﬂ(neph = Japn, €’k + Y1 Vpn — Vapn, VeP) g
KeTn

+ (V- 1L—1 Vpy — Bllepn, q) k + Szk,,o((l — I)pp, (1 —Ip)el)
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+SE( =T ), (1=T)eD)) = 32 (Mo Vpn - ], a)e

ecEtUEe
The rearrangement of the terms results in
(6.12) I€llFr, ST+ - + Tho,
where
; ; u 2 W 7 2
Ts := (f = f, Je¥ —IIY e¥)q + (f — Mpvp — ALY wy, — aV -1, 1 Vg, v)q,
Ts = (G — 1Leg, Jueh — 1) €¥)q + (§ + 7V - Ie—1 Vpp, — Blepn + aV - I—1Vug, q)q,
* u 2 v? * 2 u
T7 = (Hkuh - JQU}L, e )Q + (pr(Hk Up — J2uh), Ve )Q

+ a(Vdupr — 1 Vpy, Ve )q + a(lly_1 Vel — Vel 11 Vuy — 11 Vup) g
+ a(VeP Iy 1Vur, — VJdsup)a + B(ILepn — Japn, €P)a
+ (M1 Vpy — VJupp, VeP)q,
Ty = S10((1 = T)un, (1 = i)ed) + Sy (1 — Y up, (1 — Y )el)
+ S20((1 = TLo)pn, (1 — Ig)eh) + Sy (1 — I )pn, (1 — 1LY )e?),

Ty := — Z (q, [oITx—1Vup - ne + Y1 Vpp - ne))e,
ecEiUEe
2 2
Tipi=— Y ([Onn(} un)l,0nv)e = > ([TALY un) + olle_1 Vpy - nel, v)e.
e€EIUES ee&?

The Poincaré-Friedrichs inequality implies that hp? || J5e¥ —Hkv2e7; lr2xy S 1J5ef—
Hkvzeﬂgx and hp?[|v| 2 (k) < vl2, k- Then the triangle inequality |J2*67;—Hkvze}b|2,;{
< | Jzet—ety k+ et —TIY €¥lo k and [v]ox < |€" —e|o k4% — J5e|s, k followed
by propositions 5.1 and 3.1, and Theorem 6.7(e) show

(6.13) Ts S ( > m,K)Ie"I2,Q~

KeTy

Similarly we can prove that Tg < ( > ke, 7]271{) leP|1,0 < (ZKeTh 772,K)71/2|ep|179.
Then we proceed to rewrite the terms in 7% using the L?-orthogonality IIj,II, and
Theorem 6.7(d)-5.4(c) as

(Myup, — Jyup, €“)g = (Mpup, — Jup, e —ie*)q = (Hkauh — Jyup,e* —ie")q,
(Iepn — Japn, €”)o = (Hepn — Japn, €” — TgeP)q = (1Y py, — Japn, €” — IIgeP)q.
Then we combine Cauchy—Schwarz and triangle inequalities, which results in
Tr S (lun = T unlla + lu = T wnlo + un = Junllo + |un = J5unlan
+fun =T unl1n + [lpn = T palle + pr = T prlun + lpn = Japnle
+ [pn — Japnlin) || €],

2
S Z ((1 + Oll/th + h%()|uh - Hkv uh|2,K + al/Q\uh - szuhh}h
KeTy,

+ BY2 o = 10 pall i + 52l = 11 Bl + 75,1 ) €],

S Y ek + 7.k + s i) €], -
KeTy
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The second step follows from the Poincaré—Friedrichs inequality and Theorem 5.1-
5.4, and the last step from (3.82)-(3.8¢) and the equivalence |up — II) up|1 x ~
[Dof* 2 (up, — T up) |l (see [30] for a proof). Cauchy-Schwarz inequalities for
inner products and (3.8b) lead to

T S (22 lhun = Maunllaeey + S5 = T un, (1 =TI Ju)
KeTy,

+ S50 (= T)pn, (1= TLe)pn) + S (1= 10 )pn, (1 = 105 )pn) ) €,

< (2 mec) el
K€7—h
with Huh - HkuhHK S ||uh — HkvzuhHK S h%(|uh — Hkauh\g’K followed by (38&) in
the last estimate. The trace inequality shows ||glle < he /?lqllw, + hi?|ql1w, <

he! 2|q|1)we with the Poincaré-Friedrichs inequality in the last bound. This and the
Cauchy—Schwarz inequality prove that

Ty ( Z ?75,K>’Yl/2|€p|1,9~
KeTh

Finally, analogous arguments as those used in Ty show that Tg < (Z rxer, (M3, +

1747K)) le*]2,0. The previous bounds in (6.12) conclude the proof. O

6.5. Efficiency.

Theorem 6.9 (Efficiency up to stabilisation and data oscillation). Under the as-
sumption £ < k < £+ 2, the local error estimators are bounded above as follows:

(6.14a)

1,k + 16,k + osca(f, K),

M S lu—unllk + u—uplax +5p = pn
(6.14b)

N2,k S |u—unl2,x + Bllp — prllx +7Ip — pulix + (51/2 + 71/2)776,1( + osc1(g, K),
(6.14c)

mES Y, Y, (HU — unllre + |u—unlo,x + [P = pal1,x + 6,k + 0sca(f, K/)),
e€fk K'€we

(6.14d)

mr S D D (||u—uh|\K'+\U—Uhlz,K'+|p—ph|1,K'+776,K'+0502(f,K’)),
ecfx K'cw,

M5, S Z Z <|u —unl1, i+ Bllp — pullr + vl — palixr + (B +4"%)ns ko
e€&y K'€we

(6.14¢)
+ oscy (g, K’)),
(6.14f)

nrr S |u—unl x4+ |u— Hevuluo
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(6.14g)
N,k S |u—unl2,x + |[p—pnlix + 6K

Proof. Recall the element bubble-function by ;¢ := bx € H3(K) supported in K €
Ty, and ¢ < k. Let

o o= T f— A2TTY “up—Tup—aV TTy_ Vpy, € Po(K) and v = vpby i € H2(Q) C V.

This in the first equation of the continuous problem (2.3a), and af€ (HkVQuhm) =
(AQH,quh,v)K and (IT;_1Vpp, Vo) = —(V - TIj_1Vpp,v)k from an integration
by parts lead to

(u — Mpup, v) g + a® (u — H,quh,v) — a(Vp —TIy_1Vpp, Vo) g
= (f —ef,v) K + (vk, V) k.
Hence v = viby i, the inequalities (5.8), and a < 1 < 7 show that
Ricllvnll e S Wl = T fllic + hicllu = T | + =TI wn o i
+ 92| Vp — T V|| &
S llw = unll ke + | = unla, i +72p = pulk + 16,5 + 0sca(f, K)

with triangle inequalities and (3.8b)-(3.8d) in the last estimate. This and the
triangle inequality 7 < osca(f, K) + h%|lvx|x conclude the proof of (6.14a).
The bubble-function by € H}(K) supported in K is constructed as in [15] and it
satisfies, for any y € Py(K), that

1
(6.15) Xl < Z RE1b1 kX m e S Xl
m=0

Let g := Il,g + vV - Il,_1Vpp — Bllpp + aV - 1x_1Vuy, and q := qeby x. This
in the second equation of the continuous problem (2.3b), and (Vq,Ix_1Vup)g =
—(¢,V -Up_1Vup) g and (II,—1Vpy,Vq)k = —(V - 1L,—1Vpn, q) k show

B(p — epn, @)k + (g, Vu — Il —1Vup)k +v(Vp — -1 Vpr, Va)
= (9 -Tg, @)k + (2, Dk
Hence (6.15) in the above equation allows us to assert that
hiclaellic S lu—unla + Bl = pullic +71p = puli + fun = 1Y wnlo i
+lpn =T pal1,x + osci (g, K)
< | —uplo,x + Blp — pullx + I — prlix + (B + )06k + osci (g, K).

This concludes the proof of (6.14b). Tt follows from [21] that v := ¢, [a,m(n,jzuh)]
satisfies the first inequality

11nn TV up)][I? S (1Onn (T un)]s Onv)e = a® (LY up,v) — (ALY up, 0)a,

— @ (T up, — 1, 0) + (f = T fo 0)r, + 0k, 0)us, + (Mg, — 1, 0),
(6.16) + a(Vp —Iy—1Vpp, Vv),,
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with the second equality from an integration by parts and the last equality from
(2.3a). The Cauchy—Schwarz inequality in (6.16) and the inverse estimate result in

2 . 2
[P (Y w25 (hK%(hl’ — I unlo,kr + M) + llu— Tun| &
K'cwe

+ ahy2[Vp = Hea Vpnlie ) o]l

Refer to [21] for the estimate [|v]lw, < h/?||[Opn(IY up)]lle. This and (6.14a)
conclude the proof of (6.14c). Since [T(HkVQuh)JraHg_lehn] is a polynomial along
an edge e, the analogous arguments as in the bound of 13 x for w := 1), [T(HkVQuh) +
oIly_1Vpp - n] lead to

([T(Hkauh) + ally_1Vpp - n],w)e = (u — Miup, w)w, — a(Vp — i1 Vpp, V),
— (f — Iup — AQHkauh —aV -1 Vpp,w),, —a®e (Hkv2uh — u,w)
+ (O (T up)], O0)e.

The Cauchy—Schwarz inequality, the inverse estimates Zi@:() 2wl e Sl S
h;3/2||[T(Hkvzuh) + ally—1Vpy, - n]|le, and (6.14a)-(6.14¢) conclude the proof of
(6.14d). Let be € Hg(we) be the edge-bubble function constructed as in [13,
Lemma 9] with the estimates

1
m—1/2
(6.17) 2 S (berx®e S X2 and > R bexllm i S lIxle

m=0
for x € Py(e) with the constant elongation of x in the normal direction of e € E.
The test function ¢ = be[aV -IIx_1Vup+vV -I;—1 Vpp] in (2.3b) and an integration
by parts show

B —Tepn, @)w, + (Vg Vu =1 Vup)w, +7(Vp =1 Vpp, Vq)w,
= (9 — g, @)w. + (eg — Tepp, +aV - Ty 1 Vup +9V - Tl 1Vpp, ¢)w.
— ([@V -1 Vup + 4V - -1 Vpp), @)e-
The Cauchy—Schwarz inequality, x = [aV - T;—1Vup +vV -II,_1 Vpy] in (6.17), and
the estimate (6.14b) for ny i conclude the proof of (6.14c). Then we can invoke
the equivalence |uj, — IIY up|1 x = ||Dofke (u, — TIY up) || again as in the reliability,
and then the definition of Hzv2 and the triangle inequality allow us to prove that

nrk S lun = Y ult e < Ju—upli g + |u— T uly k.

The estimate (6.14g) immediately follows from the arguments involved in the proof
of Theorem 5.1(d). O

Remark 6.10 (Higher degrees k > 3 and ¢ < k < ¢ + 2). If we introduce Juj =
(Joup, Japp) in the proof of Theorem 6.8 for k > 3, then the proof follows anal-
ogously with only difference in the estimate (6.10) of the term T5. There the
arguments utilise the H!-orthogonality V., (vy, — J3vp) L (Pe—1(7x))? and hence
the same estimator works if one can construct J5 for k¥ > 3 with this orthogo-
nality (which is possible but not trivial). Still for higher k, we can invoke the
H'-orthogonality Theorem 5.2(b) and this leads to

a(Ily—1Vpp, Vise] —1_1Vel )k = a(lli—1Vpy — I _3Vpy, Visef — I _1 Ve )k



36 KHOT, MORA, AND RUIZ-BAIER

Sallpn — 0 palix + [pn — T _opuli ) hicled |1 x

with the Cauchy—Schwarz inequality, the triangle inequality, Theorem 5.2(¢), and
Proposition 3.1 in the last estimate. Consequently, we assume that kK — 2 < £ and
obtain an additional contribution, say ng g, in the error estimator. The equivalence
of norms show

Mo 1 = ahic|[Doff (pn — I _ypn) 7o,
and also the efficiency

no.x S hiclpn — Y _opnli e < hielpn —T0_op|i,x < [p—puli,x +hi|p—T0_opli i

Remark 6.11 (Conforming VEM). As companion operators are not required in the
conforming case, the proof of reliability and efficiency follows analogously assuming
J = I, where I denotes the identity operator. Note that the local contributions
ng,x and ng k arise due to the noncoformity of the method and hence the error
estimator in the conforming case is

7
lu — I, <D
i=1

Remark 6.12 (Choices of projection operators). Note that the projection Il;_oVuy,
for vy, € V,f “ (or th’nc) is also computable in terms of the DoFs, and both a priori
and a posteriori error analysis hold with this choice. We prefer to use II;_oVuy,
instead of II;_; Vv, in the numerical experiments below. Also from the theoret-
ical analysis, observe that if we set £ = k (one degree higher for pressure) and
modify the term (Vp, Vu) g ~ (IIx—1Vp,i_1Vu)k for all K € Tj, in the discrete
approximation, then the error estimator component n; will disappear. But higher
approximation of pressure may not be a good choice from a numerical perspective.

7. NUMERICAL RESULTS

We now present a number of computational tests that confirm the theoretical
a priori and a posteriori error estimates from Sections 4-5 and Section 6, and we
also include typical benchmark solutions for Kirchhoff-Love plates that we modify
to include the coupling with filtration in porous media. All meshes were generated
with the library PolyMesher [41].

7.1. Example 1: Accuracy verification with smooth solutions. In order to
investigate numerically the error decay predicted by Theorems 4.1 and 5.5, we follow
the approach of manufactured solutions. We set the parameters « = =~ =1 in
all the examples below.

We construct a transverse load and a source function f, g, respectively, as well
as homogeneous and non-homogeneous boundary data for u and p, such that the
problem has the following smooth deflection and fluid pressure moment exact solu-
tions

u(z,y) = sin’(7x) sin?(ry), plz,y) = cos(rzy),
on the square domain Q = (0,1)? with mixed boundary conditions I'. := {z =
0}U{y =0} and T'y := 90\ T'.. Then we employ a sequence of successively refined
meshes 7;' and compute the projected virtual element solution (Hkvzuh,ﬂzvph) on
each mesh refinement h;, and monitor the norms |u — Hkv2uh\27h for displacement
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approximation, [p —IT) pp |1, for pressure approximation and the combined energy

norm || - [[g». The experimental order of convergence r; is computed from the
formula
log()
r; = —
C log(l)

where e; denotes a norm of the error on the mesh 7711

We impose the appropriate boundary conditions for both clamped and simply
supported boundaries. In case of the conforming VEM, note that the degrees of
freedom include the gradient values at vertices and u(z) = 0 = Opnu(z) = 0 implies
Vu(z) = 0 for a corner z along the boundary I'*. Hence, we have to impose the zero
gradient values at the corners on simply supported part in addition to the clamped
part.

FIGURE 3. Approximation uy of displacement u for k = 2 (left)
and pp, of pressure p for £ = 1 (right) on a smooth Voronoi mesh
of 400 elements.

We take £ = k — 1 in numerical experiments to obtain the expected optimal
convergence rates for both conforming and nonconforming VEM. See Table 3 (resp.
4) for k =2 and £ =1 (resp. for k = 3 and ¢ = 2). Tables 3-4 display the errors
and the convergence rates on a sequence of Voronoi meshes.
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he | lu=T5 uplon | v |lp—Tpalin | i || — bl |
Conforming VE discretisation
0.6801 13.530 0.575 0.8743 0.106 14.848 0.551
0.3124 8.6492 1.213 0.8051 1.247 9.6714 1.212
0.1558 3.7205 0.988 0.3382 1.450 4.1621 1.036
0.0795 1.9133 0.908 0.1275 1.328 2.0729 0.941
0.0390 1.0023 1.148 0.0495 1.126 1.0608 1.151
0.0193 0.4483 * 0.0225 * 0.4734 *
Nonconforming VE discretisation

0.7147 24.738 0.966 5.1202 0.855 33.475 1.001
0.3625 12.837 1.197 2.8642 1.360 16.960 1.223
0.1862 5.7833 0.943 1.1574 1.798 7.5073 1.092
0.0938 3.0282 1.181 0.3372 1.825 3.5485 1.261
0.0476 1.3600 1.207 0.0978 1.632 1.5092 1.252
0.0244 0.6077 * 0.0329 * 0.6544 *

TABLE 3. Error 4 — ), = (u— H2V2uh,p — IV py) in the energy
norm ||e|[gr with k = 2 and £ = 1 on a sequence of smooth Voronoi
meshes of 5,25,100,400,1600, and 6400 elements.

h lu =T uplon | v | Ip— Y palin T |4 — ﬁﬁh|Hg T;
Conforming VE discretisation
0.6801 8.2153 1.986 0.4883 1.712 8.9142 1.984
0.3096 1.7206 2.058 0.1269 2.861 1.8713 2.114
0.1508 0.3916 2.219 0.0162 2.313 0.4091 2.226
0.0794 0.0942 1.979 0.0036 2.069 0.0980 1.984
0.0393 0.0234 2.109 0.0008 2.166 0.0243 2.111
0.0203 0.0058 * 0.0002 * 0.0060 *
Nonconforming VE discretisation

0.7147 10.748 0.7089 3.6144 -0.3735 15.115 0.3286
0.3406 6.3548 1.5061 4.7674 1.9128 11.847 1.7228
0.1875 2.5874 2.0609 1.5229 2.5617 4.2385 2.2546
0.0969 0.6639 1.9931 0.2808 2.8056 0.9570 2.2010
0.0484 0.1663 2.2325 0.0340 2.6055 0.2075 2.3010
0.0239 0.0345 2.0891 0.0064 2.2739 0.0410 2.1178
0.0123 0.0086 * 0.0014 * 0.0101 *

TABLE 4. Error 4 — Ild), = (u— H3V2uh7p — 11 pp) in the energy
norm || e[| with k£ = 3 and £ = 2 on a sequence of smooth Voronoi
meshes of 5,25,100,400,1600, and 6400 elements.

Figures 4-5 display the error and the error estimator convergence rates for both
uniform and adaptive refinements. In this example, we choose a smooth Voronoi
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mesh of 25 elements as an initial partition and follow the standard adaptive algo-
rithm

SOLVE — ESTIMATE — MARK — REFINE

In all the adaptive experiments below, we first solve the discrete problem (3.11)
(resp. (3.12)) for conforming (resp. nonconforming), compute the upper bound 7
in Theorem 6.8, consider the Dorfler marking strategy with 8 = 0.5, and divide a
marked polygon into quadrilaterals by connecting vertices to the centroid of the
respective polygon. The same refinement strategy is utilised to divide all the ele-
ments in case of uniform refinement. The additional error estimator component 7
from Remark 6.10 is incorporated in the experiment of the nonconforming VEM
with degree k = 3 and ¢ = 2.

—e—uniform (k=2,(=1)

1021 —+—adaptive (k=2,£=1)|] .
uniform (k= 3,¢(=2) 10?
adaptive (k = 3,0 = 2) 5
g
g 100 L ﬁ
0] o 0
é 10° ¢
o
1072}
‘ ‘ 1072k :
10 10* 10° 10 10* 10°
NDof NDof
FIGURE 4. Left (resp. right) panel displays NDof vs error in en-
ergy norm (resp. error estimator) in both uniform and adaptive
refinements for conforming VEM.
—e—uniform (k =2,(=1) +llnif0rm (k=2,=1)
1021 —+—adaptive (k =2,£=1)|] ad-fxptwe (k=2t=1)
uniform (k = 3,0 = 2) 102 L +unlfor@ (k=3,0=2) ]
e adaptive (k = 3,0 =2) § —<—adaptive (k =3, = 2)
s 2
= E
o 0 )
% 10% ¢ $
S
@100t
1072}
102 10t 10° 102
NDof NDof

FIGURE 5. Left (resp. right) panel displays NDof vs error in en-
ergy norm (resp. error estimator) in both uniform and adaptive
refinements for nonconforming VEM.

7.2. Example 2: Convergence rates with non-smooth solutions. We con-
sider the L-shaped domain Q = (—1,1)?\ ([0,1) x [~1,0)) and the exact solution

u(r,0) = r*3sin (%)7 p(r,0) = r2/3sin (230)
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with clamped boundary conditions for w and Dirichlet boundary condition for p on
0N} (observe that we can take Dirichlet boundary condition instead of Neumann for p
on I'® without affecting the well-posedness and error analysis of the model problem).
Since both the displacement u € H®/3)~¢(Q) and the pressure p € H®/3)~=¢(Q) for
all € > 0 have corner singularities, the lowest-order scheme k& = 2 and ¢ = 1 suffices
to achieve the optimal convergence rates with respect to the regularity of v and p.

When the adaptive algorithm is run, we see more refinement around the sin-
gular corner as displayed in Figures 6-7. Figure 8 shows that the method with
unifom refinement leads to suboptimal rates whereas adaptive refinement recovers
the optimal convergence rates, and the error estimator mirrors the behaviour of
the actual error. We observe from the plots of error estimator components that 77
(resp. ns) dominates the remaining contributions for the case of conforming (resp.
nonconforming) VEM.

approx u, approx u, approx u,

' '
08 08
0s 08
04 04
02 02
0 0
02 02
04 04
08 08

FIGURE 6. Approximation wuj of displacement u on adaptive
meshes Ty, 75, T1o.

approx p, approx p, approx p,

1 : 1
=H oo o
os %— | o
07 1 07
06 H 1 06
” 0
0 w
02 0
o1 .
J 0

FIGURE 7. Approximation p; of pressure p on adaptive meshes

7-177377-10-
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102 : 10! :
—o— |t — ITuj, || g» (uniform) —*—m
—+— ||t — ITuj || (adaptive) —E2
—e&—n(uniform) 3
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- _3 6
100} 10 —
F—
1077
1072 ‘ a .
10! 10° 10° 10! 10° 10°
NDof NDof
FIGURE 8. Left panel displays NDof vs error in energy norm and
estimator in both uniform and adaptive refinements, and right
panel displays estimator components in adaptive refinement for
conforming VEM.
10! : : 10!
—o— ||d — ITu | g (uniform) ——m
——|d — HlthH? (adaptive) —a—1p
B —s—n/(uniform) 3
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FIGURE 9. Left panel displays NDof vs error in energy norm and
estimator in both uniform and adaptive refinements, and right
panel displays estimator components in adaptive refinement for
nonconforming VEM.

Conclusions. This paper analyses conforming and nonconforming VEMs for the
poroelastic plate model (2.2) referred from [31]. The well-posedness of both contin-
uous and discrete problems follow straightforwardly. Theorem 4.1 provides the a
priori error estimate in the best-approximation form for the conforming case. In the
nonconforming case, we first developed a key tool, the so-called companion opera-
tor, which maps from the nonconforming VE space to the continuous space (V for
displacement space and @ for pressure space). We stress that the construction of
the companion operator in this paper is novel and substantially different from those
already present in the literature [30, 15, 16], in the sense that it is designed for gen-
eral degree VE spaces satisfying orthogonality and best-approximation properties.
Furthermore, this operator is an independent vital technical argument that can be
useful in other nonconforming VE methods for different second and fourth-order
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elliptic problems. The VE functions locally need not be polynomials and this pa-
per contributes to the non-standard proofs of basic estimates such as Poincaré-type
inequalities, inverse estimates, and norm-equivalences. This paper also presents
a residual-based reliable and efficient a posteriori error estimator, which is ro-
bust with respect to the model parameters. To support the robustness of the
error analysis with respect to the model parameters, we also perform uniform and
adaptive numerical tests for moderate and extreme values of model parameters
a=107% 8 =10% = ~ and observe from Figure 10 that although the magnitude of
errors and error estimators become large for large values of 8 and -y, the convergence
rates remain optimal as predicted by the theory.

We emphasise here that both conforming and nonconforming VEM have great
advantages over standard FEM from the perspective that the C'-conforming FEM
requires higher dofs compared to conforming VEM and nonconforming FEM for
higher degrees can not be easily put in one framework as we can do in VEM.
However since the model problem is a fourth-order PDE, we require C'* continuity in
the conforming case, and consequently the nonconforming VE can be implemented
with less computational effort compared to its conforming counterpart.

Recall that the model problem (2.2) analysed in this paper is a scaled version
of the original model problem (2.1). Certainly, one can start with (2.1) instead
of the normalised version, but the coercivity of A (uniformly with respect to the
parameters) is not straightforward and one may have to invoke a different abstract
result (for example a global inf-sup condition or similar arguments) to prove the
well-posedness of the problem. Note that our analysis (well-posedness as well as the
robustness with respect to model parameters) majorly depends on having the same
coefficient « for the coupled terms and the relation o < 1 < . It will be interesting
to track all model parameters, but the formulation is substantially modified leading
to a completely different analysis and we keep it open for a future work. Also the
limiting case d — 0 indeed requires a change in the model to consider nonlinear
effects, and altogether implying a different physical phenomenon to be regarded
and studied separately. Finally, we mention that as an important extension of this
work we are developing new mixed formulations for the coupling of Biot—Kirchhoff
plates interacting with a bulk free flow.
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—o—n°(uniform)
——|ld - Hu‘fj\\ﬂg.(uniform)
—a—n°(adaptive)
—a—|jd — Hu‘;;HH,.(adaptive)
—e—n"%(uniform)
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FIGURE 10. Left (resp. right) panel displays NDof vs error in en-
ergy norm and estimator in both uniform and adaptive refinements
and both conforming and for nonconforming VEM in Example 1
(resp. Example 2). The superscript ¢ (resp. nc) denotes the re-
spect term in the conforming (resp. nonconforming) case. The
triangle in left (resp. right) panel represents slope 0.5 (resp. 0.33
and 0.5).
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