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Abstract

In this paper we propose a new mixed virtual element formulation for the numerical approxi-
mation of viscoelasticity equations with weakly imposed stress symmetry. The governing
equations use the Zener model and are expressed in terms of the principal unknowns
of additively decomposed stress into elastic and internal viscoelastic contributions, while
the rotation tensor and velocity act as Lagrange multipliers. The time discretisation uses
Crank—Nicolson’s scheme. We demonstrate the unique solvability of both semi-discrete and
fully-discrete problems by leveraging the properties of suitable local projectors. Moreover,
we establish optimal a priori error estimates for all variables that appear in the mixed for-
mulation. To validate our theoretical findings, we present several representative numerical
examples that also highlight the features of the proposed formulation.

Keywords Viscoelasticity problem - Mixed virtual element methods - Stress-based
formulations - Semi-discrete and fully-discrete error estimates
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1 Introduction
Scope

Viscoelasticity models are used to explain the macroscopic behaviour of a number of realistic
materials which, in addition to exhibiting an elastic strain-stress relationship in the stationary
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state, show a dissipation of the kinetic energy in the dynamic state. Viscoelastic materials have
various applications in industry and medical sectors. For instance, in structural engineering,
viscoelastic materials are crucial for modelling the behaviour of polymer, in biomechanics,
understanding viscoelasticity is essential for analysing the response of muscles and in mate-
rials science, viscoelastic behaviour plays a vital role in the performance of composites and
damping materials. In the one-dimensional setting, the viscoelastic behaviour can be repre-
sented in a rheological manner by a setup of springs and dashpots in serial or parallel. For the
specific case of the standard linear model, the rheology has a parallel coupling of one Maxwell
component and one spring. Several comprehensive studies and investigation of applications
of viscoelastic materials can be found in [19, 31, 33, 45]. Considering wide applications of
viscoelasticity, one needs to seek efficient numerical techniques that would provide desirable
numerical solution of the viscoelastic model problems. Moreover, numerical approximations
of linear viscoelasticity play a crucial role in understanding and predicting the behaviour of
viscoelastic materials under various loading conditions. For the numerical simulation and
analysis of a variety of formulations for the viscoelasticity problem we refer to, e.g., [9, 27,
36, 39-43] as well as the references therein.

In this paper, we explore the employability of virtual element methods (VEMs) — a rel-
atively recent numerical technique for solving partial differential equations, evolved from
0-Cochains mimetic finite difference and H'-conforming finite element methods. VEMs
have the flexibility of handling distorted elements (with very high aspect ratio), hanging
nodes, polytopal meshes with non-convex shapes. One of the attractive features of the VEM
is that bilinear forms can be directly computed using degrees of freedom defined for the
local virtual spaces, without requiring the explicit construction of basis functions for the
discrete spaces used in the approximation. The virtual spaces contain polynomial and non-
polynomial functions, and non-polynomial functions can be computed with the help of local
projection operators that are defined from the virtual space to polynomial spaces. Considering
the computational advantages of VEMs, these methods have been employed to wide range of
problems in mechanics and fluid dynamics. The literature of VEMs for structural mechanics
is very abundant, see for example primal, hybrid, discontinuous, adaptive and other variants
in [1, 3, 5, 10, 13, 18, 22, 25, 28, 44, 48] and the references therein. In particular, VEMs
for linear elasticity with weakly symmetric stress have been recently advanced in [50] and
later extended to elastodynamics in [14, 51]. Also, a mixed formulation using pseudo-stress
and displacement is found in [20]. In addition, formulations based on the Hellinger—Reissner
variational principle imposing strong symmetry can be found in [6, 7, 26], and also including
the 3D case in [46].

Mixed finite element formulations are often preferred over standard primary formulations
for the simultaneous numerical approximation of displacement and pressure variables, which
arise in various mathematical models in engineering and physics. One advantage is their
natural robustness with respect to material parameters (and in particular producing solutions
that are locking-free, that is, even in regimes of large mechanical parameters the compliance
tensor is coercive with a uniformly bounded coercivity constant). Building on the concepts of
mixed finite element methods and the flexibility of polygonal meshes, the authors in [11, 17]
introduced mixed VEMs and these methods have been subsequently applied to more realistic
problems. We here focus on the construction and analysis of mixed VEM for viscoelasticity
in its total stress (additively formed from purely elastic stress and internal viscoelastic stress),
velocity, and rotation tensor formulation. The FEM counterpart of such formulations has been
studied in [34, 41] using mixed schemes for Maxwell, Kelvin—Voigt, and standard linear solid
models with either quasi-static equilibrium equation or fully hyperbolic systems (see also
[30, 35] for slightly different formulations splitting the stress into Maxwell and fully elastic
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components, eliminating the displacement, and using Newmark trapezoidal rule, [37] for DG
schemes tailored for a modified Zener model, and [47] for a multipoint stress mixed method
that leads to reduced algebraic systems). Meshes with polygons with arbitrary number of
sides can be easily handled using VEM and such meshes are suitable for some particular
applications like the simulation of epithelial cells which are inherently polygons. For further
applications of virtual elements in viscoelasticity-related computations, see [4, 8, 32, 38, 49].

The primary goal of this paper is to introduce a virtual element discretisation combined
with a Crank—Nicolson scheme and evaluate its computational performance for the standard
linear solid model of viscoelasticity. The virtual element spaces we employ for the stress
variables are the H (div)-conforming spaces introduced in [11]. We introduce a projection
operator for the variables in the weakly symmetric formulation to facilitate the analysis and
demonstrate its approximation properties.

Outline

The remainder of this work is organised as follows. The precise form of the governing
equations in primal and mixed form is presented in Section 2, including the corresponding
variational formulations. The definition of the proposed VEM in mixed form is given in
Section 3, also addressing the properties of the bilinear forms, the definition of the virtual
spaces, and specification of degrees of freedom. There we also show the well-posedness of
the semi-discrete (continuous in time) problem. Next, Section 4 contains the derivation of a
priori error estimates in the L2-norm, Section 5 contains the fully-discretised problem using
Crank—Nicolson’s method, along with error estimates, and we conclude in Section 6 with
some simple illustrative two-dimensional numerical results on polygonal meshes.

2 Mixed Elastodynamics and Viscoelasticity Equations
2.1 Preliminaries

Let @ C R? be a polygonal domain, occupied by a linearly viscoelastic body. The
domain boundary 92 is partitioned into disjoint sub-boundaries where homogeneous dis-
placement and traction-type boundary conditions are imposed 92 := T'# U T, and it is
assumed for sake of simplicity that both sub-boundaries are non-empty [I'*| - [['?| > 0.
Throughout the text, given a normed space S, by S and S we will denote the vector
and tensor extensions S and §9%4, respectively. Next, we recall the definition of the
tensor-valued Hilbert spaces H(div, Q) = {r € L*(Q) : divt € L*(Q)}, H(curl, ) =
{r € L) : curl T € L*(Q)}, with their usual norms ||7||3, = [ITlI§ ¢ + ldiv 7| o
”T”%url,Q = ||T||(2),Q + ||curlr||%,Q, where the divergence acts on the rows of 7, and the
curl of a tensor is here understood as the tensor formed by the curl of the rows of 7. We also
define the following tensor spaces

H, (div, ) := {r € H(div, Q) : tn = 00on %}, L3, (Q) :={neL*(Q):n=—7%},
2.1
where n is a unit outward normal to the boundary and (e)® denotes the matrix transpose.
Next we recall the notation regarding function spaces defined on a bounded time interval
[0, T] and with values in a separable Hilbert space S, with norm ||e||y. For a nonnegative
integer m, and for 1 < p < oo, we denote by L?(S) and W7 (S) the spaces of classes of
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functions f : [0, T] — S for which

» <0
Lio.7(9)

|vamgmw,=A A1 dr <00 and 7@, o= }:%u/ X

We also use the space C™ ([0, T'], S) of m—times continuously differentiable functions. For
brevity we write f and f todenote d f /3¢ and 32 f /312, respectively. Finally, for 1 < p < oo
we consider the Sobolev space

whrPo,T; V) := {f :3g € LP([0, T], V) and 3 fy € V such that f ()

t
=m+/g®mWemn}
0
and define the space WkP©, T; V) recursively for all k € N.

2.2 Model Problems

For a sufficiently smooth load f(r) : & — R? we start with the elastodynamic equations
with weakly symmetric stress imposition. They consist in finding, for each time ¢ € (0, T],
the Cauchy stress tensor, the displacement vector, and the rotation tensor o (¢), u(t), r(t)
such that

Aio=¢em)=Vu—r in 2 x (0, T1, (2.2a)

o —dive =of in Q2 x (0, T], (2.2b)
g=0¢" inQ x (0, T, (2.2¢)

u=>0 onI™ x (0, T, (2.2d)

on=0 onI'? x (0, T], (2.2e)

(stating the constitutive relation, the balance of linear momentum, the balance of angular
momentum, and the mixed-loading boundary conditions of homogeneous type, respectively)
where e (u) = %(Vu + (Vu)*®) is the infinitesimal strain tensor, r = %(Vu — (Vu)"®) is the
tensor of rotations, and o is the mass density of the solid.

The material properties are described at each point by the compliance tensor (the inverse
of the fourth-order linear isotropic stiffness tensor Cy) A1, which is identified as a symmetric,
bounded, and uniformly positive definite linear operator characterised by its action

1 Al
C =2 A (div ), = — —— 1), 2.3
16(u) =2p1e(u) + A1 (divau) Ao o (0 2+ din 1(0) > (2.3)

where X1, i1 are the Lamé parameters of Hooke’s law. A stress-velocity formulation might
present analysis-related advantages over more classical stress-displacement approaches,
including a more straightforward treatment of dynamic effects [36]. Compatibility relations
are written in terms of strain and velocity v(¢) := #(¢) in problem (2.2). Using the boundary
conditions and the definition of the function spaces in (2.1), it is possible to write the fol-
lowing weak formulation: find (o, v, ¥) € C°([0, T1, H. (div, ©2)) N CL([0, T], L3(Q)) x
C'([0, T1,L2()) x C'([0, T1, 12 () such that

skew
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Fig. 1 Schematic representation of the rheology for the classical Zener (or standard linear solid) model in

viscoelasticity. Cp, C; are the elasticity tensors associated with the first and second spring units, respectively,
while C’ is the tensor associated with the dashpot

(A0, 1), + div T,v)00+ (. T)oo =0 V7 € Hi(div, Q),
(0v, w)o,o — (dive, w)o.o = (o f, w)o.o Vwe LX),
(6,mMo,e=0 V1 € Ly ().

with given initial data
1
(©@(0), v(0), ¥ (0)) = (C1£((0)), v(0), 7 (Vu(0) — (Vu(0)").

If fe w0, T1, L3()) then this problem is well-posed, as established in [2, Theorem
3.1] (see also [29]).

As in [34] we now extend (2.2) to a standard linear solid (or Zener) rheological model for
viscoelastic materials (a parallel phenomenological model considering the coupling between
one Maxwell component conformed by one spring and one dashpot in serial, and one spring).
Apart from the compliance tensor .A; (cf. (2.3)) associated with the second spring unit, let
Ao, Ajy denote the compliance tensors of the spring and dashpot components in the Maxwell
compartment (see Figure 1). For the sake of simplicity we assume that Ay, A are also of
Hooke’s type but associated with different Lamé pairs (110, 19) and (,uf), A6), respectively.

Then, the governing equations are written in terms of the total Cauchy stress tensor o o (f) +
o 1(t), the velocity vector v(¢), and the rotation tensor r(¢) as follows

Ao6o+ Ayoo = A6 =e() =Vv—F inQ x (0, T, (2.4a)
ov —div(eg+o01) =0f in2 x (0, T], (2.4b)
go+0o1=(g+0o)" inQ x (0, T, (2.4¢)

v=0 onT* x (0, T], (2.4d)

(cp+o1)n=0 onI'? x (0, T], (2.4e)

and they are equipped with the following initial data v(0) = 0, 6¢(0) = ooo€ H. (div, 2),
01(0) = o10€ H,(div, 2). In weak form, this problem reads: find (69,01, v,r) : (0, T]
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— H,(div, ) x H,(div, Q) x L2(£) x L% __ () such that

skew
(Ao 60 + Ayoo, To)o,e + (div 7o, v)o,o + (F, T0)o,.a =0 Vo € Hi(div, 2),
(2.5a)
(Ao, to,e +ivry, v)o e+ (@, 7)o =0 vVt € H.(div, 2),
(2.5b)
(b, w)o.e — (iv(oo +01), wo,e = (0f ., W, Yw e L*(Q),
(2.5¢)
(G0+61. 02 =0 V1 € Lijey ().
(2.5d)

The existence of a unique solution to (2.5) (in the case of pure velocity boundary conditions
and for f € L'([0, T, L?>(£2)) has been proven in [34] using the theory of semigroups.

3 Virtual Element Discretisation
3.1 Preliminaries, Virtual Spaces and Degrees of Freedom

Let 7;, denote a family of polygonal meshes on € (from now on, assumed a polygonal
domain) and denote by & the set of all edges in the mesh. By hx we denote the diameter
of the polygon K and by & we denote the length of the edge F'. As usual, by & we denote
the maximum of the diameters of elements in 7. For all meshes we make the following
assumptions.
— There exists a uniform positive constant 1y such that each element K is star-shaped with
respect to a ball of radius greater than nhg.
— There exists 72 > 0 such that for each element and every edge F' € dK, we have that
hr = mhk.
Throughout the paper, given two quantities a and b, we write a < b when there exists a
constant C, independent of the mesh-size £, such that a < Cb. By Px(®) we will denote the
space of polynomials of total degree at most k defined locally on the domain ®, and denote
by P, (®) and P, (®) the vector and tensor counterparts, respectively.
Consider an arbitrary polynomial degree k > 1. Following [20, 50, 51], for each K € 7,
we introduce the local virtual space

S(K) := {tr € H(div, K) N H(curl, K) :

n|lp € PL(F)VF € 0K, divt|g € Px(K), curlt|gx € Pr_1(K)},
(3.1)

where by convention, P_;(K) = {0}, Let o be a nonnegative integer. For an edge F with
midpoint x , we define the set of & 4+ 1 normalised monomials as

B
Mg::{(x;xF) :05,850{}.
F

Similarly, for a two dimensional domain K with barycentre x x, we define the set of (o +
1)(a + 2)/2 normalised monomials as

_ B
M = {(x ) g sa},
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where, as usual for a nonnegative multi-index 8 = (B, ), we set |[B| = B1 + B> and
xb = xP i

Next we define the following unisolvent set of local degrees of freedom describing func-
tions in S(K) is given by the so-called K-moments (see, e.g., [20], or also [11] for the case

of mixed Poisson) (See Fig.2)

1
m / tn - wi ds for all edges F € 0K, and for all wy, € M,f,
F
1

—/ T:g,_dx forallg,_; € Gy (K),

|11(| K
—/ T g dx forall gf € GH(K),
K| Jk

where we denote by G (K) := VP11 (K) the local space of gradients of vector polynomials
of degree up to k + 1, and gkl(K ) denotes its orthogonal (with respect to the IL2(K )-norm)
in the tensor polynomial space Py (K).

Remark 3.1 We observe that by choosing g,_; € Gr—1(K) and g,ﬂ- IS gf;(K) such that they
belong to M;ﬁl’ all the degrees of freedom of S(K) scale as 1.

The local spaces (3.1) can be patched together to construct the global virtual space for
stresses
Sp:={r € S:=H,(div, Q) : t|x € S(K), YK € T},

(containing the imposition of the traction boundary condition in an essential manner), while
for velocity and rotation we consider the discrete spaces

Vi :={wveV:=L*Q):v|g € Pr(K), VK € Tp},
Ky = { € K 1= L3 () : nlx € Px(K), VK € Ty},

respectively.

Since the stresses belong to a virtual space which contains non-polynomial functions, the
stress-stress bilinear forms cannot be computed explicitly. Therefore, we introduce appro-
priate projection operators that allow us to define fully computable discrete variational
formulations. By H,? we denote the usual L%(2) — Py (7;,) orthogonal projection and

Y, T, will denote the extensions to the vector and tensor cases. By I, we will denote
the interpolation operator from the space

H)} () := {r € H(div, Q) : 7|x € H' (K) VK € T},

into Sy, which, in view of the K-moments above, is characterised by the following identities
(see, e.g., [11])

0:/(r—ﬁ§(r)n-wkds Ywg € Py(F),

F

0= / (t =) : gy dx Vg 1 € Gro1(K),
K

0= / (t — M) : gt dx Vgir € GiH(K).
K
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e0o

— o 0 —
eeo

— —

Fig.2 Schematics of the local degrees of freedom for each row of the stress variable, focusing on polynomial
degree k =2

These properties imply the commutativity relation
div(TT, 1) = M)(div 7). 32)
Also, the spaces satisfy the following inf-sup condition, as proved in [50, Eq. (4.17)].

) (div Ty, wp)o,@ + (Th, M)0,0
inf

su >C; > 0. 3.3)
wp eV, €K ¢, es, 1Thllaiv.lwnllo,e + 11, ll0,2)

3.2 Semi-discrete Formulation and its Well-posedness

The semi-discrete problem reads as follows: starting from the initial datum (079, 4 (0), 01,4 (0),
v,(0), 1,(0) € Sp x Sp x Vi x Ky, find (004,014, v4,1t0) € CHO,T],Sp) x
C'([0, T1,Sp) x C([0, T1, Vi) x C'([0, T], K},) such that

ao0,n(60,1» To.n) + ag 4, (@04, To.n) + (div To,n, vi)o.@ + (o Fr)o.e =0 Vo € Sh,
(3.4a)

a1 (01,0, T1p) + divey,, ve)oe + (Tra Fr)oe =0 YT, €5y,
(3.4b)

(v, wp)o,@ — (div(oo s +01,4), wp)o,o — (@f , wp)oo =0  Yw, € Vy,
(3.4¢)

@on+01m0)00=0 Vy, €Ky,
(3.4d)
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where a, (o, Th) = ZKeTh afh (o1, Th), and thanks to the model assumptions adopted
in the previous section, the local bilinear forms are defined as

*

2pu*dr*

1

K =0 =0
a*’h(o'*,h, Tyn) = ‘/;( Moy p: Mty pdx —

=0 =0
_ﬁ Atr(ﬂka*’h) tr(I T, p)dx

K =0 =0
+ Sh (U*,h - Hka*,hs Tw,h — ka*,h)s

where * specifies which compartment of the rheological model and which parameter set the
bilinear form is describing, and where S f is defined as follows:

SK @ty Tt = 1K1Y Xi (0w ) Xi (T,
i

where x; are the degree of freedom operators introduced in Section 3.1. Let x denote the set
of all such degrees of freedom. Following the proof of [21, Theorem 4.5], it is straightforward
to verify the following norm equivalence relation for any 7, € S(K):

Cihgllx@wlp < ltnllo.x = Cohgllx(Tu)le, (3.5

where C and C» are positive constants independent of /g .
Clearly, ShK is positive definite and symmetric.Moreover, in view of (3.5), S,f satisfies
the following scaling property (see also [11])

—0 2 K —0 —0 —0 2
ar||Ten — HkT*,h”(),K =< Sh (Ton — MpTop, Top — HkT*,h) <t n — HkT*,hHQ,Ky

with «y, ap positive constants independent of 4, of K, and of A*. The bilinear forms af n
thus defined satisfy the following properties: '

K
ayp(Th,on) < CliTpllo,x llonllo,x YTy, 0 €Sy,

K 2
aep(Th, th) = CllTnllp VT, € S).

The semi-discrete formulation (3.4) can be expressed as a system of linear ordinary dif-
ferential equations in time, for which existence and uniqueness results are well established
in the literature. Therefore, we do not provide a detailed proof, but instead, below we offer
a brief outline of the argument.

We proceed by writing the semi-discrete problem in terms of operators. Let A, : S, — Sy,
be defined by Aso;, = Rg,(asxn(op,e)) where R, : S, — S, gives the Riesz-
representation of the operand. Similarly, we define H : Sy — Kj, as Hoj, = Rk, (01, )0.0,
M :V, - Vyas Mu, = ouy, J : S, — V, as Jo, = Ry,(divoy, e)g o and
F = Ry, (0f, ). Finally, let us define the block operators

Ao 0 0 H* —Ay 0 —J*0 0
* £
s=loomo |t 2= 7700 =
HHO O 0 0 0 O 0
With this, it readily follows that system (3.4) reads
Ay = Biy +C,  with T = (G0n 01 vh1h)". (3.6)

Lemma 3.1 The semi-discrete problem (3.6) possesses a unique solution.
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Proof First, from the fact that a (e, ) and (e, )¢ o are coercive and symmetric on S, and
K, respectively, we get that Ag, Aj and M are positive definite. Thus, to prove the invertibility
of o/, we only need to show that H* is injective.

Let us suppose that for some u,, € K, H*5;, = 0. Then, for any 7, € S, we have that

0= (th, H*np)o,o = (Hti, 10,2 = (Th, 10,0

Note that here we have only used H*#; = 0 and the properties of H (and we are not requiring
T), to be symmetric). As this is true for all T;, € S, we readily get the following relation by
using (3.3).

T 9
0= su (T, Mo

> Crlinpllo,@-
ThES) ”Th ”diV,Q

This is only possible if [|p,llo.o = 0, thatis n;,, = 0. As 5, was any generic element of K,
satisfying H*n;, = 0, we get that H™* is injective, thus proving the invertibility of o7
Finally, we can write the system (3.6) as ;h = Z (X3, t) where . is continuous in ¢ and
Lipschitz-continuous in xj,. Thus, by Cauchy—Picard’s theorem (see, e.g., [24, Chapter 2)),
we will have a unique solution of the semi-discrete problem in [0, T']. ]

On the other hand, we also prove the following stability result.
Theorem 3.1 The solution of the semi-discrete system (3.4) satisfies the following estimate

max ([oon()llo.@ + llon(s)lo,e + llvals)llo,@)
5€[0,T]
T
SleorO o, + o1, (0)o,.e + lva(0)llo,e +/ If()loeds.
0

Proof Substituting to, = 00pn, Ti,h = 01,4, Wy, = v, and B, = 1}, in the first three
equations of (3.4) and adding them all, we get the following.

1d .
Ea(ao.h(oo,h, 00.1)+a1n (01,1, 01.0) + @4, ¥A)) +a0 4, (@01 60.0) = (©F . ) = (G0.h +0 1 15 F)-
The term (0¢,;, +0 1.1, 1) 1S zero owing to both (69 4, (0)+01,4(0), ;) and (60,4 +0 1,1, Ny,)

being zero for all n;, € Kj,. Thus, we are left with the following relation

Ea(ao,h(do,h, 00.n)+a1n(0 1.0, 01.0)+(QVA, Vi) +ag ,(@on. 00n) = (f . v). (3.7)

Next we apply the coercivity of the bilinear forms and Cauchy—Schwarz’s inequality to get
the following bound

d
i (loonlg.q + lotalgo+ valge) + loonrlde < Clfloglvalog: (3.8)

Then, discarding the positive term ||o ¢, II(Z).Q and integrating in time from O to # fort < T,
we readily get the estimate

2 2 2
loos O3 + o143 + 10a013.0

t
< o0 o+ o145 g + 14O 5.q +C / ILf$)llo,.ellvn(s)loeds.
0
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Further, using standard inequalities, it is possible to obtain

(loo,nllo,@ + o110, + th(t)llo,sz)2

T
=C ((Iﬂo.h(O)llo,Q +lo 1O, + 104 ©)lo,2)? +/0 |f(S)|0,Q|”h(S)||0,S2dS>

T
<C <(|Uo,h(0)”0,§2 +llo1,nOlo,e + vy (O)Ilo,sz)2 + yg[ngT] lvn (S)II(),Q/O If(S)Io.QdS)
< C((loo,nOllo,@ + llo1,4O) o, + lvp (O)Ho,sz)2

T
+ max (oo, ()Mo, +llor,n)lo,Q + ||vh(S)||0,sz)f I1f (9)llo,ds).
5€[0.7] 0

And finally, dividing both sides by max;ejo,71(lo0,n(s)llo,@ + lo1,n()llo,2 + lva () llo,2),
we end up with

max ([loo,n(s)llo,e + llo1,,(8) o, + llva(s)llo,e)
5€l0,T]

T
< C(||00,h(0)||0,s2 + llo1,n (0o, + lva(O) oo + / ||f(S)||o,szdS),
0
which finishes the proof. O

Remark 3.2 Equation (3.7) shows the dissipation of the total energy consisting of the kinetic
and elastic potential energy for the viscoelastic material. Specifically, when the load term is
zero, it shows that the energy decays to zero with time.

4 Error Analysis

In this section we aim at the derivation of optimal a priori error estimates for the solutions
of the semi-discrete problem (3.4) in their natural norms.

To that end, we first define a weakly symmetric elliptic projection operator I1 : S x S x
VxK — §; xSy, x Vi, x K which maps (69,01, u,1)t0 (60,7,01,7, Ur, I'r) Where the
latter is the solution of the following equations

(00,7 — 00, Ton)o,Q + (divrg,, uy —u)o o+ (Ton. Tr —Po,o =0 Vro, €Sy,
(4.1a)

01z =0, TR0+ Wiveyp,uy —u)oo+ (T pTr —Poe=0 VT, €Sy,
(4.1b)

(div(oor +017 —00—01), wp)o,0 =0 Yw, € Vp,
(4.1¢)

(0or+017x—00—01,)0a=0 Vi, € K.
(4.1d)

The operator I is well-defined due to the following lemma.
Lemma 4.1 The problem (4.1) is well posed.

Proof We want to show that given any (6o, 01, u,r) € Sx S x V X K, there exists a unique
solution to (4.1). As Sy, x Sp x V;, x K}, is finite dimensional, the square system of linear
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equations has a unique solution if the following system of equations possesses only the zero
solution.

(00,7, To.n)0.@ + (div To , Uz )o.Q + (To.n, Tx)o.o =0 YTo.n € Sp,
@17, Tinoe+ Wivey puz)oe+ (Tin rz)oe =0 VT1n € Sh,
(div(e0,z +01.7), wpo,o =0 Ywy, € Vp,

(607 +017,M,)0.2=0 vy, € K.

Substituting 71,5 = 79,5 in the second equation and then taking the difference of the first two
equations, we get that (69 r — 01,7, To.n)o.0 =0 V7o € Sy, implying that oo, =01 5.
Now, substituting o1 by 0., in the equations and dividing by two, we get the following
system of equations.

(00,7> To,n)o,@ + (div o, uz)o.o + (Ton Tr)oo =0 VTo,n € Sp,
(div(oo,7), wp)o,e =0 Ywj, € Vy,
(00,7 Mo =0 vy, € K.

This is a well-posed system by [50, Theorem 4.1], hence, the kernel of the above system is
zero. O

Next, we establish the projection error estimates, which will be used to prove the optimal
error estimates between the exact solution and the solution of the semi-discrete problem (3.4).

Lemma4.2 Let (0,01, u,r) € WHHL2(Q) x WAHL2(Q) x WAHL2(Q) x WEHL-2(Q) and its
projectionbe (00,7, 01,7, Uz, Y7) = I1(00, 01, u, t). Then, there exists C > 0 independent
of h such that

k+1
luz —ullo,o + Itz —rllo,o + o0 =00l + o1z —a1ll < CH oo, o1, u, Fllyrri2(g).

Proof Taking tg, = 715 = T, in the first and second equations of (4.1), adding them, and
defining o0 = %(ao +o1)ando,; = %(Uo,n + 01.7), we get the following system

(07 —o,tp)o,0+ dive,, uy —u)oo+ (Th,rr —T)oo =0 VT, € Sp,
(div(er —0), wp)o,0 =0 Yw, € Vp,
(0x —0o,m)00=0 vy, € Ky,

which clearly satisfies the conditions to apply [51, Lemma A.1], whence we get
lur —ullo. + Itz — o < CH 4 og.01, u, rllesr- 4.2)

In order to bound ||o; » — o] for i = 0, 1, we use the triangle inequality |lo; » — 0| <
loix—T0;]|+ T, 0;—a;|. Norm of each row of (T, o; —a;) is bounded by the H'-norm
of that row according to [11, Section 3.2]. Thus, we have

Mo — ol < CH o NIkt 0 (4.3)

In order to derive suitable bounds on [|o; » — ﬁ;(o,- I, we write the first and second equations
of (4.1) as follows

(dg; + M0 — 0. 7o+ @ive, p. dy + ng —u)o,Q + (T p,dr + ng —-roqe=0 Vz;, €Sy,
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wheredy;, =0 5 —ﬁiai, dy =u; — ng,dr =r;— ng. Taking T; j = do, in the above
equation and adding for i = 0, 1, we readily obtain

e 1> + llde II? + (@iv(de + da ), du)o,@ + @ividey + do ), Tu —u)o o
= —(Myoo — 00.deg)o.o — Mo — 01, ds )00 — (dog +do . dr + ng —1)0,Q-

The fourth term on the left-hand side in the equation above is zero by the definition of the
polynomial projection and the fact that for T € Sy, divt € Vj. In addition, the third term
can be analysed as follows

(div(ds, + ds,), du)o.@
= (div(oor + 017 —00—01),du)o.q + (divieo + o1 — Moo — o 1), du)o.g-

In turn, the first term of above is zero by the third equation of (4.1). By (3.2), the second
term is equal to (div(oco+0) — HQ div(oo+01), dy)o.o, which is zero by definition of the
projection operator, and dy being in the projected space. In all, we are left with the following
relation

lda 13, + lldo I

= (Moo — 00, doy)o.o — Mo —01,de;)0.Q — oy + do ., de + Mr — )9 0

< 6/ ldoo1f, o + ldo 15 (nﬁ’kao — ool + IMo1 —ailog + ldelo,q + ITPr — rno,g).

Thus we have the following estimate

—i =
/udaonag +llde 1§ < C (nnkao —oollo.e + Mot —oillo.e + Irr —rlo,q + ITr — rllo,sz) ,

where we have also used the triangle inequality. Now the desired estimate can be obtained
from this using (4.3), (4.2) and standard polynomial approximation theory (see, e.g., [15]).
O

Remark 4.1 We note that the operator I defined by (4.1) commutes with differentiation in
time, that is,

d~ ~
EH(UO,M,M,I‘) =Il(0p, 0, 1t,T).

The proof of this result is the same as in [51, Lemma 6.2], and this property is used in the
subsequent analysis.

As a notational convenience, for any symbol ¢ in {6, 0, v, r} and its discrete approxi-
mation ¢y, in {00,4, 01,4, Y, I}, We define the following error quantities

=88y e =C—8p =00,
We now prove the main result of this section.
Theorem 4.1 For (09,01, u,r) € WH1(0, T; WAL2(Q) x WAHL2(Q) x WKHL2(Q) x
WhtL.2(Q)), the solution (00.ns 01,1, Vi, Tp) Of (3.4) satisfies the following estimate for all

time t, where the constant C is independent of h or t:

k+1
lvp —vllo,o+ltn —rllo.o+lloo.r —oollo.o+lo1r—o1lo < CH oo, o1, Vil Lt 7 wht1.2(q))-
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Proof Subtracting the corresponding continuous and semi-discrete equations, we get the
following system with v; = u’y:

ao(60, T0.n) — a0.n (60,1, To.n) + ag(@0, To.n) — ag 1, (0., To.h) (4.4a)
+(divTo , ev)o.o + (To.n, ér)oe =0 Vo €Sy,
(4.4b)
ar(61, Tip) — a0 1n, T1p) + ([divey g, en)oo + (Tin ér)oe =0 Y1, €Sy,
(4.4¢)
(0ev, wp)o,@ — (div(egy +e5,), wploo =0 Yw, € Vp,
(4.44d)
(éo‘o +é0‘1777h)0,9 =0 Vﬂh EKh'
(4.4¢)

oo TLh = €g, and wy, = e{} in the first, second and third equations
respectively, and adding them, we get the following relation

Substituting 7¢,, = el h

ao (@l el ) +ah (el el ) +ainel, el )+ (0l ehog
= —(0é5. eh)o.a + (5. ek do.a + (€5, b Dog
— ag(oo, eﬁo) +ap (00,7, eZO) —aop(do, eﬁo) +ao.n (60,7, eZO
—a1@1.€)) +arn@izx.eh),

where we have also considered that o, 0., L Kj. Now, using the definition of the discrete
bilinear forms and their symmetry and coercivity properties, we can define the norms

Izlla, = Vain(@ o). ltlay, = /a5, (T 1), aswellas|wl, = ellwloq.
’ 0,h ’

With this, we proceed to rewrite the result in its energy form, leading to

2 % ety I3y, + Nl I3, + eb12) + liek, I,

= —(0éh. Moo+ (5. ek oo+ (€5, b Dog
_ a(/),h(e(];ov 620 - (a(/)((f(), eZO — a(/),h(UO, e(})l'o))
— aon (€5, eZO — (ap(09, ef;o — ag (60, ego))
—ain(és,, et) — (@(61,€)) —arn(61,€})).

And we can apply Cauchy—Schwarz’s inequality to each term on the right-hand side, to
readily get the following

1d

2dt
. h . h D h P h -0 h

< C(ledllo.alley lo.a + 1€y lllieg, | + l1€g, g, | + llegq lllleq Il + Moo — oolllleq,

h 12 h 12 h 2 h 2
(Neby 3y, + ek 15, + llebl2) + liek I3,

. h =0 . . h . h =0 . . h
+ gy lllleg, Il + IT60 — Golllleg, | + g, Illleq, | + ITo1 — G 1lllleq, -
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Next, applying algebraic relations to the norms on the right-hand side of the above inequality,
it is not difficult to arrive at the following estimate

1d o2

S (el By, + e IR, + RIZ) + ek I,
< C 'p p -p -p ﬁ . _ . H _ ﬁo-
= ||eﬂ'oveo‘oveo‘lvevs ¥00 — 00, 11,00 —09p, 11,0

= dln\/nei;o g, + el 1%, , + llebli2.

Dividing both sides by \/||e Ao .+ llek ||A1 .+ lle? |12 and integrating in time, we are left
with

\/||600||A0h+ ||e(,1 “Al ]+ Hev |2 < C/ ||e(,0, ef,’o, egl el Hkao — 69, l'[kao — 09, l'[km — o] dr.

Again, by the commutativity 0f IT with differentiation in time, we have, for any symbol
¢ in {0¢, 01, v}, that ec = el i . Thus, from Lemma 4.2 and standard polynomial approx-

imation theory, it is clear that the right-hand side of this last inequality is bounded by
Ch**1oy, o1, U”Wl.l(O,T;Wk-t—l,Z(Q.)). Again, an application of the triangle inequality and
Lemma 4.2 gives us the desired estimate. O

Note that by differentiating equations (4.4) in time multiple times, and repeating the steps
in the proof above, we can prove that the following holds for all time # and forall/ € {0, 1, ...},
with D! being the I-times differentiation operator

ID v, — D'vllo.g + 1Dy — Drllo.q + ID'gos — D'oollo.q + ID'a14 — Doilloa

< Cthrl ”0'07 o1, 'U” wi+1L.1 (0,T; Wk+1,2(Q)).
4.5)
We also prove a result about error in divergence of the total viscoelastic stress.

Theorem 4.2 The semi-discrete solution satisfies the following error bound for all time t €
[0, T]:

. 1
Ildiv(eon +o1h —00—oDloe < CA oo, o1, vy 072 (46

Proof Leto = o¢+ 0 and oy, =00 + 01 ;. By the third equations of (2.5) and (3.4), we
get the following relation for all w;, € V),

(0(0 — vp), wy) = (dive —dive,, wy) = (Hg divo — divoy, wy).
Taking wy, = l'[g divo — div o), we can assert that
I dive —divo,|F o = (o(b — by). M dive —divay) < [lo( — bp)llo, T} dive — divey fo.q.
Dividing both sides by || l'[g dive —divoy|lo o, we readily obtain
I} dive —divoylo.e < llo(® — vy lo.0-

Finally, owing to triangle inequality, polynomial approximation theory and (4.5), we get
(4.6). O
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5 Fully Discrete Formulation

We proceed to discretise the time derivative by employing the absolutely stable Crank—
Nicolson scheme. This yields a fully discrete version of the semi-discrete scheme (3.4). For
that purpose we choose a positive integer N for the number of divisions of the time interval.
Lettn:nr,wheren—O,é,l,g,Z -N.

Take X = (6,01, v,1)", and followmg (3.6), the semi-discrete system is represented as
Xp = (ao B O 10y Vs Th)E satlsfymg szxh = B, +%€ fort € [0, T]. We use the notatlonx
and X X to denote X(t,) and Xy, (1,,) respectively. The fully discrete scheme is to find X" ~ xh

for all n € {1,2,..., N} such that,

)?n _ )_('nfl )?n + ;(nfl 1
o =B +‘€(<n—§> r). (5.1)
T

Now, we state and prove the result concerning the time-discretisation error.

Lemma 5.1 The solution of the fully discrete problem satisfies the following error bound,
where the constant c is independent of h or t:

2 2
ne{Ol ¥ ||X — X llo,e < ctillog, 01, v, Tl yws.00,7:12()) (5.2)

Proof Denoting X" — X]! by 3", we readily obtain

gn _gn—l @gn +§n_1

o — %
T 2 (53)
)?n_)?n—l ! —vn_i_)—cvn 1 1 .
h h =1 h =1
Next, we use the following relation
mat o, Lol
Ch - Th Z 2 = / X5, (s)ds —/ 2 Xp(s)ds
2 0,Q - fn-1
s n—x
- / / n(t)de ds +/ / 2 ¥n(0)de ds
-5 g 0.Q
= t2”xh”L00(0,T;L2(Q))'
(5.4)
And in order to bound the other term, we consider the following
n— )—Cvnfl nl
h h _XZ 2
T
In s oL Lol fh_1 L1 .. (5.5
= / / / xh(r)drdtds—i-/ 7/ 7/ 2 Xp(r)drdtds
t 1 Jt 1 Jt [ s t
n-y -y =y 0.2

IA

.
T ||xh||L00(o,T;L2(Q))~
By the continuity of &/ and % (with continuity constants c.,, and cg respectively), the

coercivity of &7 with constant C, using (5.4) and (5.5) in (5.3), and then multiplying by

Sn_ sn—1 . .
%, we get the following estimate
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PN n—112 <2 Sn—12
18712 o — 18"~ 13 & 187113, + 118" 115,
- <c 5 + 7 (IxnllL=0,7:L2(0))

X nllLos o, 7212 18" + 8" ||o,9) ,

where ¢ = C{; max(1, ¢y, c). Applying the discrete form of Gronwall’s inequality (see
[23]), we are left with

- . 0, s
e{(I)nlaX N) ||XZ - x;','llo,sz <ct (lxn ||L00(0,T;L2(Q)) + ||xh||L00(0,T;L2(Q)))-
n N P

To complete the proof we proceed to find h-independent bounds for the quantities
||Xh ”Loc(o T:L2(Q)) and ” Xh ”Loc(o T;L2(Q))> which we derive as follows

D' %l o0, 7:1.2(0) =IP'00.0 D'o 14 D o, Denll oo o 721202y
<ID'e0, D'or, D'o, D'rll o g 1120 + C(ID o1 — D'vlo 0
+1D'ry, = D'rllo.q + D' 00, — D'ogllo,e + 1D o 14 — Dloylo.)
<ID'e0, D'or, D'o, D'rll o (g 1120 +CH T 100, 01, 0l st o, 7. wh+1.2 ()

with (4.5) in the last step. Now, for a sufficiently small £, the second term is dominated by
the first. Thus, we get the desired estimate. O

We finally state the full-discretisation error estimate which is obtained from (5.2), Theorem
4.1, and triangle inequality.

Theorem 5.1 Assume that the solutionto(2.5) is suchthatoy, 01 € whlo, T; W2 Q)N
W30, T; LA(R)) and v € W10, T; WEHL2(Q)) NW32°(0, T; LA(RQ)). Then, the solu-
tion X" of (5.1) satisfies the following estimate for alln € {0, 1, , ..., N}

v 2 k+1 2
||Xn — xn” < Ch + ||UO, o1, v||W|,1(0’T;Wk+1,2(Q)) +cT ||U(), o1,0, r||w3,oo(07T;L2(Q)).

6 Numerical Verification
6.1 Preliminaries

In this section we show the results of simple computational tests that confirm the theoretical
error estimates from Section 5, and we also showcase properties of the proposed mixed virtual
element method. The implementation has been carried out using an in-house C++ code and
following the guidelines in [11, 14]. The discretisation leads, at each time step, to a system
of algebraic equations and all linear solves are done with a direct method. We confine the
results only to the two-dimensional case, for which the total number of degrees of freedom
are

DoFs :=2-2(k+ 1) - ti(edges in &,) + (k + 1)(5k + 3) - t(polygons in 7j).

@ Springer



25 Page 18 of 24 Journal of Scientific Computing (2025) 105:25

Fig. 3 Sample of coarse meshes of the two types (squares - left and hexagonal - right) employed for the
convergence tests

Table 1 Error history (errors in the L2 norm against meshsize) for the VEM applied to linear viscoelasticity

h e(oq) rate e(o2) rate e(v) rate e(r) rate
0.167 1.12e-02 * 1.95e-02 * 1.47e-03 * 1.50e-03 *
0.143 8.14e-03 2.05 1.47e-02 1.86 1.08e-03 2.00 1.09e-03 2.03
0.125 6.31e-03 1.90 1.13e-02 1.96 8.08e-04 2.15 8.29¢-04 2.07
0.111 5.02e-03 1.94 8.93e-03 1.98 6.20e-04 2.25 6.43e-04 2.15
0.100 4.08e-03 1.96 7.24e-03 1.99 4.93e-04 2.17 5.10e-04 2.20
0.091 3.38e-03 1.99 5.98e-03 2.01 4.00e-04 221 4.14e-04 2.20
0.083 2.87¢-03 1.87 4.99¢-03 2.08 3.31e-04 2.16 3.40e-04 2.25

6.2 Convergence Tests

First we investigate the convergence of the method using different smooth displacement
solutions. We consider the time horizon 7 = 1, the spatial domain Q = (0, 1)2, and the
following model parameters that characterise the elastic and viscous stress components of
an isotropic, homogeneous viscoelastic material o =3, 20 =2, u1 =4, A1 =5, “6 =4,

4 =3 and ¢ = 1. The units in this and the following examples are taken consistently with
mm for length, mm/s for velocity, g/mm? for density, N/mm? for body forces, N/mm? for
tractions, stress, Young modulus and Lamé parameters.

We use manufactured smooth displacement solutions from which we obtain the exact
mixed variables and calculate the corresponding load function, initial conditions required to
initialise the Crank—Nicolson scheme, as well as boundary conditions that satisfy (2.4). The
traction boundary I'? is composed by the segments x = 0 and y = 0 while the remainder
of the boundary is I'*. We consider partitions of the domain into a sequence of successively
refined meshes of squares and hexagons (see Figure 3), and compute approximate solutions
using the virtual element scheme for different polynomial degrees, as well as errors with
respect to the manufactured smooth solution at the final time ¢+ = 7. The Crank—Nicolson
time discretisation is done so as to achieve optimal convergence rate by having v2 oc i+,
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Fig. 4 Error history for the system variables in the L2-norm using the manufactured solution u(x, y,t) =
(e™Y cos(z) sin(x), e/ T*)t, with polynomial degree kK = 1 and on square meshes (a). Using the manufactured
solution u(x, y,t) = (t2x(l — x)y(1 — y),0)® with polynomial degree k = 1 and on square meshes (b),
on hexagonal meshes (c) on square meshes (d), with degree k = 2 on hexagonal meshes (e) with k = 2 on
square meshes (f), with k = 3 on square meshes (g), and with k = 3 on hexagonal meshes (h). The solid lines
indicate fitted convergence rate slopes
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Fig.5 Convergence plots for a nearly incompressible material with Poisson’s ration 0.49 (a) and 0.4999 (b)

The manufactured displacements we choose in the different tests are u(x,y,t) =
(2xy(1=x)(1—y), 0%, u(x, y, 1) = (e~ cos(t) sin(x), e/ ™), and u(x, y, 1) = (3x(1 —
x)y(1 —v),0)t, for (x, y) € Qandt € [0, 1]. These functions have been selected to test the
convergence in presence both homogenous and non-homogenous boundary conditions. We
observe that the convergence order of the method seems to be robust with respect to the choice
of the exact solution and polynomial degree. These results are collected in Figure 4. In all plots
(except panel (b) which refers to the verification of convergence of the divergence of the total
stress as stated in Theorem 4.2) we display the decay of the L2-norm of the individual error
contributions (except that for the stress components, we compute |Iﬁ,i0 i,h —0ill), showing
in all cases the expected optimal rate of convergence O (h**1) for all unknowns, consistently
with the theoretical bounds from Theorem 5.1. We also tabulate errors and experimental
convergence rates in Table 1, confirming as well the optimal convergence for all unknowns.
The rates of convergence in space are computed as

rate = log(e(s) /&) [log(h/h)]7",

where e, & denote errors generated on two consecutive meshes of sizes h and i, respectively.
Other tests (now shown here) confirm that the method is also robust with respect to other
physical parameter values. Specifically, we followed [30] for tests for nearly incompressible
materials. As an example, keeping all other settings in the same way as in the first test,
and using square meshes, we perform two experiments with the parameters o = 3, Ag =
1.5x 10%, juy = 9,41 = 4.5x 10, ujy = 3, A, = 1.5 x 10 in the first additional experiment
and o = 3, ko = 1.5 x 10%, uy = 9, &1 = 4.5 x 10*, pufy = 3, 1) = 1.5 x 10* in the
second (leading to Poisson ratios of 0.49 and 0.4999, respectively). The results are portrayed
in Figure 5, confirming a convergence rate of approximately O (k%) and a slightly higher
O (h*?) for the first and second case, respectively, that is, no degeneration of the error decay
even in the nearly incompressible regime. In the later case the magnitude of the stress errors
is much closer together, and in both cases the lowest contribution to the total error is given
by the velocity.

In another experiment, we test the convergence of the method when different discreti-
sations are used for different portions of the domain. This introduces hanging nodes and
arbitrarily small edges relative to the element diameter (see an example of hanging nodes
in Figure 6). The results for the case k = 1 are shown in Figure 7, again indicating optimal
convergence rates.
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Fig.6 Example of the partitioned mesh-type. Hanging nodes for the left and right partitions are shown in red
and blue colour, respectively

leo0 ]
= g1 i
eV
101 FleT o |
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1070.8 1070.6 1070.4

Fig. 7 Convergence plot on the square-hexagonal partitioned mesh using the manufactured displacement
solution u(x, y, 1) = (t3x(1 —x)y(1 — ), 0)% and polynomial degree k = 1

Remark 6.1 We stress that the current analysis (with the so-called dofi-dofi stabiliser) is not
valid with arbitrary small edges, and one requires to use, for example, the following tangential
edge stabilisation proposed in [16] for elliptic problems:

SF@.v) =) hg /aK[Vutg(]-[Vvt;].

ecdK

Optimal convergence rates can be established using tangential edge stabilisation by employ-
ing the advanced analytical techniques developed in [12, 16] for elliptic problems. However,
this requires a significantly more involved and sophisticated analysis, which is beyond the
scope of the present work. We therefore leave this as a direction for future research.
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Fig.8 Plots of the marker velocity [mm/s] versus time [s], under constant uniform force [N/mm3]. The second
plot shows the result when ,ué) and A6 were changed to 107 and 10~° respectively

To demonstrate the computational robustness of the proposed virtual element discretisa-
tion, we include numerical experiments involving meshes with arbitrarily small edges, as
shown in Figure 6. These experiments still achieve optimal convergence rates.

6.3 Qualitative Tests

As ademonstration of the viscoelastic behaviour, we plot the time-dependence of the velocity
in x-direction of a marker placed at the centroid of the domain at ¢+ = 0, while a constant
uniform body-force f(x,y) = (1,1)% is applied to the material. The displacement was
fixed to zero on the entire boundary. We consider two cases. In one, the physical constants
are same as in previous experiments except that o was 1000. In another case, along with
© = 1000, we choose reduced viscosity coefficients i, = 107> and ry = 1075, For both
sets of simulations, we take 7 = 100 and = 0.1. We can see quickly damped oscillations in
the first part of Figure 8, which is expected due to higher viscosity, while in the second part of
the figure, the oscillations lose energy very slowly because of reduced viscosity coefficients.

7 Concluding Remarks

In this work we have addressed the construction and analysis of virtual element schemes for
viscoelasticity with weakly imposed stress. We have shown the well-posedness of the problem
and have established stability and convergence of the proposed discretisation. Some numeri-
cal tests were showcased to confirm the properties of the schemes. Future work includes the
coupling with reaction-diffusion mechanisms in view of applications into mechano-chemical
calcium dynamics in epithelial cell compounds, the analysis for arbitrarily small edges fol-
lowing [16], the extension to stabilisation-free formulations, and also the design of strongly
symmetric stress virtual element spaces following the appealing hybrid approaches from,
e.g., [46].
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