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VIRTUAL ELEMENT METHODS FOR BIOT-KIRCHHOEFF
POROELASTICITY

REKHA KHOT, DAVID MORA, AND RICARDO RUIZ-BAIER

ABSTRACT. This paper analyses conforming and nonconforming virtual ele-
ment formulations of arbitrary polynomial degrees on general polygonal meshes
for the coupling of solid and fluid phases in deformable porous plates. The gov-
erning equations consist of one fourth-order equation for the transverse dis-
placement of the middle surface coupled with a second-order equation for the
pressure head relative to the solid with mixed boundary conditions. We pro-
pose novel enrichment operators that connect nonconforming virtual element
spaces of general degree to continuous Sobolev spaces. These operators satisfy
additional orthogonal and best-approximation properties (referred to as con-
forming companion operators in the context of finite element methods), which
play an important role in the nonconforming methods. This paper proves a
priori error estimates in the best-approximation form, and derives residual—
based reliable and efficient a posteriori error estimates in appropriate norms,
and shows that these error bounds are robust with respect to the main model
parameters. The computational examples illustrate the numerical behaviour
of the suggested virtual element discretisations and confirm the theoretical
findings on different polygonal meshes with mixed boundary conditions.

1. INTRODUCTION

Scope. Fluid-saturated porous media that deform are an essential ingredient in
many engineering, biophysical and environmental applications. From these mate-
rials, a family featuring interesting properties is compressible thin plates. Porosity
and permeability characteristics through the thickness can be averaged, leading to
a different scaling of poromechanical properties from the typical structure exhibited
in Biot’s consolidation systems (see, for example [I8, Chapter 8]).

A number of works have addressed the rigorous derivation of poroelastic plate
effective equations [33,34,37,39,40]. The well-posedness analysis has been con-
ducted, for a slightly different model, in the recent paper [29]. Regarding numerical
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methods, a discontinuous Galerkin formulation has been proposed in [31] (follow-
ing [38]) and splitting algorithms have been analysed. High-order finite element
methods have been used for layer-wise poroelastic shells in [26].

The virtual element method (VEM) has gained popularity in recent years due
to its ability to handle complex geometries and provide high accuracy numerical
solutions for partial differential equations (PDEs). Another important feature of
VEM is the possibility of easily implementing highly regular discrete spaces. This
idea is initiated in [12], where spaces of high global regularity (such as C*, C? or
more) are easily built in a very efficient way. This has been applied and tested
in some biharmonic models of thin plates. The literature contains error analysis
of VEM for biharmonic problems for thin plates models (Kirchhoff plates), with a
particular emphasis on conforming and nonconforming approximations, including
eigenvalue problems [2J[4[121[T6L22/[35/[36]. Other VE discretisations for biharmonic
problems in plate models provide a detailed error analysis of the particular type of
method and demonstrate its effectiveness through numerical experiments, and the
analysis also includes a posteriori error estimates, the time dependent case, and the
extension to 3D, among others. See for example [11[78]21142][43].

Since nonconforming spaces might not be a subset of the continuous space, the
enrichment (averaging) operator introduced in [9] is adapted to prove a priori error
estimates utilising a posteriori error bounds in [28] (known as medius analysis).
These averaging operators essentially assist in connecting the nonconforming dis-
crete space to the continuous space with the required approximation properties.
Such operators are then modified in [I7] (referred to as conforming companion op-
erators) satisfying, in addition, orthogonality properties and best approximation
estimates. A similar strategy can be carried out in VEM. Indeed, enrichment oper-
ators for VEM were recently proposed in [30], and companion operators for VEM
were analysed in [I5L[16]. Since VE functions are not known explicitly, the com-
putable or noncomputable enrichment /companion operators acting on VE functions
can be constructed depending on the specific purpose. In particular, computable
conforming companion operators can be exploited to define the discrete problem
and allowing rough sources [I6]. In turn, the noncomputable ones can be used
for purposes of the analysis (not necessarily knowing the structure explicitly). So
far, the design of such computable companion operators requires a shape-regular
subtriangulation of the polygonal decomposition together with lowest-order finite
element spaces such as Crouzeix—Raviart for second-order and Morley for fourth—
order problems. Omne of the primal advantages of computable companion maps
is that they permit to approximate rough sources in H~2(f2). In this paper we
consider sources in L%()), and hence we only need to present the construction of
noncomputable companion operators. This is enough for the required analysis and
most importantly, we can avoid to go down on the subtriangular mesh as done in
the construction of computable companion operators. We stress that the proposed
enrichment operator maps nonconforming VE spaces to conforming VE spaces of
one degree higher (which is different from the construction in [30]), and in addition,
it satisfies H2-orthogonality and best approximation estimates. We then modify
this enrichment operator through a variety of bubble-functions to design new com-
panion operators having a lower-order orthogonality property (in H! and L?). The
treatment of general boundary conditions is carefully addressed in this paper, for
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which the definition and thorough analysis of the new companion operators is key
to establish well-posedness and to obtain error estimates.

This paper presents an extension of nonconforming VE formulations for the
coupling of biharmonic problems and second-order elliptic equations (see the similar
methods introduced for each of the component subproblems of second-order linear
elliptic and fourth-order elliptic in the recent contributions [I5,[16], respectively).
The model encodes the interaction with a fluid phase, and the study of this type
of problems has gained significant attention due to its relevance in various physical
applications. More generally, the proposed framework offers a unified approach to
solve coupled problems with mixed boundary conditions on polygonal domains, even
when they are nonconvex. For conforming cases, we combine C' —C? types of VEMs
with various polynomial degrees. The error estimates, measured in the weighted
H?x H' energy norm (for deflection and moment pressure), demonstrate robustness
with respect to material parameters. Additionally, we introduce a reliable and
efficient a posteriori error estimator of residual type. Leveraging the flexibility of
VEMs in utilising polygonal meshes, we employ the error estimator to drive an
adaptive scheme. Notably, the proposed a posteriori analysis is novel for high-
order nonconforming VEMs and can be applied to tackle more complex coupled
problems: we emphasise that the models presented in this work can serve as a
fundamental building block for establishing a comprehensive framework for more
complex mixed-dimensional poroelastic models. These models can also be extended
to incorporate interaction with multi-layered structures, such as thermostats and
micro-actuators, offering broad applicability and versatility.

The main contributions of this work can be summarised as follows:

e Application of the proposed conforming and nonconforming VEMs to the
plate Biot equations.

e Design of new companion operators with the orthogonal properties and the
best-approximation estimates.

e A priori error estimates in the energy norm for both conforming and non-
conforming formulations in the best-approximation form that remain robust
with respect to material parameters.

e The detailed proofs of the inverse estimate and the norm equivalence for
the nonconforming VE functions.

e Introduction and analysis of a residual-based a posteriori error estimator.

e Presentation of numerical results validating the theoretical estimates and
demonstrating the competitive performance of the proposed schemes.

Content and structure. The remainder of the paper has been organised in the
following manner. In the rest of this section we provide preliminary notational
conventions and definitions to be used throughout the paper. Section [l contains the
model description and defines the weak formulation of the governing equations. The
local and global VE spaces, the degrees of freedom and the computable polynomial
projection operators are addressed in Subsection B.], and the derivations for both
conforming and nonconforming approximations and the analysis of existence and
uniqueness of discrete solution are conducted in Subsection The a priori error
analysis for the conforming VE methods in the best-approximation form is carried
out in Section 4l For the nonconforming case, the companion operators are defined
in SubsectionE.I]along with the proofs of the properties and the best approximation
estimates followed by the a priori error estimates in Subsection Subsection
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recalls the preliminary estimates and Subsection contains the detailed proofs
of standard estimates such as the inverse estimate and the norm equivalence for
the nonconforming VE functions, and a Poincaré-type inequality for H? functions.
The reliability and efficiency of an a posteriori error estimator are included in
Subsections [6.4H6.5l Finally, a collection of illustrative numerical tests is presented
in Section [7

Recurrent notation and domain configuration. Consider an open, bounded,
connected Lipschitz domain of R3, denoted Q=0x (—¢,¢) € R? and occupied
by an undeformed thin poroelastic plate (a deformable solid matrix or an array of
solid particles) of characteristic thickness 2¢, and where  C R? represents the mid-
surface of the undeformed poroelastic plate. The plate is assumed to be isotropic
in the plate plane and to follow the Kirchhoff law. In particular, it is assumed that
the plate fibers remain orthogonal to the deflected mid-surface [24]. An appropriate
modification of Biot constitutive poroelasticity equations is adopted in combination
with Darcy flow in deforming pores (see [32]). Following the model presented in
[31], we assume that the equations governing the balance of momentum and mass of
the solid and fluid phases can be written in terms of the averaged-through-thickness
deflection w (vertical displacement of the solid phase) and the first moment of the
pressure of the fluid phase p. We will denote by n the unit normal vector on the
undeformed boundary 9. The boundary 0f2 is disjointly split between a closed set
I'® and an open set I'* where we impose, respectively, homogeneous deflections and
homogeneous normal derivatives of deflections and of pressure moment (clamped
sub-boundary with zero-flux) and homogeneous pressures with normal deflections
and bending moments (simply supported sub-boundary).

For a subdomain S C Q we will adopt the notation (-, ), g for the inner product,
and || - ||m,s (resp. |- |m,s) for the norm (resp. seminorm) in the Sobolev space
H™(S) (or in its vector counterpart H™(S)) with m > 0. We sometimes drop
0 from the subscript in L? inner product and norms for convenience. In view
of the boundary conditions mentioned above, we also define the Sobolev spaces
H2.(Q) == {v € H*(Q) : v = Opv = 0 on I'°}, where d,,v denotes the normal
derivative of v, and H}. () := {q € HY(Q) : ¢ = 0 on I'*}. Also, given an integer
k>1and S C RY d = 1,2, by P,(S) we will denote the space of polynomial
functions defined locally in S and being of total degree up to k. Given a barycentre
xg and diameter hg of a domain S, we define the set of scaled monomials My (S)
of total degree up to k and M (.S) of degree equal to k by

r—xs

Mk(S):{( s )£:|Z|§k},and MZ(S):{(x;SxS)£:|€|:k}.

Throughout the paper we use C' to denote a generic positive constant independent
of the mesh size h and of the main model parameters that might take different
values at its different occurrences. Moreover, given any positive expressions X and
Y, the notation X <Y means that X < CY (similarly for X 2 Y).
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2. PLATE BIOT EQUATIONS AND SOLVABILITY ANALYSIS

The two-dimensional poroelasticity problem arising when a fluid flows through
a deformable porous plate of thickness d can be written in the following form

2

(2.1a) ﬁ% + divdiv AV2u + abAp = f in Q % (0,7,
a? \dp 3 o(Au) & )

(2.1b) (co + m) 5 abﬁ T EAp =g in Q x (0,71,

(2.1¢) U=0pu=0,p=0 on I'® x (0,71,

(2.1d) U=0Oppu=p=0 on I'* x (0, 7],

with appropriate initial conditions and where p is the reduced density (taking into

account a volume-to-surface scaling), A := D((1—v)I+vI®I) for the flexural rigidity

. Ed®  _ pQO+pd®
D= 12(1—02) — é()\'ﬁ‘éﬂ)

v € (0,0.5), the Lamé parameters \, it and Oppnu := (V2u)n-n. Also a is the Biot—
Willis poroelastic coefficient, b = 2u(\ + 2u) ™1, ¢p is the total storage capacity, &
is the absolute permeability, and 7 is the viscosity of the fluid. We concentrate our
attention in the following modification of this Biot—Kirchhoff system in the case of
a specific adimensionalisation proposed in [31], eq. (7)-(9)]:

of the plate for the Young modulus F, the Poisson ratio

2
(2.2a) % Y A% falAp=f in Q x (0,7,
(2.2b) % - aa(éu) —~vAp =g in Q x (0,77,

where with an abuse of notation we have kept the same notation for the dimension-
less problem. Here f € L?(0,T}; () is the normal vertical loading and g € L?(0,T'; )
is a prescribed mass source/sink. Henceforth, we treat «, 3, as the main model
parameters, where a < 1 <~ and

A+ p

B = (co[A+24] +042)% v = L

Note that the reduced density p and the rigidity D of the plate are absorbed in
the load f and the model parameter «. In plate problems, the Poisson ratio v
tending to 0.5 is one of the interesting limiting phenomena and that, in turn, leads
to the case of the first Lamé parameter A — oo. In our new normalised problem,
it essentially implies that the model parameters 8, will go to infinity. The aim
in this paper is to analyse the normalised problem (2:2]) and show that its robust
with respect to the model parameters «, 3, .

System (22)) is similar to the noninertial problem in [3I] which accommodates
fluid-saturated plates where diffusion is possible in the in-plane direction (see also
the set of problems recently analysed in [29]), here extended to the case of mixed
boundary conditions. In order to fix ideas, we will focus first on a simplified system,
resulting from applying a centred and backward Euler semi-discretisation in time
to (22a)—-(22h), with a conveniently rescaled final time T and rescaled time step
to At = 1. Define the displacement and pressure space

Vi=HZ(Q)NHNQ), Q:=HE(Q).

Owing to the specification of boundary conditions (taken homogeneous for sake of
simplicity of the presentation), a weak formulation is obtained, which reads: Find
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(u,p) € V x @ such that
(2.3a) (u,v)q + (V2u, V20)g — a(Vp, Vo)g = (f,v)a YvelV,
(2.3b) B(p, D)o+ Vg, Vu)a +7(Vp,Va)a = (3,0)e  Vq€Q,

with Vv = <Zm Zzy> being the Hessian matrix (of second-order derivatives)
yr  Uyy

for a given v € H?(Q). The right-hand side terms also include the value of deflec-

tion and pressure moments in the previous backward Euler time steps, denoted as

~n n-—1
3

u™,u and p", respectively:
f=r+2um—a""', g=g+p"
where the index n > 0 indicates the time step.
The product space H, contains all 4 € [HZ.(Q) N H}(Q)] x HE () which are
bounded in the norm
(2.4) ldllf, = [lulld + [ul5 o + Blpl& + P

The subscript € denotes the weighting parameters (in our case, 8,7). Let us now
group the trial and test fields as 4 = (u,p) and ¥ = (v,q), respectively; and
introduce the operator A : H. — H, defined as

(A(#), D) := (u,v)q + (V2u, V*0)q — a(Vp, Vo)a + B(p, ¢)a + a(Vq, Vu)o
+7(Vp,Vq)a,

where (-, -) denotes the duality pairing between H, and H.. Note that |u|s o defines
anorm on V, which is equivalent to H?-norm [23], pp. 34]. In particular, this implies
for any v € V that

(2.5) [oll2,0 S |v]2.0-

We also define the linear and bounded operator F : H. — R as
5 F(3) == (f,v)a + (3, 0)a

and therefore Problem (23)) is recast as: Find 4 € H, such that

(2.6) (A1), d) = F(9) Vv e He.

We are now in a position to state the solvability of the continuous problem (2.6)).

2
1,0

Theorem 2.1. Problem (2.0) is well-posed in the space H, equipped with the norm
@4).

Proof. Tt follows from the Lax—Milgram lemma (see, e.g., [25, Lemma 25.2]), re-
quiring the boundedness of A over the space H,

(A(d), ¥) < ||,
and the boundedness of F, as well as the coercivity condition
(A@), @) = |G}, Ve H..

For the continuity it suffices to apply the Cauchy-Schwarz inequality while the
coercivity is a direct consequence of the definition of the solution operator (whose
off-diagonal terms cancel out). (]

V)| m, vV, € He,

Now, we state an additional regularity result for the solution of problem (2:6]).
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Regularity estimates [27]. Given f € H5~4(Q) and § € H"~2(Q) with s > 2 and
r > 1, there exists a unique solution 4 = (u,p) € (H*(Q) NV) x (H"(2) N Q) to

28 such that

(2.7) lulls,0 + Ipllr S N flls—a0 + 19llr—2,0-

Remark 2.2 (Simply supported boundary condition). The boundary condition u =
Onnt = 0 on the simply supported part and an integration by parts

(A2%u,v)q = (VZu, VZ0)q + (On (A1), v)a0 — (Onntt, Onv)oq — (Onst, 9sv)aq

for v € V allow the Hessian term (V2u,V?v)q = (A2%u,v)q in the weak form.
However to be consistent with plate mechanics, a zero bending moment M, (u) :=
vAu+ (1 — v)Opnu = 0 should be prescribed in place of dpnu = 0 and instead one
can consider the integration by parts

a(u,v) == / vAulAv + (1 — v)u;v;; de
Q

= / A?uvdx + / M (w)Opvds — / (On(Au)v + (1 — v)Oprudyv) ds.
Q o oN

This replaces the Hessian term by the above bilinear form @(u,v) and the weak
formulation becomes

(2.8) (u,v)q + a(u,v) — a(Vp,Vo)g = (f,v)g VYoveV,
(2.9) B(p, 9o +a(Vg, Vu)a +v(Vp,Vg)a = (G,9)a  Yq€Q.

The boundedness of modified A is straightforward and the coercivity follows from
the observation a(v,v) = v||Avl[[g + (1 —v)[v]3 o 2 |v]3.o with the equivalence (23]
in the last inequality.

3. VIRTUAL ELEMENT FORMULATION AND UNIQUE SOLVABILITY OF THE
DISCRETE PROBLEM

Let us denote by {75, }xn>0 a shape-regular family of partitions of Q, conformed
by polygons K of diameter hg, and we denote the mesh size by h := max{hg :
K eTh}. Let V=VIUVCUV?® and € = E'UECUE® be the set of interior vertices V!
and boundary vertices V¢UV*, and the set of interior edges £ and boundary edges
EcUE®. By Nk we will denote the number of vertices/edges in the generic polygon
K. For all edges e € 0K, we denote by n% the unit normal pointing outwards K,

¢- the unit tangent vector along e on K, and V; represents the i*" vertex of the
polygon K. We suppose that there exists a universal positive constant p such that

(M1) every polygon K € Ty, of diameter hg is star-shaped with respect to every
point of a ball of radius greater than or equal to phg,
(M2) every edge e of K has a length h, greater than or equal to phg.

Throughout this section we will construct and analyse a conforming and a noncon-
forming family of VE methods.

3.1. Virtual element spaces.
VE spaces for displacement approximation. First we define the bilinear
form a® as the restriction to K of

a(v,w) = / V2 : Vi de.
Q
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For K € 7}, and k > 2, define the projection operator Hkv2 : H*(K) — Pi(K), for
v e H?*(K), by

(3.1) (I v, i) = a®(v,xk) Vo € Pu(K),
with the additional conditions

(3.2a) IY?’v=1v and VIIY*v=Vov for conforming VEM,

(3.2b) IY’v =7 and /

VHZ2U ds = / Vuvds for nonconforming VEM,
oK

0K

where T is the average ﬁ EZJ\LKI v(V;) of the values of v at the vertices V; of K.
Since the linear polynomials x; € Py(K) C Pr(K) lead to the identity 0 = 0 in
1), it follows that the two conditions in (B.2al) for conforming and (3.2L) for
nonconforming fix the affine contribution and define H,sz uniquely for a given v.
Furthermore, the Poincaré—Friedrichs inequality implies

2 2 2
(3.3) o =1L vllx S hilo— IR ol x S hilv =TI v]o k.

The local conforming VE space V,f “(K) [12] is a set of solutions to a biharmonic
problem over K with clamped boundary conditions on 0K, and it is defined, for
k > 2 and r = max{k, 3}, as

v, € H*(K)NCYOK) : A%vy, € Pi(K), vple € P.(e) and
thvc(K) = Vuple - nG € Pr_i1(e) VeedK, and
(’Uh—Hkv2’Uh,X)K:0 VXEP}C(K)\P]C,4(K)

On the other hand, the local nonconforming VE space is a set of solutions to
a biharmonic problem with simply supported boundary conditions and was first
introduced in [43]. However, it is pointed out in [I6] that the definition in [43]
works for a polygon K without hanging nodes, and that new work provides an
alternative definition for the lowest-order case (k = 2) with possibly hanging nodes
in K. In this paper, we extend such a definition of the nonconforming VE space
for a general degree k. First we need some preliminary geometrical notations. Let
K € T, be a polygonal element, and Ex := {e1,...,en, } and Vi,...,Vx, be the
edges and vertices of K. Suppose that z1,..., z5, denote the corner points of K for
some Ng < N, where the angle at each z; is different from 0, w, 2. The boundary
OK =e1 U---Uep, can also be viewed as a union of the sides s1,. .., SN+ Where
s; 1= conv{zj, zj41} (convex hull of z; and zj41) for z; = Vi, and 241 = Vi, 4,
with zg, ,y = z1. Note that m; is the index in the vertex numbering corresponding
to the j*" index of the corners of K and n; is the total number of straight edges
on the sides s;. See a sketch in Figure [l (e.g., m1 = 1 and n; = 2, my = 3 and
ny = 1, and so on). With these notations, we are in a position to define the local
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FiGURE 1. Sample of pentagonal element with vertices V1, ..., Vs,
edges eq,...,es5, corners 21, ..., 24, and sides s1,...,84

TABLE 1. The left panel describes the DoFs of V,*¢(K) with the
characteristic length (see [12], for example) hy, associated with
each vertex V; for all i = 1,..., N and the right column lists the
DoFs of V;""°(K).

degree | DoF's of v, € V,ZC’C(K) DoFs of vy, € V;fvhc(K)
kZQ (Dl)vh(‘/’b) VZ:177NK (]D)l*)vh(V;) VZ:177NK
(DQ) hquh(Vi) Vi= 17...,NK (DQ*) L 6nU}LXdS VXGMk—2(€)~, QEEK

k>3 | (D3) fe Onunxds Vx € Mi_3(e), e € Ex | (D3*) fe vpxds Vx € Mi_3(e), e € Ek

k24| (D4) founxds VX EMia(e) ek | (L) feomxda ¥ € My y(K)
(D5) fonxda ¥ x € My_a(K)

nonconforming VE space V" (K) for k > 2 by

VEr(K)
v, € HA(K) : A?vp, € Pr(K), vple € Pi(e) and Avy|. € Pr_s(e)
Veelk, vls, € Cl(s;), fem_ vpxds = few Hkvzvhxds

2
= V x € Pr_2(em,), and fem' Jvpxds = femﬂ Y vpx ds
J J

+
VX €Pr_s(em;4i) fori=1,...,n;, and j = 1,...,Ng,
(’Uh—Hkvz’Uh,X)K:O VXGPk(K)\Pk,AL(K)

The local degrees of freedom (DoFs) for both conforming and nonconforming VE
spaces are summarised in Table [

It can be shown that the triplets (K, V"°(K), {(D1) — (D5)}) and (K, V;""°(K),
{(D1*)—(D4*)}) form a finite element in the sense of Ciarlet [23], and the projection
operator Hkv2vh for vy, € Vf’C(K) (resp. vy, € Vf’C(K)) is computable in terms of
the DoFs (D1)-(D5) (resp. (D1*)-(D4*)). We refer to [12] (resp. [16]) for a proof.
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1110 REKHA KHOT, DAVID MORA, AND RICARDO RUIZ-BAIER

Let IT; denote the L?-projection onto the polynomial space Py (K ). That is,
(v, )k = (v, X))k ¥V x € Pp(K).

The orthogonality condition in the definition of the local VE spaces V,f “(K) and
V,f "(K) implies that IIj is also computable in terms of the DoFs.

For v € HY(K) and ¥ € (Px—1(K))?, an integration by parts leads to the ex-
pressions

(3.4)
(Hx—1Vv, X)k = —(v,div X)x + (v, x - n¥%)ox = — (v, div X)k + (v, x - Nk ok,

owing to the definition of I in the last step. Observe that the DoFs (ID1)-(D2) and

(D4) determine vy, € P,.(e) explicitly for all e € 9K. This and the computability of

T, imply that IT_; Vuy, for v, € V:’C(K) is computable in terms of the DoFs. Since

Hkvzvh is computable, the values fe “vpxds for x € Mk,g(emj) are computable
™y

from the definition of th’nC(K). If n; = 0, these (k—1) estimates, and the values at
the vertices V,,,; and V,,,, 1 uniquely determine vy € Pr(en,). If n; > 0, the point
values vy (Vin, +i), U (Vi +i41), OrVh (Vin, +4) and fem-+7¢ vpx ds for x € Mg_3(em; +i)

evaluate vy, on each edge €, 4 fori =1,...,n;,j=1,... ., Ng, and consequently vy,
is known on the boundary 0K . Similarly as above, this step and the computability
of IT; imply that II;_; Vv, is computable in terms of the DoF's for vy, € th’nC(K).

Proposition 3.1 (Polynomial approximation [I1]). Under the assumption |(M1)|
for every v € H*(K), there exists xi € Prp(K) with k € Ny such that

[v = Xklm,x S hie "vls,x for0<m<s<k+1.

The global VE spaces V;f “ and V;f "¢ are defined, respectively, as
VEC = v, € Viuplx € VI(K) YK €T},
and
vy € L2(Q) top|i € th’nC(K) VK € Th, vy
is continuous at interior vertices

V}f ne = and zero at boundary vertices,
L Onvn]xds =0 V x € Pr_s(e), e E'UE"
and [ [vp]xds =0 Vxe€Pr_s(e), ecé
VE spaces for pressure approximation. We define the projection operator

Y : HY(K) = Py(K) for £ > 1 and ¢ € H'(K) through the following equation

(3.5) (VIR ¢, Vxo)xk = (Vg, Vxo)k ¥ xe € Po(K),

with the additional condition needed to fix the constant

(3.6a) IIYg=7g for conforming VEM,

(3.6b) / Iy gds = / qds for nonconforming VEM.
oK oK

This defines H[Vq uniquely for a given g. To approximate the pressure space @,
we introduce the local conforming VE space Qi’C(K )for £ > 1 and K € T, as the
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TABLE 2. The left (resp. right) panel describes the DoFs of
l,c /,nc
n (K) (resp. Q" (K)).

degree| DoF's of ¢, € Qf;’c([() DoF's of g, € Qian(K)
(>1 ] (F1) qu(V;) Vi=1,...,Ng (F1*) f anxds Yx € My_1(e),
e€k

L>2 | (F2) fe gnxds Vx € My_s(e), e € Ex| (F2¥) fK grnxdx Vx € My_o(K)

(F3) i anxdx Yy € My_o(K)

set of solutions to a Poisson problem with Dirichlet boundary conditions [6]. In
particular,

e () gn € HY(K)NC°(OK) : Agy € Py(K), qnle € Pee) Ve e dK,
h o and (gn — 1) gn, )k =0V x € Po(K) \ Py_o(K)

In turn, the local nonconforming VE space Qi’nC(K ) is the set of solutions to a

Poisson problem with Neumann boundary condition [5] and is defined for ¢ > 1 as

qn € HI(K) OCO(aK) : Aqh S ]Pz(K), ath|e S ]ngl(e)
bR = VeedK, and (gn — 1Y gn, X)x = 0
V x € Po(K) \ Prz(K)

The DoFs for Qy°(K) and Q™ (K) are provided in Table

The triplets (K, Q}°(K), {(F1)— (F3)}) and (K, Q™ (K), {(F1*) — (F2*)}) form
a finite element in the sense of Ciarlet [23] (see, e.g. [6]). Note that II) g can
be computed from DoFs of (F1)-(F3) (resp. (F1*)-(F2*)) for q;, € Qi’C(K) (resp.
qn € Qi’nc(K )). Refer to [6] (resp. [15]) for a proof. Consequently, the L2-
projection II, is also computable from the orthogonality condition in the definition
of the spaces Qi’C(K ) and Qfl’nC(K ). This and the explicit expression of g, on the
boundary 9K in ([B4]) show that II;_1Vg;, is computable for g, € Qi’C(K). The
computability of I, and (F1*) in @3) imply that of IT,_; Vg for g, € Q4" (K).

Next we define the global VE spaces for conforming and nonconforming pressure
approximation, for £ > 1, as

b fgh € Q:qnlk € QLK) VK €E€Th}),

and

tme _ fan€ L2(Q): qulx € QY"(K) YK €T, and

h [lan)xds=0 VxePi_i(e), VecE UES
respectively.
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3.2. Discrete problem and well-posedness. Let us first set the continuous bi-
linear forms a1 : V X Vjas : @ X V and a3 : Q X Q as

a1 (u,v) = (u,v)q + a(u,v) Vu,veV,

az(p,v) := a(Vp, Vo)g VpeQand Vv eV,

a3(p,q) == B(p,9)a +7(Vp, V)a Vp,a€q
Wlth the local counterparts a1 ,aX and a3 for K E Tr and the piecewise versions
=3 pal, )" =Y af and @b =Y af respectively. For all up, vy €

V}f’c(K) or V,f’nc(K) and py,, g € Qf;’c( ) or QZ "(K) with k > 2 and £ > 1, define
the discrete counterparts by

al (up, vp)| i = (Mg, Mpvp) i + Sfo((l — Ig)up, (1 — I )vg)

(3.72) + (k2 (V2un), Wi (V208)) i+ S8 (1= TY Y, (1= 117 o),
(3.7b)

al (pn, vn)| i = (M1 Vpn, M1 Vo) k

af(pn an)|x = BMepn, Meqn) k + S5 ((1 = Te)p, (1 — e)gn)

(3.7¢) + (M1 (Vpn), e 1(Van)) e + S (1 =10 ), (1 = 1Y )gn).
The stabilisation terms S&, and S{%; on VEC(K) or VP, and SE and 5%, on

fl’c(K ) or i’nC(K ) are positive definite bilinear forms and there exist positive
constants Cyz,C1 0, Cv, Ca o such that

(3.8a) %%\vh@ k< ng (v, vp) < Cv2\vh\§7K Yy, € Ker(l’[V ),
(3.8b) Cy. Tollvnllk < St Ko(wn,vn) < Crollonll% Y op, € Ker(Ily),
(3.8¢) Cg'vlanlt i < S (ansan) < Cvrlanli x ¥ gi, € Ker(ILy),
(3.8d) C{,éﬂ“%”%{ < 550(%,%) < Cs0B|lqn|1% Y qn € Ker(I,).

Let dof; denote the " degree of freedom. Standard examples for stabilisation
terms satisfying (B.8a)—(B.-8d)) respectively are

Séz (ﬂh, wh) = h;g Z dOfi (’Uh)dofi (wh), Sfo(vh, wh) = h%(ng (’Uh7 ’Ll)h)7
SE(prran) =7 dofj(pr)dofj(qn),  Sao(pn,an) = Bhic > dof;(pn)dof;(qn),
J J
for all vy, wy, € V:’C(K) or V}f’nc(K) and pp, qn € Qi’C(K) or Qfl’nc(K). The global
discrete bilinear forms af : V¢ x V¢ (resp. V" x V) alk - Q0¢ x VP (resp.
Q" x V") and aff - Q)¢ x Qf;c (resp. benc Q") are defined by af(-,-) ==

ZKeTh al' () ks ab (-, -) o= ZKGT,L ay(+ )|k and a3( )= ZKE’T; a3( i for
conforming (resp. nonconforming) VEM. We assume that ¢ < k, and then the

discrete problem is to find (up,pp) € Vf’c X Qﬁ’ (resp. Vk e % QZ ") such that
(3.9a) al(up,vn) — al (pn,vn) = (fh,vh)g Yoy, € Vh’ (resp. Vk "),
(3.9b) af (qn, un) + af (ph, ) = (G, qn)o Van € Qf{ (resp. Ql "),

with the discrete right-hand sides (fh,vh)g = (f, Myvp)o and (gn,qn)o =
(9, eqn)- To rewrite the above discrete problem, define the discrete product
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space H¢ := th’c X Qi’c and the discrete operator A§ : H¢ — H"¢ as

(3.10) (A5 (n), Bn) = al (up, vp) — a(pn,vn) + ab(qn, un) + a (pn, qn)

for iy, = (un,pn),¥n = (vn,qn) € HPC. We also define the linear and bounded
functional F¢ : H¢ — R as

ﬁh = ‘/—:ﬁ(ﬁh) = (.fha Uh)Q + (gha Qh)Qv
and therefore problem (B.9) is recast as: Find @), € H¢ such that
(3.11) (S (85), ) = Fo(@n) ¥ 6, € H®

Similarly we define H¢ := Vf M Qi’nc, the discrete operators Aj° and F;°, and
seek ;" € H™1¢ such that

(3.12) (ApC(dn), Un) = F°(8r) V0, € HP™
Define the piecewise version || - [|g of the norm || - [|gr, for @ = (u,p) € H?(Tp) x
HY(Tp) as

@05 = lelid+lul3 ,+Blpla+1pl 5 = D (lullk +ul3 x +Blpll% +71p1 &)-
KeT,

The following result yields the solvability of the discrete problems.

Theorem 3.1. Problem [BI1) (resp. B12)) is well-posed in the space H (resp.
H/""¢) equipped with the norm @A) (resp. || - ||lan ).

Proof. The boundedness of Af, and AJ¢ clearly follows from the stability of the
L%-projection operators II,_o, II;,II,_;, and II, for £ > 2 and ¢ > 1, and from
B8a)-(B.8d). For 4), € H or H, the definition (BI0) implies (A (%), Br) =
al(vp,vn) + al(qn, qn). The definition ([B.7a) of a? and the lower bounds of stabili-

sation terms (3.8al)-(B.8H) lead to

al (vn, vp) 2 |pon g + [[(1 = W) on g + [Me—a(V20) (13 +

2 Nlvnllay, + [vsl3 0

2
(1- Hkv )Uh|§,h

where we have employed ||(1 — II;_2)(V2v)|lo < |(1 — Hkvz)vh|21h and triangle

inequalities in the last step. Analogously we can prove that al is coercive, and
consequently Aj (also A,¢) is coercive with respect to the weighted norm || - [|gn.
Hence the Lax—Milgram lemma concludes the proof. (Il

4. ERROR ANALYSIS FOR CONFORMING VEM

This section recalls the standard conforming interpolation estimates and estab-
lishes the a priori error estimates in the energy norm || - ||z, (cf. Theorem FII).

Proposition 4.1 (Conforming interpolation [I3L21]). There exists an interpolation
operator If : (VNH®(Q))x (QNH"(R)) — V}f’c X Qi’c such that, forv e VNH?*(Q)
with2<s<k+1landqe QNH"(Q) with1 <r </l+1, I_;CL’U = (v§,4§) and

lv—§|jn S Bl for 0<j <2 and |g— qfljn S h gl for0<j <1
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Throughout this paper, the oscillations of f,§ € L?(Q) for k > 2 and £ > 1 are
defined as

osca(f, Tn) : ( > Ink (=10 fll% )1/27

KeTh
osc1(g, Tn) : ( > k(1 —He)9||K>

KeTh
Theorem 4.1. Given 4 = (u,p) € (VNH*(Q))x (QNH"(Q)) fors>2andr > 1,
the unique solution iy, = (u$,ps) € HM = th’c X Qf;’c fork>2and1<(<kto
BI0) satisfies

6 — iy |, < Il — Tailla, + | — Tadiee + o'/2|u = T uly,p, + osca(f, Tr)
+oser (g, Th) S AMELTRET () Fll g0 4 [1G]-2.0),

for Tipa = (Hkv2u, 1Y p).

Proof. We drop the superscript ¢ (denoting the conforming case) in the proof just
for the sake of notational simplicity. Let €, := (e}, e}) = (ur — up,pr — pn) =
iy — @y € HM for iy = (ur,pr). The coercivity of Aj, from Theorem Bl and the
discrete problem (BIT]) in the first step, and an elementary algebra in the second
step lead to

I€nllfr, S An(iir, @) — Fu(@n) = (al(ur = TIY " u, ) + ad™ (1Y w = u, €}))
+ (as(p, ei) — a3 (pr, ) + (af (pr = 1Y p,ep) + a5 (I p — p, €}))
+ (ab (e}, ur) — as(eh, u) + ((f = fuef)a + (3 = Gnr €h)o)
(4.1) =T +Ty + T3+ Ty +Ts.

The contmulty of a? and a% from Theorem B} and the Cauchy—Schwarz inequality
for a7 and a}" show

T+ T S (Jur — 1Y ullg + llu — 1Y ullo)lleflla + (lur — TIY ulo
+lu =TV ulap)lef o0 + 8Y2(lpr — Y plla + lp — Iy pll) BY/21€8 |lo
+Y 2 (|lpr - Y 2ER n
< (ld — l|s, + |G — Tni e )l1€
(4.2) < hmin{k—17s—27z,r—1}(

with triangle inequalities in the second step, and Propositions B.IHA ] in the last
step. Algebraic manipulations and the L?-orthogonality of II,_; imply that

a_l(Tz + T4) = (Vp — 10,1 Vpy, V€Z)Q + (Hg,1Vp17 (1 - Hk,1)V6}§)Q
+ (I Vey 111 Vur — Vu)g
(43) + ((Hg,1 — 1)Veﬁ, (1 — Hg,l)Vu)Q.

r0)ll€nllH,

In addition, triangle inequalities and the L2-orthogonality of II,_; provide

IVp — -1 Vprla < |p — prlio + lpr = I plin Slp = prlie + Ip — 1 plis.

The second term in (&3] vanishes because of the L2-orthogonality of IIj,_; and as-
sumption ¢ < k. Similarly, the third term in (Z3]) reduces to (II;—1Ve} , II_1Vu; —
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Vu)g = (Hg,1VefL, Vu; — Vu)g. The Cauchy—Schwarz inequality in combination
with the previous bounds in {@3) and o'/? <1 < ~/2 result in

To+ Ty SYY2(|p — prle + [p — 1Y plip) ey

+ a2 (Ju—ugle + [ — I ulyp)v 2 el

1,0

1,0
< (1E — Iidil|a, + (1@ — |5
+a'Plu =1 ulu ) (leflz.0 +7'2[eh]1,0)
< AR (e 0 4 92 e 1),
where [u—uz|1,0 S lu—ur|2,0 and |ef]1.0 S |lejt|2,o from [21), and Propositions 311

ATl were used for the last two inequalities. The L2-orthogonality of II, and II,
together with Proposition 3.l and v > 1 allow us to assert that

Ts = (W3, (F = Wi f), bz (1 = i)ei)a + (h7, (= 1Leg), b (1 = Tp)ef)o
S osca(f, Th)lefilo.0 + osc1(g, Ta)leh 10
(4.4) S pintESem2 02U FlL o 4 |G lle—2.0) (20 + 7' /2leh 1)
The estimates (£2)—(@4)) in (@I show that
€n . S R (y) o + [plra + [ flls—a + [13]lr—2,0)-

This and Proposition 1] in the triangle inequality |4 — 4y ||a, < |4 — ds|lm, +
l€n]|51. followed by the regularity estimates conclude the proof of the theorem. O

5. ERROR ANALYSIS FOR NONCONFORMING VEM

Since the nonconforming discrete spaces V,f ¢ and Qi’m need not be subsets

of continuous spaces V and @, this section explains the different constructions (at
least two) of conforming companion operators which connect nonconforming VE
spaces to continuous Sobolev spaces. The two crucial ideas in the design are
e first to map a nonconforming VE space to a conforming VE space of one
degree higher, and
e second to modify the linear operator constructed in the first step through
standard bubble-function techniques to achieve additional orthogonal prop-
erties (in particular, L2-orthogonality).

5.1. Construction of companion operators. Let doff’C fori=1,... ,Nf’c and
dof?’rlC forj =1,..., Ni’nc be the linear functionals associated with DoFs of the
VE spaces Qf;’c and Qi’nc of dimensions N%¢ and N for £ > 1. Let doff’C for
i=1,...,NF and dof;?’nc for j =1,..., N5 be the linear functionals associated
with DoF's of the VE spaces V;" and V"™ of dimensions N5 and N5 for k > 2.

Theorem 5.1. There exists a linear operator Ji : th’nc — Vf“’c satisfying the
following properties:

(a) dof?’nc(leh) = dof?’nc(vh) forall j =1,... Nb»e

(b) aP¥(vp — Jivn, x) = 0 for all x € Py(Tn),

(¢) Vpw(vn — Jivp) L (Pe—3(Tn))? in (L?(Q))? for k > 3,

2
d B2 oy — Jyop|jn S inf -
(d) > 2y, 1Uh|]7h~x€]%"?(771,)‘vh X

inf — .
2 2.h +5?v |vp, — V]2,
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Construction of J;. First we observe that DoFs of V}f’nc is a subset of DoFs
of thﬂ’c. Next we define a linear operator J; : th’nc — V:H’C through DoFs of
V:H’C, for vy, € V,f’nc, by

doff’“C(leh) = dof’?’nc(vh) Vji=1,... Nb»

V.Jyon(z ST VIV unlk(z) YzeV,

KeT.

ITI

][ lehxdw:][ Hkavhxdw Vx € My _5(K),
K K

where the set 7, := {K € T}, : z € K} of cardinality |7,| contains the neighbouring
polygons K sharing the vertex z. We assign VJivp,(2) = 0 for the boundary vertices
z € V¥ if 2z is a corner (the angle at z is not equal to 0,7, 27) and for all z € V. If
the angle at z € V* is equal to 0,7, 27, then we assign

Oy (Jrvp)(z) =0 and  Op(Jyvp)( > Onl MY vk (2).
|T ‘ KeT.
Proof of Theorem [5.1(a)l This is an immediate consequence of the definition of
Ji. O

Proof of Theorem [5.1(b)] Let x € Pr(K) and set the notation T(x) := 9n(Ax +
OrrX), and [MnT(X)]Zj = 8n‘r(X)|ej_1(Zj) - 8’m'(X)|ej (25) for j =1,..., Ng with
€0 = eny - Since x € H*(K) and vj, — Jivy, € H?(K), an integration by parts leads
to

aK(vh — Jivp, X) = / A?x(vp, — Jyvp) d —|—/ OnnXOn vy, — Jyvp) ds
K 0K

Ng

_ /aKnX)(Uh_m ds+; Xz (o — Jin)(27) = 0,

with part [5.1(a)| being used in the last step. This holds for any K € 7T; and
concludes the proof of Theorem |5.1(b)| O

Proof of Theorem [5.1(c)| For any v, € Vk " x € Pr_o(K) withk > 3and K € Ty,
an integration by parts and Theorem - show that

(V(vn = J1vn), VX)k = —(vn — J1vn, AX) K + (0n — J10h, OnX)ox = 0.
This proves Theorem |5.1(c)| O

Proof of Theorem [5.1(d)} Since (Hkv2vh — Jiup)|k € thJrl’C(K)7 the norm equiva-
lence found in, e.g., [30, Lemma 3.6] shows that

(51) |Hkv2’l}h - J1Uh|2 K =~ h71||D0fk+1’C(Hv2’Uh — Jl’l}h)”gz7

for the vector Dof* ¢ with arguments as the local DoFs of V’chl °(K). Let z be an
interior vertex in VNV belonging to an edge e € £x. The equality J1vp(2) = vp(2)

from Theorem [5.1(a)| and the inverse estimate for polynomials imply
2 2 2
(I on = Jron) s (2)] < (Y vn = va)lloo.e S he /2 |lon = T vale

~

S hgYon =TV ol + Jon — Y onlire S Bclon — Y vp2, -
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The third step follows from the trace inequality, and the last step from B3] and
(M2)] Let 2 be an interior vertex in V!N Vg or a boundary vertex in VN Vg with
angle at z equal to 7, and polygons K; = K. .., K|1,| share the node 2. Suppose

(H,szh)i = HXQU}L\K“ and K; and K,y are two neighbouring polygons. Then
v2 1 ‘7—2| v2 v2
VL v — Jion)i(2) = 7 D (VALY wa)1 = VALY vp);)(2)
zl 55

7= -1

62 = 7 2 VI ) = VLY )i )2

j=2 i=1

A consequence of the mesh regularity assumptions |(M1)H(M2)|is that |7;| is uni-
formly bounded for any z € V. Hence it suffices to bound the term (V(H,szh)l -

VIV vp,)2)(2) for z € e and an edge e € K1 NK>. In addition, the inverse estimate
for polynomials leads to

2 2 2 2
(VALY vp)1 = VALY on)2)(2)] < VIR on)1 — V(I vn)2]lco,e
S b PV onlelle-
Let v € V be an arbitrary function and a. := fe V(v — vp)ds. Since a is

uniquely defined from the definition of v, € V;*™ rewrite he '/?|[VIIY vplelle =

he_l/2||[VHszvh — Vv + aelelle. Let we denote the edge patch of e. Then the trace
inequality and the triangle inequality show

_ 2 _ 2 2
he 1/2||[VHkv v — VU + aelelle S he 1||VHkv vp — VU + aelw, + ‘Hkv v — V2,0,

2 2
ShM Y vn = valliw, + IV (0h = v) + acllw,) + 1LY 0n — vnl2,w, + [0h — V]2, -

Since §, V(vp, —v) + ar ds = 0, the Poincaré-Friedrichs inequality and [(M2)]imply
IV (vp, =) + tellw, S helvn —v|2,w,. This and B3) in the above displayed estimate
provide

(5.3) he VIV wnlele < TV wn — v
The combination (5:2)-(E3) results in
2 2
|h- V(ALY vp — Jivn) |k (2)] S hic(lon = Y valow, + v = val2w,)-

Theorem [5.1(a)} the Cauchy—Schwarz inequality, and the trace inequality lead for
any x € My_o(e) and e € Ex \ €° to

2,we + |Uh - ,U|27we'

[ on v = Bronds < B2 0n (00— ).
€

2 2 2
Slon = I nliw, + helon — I vnlow, S helon — 1LY vplo,

with (33]) in the end. Analogously we can prove for any xy € My,_3(e) and e € EgNE?
that
][(HkV2vh — Jivp)xds < helvp, — HkV2vh|2,we-

€

Again Theorem [5.1(a)] the Cauchy-Schwarz inequality, and ([B.3]) show for any
X € Mk,4(K) that

2 2
][ (Hkv v, — Jyop)x de < hglop, — H,Y v,
K

2,K>

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1118 REKHA KHOT, DAVID MORA, AND RICARDO RUIZ-BAIER

and fK(Hszvh —Jivp)x de =0 for x € Mj_4(K). The definition of Hkv2 from (B.1])
implies |lvp, — HkszhHQ’h < infyep,(73) [vn — X|2,n- The previous estimates in (5.1])
prove that

Y v, — Jy < inf |u, — + inf |v, — v|2.p.
11 vy, 1 h|2,hNX€Pk(Th)| h— Xl|2,h v€V| h 2,n

Hence the triangle inequality |vy, — Jivpla,n < v — HkVth 2n + |Hkv2vh — Jivpla.n
and (33) prove the estimate in Theorem [5.1(d)| for the term |vp, — Jyivpl|2p. The
Poincaré—Friedrichs inequality implies Z;:O hi=2|vy, — Jyvp Lin Slon—Jivklen. O

Theorem establishes the construction of the second companion operator
which will be used in the sequel.

Theorem 5.2. There exists a linear operator Jo : V,f’m — V' such that it satisfies

Theorem [5.1(a)H5.1(d)| and in addition the L?-orthogonality property. In particular,
(a) dofy™(Jyvy) = dof™(vy) for all j =1,... N5™°,
(b) apw(vn — Jovn, x) =0 for all x € Pr(Tn),
(¢) Vpw(vn — Jovp) L (Pr—3(Tn))? in (L?(Q))? for k > 3,
(d) v — Jovp L Pr(2) in LQ(Q),
2

“ JZ::O W on = Jzvnlin S on = Xla.pw & 2 fon = Vlan:

Construction of Ja. Let b € HZ(K) be a bubble-function supported in K and
v € Pi(K) be the Riesz representative of the linear functional Py (K) — R, defined
by, wg — (vp — Jivp, wi) K, for wg € Pi(K) in the Hilbert space Py (K) endowed
with the weighted scalar product (bxe,e)r. Given vy, € th’nc, the function 9y, €
Py (Tr) with 94|k := vk and the bubble-function by, |k = bx € HZ(S2) satisfy

(5.4) (bnon, wi)o = (vh — J1vp, wWi)o YV wy € Py(Th),
and define
(55) Jovp 1= Jyvp + bpop, € V.

Proof of Theorem [5.2(a)} Since bx = 0 = Op(bx) on IK for any K € Tj, there
holds, for any vy, € th’nc,

Jovp(2) = Jivp(2) = vp(2) for any z €V,

/0n(ngh)de = /8n(J1vh)X ds = /8n(vh)x ds for x € Mj_o(e) and e € &,
][Jg(vh)xds = ][Jl(vh)xds = ][vhxds for x € Mg_3(e) and e € €.

For x € My_4(K) and K € T, the definition (55)) of J; and (5.4) show

][ Jovp x dx :][ (Jivp + brvg)x de :][ vpx de.
K K K

This concludes the proof of Theorem [5.2(a) O
Proof of Theorem [5.2(b)H5.2(c)l This results from Theorem [5.2(a)| and it follows
as in the proof of Theorem [5.1(b)}5.1(c)} O
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Proof of Theorem [5.2(d)} This is an immediate consequence of the definition (G.3])
of Jy and (&.4). O

Proof of Theorem [5.2(e)| The Poincaré—Friedrichs inequality implies Z;ZO hi=2|y,
2,h- The

— Jovpljn S |vn, — Javn|2,n. Hence it remains to bound the term |vy, — Javp,
triangle inequality and (£ lead to

(5.6) [op, — Javn|2.n < |vn — Jrvnl2,n + [bhOk |25

For any x € P(K) and K € Tp, there exist inverse estimates

2
G.7)  Ixllk S Gxox)x S Il and lxlle S PR brXm i S I
m=0

This implies

(5-8) brvklex S 0 vkl k-

The first inequality in (5.1), and (B.4]) with w, = vk € Pi(K) result in
lvklli S (brvw,vi) K = (vn = J1vn, vK ) K-

Hence ||vk||xk S |lvn — Jivk||x. This, the estimates (5.6) and (5.8]), and Theo-

~

rem [5.1(d)| conclude the proof of Theorem [5.2(e) O

Corollary 5.1. The piecewise H?-seminorm forms a norm on V}f’nc, and it is in
turn equivalent to the piecewise H?-norm. That is, for any vy, € th’nc, there holds

lvnllz,n S [vnl2,n.
Proof. Recall that Jov, € V for vy, € th’nc. Then the triangle inequality leads to

lvnllzn < llvn — J2vnllan + [[J2vnll2.0 S [vnl2.n + [J2vsl2.0

S |vnle,n + [Jovn — vplon + [sl2n S |VRl2, 0,
with Theorem [5.2(e)|and (2.3)) in the second step, again the triangle inequality and
Theorem [5.2(e)|in the last two steps. O

The same idea follows for the second-order VE space Qi’nc and Theorems [(.3]
and [0.4] similarly construct J3 (as Ji) and modify Js to obtain Jy (as Jy) with the
L2-orthogonality. We prefer to highlight only the main steps in the construction of
Js to avoid the repetition of the arguments.

eorem 5.3. There exists a linear operator Js : Q)" — ¢ satisfying the
Th 5.3. Th ists a li Js 1 QpC = QyT1C satisfying th
following properties:
(a) dof™(Jsqn) = dof " (qn) for all j =1,... ,NP",
(b) (Vpw(an — J3qn), VowX)a = 0 for all x € Py(Ta),
1
(c) Z W= an — Jaqn

Jj=0

< inf — + inf — .
RS, lan — Xx1,n quIqh ql1,n

Construction of Js. First we observe that the DoF's of Qi’nc constitute a subset
of the DoFs of Qflﬂ’c. We define a linear operator Js : f;’nc — fol’c through
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l+1,c ¢,nc
DoFs of Q" ", for g, € Q,;", by
d ff,nc J —d ff,nc V=1 Nl,nc
oL, (3(1)*0‘ (qn) J=4.. Ny

> MYagulk(z) VzeVuye
KeT.

Jaqn (2
|7'\

][ nghxd:c:][ szqhxdw YV x € Mj_{(K).
K K

Proof of Theorem |5.3(a)l This is an immediate consequence of the definition of
J3. O

Proof of Theorem _ An integration by parts and Theorem [5 prove, for
any x € Py(K) and K € Ty, that

(V(gn — J3an), VX)k = —(an — J3qn, AX)k + (qn — J3Gn, OnX)ox = 0.

This concludes the proof of Theorem O
Proof of Theorem |5.3(c)l This follows analogously as the proof of Theorem [5.1(d)|
with obvious modifications. O

Theorem 5.4. There exists a linear operator Jy : e " 5 @ such that it satisfies
Theorem [5.3(a) and in addition the L2—orthog0nalzty property. In particular,
(a) dofe’nC(J4qh) = doff’m(qh) forallj=1,... N

(b) (V pw(qh J3qn); Vowx)a = 0 for all x € Pe(Tr),
(c) Qh — Jagn L Pe(Q) in L2(Q),
)

‘ — v4tlkld inf |gn — X|1n + 10f [gn — g1
( J;) ‘Qh U lan X|1,h qu|qh q|1,h

5.2. Energy error estimate. This section proves the energy error estimate for
the nonconforming case invoking the companion operators constructed in Subsec-

tion B.11

Proposition 5.1 (Nonconforming interpolation). There exists an interpolation op-
erator Ip¢ - (VNH?*(2))x (QNH"(2)) — Vk " QL] ¢ such that, forv e VNH*(Q)
with2<s<k+1landqe QNH"(Q) with1 <r </l+1, I_;I;Cv = (v}°, q}°) satisfies

[0 — 0} S B ol for 0 < j <2 and |q — gl S B lqlna for 0 < j < 1.

Theorem 5.5. Given 4 := (u,p) € (VN H*()) x (QNH"(Q)) for s > 2 and for
r > 1, the unique solution @),° = (ul¢,pic) € Hbne = th’nc X Qi’nc for k> 2 and

¢>1 to BI2) satisfies

16 — a5 |exp S 16— Lty + 1@ — Tt + o2 (= T uly
+ hlp = 1Y_gpl1,1) + Bhllp — I plla + osca(f, Ta) + 0sc1(3, Ta)
S e =2 () Fll o+ (1lle-2,0)-
Proof. Let 4; = (us,pr) € th’nc X Qfl’nc be an interpolation of 4 and &, =

(e, el) := (ur — upn,pr — pn). The coercivity of Aj from Theorem Bl and the
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discrete problem ([B.12) lead to
(5.9)
€nllFen S An(En, €n) = An(tir, €) — Fi(€n)

=al(ur,el) — a(pr,el) +ak(eh, ur) + ab(pr,e?) — (frre)a — (Gn, €))a
= (al(ur — TV u ) + aP (I w — w,ef)) + () (u,e) — (f.ef)a)
+(f = furefa + (—ak(pr, ep) + ab(el ur)) + (ak (pr — 1) p,eb)

+ a’gw(Hﬁvp - D, 61}1)) + (a’gw(p7 eil.;) - (§7 ez)ﬂ) + (g - gh7 e;}i)Q
=T+ To+T5+Ty+T5 +Ts + 17,

with an elementary algebra in the last two steps. The boundedness of Aj from
Theorem B.1] and the Cauchy—Schwarz inequality for a]" and a5" show the chain
of bounds

2 2 2
T+ Ts S (ur — I ullg + llu — IR ullo)llefllo + (Jur — I ula.p
2
+ u =TI ulzp)leplon + B2 (lpr — Y plla + llp — I plle) 82 |e} o

+ 42 (pr = Y plun + Ip — T plus)y' 2 leh |un

S (1 — dir||gr + 14— ﬁhﬁHHg)

Al
(5.10) < hmin{kfl,sflf,rfl}(|u‘s)ﬂ + |p\r,sz)||§h||Hg,

with the triangle inequality in the second step, and Propositions B.IH5.1lin the last
step. Taking ¢ = (Jae}, Ju€}) in the continuous problem (2.6) allows us to assert
that

To+ 1Ty +Ts
= ab" (u, e} — Jaep) + az(p, Jaep) + (f, Jael — ef)a + ab™ (p, €} — Jueh)

— az(aep,u) + (3, Jaef, — ef)o — (a3 (pr, ef) — az(eh, ur))

- (aﬁ’ww — 1Y uyeff — Jaey) + (f = I f, Joclt — ef)o
+ a5 (p— Y p, el — Juel) + (G — e, Jaeh — €i)sz>

T (azco, Jelt) — al(pr. clt) + ab (el up) — a2<J4e;';,u>)

=:Ts + Ty.

The last step follows from Theorems 5.2Eb H5.2!d and [5.4(b)[5.4(c)} The Cauchy—

Schwarz inequality and Theorems [5.2(e)| and [5.4(d)| show for Tg that

, i
Ty < (Ju—T0Y ulap + osca(f, Tn))let|on + (Bhlp — ) pllo + 42 [p — T pl1n
+oscr (g, Ta) v 2leb |un

< pm L2 (a0 + [plrg + 1 fls-a0 + 13l-2.0)l|€n |
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Next, an elementary algebraic manipulation for Ty provides
a Ty = (Vp — 1 Vpwpr, Vdael ) + (-1 Vpwpr, Viael — 11 Viwei)a
+ (I—1Vpweh , Op—1 Vpwur — Vu)o
(5.11) + (-1 Vpwel — Vel Vu — Vo [T u) g,
with the L2-orthogonality of II,_; and Theorem in the last term. The

Cauchy—Schwarz inequality, the triangle inequality ||Vp — y—1Vpwprlla < |p —
prlin 4+ |(1 —e—1)Vpwpr|lo for the first term in (G.IT) lead to

(Vp =1 Vpwpr, Vze)a < (Ip = pilin + (1= 1) Viwprlla) | Jaej:
S(p=prlin + VP =1 Vplla) | J2e)]2.0
(5.12) S MO L oo n,

1,0

having employed |Vpr —IL,—1Vpr||lx < |[|Vpr —1Li—1Vp| i for any K € T}, followed
by the triangle inequality in the second step, and Propositions B.IH5.1l and the
stability of J; from Theoremin the last step. For k = 2, the Cauchy—Schwarz
inequality and the L?-stability of IT,_; for the second term in (5.I1) imply

(ILe—1Vpwpr, Vdaey — I Vpwen)a < prlinl|VJ2er — I Vpwern|la
< (pr =plin+lp 1,n) S hlphe

The second step results from the triangle inequality, and the last step from Propo-

sitions BIH5.1] and Theorem |5.2(e)l Theorem [5.2(c)|in the second term of (11

for k > 3 leads to
(ILe—1Vpwpr, Vdaep — i_1Vpwer)o
= (-1 Vpwpr — va(Hkvfﬂ?)v Visey, — k-1 Vpwey)o
< (IVp = 1 Vplla + [p — prlin + [p — T _oplin)
x (lef = Jachlin + (1 = k1) Viwehlla) S RO 5 1 pl,aleh]o n,

where we have used the bound ||Vp; — ;-1 Vpr||x < ||Vpr — -1 Vp||k for any
K € T and the triangle inequality in the second step, and Propositions BIH5T]
and Theorem in the last step. Similarly the remaining two terms in (EIT])
are handled as

(5.13a) (-1 Vpwel 1 Viwty — Vu)g S B R15 My oleb|) ),
(5.13b)  (Ip—1 Vel — VJaeh, Vi — Vi (I 1)) < B0l gleh |1 .
The combination (5.12)—(E.I3D) and the observation o < 1 <+ in (5.IT]) prove that

ro)(len — Jaeplin + ey — ey €hl2,h-

Ty < (6 — il + |6 — Tnti]lgn ) left]2.n
+ a2 (ju =T ulyp + blp = T gl )y 2leh |1
< hmin{k—l,s—l,l7r—1}(|u 1/2

s.0 + [plro)(leplzn + 7 len]1n)-
The L2-orthogonality of II;, and II,, and Proposition B.1] result in
Ts+ Tr = (b3, (1 - ) f, by (1 = )ef)q + (b, (1 = Tg)g, iy (1 — p)ed o
< osca(f, Th)leflo.n + o0sci(d, T)leb|n

S AL LT (B o + [Gle-2.0) (ehl2.n + 712l

1,h)7
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with v > 1 in the end. The previous estimates in (5.9) readily prove that
€nllsr S L2201 (ufg o + [Pl + | flsa0 + [3lr—2.0)-
This and Proposition 5.1l in the triangle inequality |4 — @p gy < |4 — drllar +

|€n s followed by regularity estimates conclude the proof of the theorem. O

Remark 5.6 (Best-approximation for lowest-order case). If we reconstruct Jo for
k = 2 with an additional H'-orthogonality in Theorem as Vpw (vp, — Jovp) L
(Po(T))? in (L2(2))? (see Subsection for a definition), then the error estimate
in Theorem for K =2 and ¢ = 1 can be written in the best-approximation form

1% — @ e < I — Tl + 118 — Ty + 02— T uly
+ Bhllp — ) plla + osca(f, Tr) + osc1(g, Th).-
6. A POSTERIORI ERROR ANALYSIS

This section contains the derivation of a posteriori error indicators and the proof
of their robustness. We provide the details for the nonconforming case and a remark
for the conforming case to avoid the repetition of arguments.

6.1. Preliminaries. We collect here the following local estimates, proven in [30}
Lemma 3.2] and [30, Lemmas 3.3-3.4], respectively.

Lemma 6.1. For any € > 0, there exists a positive constant c(e€) such that
27K+C(€)h1_<1“v||;< Yov € HQ(K)

Lemma 6.2. For every v € H%(K) such that A%v € Py_4(K), there exists a
polynomial p € Pr(K) satisfying
Ay =A?p in K.

Moreover, the following estimates hold

[vl,x S ehrlv

plor S PENA%| K S lolok, Pl SEE VI, oIk S Iollx-

6.2. Standard estimates. We start with technical results (inverse estimates and
norm equivalences) that are required in the analysis of the nonconforming formu-
lations. These tools are available in the literature only for the conforming case.
There are two terminologies, namely original and enhanced VE spaces, in the VE
literature (see [3] for more details). This paper utilises the enhanced versions, but
we first prove the results for the original space and then build for the enhanced
space. Let us denote the original local nonconforming VE space for deflections by
VFEP(K) and define by

Vp € H2(K) N CO(aK) : AQ’U}L S ]P)k;,4(K), 'Uh|e S Pk(e) and
Avyle € Pr_z(e) Vee &k, vnls, € C(s;),
2
VEre(K) = femj (v —IY wp)xds =0 V x € Pr_a(em,), and
Je

fori:l,...,nj;jzl,...,NK

(’Uh — Hkvzl)h)x ds=0 V X € ]Pkfg(emﬁ,i)

mj+i

Lemma 6.3 (Inverse estimates). For any 0 € ‘N/hk’nc(K) and K € Ty, there holds
(6.1) B

ok ShE ol and |81k S |9l
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Proof. Given ¥ € VK’HC(K), A%p € Pp_4(K) and consequently, we can choose a
polynomial p € Py (K) from Lemma The triangle inequality and the second
bound in Lemma assert that

|0]2,x < |0 = pla,i + [plox 10— plax + b 10|k
If we prove |o — plax < hi||o — pllx, then the triangle inequality together with
the third bound in Lemma, will provide
0 = plae S 0 = pllx S b9l + ol ) S 110l

Hence we concentrate on showing |o — plo.x < hy°||o — pllx. First we note that
since A%0 = A?pand ¥ — p € th’nC(K ), without loss of generality we can assume
that A%9 = 0. Then we define, for a fixed 9, the following set

(6.2)

S(K):={wecH*(K):w="1 onaK,/an(ﬁ—w)xds:O Vx€EPr_2(e),e€€k}

and the fact a® (9,9 — w) = 0 for w € S(K) leads to
(63) |'D|2,K < |w|2,K Yw € S(K)
Next, we define Qv € XN/:H’C(K) for v € Vf’nC(K) through the DoFs as
(6.4) Dof§ 11 (Qx ) = Dofb 1 ¢(7), and Doff™*(Qkv) = 0,
where
Doft**1¢(e) = Dof}s"“(e) UDof} " (e).
boundary DoFs interior DoFs

Observe that, for & € H?(K), its tangential derivative 9y is well-defined along K.
If z is not a corner in K, then we can assign that 0,9(z) = 0, and if z is a corner
then the two tangential derivatives at z will suffice to define Vo(z) uniquely. This
implies that Qx? is well-defined. In addition, since Qk? is uniquely determined
by boundary DoFs of ¥ and 9|, € Py(e) for all e € £k, we have

Qxo =7 on K.
This and (64) show that Qx?v € S(K) and consequently (6.3) imply the first
inequality in
[l2. < |QK 02,k $ hi’ QK0

S hid Dot (Q D) |2 = hit |Dof b (Qw ) 2

with the inverse estimate and the norm equivalence available for conforming VE
functions in the next two inequalities, and (6.4]) in the last equality.

Let us examine each contribution to the DoF's in the expression above. Firstly,
for any z € Vg it can be inferred that

~ ~ —1/2~
18(2)] < [15]| Lo o) S P15 L2 o)
S hit ol + 181 S (14 ()bt 8]l + bl

where we have used the inverse estimate for polynomials in 1d in the second step,
and the trace inequality and Lemma in the last two steps.
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Secondly, similar arguments show that
BoAVE(2)] = ho | VQk ()] < hal Qi oo S 1QkHllocok
S hig P llolloxe < BRIl + bl i
Note that the inverse inequality for polynomials is suitable here since 9, Q k0| €

P;_1(e). For the remaining boundary moments, the Cauchy—Schwarz inequality
and the inverse estimate lead to

‘/57117ka2 dS’ = ’/3n(QK?7)Xk:—2 ds| < [|0n(QKD)||hL/

S h 2 1Qklle = ho V28]l S hi 8]k + ehcltlz,x

~

with (G3) and Lemma once more in the last two steps. Similarly, we can prove
that

][@X,H, ds < h o]l + ehrcli
e

2,K-

These bounds allow us to write HDoff,}L{l’c(QKﬁ)Hp < hit |9k + ehxe|2,x, which

in turn proves that
2. S P[0l + €lolz,x
and absorbing the e term on the left-hand side we immediately have the first bound

in (610). For the second bound it suffices to combine the first bound with Lemmal[6.11
(]

|o

Add)
5}

B

FIGURE 2. Sketch of a polygonal domain K and three consecutive
vertices A, B, C'. The unit vectors t1,ty form an angle 6 on A.

Lemma 6.4 (Poincaré-type inequality). Let K be a polygonal domain and v €
H?*(K). If v(A) = v(B) = v(C) for any three noncollinear consecutive vertices
A,B,C of K (see the diagram in Figure 1), then there exists a positive constant
Cp depending only on the mesh regularity parameter p, such that

[v]1,x < Cphi|v|2 k.-

Proof. With respect to Figure 2 let t1,t2 be two tangential unit vectors along
the sides AB and AC, respectively, oriented as in the diagram (moving away from
the vertex A), forming an angle § € (0,7), and [¢; - t2] = |cosf|. Owing to the
transformation stability result from [14] we know that

(a-v)?+ (a-u)?

mi =1—-|v-u
aelR?l\n{o} la|? | .
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for linearly independent unit vectors v, u € R2. We use this result in our context
with @ = Vu(x) for an interior point x of K, v = t1, u = ts, giving

(1 —|cosb))|Vo(z)|* < (Vu(z) - 1) + (Vo(x) - t2)>.
Now we define f; = Vv - t; for j = 1,2. An integration over K leads to

1
2 < 2 2 )
vl e < T Toogg (M1l + 12 1)

On the other hand, note that since fAB fids=0= ff f2ds from the assumption
v(A) = v(B) = v(C), we can apply the Poincaré-Friedrichs inequality to f; and f,
(see, for example, [15]). We are then left with

Il fillx < Ceprhil|fi

1,K for i = 1,2.

Hence
C3 2032
2 < PE__ 32 2 2 < PE__p2 1,12
[v|f k¢ < T—[cosd] w1l +1f2li k) < T Jcosd| acitN e
which proves the sought bound with Cp := Cpg, /ﬁ. O

Lemma 6.5 (Local norm equivalence). For 0 € YN/hk’nC(K), there holds
1917 = hic|[Dof™"(2)]| 2.
Proof.
Step 1. Proceeding as in the proof of Lemma [6.3] for the DoFs we have
[6(2)] S P 0llx + [0 S BTk

with the inverse inequality applied to ¥ from Lemma Using the Cauchy—
Schwarz inequality, the trace inequality, and Lemma again, we arrive at

| [ o2 ds| < 10000k S [oh e + el i 5]
€

In addition,

| f o ds| < b 2ol S h il
The Cauchy—Schwarz inzquality for the cell moments proves that
| ocada] < K172l = i ol
and combining these bounds together we readily obtain
(6.5) [Dof* (%) |2 S hig 1] i
Step 2. On the other hand, let us consider the problem of finding ¥, € H(K) N
H?(K) such that
A%ty = A%5 in K; Onn(U2) = Opn® on OK.
Let ©1 = © — 5. Then, it follows that
A% =0 in K; Onn(01) =0and 01 =0 on OK.

Next we recall that for any w € S(K) (cf. [62)) we have a® (91,91 —w) = 0. From
the proof of Lemma [6.3] we also recall that Qx7; is well-defined and

QKﬁl :’61:’5 on 0K.
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The triangle inequality and Lemma, for o1 — QK1 (applies from the definition
of Qk) result in

01|k < [|01 — Qidr|lx + |Qx 1|k S Wit — Qrilo,x + Qx| x

S Bilorlok + |Qk 01| k-

—3/2

From the proof of Lemma [63 we can infer that |01]2,x < ||U1||aK and

1Qk 01|k < ||91]|lok- This in the previous bound results in ||01]| x § hK [|o1]|6k -
Recall that A29y = A%20 =: gy € Pp_4(K) and Opn(92)|e = Onndle = g2l €
Pr_o(e) for all e € Ex. Therefore, after expanding ¢ = Z‘a|<k_4 g8my,, and

g2le = Z\B\Sk—Q ggmg in terms of the scaled monomials m, € My_4(K) and
m§ € My_2(e), an integration by parts provides
025 k¢ = (A2, T2) k + (Onn(D2), Onl2)oxk
= (91,0)k — (91, 01) K + (92, On0)ox — (g2, On¥1)ox
Y g ma D+ Y g5 (mp, Ond)ox — (91,91) K — (92, On1)ox

|| <k—4 |Bl<k—2

Set the notation § = (9%)a, g2 = (¢5)s and recall from [19, Lemma 4.1] that

hillgillee < llg1llx and h%2\|g’2||p < |lg2llox . Hence the Cauchy—Schwarz inequal-
ity in the previous bound and the definition of DoF's show

15213 1 < 111 lle2 | K| |[Dof5 (0) |2 + (|Gl e2 [ Dot (7)
+llgillxlFs ]l + lgallox |10n 1 llox
< hucllgull x IDOf§™ (3) |2 + i ? [ g2llaxc [IDOfh e (3) 2
+ gl xllonllx + lgallon (1 + )hyl? hi?

with [|On i [l S by 2[0u ], i +hil2[1la, 0 S (14 )Rl (0|2 i + C )R I[n |
from the trace 1nequahty and Lemma in the last step. Note also that, thanks
to [20], we can assert that

[01]2, + Cle)hy |01 ]| )

lgillx = 1A%52]|x S hi?[0al2 ¢,

and using the inverse inequality on gs|c € Pr_a(e), the trace inequality, and
Lemma [6.4] we are left with

lgallore S hitltaliox S h \172|1,K + hy \1)2|2 K Shy |?72\2,K-
Hence, all the above bounds result in
(G225 S bt Dot (8) |2 + hi* |15 oxc
We can then invoke again Lemma 6.4l to obtain ||Ts||x < h% |22k, and so
19l < 151l + 12llic S PrllIBllox + hac[[Dot*"(T) ] e

Since 9 is a polynomial along each e € £k, then standard scaling arguments imply
that ||9]|ax ~ h}</2||D fk 7 (D)2, and therefore

(6.6) 19llx S forc[Dof™ (@) | 2.
Finally, the desired result follows from combining the estimates (6.3]) (from Step [I])

and ([66) (from Step [2I).
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]

Lemma 6.6. The inverse estimates and norm equivalence results hold for any
k,nc

veV, " (K).

Proof. Given v € V,"™(K), construct & € VF"(K) with Dof*"(v) = Dof*"().

Such v can be found since the DoF's of both local VE spaces th’nC(K) and V,{C’DC(K)

coincide. Starting from the triangle inequality |v]2,x < |v—7|2,x + |02,k , We apply

integration by parts, the Cauchy—Schwarz inequality, and the inverse inequality on
A?%(v — ) € Pr(K) to obtain

|v—5|§,K=aK(U—@,v—f))=/ A?(v =) (v—12)dx
K
< A% (w = 0)llxllv = ol S hi’lv = Olzxllo — Ol

This bound together with the triangle inequality shows that [v—]2 x < k2 (||v]x+
|9]| ). Combining this last bound with Lemmas G.3H65 readily implies that

o,k Shil(lvllx +110llx),  [18llx = hx |[Dof*™ (@) ]|z = hc|| Dot (v)]|2-
Then we can follow the arguments developed in the proof of Lemma to get

—2
2.k S hi

v [vllx + €[v]2 K,

and the proof of the inverse estimate is concluded after absorbing the € term on
the left-hand side. Regarding the norm equivalence result, we note that Steps [l
and [2 from the proof of Lemma apply to any v € th’nC(K ), and decompose
v = v1 + v3. The proof follows analogously only differing in the presence of the
term A2vy = A%y =: g1 € Pi(K), now written as

Do) = 3 gimav)+ > g8 (masv).
| <k—4 k—4<|a|<k

The first term on the right-hand side is treated just as in LemmalG.5l For the second
term we can apply the definition of the space V,f ¢(K) and the Cauchy—Schwarz
inequality to obtain the estimate

2
Z 97 (Ma, V) = Z g?(mavnkv V)K
k—4<la|<k k—4<|a|<k
— 2 2
< hillgnllillmall 1Y vl & llgallx 1Y vl
with the observation ||my| x &~ hx in the last step. Since Hkv2v is uniquely de-
termined by the DoFs of v and Dof"™(v) = Dof* (%), we can conclude that
Hkvzv = Hkvzﬁ. This and the triangle inequality show \|H,Cv2v||;< = ||Hkvzf)||K <
||Hkv217 — 0|l + ||9|| k- The Poincaré—Friedrichs inequality and the inverse inequal-
ity provide ||Hkvzf)—17||[( < ||2]l . These bounds together with Lemma[G.5 establish

2 ~ n ~ n
LY vllx S 19llx S hic[Dof™()ll2 = hicl[ Dot (v)|| 2,

and this observation concludes the proof of norm equivalence. (Il
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6.3. Modified companion map. In this subsection, we consider the lowest-order
(k = 2) nonconforming VE space Vh2 "¢ and the aim is to modify the companion
operator Jyvy for vy, € VhZ’nC from Theorem [B.1] so that the new companion Jjvy,
satisfies the H!-orthogonality V (v, — J5vs,) L (Po(7x))? in addition to the H?- and
L?-orthogonalities established in Theorem [5.2(b)H5.2(d)|
If e € £ is an interior edge, we assume that it’s shared by two triangles T+ Cc K+

and T~ C K~ inside two neighbouring polygons K+ and K~, and set w, :=
KT UK™, and if e € £° is a boundary edge, we assume that it only belongs to
a triangle TT C K+ and set w, := K. Let ¢, ¢, € H3(TT UT™) be two edge
bubble-functions from [10,21] satisfying the following properties:

L d fewe ds=1, ‘we|2,Ti ~ he_la

e ¢.=0on 0T+, fe Ondeds =1, |pelors = ht.

Step 1. Given Jyvp, and the bubble-function 1), defines
(6.7) Tiv = Jion + 3 (][(uh ~ Jivn) ds)¢e ev.
ecf €

Observe from the definition of J; and . that Jyv,(z) = v, (2) for any z € V and
f.(vr, — Jivn) ds = 0 for any e € £. The Cauchy-Schwarz inequality and the scaling
of 1, from above show that

(o= 1o a5) [l S B2 en = el
e

S h.;zH”h — J1vplw, + hf:1|”h - Jl“h|1,we S lon — J1vn|2,0.
with the trace inequality and Theorem [5.1]in the last two steps. This proves that
o, — Jivplen S |vn — Jivnle,n.  Similarly the scaling |¢e|; 7+ ~ 1 and Theo-
rem |5.1(d)| result in |vp, — Jfvp|1n S blon — J1vpl2 -
Step 2. Given Jjvp, and the bubble-function ¢, define
(6.8) Titon = Jjon + 3 (/Bn(vh — Jiop) ds) . € V.

ecE €

Since ¢ele = 0, we have J{*vp(z) = vp(z) for any z € V and § (vj, — J{*vp) ds =0
for any e € £. Note from fe On®eds = 1 that fe On (v — J7*vp)ds = 0. Again as
in Step [l it is easy to prove that

[(f onton = 700 ds) 62 S on = T vnla
e

and consequently,

lop, = I vRlon S o — JTonlon S lvn — J1vn2,n-

Step 3. Next we construct the operator J5 and the design employs the tools from
the construction of J. Recall the element bubble-function b, |x = bx € HZ(K) and
suppose vy € Po(K) is the Riesz representative of the linear functional Po(K) —
R, defined by we — (v, — J{*vp, we) Kk, for wy € Po(K) in the Hilbert space
Py(K) endowed with the weighted scalar product (be, ®)x. Given vy, € V,>", the
function 0 € Po(Ty) with 0s|k := vo satisfies (b2, w2)q = (v — Jf v, we)q for
all wy € Po(Tp) and defines

(69) J;vh = J{‘*vh + bpog € V.
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Theorem 6.7. The modified conforming companion operator J3 satisfies the fol-
lowing properties.

(a) dof2 B T3vp) = dof2’nc(vh) forall j=1,... N3",

(b) Vi (vn = J3vn) L (Po(Tn))>*? in (L*())**,
(c) pw(vh J3on) L (Po(Tw))? in (L*(2))?,
(d)

’Uh—J2’UhLP2( ) an2(Q)
e) W2, — Jdoplin < inf o, — + inf |v, — v|2p.
(e) ; [vn = J3Vn|jn Nxe%m)| n = Xl2p + Inf jun —v]2n

Proof. We provide only the proof of modified property and the remaining
properties follow analogously as in the proof of Theorem[5.2l Since by = 0 on 9K, it
results from that definition of J3 and Ji* that f Jyvyds = § Ji*v,ds = f, vj ds.

Hence, for ¥ € (Po(K))? and for any K € Ty, an integration by parts shows
(V(vn = J3vn), X))k = —(vn — J3vp, div(X)) k + (vh — J3vk, X - i )ox = 0,
and therefore it concludes the proof of Theorem O

6.4. Reliability. Recall (uy,pp) is the nonconforming VE solution to the discrete
problem and the notation T'(e) = 9, (A e +0,-e). We proceed to define the local
contributions for the estimator

ni k= hillf — Oufll% + bl f - ALY up, — Tup, — oV - Ty V%,
i = Mg — Weglli + hicllg + vV - T Vpn — Bllepy + @V - Ty V||,
77%,1( = Z helll 6nn(Hkv un)]|I2,

ecEL UES,

2

M= Y hI[TAR un) + oIl Vpy, - nl|2,

ecfl
M= helloTl1Vup -n+ 111 Vps - 0],

ecEi UES,

s = (14 0 Phye + 13 )2 S5, (1= T un, (1 — TV Juy,)
+ S (1 =11 )pp, (1 = 11 )pp) + S ((1 = Tg)pn, (1 — Ie)pa),
¢ i = a|dof™ ™ (uy, — I} up) |12,
2= > b (VI a2 + | [Mepa]|I?).

e€li

&
=
i

Denote 07 = Y e7. 17 g for i = 1,...,8 and Theorem B8 shows that the sum of
these contributions forms an upper bound for the error in energy norm.

Theorem 6.8. With the aforementioned notation, there holds, fork =2 and ¢ =1,
8
|1 — tinllgn Sw° =) ni-
i=1
Proof. Let Juy := (J3up, Japr) and € := 4 — Juy, = (e*,eP) € He with €; :=

(eY, ). Even though J3 is constructed for the lowest-order case (k = 2), we prefer
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to write the proof with the notation k& and £ to point out the challenges for general
values. The coercivity of the continuous bilinear form A leads to

I€lltr, < A(t, €) — A(Jtin, €) = F(€) = Fi(€r) + An(tin, €r) — A(Jtin, €).
The identities (ITf,e¥ — Jie¥)q = 0 = (1§, b — Jue?)q from Theorems B7(d)
and [5.4{(c), and the L?-orthogonality of IT;, and II, show

F(&) — Fu(ér) = (f.e")a — (nf, J5ef)a + (3, €")a — (e, Jach o
(6.10)
= (fv)a+ (f — Ipf, Jyet — 1Y ePa + (3. 0)a + (5 — 1Leg, Jach — 1Y )
with v = e* — J5eY and ¢ = e — Jye}. The definitions of A, and A provide
Ap(dy, ér) — A(Jup, €)
= (af (un, ef) — ar(J5up, ")) + (az(Japn, €*) — af (pn, e} ))
+ (a5 (e}, un) — as(e?, J3up)) + (a3 (ph, €f) — az(Japn, "))
(611) :T1+T2 —|—T3+T4
Theorem [6.7(b)H6.7(d)| implies

(p—2 Vi un, MoV ef)a = (vgwnv up, V2 J5e¥)q
and
(Mgun, ket )o = (Hgun, J3€f)q.
This results in
2
Ty = —(yup, v)o + (Meup — J3up,€“)a — (Vi I un, Vi,v)a

(V2 (I up, — Jun), V") + S10((1 — i )up, (1 — I;,)el)

+ Soa (1 =TV Yup, (1 =TIV )ey).
An integration by parts and the fact that v € V lead to

(V2w Vi 0)a = — 3 (ALY unv)x — Y. ([Bnn(ILY up)], Onv).
KeTy, ecEiUEs

(T u)), v)e.

ec&t
This simplifies T} to
T = Z ((—Hkuh — A2Hkvzuh, U)K + (Hkuh — J;uh, e“)K
KeTy
2

+ (VALY un — Jyun), V™) k + S1o((1 = T )un, (1 — g )ef)
2 2 2

+ SE =T Yun, (1 =1 )e)) = D (Dn (I w)], D)

ecEIUES

(6.12) =Ty u)), v)e.

et
Theorem [6.7(c)| and the L2-orthogonality of ITj,_; imply
(He,1vaph7 VJQ*Q? — kalvae?)g =0.
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This and an integration by parts show

(6.13) o 'y = (Vdapn — o1V pwpn, Ve“)a
— Z (V-T,;_1Vpp,v)k + Z ([Mg—1Vpp - ne], v)e.

KeTy ec&t

Theorem [5.4(b)] the L2-orthogonality of IT,_;, and again an integration by parts
prove that

a Ty = Y ((He,lvef; — Vel Ty Vg, — V) + (¢, V - Ty V)
KeTy,
(6.14)

+ (VeﬂHk,quh — VJ:;‘uh)K> — Z (q, [kalvuh -ne])e.
e€EiUE"

The identities (II;—1VpwPn, li—1Vpwet)o = (I—1Vpwpn, VJaeh)o and (Iepp,

el = (Hepp, Jueh)q follow from Theorem 5.4(d)} This in the first step

and an integration by parts in the next step lead to

Ty = B((Mepn — Japn, €¥)a — (Hepn, @)a) +Y((ILe—1Vpwpn — VJapn, Vel )q
— (IL—1Vpwpn, V@)a) + S2.0((1 — ) pn, (1 — ILp)el)
+ Sv((1 =11 )pn, (1 = TIY)ef)

=y (5(Hzph — Japn, €’k + Y1 Vpn — Vidapn, VeP) g
KeTn

+ (vV - T_1Vp, — Blepn, @)k + S5 ((1 = Te)pp, (1 — Tp)eh)

+ SE(@ =1 )pn, 1 =1F)eD)) = D A([LeeaVpn - el )
e€iUEe

The rearrangement of the terms results in

(6.15) leli%, < Ts 4+ T
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where

Ty o= (f = ILf, J5ef — Y ef)g
+ (f = o, — Af)WHkVQuh — aVpw -1 Vpwpn, v)a,
To := (§ — 11sg, Jaeh — 1) eD)q
+ (G +7Vpw - Ho—1Vpwpn — Bepn + aVpy - k1 Vipwtn, @)a,
Tr = (gup, — Jyup, e*)a + (ng(ﬂkvzuh — J3un), Vie")q
+ a(ViJapn — 1 Vpwpn, Vet )
a(Il,— 1va6[ VJ4GI,Hk 1Vpwtn — o1 Vipwun) K
a(VeP Iy_1Vpwun — VJsun)a + B(epr — Japn, €P)a
Y(IL—1 Vpwpn — VJapn, VeP)q,
Ty = S1,0((1 = Hg)up, (1 =g )et) + Sy2((1 — HXQ)WH (1- Hkv2)€1;)
+ S2.0((1 = T)pn, (1 = Tp)eh) + Sy ((1 =T )pn, (1 — I )eh),

Ty:=— Y (¢ [0l Vuy - ne+4T1Vpy - ne)e,
ecEiuge

Tii== > (Onn (Y w)], Opv)e = - (T wn) + alle 1 Vpn - 1], 0)e.
e€EIUES e€&’

The Poincaré-Friedrichs inequality implies that hp?||J5e¥ — Hkv2elf||K S |Jsed —
Yy 61\2 x and hp?|v| k< |v|2 k- Then the triangle inequality |J5e} — HkVQe’I‘|27K

< |Jsef = eflox + |ef — IV €fla i and [vla e < |e" — eflo i + |ef — J5eflau
followed by Propositions 5.1l and Bl and Theorem [6.7(e)| show

(6.16) T5 < ( Z 171,K)|6“|2,Q~

KeTn

Similarly we can prove that Tg < ( ZKGTh 772,1() \ hS ( ZKeTh 772,1()71/2\6”\1,9.
Then we proceed to rewrite the terms in T~ using the L2-orthogonality IIj, I, and

Theorems as

(Hkuh - Jékuh, € ) Hkuh - J2uh, eru)Q

= (

(Y up — J3up, e — e )q,
(Iepn — Japn, ") = (Wepn — Jupp, e” — 11ee?)q

= () pr, — Japn, €” — TgeP)q.
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Then we combine Cauchy—Schwarz and triangle inequalities, which results in

2 2
Tr < (lun — Y unlla + lun — Y uplon + lun — Jsuslla + lun — J5un

2,h
+ |un — I uplin + lpn — Y prllo + [pr — T palin + lpn — Japullo
+ [pn — Japnlin) || €]|lm.

2
< Z ((1 + o ?hy + h%{)|uh - Hkv Upl2,x + 041/2|’U,h - Hevuhh,h
KeTn

+ 82pn = T pallsc +7*2[pn = I pa s + ms.ic ) €],

S Y (e + . + .)€l
KeTh

The second step follows from the Poincaré-Friedrichs inequality and Theorems B}
.4 and the last step from (B.8a)-([B.8d) and the equivalence |uj, — I upl1x ~

[Dof™" (uy, — Ty up)||g2 (see [30] for a proof). Cauchy-Schwarz inequalities for
inner products and (B:8h) lead to

2 2
Ty S < Z lun — punl|L2x) + Slv/zz((l — I Jun, (1 =TIV Jup)
KeTy,

+ Sy (L= Te)pn, (1= Te)pr) + S5/ (L= 107 )pn, (1 = 115 )pn) ) €],

S (0 mo) el

KeTy,

< 2 fup — TV up ok followed by (B.5a)

~

. 2
with [lup — Mpupl|x < [lun — T uallx
in the last estimate. The trace inequality shows ||g|l. < he_l/QH(]Hwe + hé/2|Q|1,we <

he! 2\q|1,we with the Poincaré-Friedrichs inequality in the last bound. This and the
Cauchy—Schwarz inequality prove that

Ty 5 ( Z 775,1()71/2\61)
KeTh

1,0-

Finally, analogous arguments as those used in Ty show that Tjg < (E xer, (M3 +

774,K)) le*|2,0. The previous bounds in ([6I5) conclude the proof. O

6.5. Efficiency.

Theorem 6.9 (Efficiency up to stabilisation and data oscillation). Under the as-
sumption £ < k < £+ 2, the local error estimators are bounded above as follows:
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(6.17a)
M S lu—unlk + [u—uplz,x + 9" |p — palix + 6,k + osca(f, K),
N2,k S |u—unl2,x + Bllp — prllx +7Ip — pulix

(6.17b) + (B2 + 41?6 i + osc1(g, K),

o S >0 > (= unlli + u = unlze

e€fg K'cw,
(6.17c) +|p—pulixr + 16,5 + OSC2(fa K/)),
xS > D (= unlli +u—unlze
e€fx K'€we
(6.17d) + |p = pnli,rr + 6,5 + 0sca(f, K/)),
MK S Z Z (|U —upl1,x + Bllp = pallxr + 7P — prlix
eely K'cw,
(6.17¢) + (BY2 + 46 i + 08 (G, K’)),
(6.17f)
mr S Ju—uplx 4 u— Y ul k,
(6.17¢)

n8. ik S |u—unl2,x + |p— pulix + M6 K-

Proof. Recall the element bubble-function by jc := bx € HZ(K) supported in K €
Ty, and £ < k. Let

vk::ka—AQHkvzuh—Hkuh—aV-H5_1Vph € Py(K) and vi=vibo i € Hg(Q)CV.
This in the first equation of the continuous problem (23al), and aK(Hkv2uh, v) =

(A2Hkvzuh,v);( and (TI;—1Vpp,Vv)g = —(V - TIj_1Vpp,v) k from an integration
by parts lead to

(u — Myup, v) g + o (u — Hkv2uh,v) —a(Vp —1I;_1Vpp, V)i
= (f — I f,v) K + (i, V) k-
Hence v = vibg i, the inequalities (57), and o < 1 <  show that
hiclloelli S R5F = aflli + bl = un e + o= T unlo. i
+ 7 2h||[Vp — To—1 Vil x
Sllu = unllx + [u—unlox +921p = prlix + ne.x + osca(f, K)

with triangle inequalities and (B8B)-(.8d) in the last estimate. This and the
triangle inequality m x < osca(f, K) + h%|luk]|x conclude the proof of (G.I7a).
The bubble-function by € H}(K) supported in K is constructed as in [I5] and it
satisfies, for any x € P¢(K), that

1
(6.18) Il S BRI Xk S 1] x-

m=0
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Let qp := 11yg ++V - 1,1 Vpy — Bllgpy + aV - 1 _1Vuy, and q := qeby . This
in the second equation of the continuous problem ([23h), and (Vq, Il Vuy)x =
—(¢, V- k—1Vup) ik and (Ile—1Vpp, Vq)xk = —(V - IL—1Vph, ¢) k show

Bp —epr, @)k + a(q, Vu — g1 Vup)k +v(Vp — Ip—1Vpr, V@) k
= (9 — g, )k + (a0, 0) k-
Hence (6I]) in the above equation allows us to assert that
hicllgellx < u—unla,xc + Bllp = pullx +71p = palrk + lun — 1IN uplox
+9|pn — Y pa 1,5 +osc1(g, K)
S Ju—unlax + Bllp — pullx + 1P — Pl + (BY2 +4"%)ne i + osc1 (g, K).

This concludes the proof of BITH). It follows from [21] that v := ¢ [Opn (IIY us)]
satisfies the first inequality

[0 (T, )]||2
< (Orn (Y wn)], O v)e = @ (I up,0) — (AT g, v)o,
=a** (HkVQUh —u, ’U) + (f~ - kau U)we + (/Ukn /U)we + (Hkuh —u, v)wc
(619) + a(vP - H@—lvaphv vv)we

with the second equality from an integration by parts and the last equality from
[23a). The Cauchy—Schwarz inequality in (619 and the inverse estimate result in

2 2
Orn (T w2 S D (R (= T wnloscr + m1,50) + [l = i
K'cwe
—1/2

+ ah 2| Vp — Hg,lvthK,) o] 5
Refer to [21] for the estimate ||v|,. < h2/2\|[8nn(1_[kv2uh)]||e. This and (G.I7al)
conclude the proof of ([GI7d). Since [T(Hkauh) + oll;—1Vpy, - n] is a polyno-
mial along an edge e, analogous arguments as in the bound of 73 x for w :=
we[T(Hkv2uh) + odl;—1Vpy, - n] lead to

([T(HkVQuh)—i—aHg,leMn], w)e=(u — Hpup, w)o, — a(Vp —_1Vpwpn, V).,
— (f — Ipuy — Af)wl_[kv2uh — aVpw - L1 VD, W), — ae (Hkvzuh —u,w)
+ ([Onn (T "up)), D).

The Cauchy—Schwarz inequality, the inverse estimates anzo 2| w|m xS ||k

< b T(IY un) + olle_1Vpy - nllle, and BI7a)-(EI7d) conclude the proof
of (GITd). Let b € H}(we) be the edge-bubble function constructed as in [13]
Lemma 9] with the estimates

1
—1/2
(6.20) 2 S Berx®e SXIE and D7 AR llbexlm.ic S lxle

m=0

for x € Py(e) with the constant elongation of x in the normal direction of e € k.
The test function q = b [aV 111 Vu, +~vV-1l,_1 Vpp] in (2:3B) and an integration
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by parts show

B — Weph, @)w, + a(Vag, Vu — 11 Viwun)w, + (VD = -1 Vpwph, V@)w,
= (5 — 1043, q)w. + Mg — Iepp, + aVpy - i1 Vpwtn +7Vpw - o1 VwDn, Q).
— ([O&V . Hk,1Vuh + ’YV . Hg,1Vph], Q)e-
The Cauchy—Schwarz inequality, x = [aV -Ix_1Vuy +vV -1I;_1 Vpy] in [©20), and
the estimate (6.I7D) for 72 x conclude the proof of ([G.IT€). Then we can invoke
the equivalence |uy, — IIY up|1 i & ||dof% (up — IT) up)|| 2 again as in the reliability,
and then the definition of H[VQ and the triangle inequality allow us to prove that

i S lun — I uly g < |u—wuplix + Ju— 1 uly g

The estimate (6.17g]) immediately follows from the arguments involved in the proof
of Theorem [5.1(d)| O

Remark 6.10 (Higher degrees k > 3 and ¢ < k < £+ 2). If we introduce Juj, =
(Joup, Japp) in the proof of Theorem for £ > 3, then the proof follows anal-
ogously with only difference in the estimate ([€I3]) of the term T5. There the
arguments utilise the H'-orthogonality Vpy (vn, — J3vn) L (Pr—1(75))? and hence
the same estimator works if one can construct J5 for k¥ > 3 with this orthogo-
nality (which is possible but not trivial). Still for higher k, we can invoke the
H'-orthogonality Theorem and this leads to

Oé(Hg_1Vph, VJQQ? — H/C_1Ve7;)}<
= Oz(Hg_1Vph - Hk_3Vph, VJQG? — Hk_1V6}L)K
S allpn =0 puly,x + pn — T_opnly k) hiclef |k

with the Cauchy—Schwarz inequality, the triangle inequality, Theorem and
Proposition [3] in the last estimate. Consequently, we assume that k — 2 < £ and
obtain an additional contribution, say 19 i, in the error estimator. The equivalence
of norms shows

Mo 1 7= ahic||dot & (pn — I _opn) 172,
and also the efficiency

o,k S hiclpn —I0_opnlic < hiclpn =Y opli i < Ip—palik +hiclp— 10 opli k.

Remark 6.11 (Conforming VEM). As companion operators are not required in the
conforming case, the proof of reliability and efficiency follows analogously assuming
J = I, where I denotes the identity operator. Note that the local contributions
ng,x and 7ng k arise due to the nonconformity of the method and hence the error
estimator in the conforming case is

7
= uf |3, < D
i=1

Remark 6.12 (Choices of projection operators). Note that the projection IIx_oVuy,
for vy, € V,f “ (or th’nc) is also computable in terms of the DoFs, and both a priori
and a posteriori error analyses hold with this choice. We prefer to use IIy_sVuy,
instead of II;_; Vv, in the numerical experiments below. Also from the theoret-
ical analysis, observe that if we set £ = k (one degree higher for pressure) and
modify the term (Vp, Vu)x ~ (Hx_1Vp,I;_1Vu)k for all K € T, in the discrete
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approximation, then the error estimator component 7n; will disappear. But higher
approximation of pressure may not be a good choice from a numerical perspective.

7. NUMERICAL RESULTS

We now present a number of computational tests that confirm the theoretical a
priori and a posteriori error estimates from Sections dH5 and Section[Gl All meshes
were generated with the library PolyMesher [41].

7.1. Example 1: Accuracy verification with smooth solutions. In order to
investigate numerically the error decay predicted by Theorems [ Tland 5.5l we follow
the approach of manufactured solutions. We set the parameters « = =+ =1 in
all the examples below.

We construct a transverse load and a source function f, g, respectively, as well
as homogeneous and nonhomogeneous boundary data for v and p, such that the
problem has the following smooth deflection and fluid pressure moment exact solu-
tions

u(z,y) = sin®(rx) sin®(wy), p(x,y) = cos(rzy),

on the square domain Q = (0,1)? with mixed boundary conditions I'. := {z =
0}U{y =0} and T’y := 90\ T'.. Then we employ a sequence of successively refined
meshes 7;' and compute the projected virtual element solution (HkVQuh, Hevph) on
each mesh refinement h;, and monitor the norms |u — H,CVQuh|21h for displacement
approximation, |p — Hevph|17h for pressure approximation and the combined energy

norm || - [[g». The experimental order of convergence r; is computed from the
formula
log(*=)
Ti =
log(5)

where e; denotes a norm of the error on the mesh 7;f

We impose the appropriate boundary conditions for both clamped and simply
supported boundaries. In case of the conforming VEM, note that the degrees of
freedom include the gradient values at vertices and u(z) = 0 = Inpnu(z) = 0 implies
Vu(z) = 0 for a corner z along the boundary I'*. Hence, we have to impose the zero
gradient values at the corners on simply supported part in addition to the clamped
part. We take ¢ = k£ — 1 in numerical experiments to obtain the expected optimal
convergence rates for both conforming and nonconforming VEM. Figure Bl shows
the solution profiles of the displacement u; and pressure p; on a smooth Voronoi
mesh of 400 elements. See Table B] (resp. Table H]) for k = 2 and ¢ = 1 (resp. for
k = 3 and ¢ = 2). Tables BH4] display the errors and the convergence rates on a
sequence of Voronoi meshes.
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Y, approx p,

FIGURE 3. Approximation u; of displacement u for k = 2 (left)
and pp, of pressure p for £ = 1 (right) on a smooth Voronoi mesh
of 400 elements

TABLE 3. Error @ — i), = (u— H;zuh,p —IIYpp) in the energy
norm ||e||gr with & = 2 and £ = 1 on a sequence of smooth Voronoi
meshes of 5, 25, 100, 400, 1600, and 6400 elements

he =TS uplon | 1 | lp=TYpuhin | v | |G- tilge | x
Conforming VE discretisation
0.6801 13.530 0.575 0.8743 0.106 14.848 0.551
0.3124 8.6492 1.213 0.8051 1.247 9.6714 1.212
0.1558 3.7205 0.988 0.3382 1.450 4.1621 1.036
0.0795 1.9133 0.908 0.1275 1.328 2.0729 0.941
0.0390 1.0023 1.148 0.0495 1.126 1.0608 1.151
0.0193 0.4483 * 0.0225 * 0.4734 *
Nonconforming VE discretisation

0.7147 24.738 0.966 5.1202 0.855 33.475 1.001
0.3625 12.837 1.197 2.8642 1.360 16.960 1.223
0.1862 5.7833 0.943 1.1574 1.798 7.5073 1.092
0.0938 3.0282 1.181 0.3372 1.825 3.5485 1.261
0.0476 1.3600 1.207 0.0978 1.632 1.5092 1.252
0.0244 0.6077 * 0.0329 * 0.6544 *

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1140 REKHA KHOT, DAVID MORA, AND RICARDO RUIZ-BAIER

TABLE 4. Error 4 — i), = (u— H:Y?uh,p — 11y py,) in the energy
norm ||e||gr with k = 3 and £ = 2 on a sequence of smooth Voronoi
meshes of 5, 25, 100, 400, 1600, and 6400 elements

h lu — Hgvzuh 2,h r; Ip — 1Y pnl1,n r; |d — ﬁﬁh|H2 r;
Conforming VE discretisation
0.6801 8.2153 1.986 0.4883 1.712 8.9142 1.984
0.3096 1.7206 2.058 0.1269 2.861 1.8713 2.114
0.1508 0.3916 2.219 0.0162 2.313 0.4091 2.226
0.0794 0.0942 1.979 0.0036 2.069 0.0980 1.984
0.0393 0.0234 2.109 0.0008 2.166 0.0243 2.111
0.0203 0.0058 * 0.0002 * 0.0060 *
Nonconforming VE discretisation

0.7147 10.748 0.7089 3.6144 -0.3735 15.115 0.3286
0.3406 6.3548 1.5061 4.7674 1.9128 11.847 1.7228
0.1875 2.5874 2.0609 1.5229 2.5617 4.2385 2.2546
0.0969 0.6639 1.9931 0.2808 2.8056 0.9570 2.2010
0.0484 0.1663 2.2325 0.0340 2.6055 0.2075 2.3010
0.0239 0.0345 2.0891 0.0064 2.2739 0.0410 2.1178
0.0123 0.0086 * 0.0014 * 0.0101 *

Figures [@HE] display the error and the error estimator convergence rates for both
uniform and adaptive refinements. In this example, we choose a smooth Voronoi
mesh of 25 elements as an initial partition and follow the standard adaptive algo-
rithm

SOLVE — ESTIMATE — MARK — REFINE.

In all the adaptive experiments below, we first solve the discrete problem (B.1T])
(resp. ([BI2)) for conforming (resp. nonconforming), compute the upper bound 7
in Theorem 6.8 consider the Dérfler marking strategy with 6 = 0.5, and divide a
marked polygon into quadrilaterals by connecting vertices to the centroid of the
respective polygon. The same refinement strategy is utilised to divide all the ele-
ments in case of uniform refinement. The additional error estimator component 7
from Remark is incorporated in the experiment of the nonconforming VEM
with degree kK =3 and ¢ = 2.

7.2. Example 2: Convergence rates with nonsmooth solutions. We con-
sider the L-shaped domain Q = (—1,1)?\ ([0,1) x [~1,0)) and the exact solution
20

with clamped boundary conditions for v and Dirichlet boundary condition for p on
0} (observe that we can take Dirichlet boundary condition instead of Neumann for p
on I'® without affecting the well-posedness and error analysis of the model problem).
Since both the displacement u € H®/3)=¢(Q) and the pressure p € H®/3)~¢(Q) for
all € > 0 have corner singularities, the lowest-order scheme k = 2 and ¢ = 1 suffices
to achieve the optimal convergence rates with respect to the regularity of u and p.

When the adaptive algorithm is run, we see more refinement around the sin-
gular corner as displayed in Figures [BH7l Figures [RHJ show that the method with
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FIGURE 4. Left (resp. right) panel displays NDof vs error in en-
ergy norm (resp. error estimator) in both uniform and adaptive
refinements for conforming VEM
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FIGURE 5. Left (resp. right) panel displays NDof vs error in en-
ergy norm (resp. error estimator) in both uniform and adaptive
refinements for nonconforming VEM

uniform refinement leads to suboptimal rates whereas adaptive refinement recovers
the optimal convergence rates, and the error estimator mirrors the behaviour of
the actual error. We observe from the plots of error estimator components that 77
(resp. nsg) dominates the remaining contributions for the case of conforming (resp.
nonconforming) VEM.

Conclusions. This paper analyses conforming and nonconforming VEMs for the
poroelastic plate model ([Z2]) referred from [31]. The well-posedness of both contin-
uous and discrete problems follows straightforwardly. Theorem [4.1] provides the a
priori error estimate in the best-approximation form for the conforming case. In the
nonconforming case, we first developed a key tool, the so-called companion opera-
tor, which maps from the nonconforming VE space to the continuous space (V for
displacement space and @ for pressure space). We stress that the construction of
the companion operator in this paper is novel and substantially different from those
already present in the literature [I5[I6L[30], in the sense that it is designed for gen-
eral degree VE spaces satisfying orthogonality and best-approximation properties.
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FIGURE 6. Approximation wuj of displacement u on adaptive
meshes T1, Ts, T1o
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FIGURE 7. Approximation p; of pressure p on adaptive meshes

Ti, Ts, Tio
10? . 10!
—e— || — Ty, ||gze (uniform) — =1
—+—||d — ITuj || e (adaptive) —8—1
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—4—n(adaptive) o
107 o
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O'Sk
1077
107 -
10! 10° 10° 10! 10° 10°
NDof NDof

FI1GURE 8. Left panel displays NDof vs error in energy norm and
estimator in both uniform and adaptive refinements, and right
panel displays estimator components in adaptive refinement for
conforming VEM

Furthermore, this operator is an independent vital technical argument that can be
useful in other nonconforming VE methods for different second and fourth-order
elliptic problems. The VE functions locally need not be polynomials and this pa-
per contributes to the nonstandard proofs of basic estimates such as Poincaré-type
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FIGURE 9. Left panel displays NDof vs error in energy norm and
estimator in both uniform and adaptive refinements, and right
panel displays estimator components in adaptive refinement for
nonconforming VEM

inequalities, inverse estimates, and norm-equivalences. This paper also presents
a residual-based reliable and efficient a posteriori error estimator, which is ro-
bust with respect to the model parameters. To support the robustness of the
error analysis with respect to the model parameters, we also perform uniform and
adaptive numerical tests for moderate and extreme values of model parameters
a =107% 8 = 10% = v and observe from Figure [[0 that although the magnitude of
errors and error estimators become large for large values of 3 and -y, the convergence
rates remain optimal as predicted by the theory.

We emphasise here that both conforming and nonconforming VEM have great
advantages over standard FEM from the perspective that the C'-conforming FEM
requires higher dofs compared to conforming VEM and nonconforming FEM for
higher degrees cannot be easily put in one framework as we can do in VEM. However
since the model problem is a fourth-order PDE, we require C'' continuity in the
conforming case, and consequently the nonconforming VE can be implemented with
less computational effort compared to its conforming counterpart.

Recall that the model problem (22 analysed in this paper is a scaled version
of the original model problem (ZT]). Certainly, one can start with ([2]) instead
of the normalised version, but the coercivity of A (uniformly with respect to the
parameters) is not straightforward and one may have to invoke a different abstract
result (for example a global inf-sup condition or similar arguments) to prove the
well-posedness of the problem. Note that our analysis (well-posedness as well as the
robustness with respect to model parameters) majorly depends on having the same
coeflicient « for the coupled terms and the relation o < 1 < . It will be interesting
to track all model parameters, but the formulation is substantially modified leading
to a completely different analysis and we keep it open for a future work. Also the
limiting case d — 0 indeed requires a change in the model to consider nonlinear
effects, and altogether implying a different physical phenomenon to be regarded
and studied separately. Finally, we mention that as an important extension of this
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work we are developing new mixed formulations for the coupling of Biot—Kirchhoff
plates interacting with a bulk free flow.

107 o
—o—1°(uniform) 10 —o6—n°(uniform)
——|lu — Hu;|\H:l(unif0rm) —— || — Hu}"HH?(uniform)
—a— n”(adapt‘we) —a— n“(ada‘ptﬂiv(‘)
—a— || — TIuj || P (adaptive) —2— || — TTu ||z (adaptive)
—o— 1" (uniform) —o— 1" (uniform)
A— |8 — TTup®[| gt (uniform) A |ld— HuﬁcHH:l(uniform)
—— r]"((adapfive) —— n"‘(adapfive)
—8— ||t — ITuj°||gh(adaptive) —u— ||ii — Tufi°||gh(adaptive)
10
10° - 10° _
10? 10° 10! 10° 10°

NDof NDof

FIGURE 10. Left (resp. right) panel displays NDof vs error in en-
ergy norm and estimator in both uniform and adaptive refinements
and both conforming and for nonconforming VEM in Example 1
(resp. Example 2). The superscript ¢ (resp. nc) denotes the re-
spect term in the conforming (resp. nonconforming) case. The
triangle in the left (resp. right) panel represents slope 0.5 (resp.
0.33 and 0.5).
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