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1. Introduction

Scope. We are interested in the accurate representation of the flow patterns produced by immiscible fluids within porous
media. With the growing importance of the underlying physical processes in a variety of applications, the mathematical
models used to describe this scenario have received a considerable attention in the past few decades. A popular example
can be encountered in petroleum engineering, specifically in the standard process of oil recovery. The strategy there consists
in injecting water (or other fluids having favourable density and viscosity properties) in such a way that the oil trapped in
subsurface reservoirs is displaced mainly by pressure gradients. In its classical configuration, the technique of oil recovery
by water injection employs two wells that contribute to maintain a high pressure and adequate flow rate in the oil field:
an injection well from where the non-oleic liquid is injected, pushing the remaining oil towards a second, production well,
from which oil is transported to the surface.

Regarding the simulation of these processes using mathematical models and numerical methods, there is a rich body
of literature dealing with mixed finite element (FE) formulations where the filtration velocity and the pressure of each
phase are solved at once (see, for instance, the classical works [1-4]). Mixed methods constructed using H(div)-conforming
elements for the flux variable also allow for local mass conservation [5]. Alternative methods, also widely used in a variety
of different formulations, include discontinuous Galerkin (DG) schemes which do not require inter-element continuity and
feature element-wise conservation, arbitrary accuracy, controlled numerical diffusion, and can handle more adequately

™ This work has been partially supported by the Engineering and Physical Sciences Research Council (EPSRC) through the research grant EP/R00207X/1
and by the London Mathematical Society through its Scheme 5, grant 51703.
* Corresponding author.
E-mail addresses: sarvesh@iist.ac.in (S. Kumar), ruizbaier@maths.ox.ac.uk (R. Ruiz-Baier), ruchi@tifrbng.res.in (R. Sandilya).

https://doi.org/10.1016/j.camwa.2018.05.031
0898-1221/© 2018 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.camwa.2018.05.031
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.camwa.2018.05.031&domain=pdf
mailto:sarvesh@iist.ac.in
mailto:ruizbaier@maths.ox.ac.uk
mailto:ruchi@tifrbng.res.in
https://doi.org/10.1016/j.camwa.2018.05.031

924 S. Kumar et al. / Computers and Mathematics with Applications 76 (2018) 923-937

problems with rough coefficients (see, for instance, [6] for a general overview on DG methods and [7-10] for their application
in different configurations of multiphase flows).

Arecurrent strategy in the design of numerical methods for coupled flow-transport problems as the one described above,
is to combine different techniques with the objective of retaining the main properties of each compartmental scheme. For
example, combined mixed FE and DG methods have been applied in [11,12,7] to numerically solve the coupled system of
miscible displacement in porous media. On the other hand, a mixed finite volume element (FVE) method approximating the
velocity-pressure pair and a discontinuous finite volume element (DFVE) scheme for the saturation equation are combined
in [13]. FVE schemes require the definition of trial and test spaces associated with primal and dual partitions of the domain,
respectively. Different types of dual meshes are employed when the FVE method is of conforming, non-nonconforming,
or discontinuous type (see details and comparisons in e.g. [14-16]), but in most cases they feature local conservativity as
well as suitability for deriving L>—error estimates. We point out that schemes belonging to the particular class of DFVE
approximations preserve features of both DG and general FVE methods, including smaller support of dual elements (when
compared with conforming and non-conforming FVEs) and appropriateness in handling discontinuous coefficients.

Also in the context of FVE methods, the development in [17,18] uses a mixed (or hybrid) conforming-nonconforming
discretisation applied to sedimentation problems, [19,20] analyse DFVE methods applied to viscous flow and degenerate
parabolic equations, and [21] introduces mixed FE in combination with DFVE for a general class of multiphase problems. An
extensive survey on different methods for multiphase multicomponent flows in porous media can be found in [22-24].

Optimal control and immiscible flow in porous media. Oil recovery in its so-called primary and secondary stages, can only lead
to the extraction of 20%-40% of the reservoir’s original oil. Other techniques (including a tertiary stage and the enhanced
oil recovery process) can increase these numbers up to 30%-60%, but the development of control devices for manipulating
the progression of the oil-water front, therefore increasing further the oil recovery, is still a topic of high interest. A viable
approach consists in solving optimal control problems subject to the equations of two-phase incompressible immiscible
flow in porous media. The goal is quite clear: to achieve optimal oil recovery from underground reservoirs after a fixed time
interval. Several variables enter into consideration (as the price of oil and water, rock porosity and intrinsic permeability, the
mobilities of the fluids, the constitutive relations defining capillary pressure, and so on) but here we will restrict the study
to the adjustment of the water injection only.

Control theory and adjoint-based methods have been exploited in the optimisation of several aspects of the process, for
instance in the design of valve operations for wells (see e.g. [25,26] and the review paper [27]). However, and in contrast
with the situation observed for the approximation of direct systems, the numerical analysis of optimal control problems
governed by incompressible flows in porous media (meaning rigorous error estimates and stability properties) has been so
far restricted to classical discretisations. These include the FE method for immiscible displacement optimal control studied
in [28] and the box method for the constrained optimal control problems with partially miscible two phase flow in porous
media considered in [29]. Our goal here is to investigate optimal control problems governed by two-phase incompressible
immiscible flow in porous media and their discretisation using a combined mixed FVE discretisation for the flow equations,
and a DFVE scheme for the approximation of the transport equation. We concentrate our development on the optimise-then-
discretise approach, where one first formulates the continuous optimality conditions and then the discretisation is applied
to the continuous optimal system (see its applicability in similar scenarios in e.g. [30,31]).

Outline. The remainder of the paper is organised as follows. In Section 2 we state the model problem together with the
corresponding optimality conditions, and present some preliminary results. This section also contains the main assumptions
required on the model coefficients. Section 3 provides details about the discrete formulation, starting with the our mixed
FVE/DFVE scheme applied to the optimal control problem under consideration. We also state useful properties of the discrete
operators in Lemma 3.2, and finalise the section with the specification of the time discretisation scheme. In Section 4 we
advocate the derivation of a priori error estimates in suitable norms. In fact, the main results of the paper are constituted by
Theorems 4.3 and 4.4, where the a priori error estimates of optimal order are obtained for state, costate and control variables.
Appendix A contains the proof of one auxiliary result needed for the error bounds, and Appendix B gives an overview of the
implementation strategy employed in the solution of the overall optimal control problem.

2. Governing equations
We consider an optimal control problem governed by a nonlinear coupled system of equations representing the

interaction of two incompressible fluids in a porous structure £2 C R2. We study the process occurring within the time
interval J] = (0, T], where the optimisation problem reads

. 1 ) a [T 2
min 7(q) := = | wcH(T)dx+ — Soq(t)” dxdt, (2.1)
9€Qad 2Ja 2 Jo Ja
subject to
u = —«(x)A(c)Vp, V(x, t) e 2 x],
V-u = (8 — d1)q(t), V(x, t) € 2 x], (2.2)

$dc — V- (k(X)AAoruwP NC)VE) + Ag(Chu - Ve = —Ao(c)S0q(t), V(x, t) € £2 x].
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Here c(x, t) represents the saturation of oil in the two-phase fluid, ¢(x) the porosity of the rock, «(x) the permeability of the
porous rock, A(c) the total mobility of the two-phase fluid, A,(c) the relative mobility of the oil, 1, (c) the relative mobility of
the water, u(x, t) the Darcy velocity of the fluid mixture, q(t) the flow rate of water, p.(c) the capillary pressure, w the price of
oil, g the price of water. The terms &y and §; are Dirac functions located at the injection and production wells, respectively.
For a given § > 0, by Q,q we denote the set of admissible controls

Qd ={q€l®[0,T]:0=<q =g}

The overall mechanism consists in finding a control q over a time interval [0, T] that minimises the remaining oil in the
reservoir by adjusting the amount of injected water.

For sake of the analysis and discretisation of the problem, we rewrite the system equations in a slightly different notation.
Let us introduce the functions

a(c) = k@A), D(c) = k@)A(C)ho(C)hu(Chp(c),  blc) = Ag(c), f(c) = —ho(c), (2.3)

where D(c) is the diffusion coefficient representing the diffusive mobility of the fluid. We will assume that0 < a, < a~!(c) <
a*, ¢, < p(x) < ¢p*and 0 < d, < D(c) < d*, and we will also suppose that «(c), b(c), D(c) and f(c) are Lipschitz continuous
functions of c. The requirements on these variables are physically motivated and they are reasonable in the context of the
analysis of reservoir models (see e.g. [28, p. 690] or [1,2]). In particular, they contribute to have a saturation taking values
between 0 and 1 (justifications are given in [32, p. 684]). Accordingly, we may restrict « to lie in (0,1); however, the present
analysis is also applicable for piecewise constant permeabilities. In turn, the Lipschitz continuity is required in the derivation
of our error estimates presented in Section 4,. The assumptions above also serve to ensure existence of weak solutions to
the set of governing equations. However, the actual correspondence between the assumed properties and the coefficients
observed experimentally (which may exhibit discontinuities, anisotropy, and heterogeneities) remains to be explored.
The state system (2.2) is subject to slip velocities and zero-flux boundary conditions for the concentration:

u-n=0, and D(c)Vc-n=0, V(x,t)eodf2 x],

together with a compatibility zero-mean condition for the pressure

/ p(x,t)dx =0, Vte],
2

and a suitable initial datum for the saturation
c(x,0) =co(x), Vxe 2.

Let the points Xy and x; denote the location of injection and production wells, respectively. In view of constructing
numerical approximations using classical methods, the Dirac delta functions appearing as source terms in the mass
conservation equation of (2.2) can be regularised as done in e.g. [28]. Let Xy € §20,X%; € £21 C 2, with 20N 2, = @
and |£2y]| = |£21] = o with 0 < 0 « 1. We next proceed to define the functions

o J1/o, xe . _Jw/e, (x,t)e 2 x[T—¢€,T],
= {0, otherwise, =01, and w(x1)= {0, (x,t) e 2 x[0,T —¢€),
for a given € > 0. Then we can rewrite the optimal control problem (2.1)-(2.2) as follows
: 1" 2 a (! 2
min J7(q) := = w(x, t)c“(x, t)dxdt + — q(t) de, (2.4)
q€Qad 2o Ja 2 Jo
subject to
afc)u+Vp =20, V(x,t) e 2 x],
V.u=(rg —r1)q, V(x, t) e 2 x], (2.5)
¢d:c — V - (D(c)Vc)+ b(c)u - Ve = f(c)roq, V(x, t) e 2 x].

We make the following assumptions on the system coefficients (see a similar treatment in e.g. [4]):

Assumption 2.1. There exists a uniform constant My > 0 such that

||0[_1(C)||Loo(];,_oc(9)) = MO’ ”b(c)“LOO(_],LOO(Q)) = M07

1D()l o002y < Mos IF(E)lliog:100(2)) < Mo-

Under Assumption 2.1, the optimal control problem (2.4)-(2.5) admits at least one solution (for details we refer to [28,
Theorem 2.1]). However, as the state system comprises coupled nonlinear PDEs, the optimisation problem is non-convex
and hence may exhibit multiple solutions. Therefore, we will assume a local optimal control (see a related strategy in [33])
of problem (2.4)-(2.5) which satisfies the first order necessary and second order sufficient optimality conditions.
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Definition 2.1. A control g € Q,q is said to be a local optimal solution of (2.4)—(2.5) in the sense of L[0, T], if there is an
€ > 0 such that

J@)=J@ YqeQq with [§—qfp0, <e

Assumption 2.2. There exists M; > 0 such that

luell ooy roo(2y2) < M1, 1VElloog:roo(y) < Mi,

<M, | < M.

||D,(C)||L°°U;L°°(Q)) =

o' ()| o gasoogey

Assumptions 2.1 and 2.2 imply that the local solution q of (2.4)—(2.5) satisfies the classical first order optimality conditions,
which can be formulated as

T
/ (F(O)roc* — (o — )p" + 00, G — @)t = 0, ¥4 € Qua, (2.6)
0

where, (u*, p*, c*) is the costate velocity, costate pressure and costate saturation associated with g, and solving the adjoint
system (see [28, Theorem 3.1]):

alc)u* + Vp* + c*b(c)Vc = 0,
V.u* =0, (2.7)
—pd,c* — V- (D(c)Vc*) — (b(c)u — D'(c)Vc) - Vc* + o' (c)u* - u + rigb(c)c* = we,
fora.e.(x,t) € £2 x J, associated with boundary conditions:
u*-n=0, D(c)Vc* -n=0, V(x,t) € 92 x ],

and final condition c*(x, T) = 0. Finally, a common approach adopted for the optimal control of nonlinear systems of a more
general nature than (2.4)-(2.5) (see e.g. [33-35]) is to assume that there exists C; > 0 such that

7'aXG @) = G pgry YA € Q. (2.8)

For our forthcoming analysis we recall the definition of the space H(div; £2) := {v € [*(£2)? : V- v € [*(£2)}, equipped with
the norm

2 2 2
”V”div,Q = ”V”o,g + V- V”o,gv

where ||-||o. will be employed throughout the text to denote the norm for both the spaces [%(£2) and for its vectorial
counterpart L?(£2)? . Then we introduce the admissibility spaces for velocity and pressure

U={veHdiv;R2):v-n=00n9d2}, and W =I[*Q)/R,

respectively.
3. Finite-dimensional formulation

In this section we construct a mixed FVE-DFVE scheme tailored for the solution of the optimal control problem. First we
will concentrate on the spatial discretisation, where we state an equivalence of discrete norms and recall an interpolation
estimate that will serve to derive the convergence results analysed in Section 4,. We will then present the fully-discrete
method.

Spatial discretisation. The velocity—pressure equations involved in the state and costate systems will be discretised via mixed
FVE, whereas the saturation equation will follow a DFVE formulation. In turn, the approximation of the control variable will
be carried out using a variational method (see [36]), where the control set is discretised by a projection of the discrete costate
variables. Based on a first primal partition of the domain, we will require two additional dual meshes where the mixed and
discontinuous FVE approximations will be defined. B

Let us consider a regular, quasi-uniform partition {7;}n-¢ of £2 into triangles K, of maximum diameter h. Let e be an
interior edge shared by two elements K; and K5 in 7, with outward unit normal vectors ny and ny, respectively. For a generic
scalar g, let [q]] := ql,x, M1 + qla, D2 and (q) := %(q|3,(1 + qlsk, ) denote its jump and average value on e. For a generic vector
r, its jump and average across edge e is denoted respectively, by [r]] := 1|y, - M1 + Iy, - D2 and (r) == %(ﬂax, + Iy, )- For
a boundary edge e with outward normal n we adopt the convention (q) =¢q, [q]l =¢qn, (r) =rand[r] =r-n.

The finite dimensional trial spaces where approximate velocity and pressure will be sought are, respectively, the lowest

order Raviart-Thomas space and the space of piecewise constants:

Uy ={vy € U :wlg =(a+bx,c+by), VK € Tn},
Wy = {wp € W : wyl|g is a constant, VK € Tp}.
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Fig. 3.1. Compound of five elements in the primal triangular mesh 7; (e.g. K and its barycentre by ), and examples of one diamond element Ty, € 7
associated with the mid-point M of the edge ey, and one dual element K* € Kj.

We introduce a first dual diamond grid (usually employed in non-conforming FVE methods, see [14]) required for the
approximation of the flow equations. The partition is denoted by 7,* and its diamond elements T}, are quadrilaterals

associated with an interior edge ey of 7, (whose mid-point is M). They are formed by joining the end points of that edge
to the barycentre of the triangles sharing the edge. For a boundary edge, the diamond element coincides with the boundary
sub-triangle obtained by joining the end points of the boundary edge to its barycentre (see Fig. 3.1).

The test space for velocity is defined by

Up = (v e L2(2): Valr: is a constant vector, VTy; € 7" and vy -n = 0 on 32}.

The velocity trial and test spaces are connected by a transfer operator y; : U, — U} defined by

Nm
yiva(X) = D V(M) (x) VX € 2, (3.1)
i=1

where M; is the mid-point of a given edge, Ny, is the total number of such mid-side nodes, and x;* is the characteristic function
on the diamond Ty, that is,

sy |1, ifxe T;j,i
Xi' (%) = {O, otherwise.

The following result collects some properties of y,, whose proof can be found in [37].

Lemma 3.1. Let y;, be the transfer operator defined in (3.1). Then

lvnvnllo.e < Villo.e  YVh € Un, (3.2)

Vi — ¥uvillo.o < Chllvillgiv.e  YVn € U, (3.3)
b(ynvh, wp) = —(V - vy, wy) Vv € Up, Ywy € Wh, (3.4)
(a(cn)vh, ynvin) > C”thﬁiv;(z Vv, € U, with V - v, = 0. (3.5)

For a fixed value of the approximate saturation, ¢, to be made precise later, let us consider a fixed control . Then, we can
proceed as in [38] and define an approximation of the state flow equations: Find (i, py) : ] —> U x Wy such thatfort € |

(oe(Cp)ity, ynvi) + b(yavi, Dr) =0, Vv, € Up,
(V iy, wp) — ((ro —11)q, wp) =0, Vwy, € Wy,

where

Nm
D(yhVh, wh) = — > va(M;)- ity ds vy € Uy, Yaoy € Wi
i=1

*
) TMi

In addition to the diamond mesh 7" we introduce a second auxiliary partition K, on which the DFVE approximation of
the saturation will be carried out. The elements in K are constructed by dividing each primal element K € 7 into three
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sub-triangles by joining the barycentre by with the vertices of K. We can then define the trial space M, on 7, and the test
space L, on K, for the saturation approximation as

= {z4 € [*(2): zplx € P1(K) VK € Tp},
= {zn € [X(2) : zu}, € Po(K*) VK* € K[},

where P, (K) denotes the local space of polynomials of degree up to k. We also introduce a discrete space with higher
regularity M(h) = M, N H%(£2), and (as done for the velocity approximation) we are able to map trial and test spaces
thanks to the transfer operator n;, : M(h) — L, defined by

1
NhZ|gx = ™ /le* ds, K* € K, (3.6)
e e

with h, denoting the length of the edge e € 9K which is part of the dual element K* (see Fig. 3.1). In analogy to Lemma 3.1,
we now state some properties of this map, necessary in our subsequent analysis. For a proof we refer to [39,38,40].

Lemma 3.2. For the operator ny, defined in (3.6), the following properties hold:
1. The norm defined by ||z |||,2”1 := (zn, Nnzn), for z, € My, is equivalent to the L>—norm.
2. The operator 1y, is stable with respect to the [>—norm. In particular
mnznllo, o = llznllo, » ¥zn € Mp. (3.7)
3. There holds ||z — nnzllgx < Chg l|zll1 x forallz € M(h) and K € Ty

The DFVE formulation for the saturation equation in the state system for a given control g can be defined as: Find
Ch(t) € Mp, t € J such that

(¢8:Ch, Mhzn) + An(Cr; Cn, zn) + (b(Ch)ily - VEn, nnzn) = (F(Ch)roq, nhzn), Vzn € M,

associated with initial condition ¢,(0) = co , where Cg j, is a Riesz projection of co(x), and for z, ¢, v € M(h), the trilinear
form Ap(-; -, -) is defined by

A 9.2) = ZZ/W

¥)Ve - nnpzds — Z/[[nnZ]] (D(Y)Ve) ds

KeTh j=1 b v ec&p
- % [t @varas+ Y [ Somenes (38)
ecEy ee&y

where v’k denotes a given vertex of the primal element K € 7, and we adopt the convention v,‘é = v,}. The parameter £ is a
penalisation constant, chosen independently of h. It turns out that the bilinear form defined in (3.8) is bounded and coercive
with respect to the mesh dependent norm ||- |, defined by (see [41, Lemmas 2.3,2.4]):

1l = 3 B+ Y o / 201 ds.

KeTh ee.Sh

Applying the combined mixed FVE/DFVE schemes for the space discretisation of the optimal control problem (2.4)-
(2.5) and relation (3.4), we obtain the following semidiscrete formulation: Find (ux(t), pa(t), ca(t), uj(t), py(t), c;(¢), qn) €
Un X W X M, x Uy x Wy X Mp, x Qaq With t € J satisfying

(a(cn)un, ynvn) — (V- Vo, pp) =0, Vv € Uy, (3.9)
(V -up, wy) = ((ro — r1)qn, wn), Ywy € Wy, (3.10)
(@3cch, nnzn) + An(Chs Cn, zn) + (b(cn)un - Ve, nhzn) = (F(cn)roqn, nhzn), Yzn € My, (3.11)
(a(cn)uy, yavn) — (V- Vi, pp) + (cyb(ch)Ven, yavn) = 0, Vv € Uy, (3.12)
(V-uy, wy) =0, Yw, € Wy, (3.13)

—(acc, nnzn) + Anlcr; ¢, zn) — (D(ch)un - Vi, nnzn) + (D'(cn)Ven - Vi, ﬂhzh)] (3.14)
(o' (cp)uy; - wp, nnzn) + (1qub(cr)cy, mhzn) = (weh, Mhzn), Yzn € My, '
T
| taiaci = ro = rpi + oG- a)de 2 0. Vg € (3.15)
0

subject to the initial and final conditions c,(0) = co 5, ¢;(T) = 0.
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Temporal discretisation. Let {t'}} ; be a uniform partition of time interval [0, T] with time step At > 0. We apply a backward

Euler method to advance in time the optimal control system (3.9)-(3.15), leading to the following fully-discrete formulation:
Find (u, pi, cit', wit, pii, cff”’”, ;) € Up x Wy x My x Uy X Wi X My x Quq such that

(a(chu, yuvn) — (V- v, pl) =0, i=0,...,N;
(V-wy, wy) = ((ro — r1)qy,, wp), i=0,...,N;
c"Jr1 —ct . . . . .
(¢%, mnzn) + An(cy™"s eyt zn) + (b(cy ™y, - Vet nzn)
= (f(c; Myrody™" mmzn), i=0,...,N —1;
(a(c;;)u;;i! Vh"h) - (V * Vi, pz’) + (lei (C;;)VC;‘I, Vh"h) = O’ i= N? Y 0!
(V- wy) =0, i=N,...,0;

*(i+1) «0
C — C . i1 . . i1
— (2 . b mnzn) + An(cit ¢, z4) — (b(ci O, - Ve, myzy)
+ (DY Ve zy) 4 (@ (cEug - ul, nuzy)

+ (g (NG phzn) — (et mwzy) =0, i=N—1,...,0;

(flchrocy’ — (ro — r)p} + oGy, Gh — qh) = 0,  Vgh € Qua, i =0, ..., N;

for all v, € Uy, wy, € Wy and z, € M;, with initial and terminal conditions c,? = Co.h» c,’fT =0.
4. Error estimates

In this section we derive suitable error bounds for the mixed FVE and DFVE approximations of (2.4)-(2.5) for a fixed local
reference control satisfying the optimality conditions (2.6) and (2.8). The main results of the section will be stated below, in
Theorems 4.3 and 4.4. Our theoretical analysis requires similar assumptions as those adopted in [28, Assumption (C)]. More
precisely, we suppose that there exists M, > 0 such that:

lor" (@) o giame) + 107 ogaoey + 1P joogisoey + Ntliogeizin) + 18t oog2er2)

+ IPllseg:cy ey + 18 liegnaey + 18] g2y + 1860 | eg2ion)

+ Hp* H 1°(;H1(R2) HC* ”Locu;HZ(m) + ”8fc* ”Loou;Hz((z)) <M.

These assumptions involve higher regularity of the weak solutions and are employed when invoking interpolation properties.

At each time interval [t™, t™1], m = 1,..., N — 1 and for a given arbitrary ¢, let the functions (uy, i, 6,’7"“, ", prm,
Ak(m+1)

Cy ) satisfy the following system

(a(City, ynvi) — (V- vn, Pp) =0, Vv, € Up, } (a1)

(Vi wy) — ((ro —11)q™, wp) =0,  Ywy € Wy, .

A ] A
G = Am+1. am+1 pEMHIm . yem+1
(¢ T nnzn) + An(Cy 5 €y zn) + (B(Cy Ny - VG, nzy) (4.2)
= (" " rog™", nuzn), Vzn € My,

(™, yavn) — (V- vh, D) + (G b(C)VER', yavi) = 0, Vv, € Uy, (43)

(V . ﬁzm, wh) =0, VYw, e W, '

E:(mﬂ) - éiTm am+1, ax(m+1) Am+1y\aAm Ax(m4-1)
—(¢ At , MnZn) + Ah(ch 3 Cy 2 Zh) — (b(ch )uh : VCh , MnZn)

(4.4)

A A A 1 A A~ A
+HD/(EMHVeEmt v et pze) + (@ (€M™ - T, nazn)
A ~ 1 A~
H(rib(EM g™, zy) = (W, mezn),  Vzn € M,

associated with initial and terminal conditions ¢,(0) = o, C;i(T) = 0.
The following theorem (whose proof can be found in [13]) gives an error estimate for the state variables in (4.1)-(4.4).

Theorem 4.1. At t = t™, 1 < m < N and for a given q™, let (u™, p™, c™) be the exact solutions and (i}, pj7, C;"') be the solutions
of (4.1)-(4.2). Then

Ju™ =il o + " =Bl 0 + €™ = &g o = Clh+- AD).

Likewise, one can derive a similar error bound for the costate variables involved in (4.1)—(4.4). The proof of this auxiliary
result will be postponed to Appendix A.
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Theorem 4.2. At t = t™, 1 < m < N and for a given g™, let (u*™, p*™, c*™) be the exact solutions and (i;", p;™, C;™) be the
solutions of (4.3)- (4.4). Then

Axm Ak

||u* - "hm ”o Q + ”p*m — P “0,9 + “C*m = Ch < C(h + At).

m
oo =
In what follows, for a given time t™ we will adopt the notation
(u™(qn), p™(qn), €™ (qn), w(qn), p*"(qn), " (qn)),
to indicate functions satisfying the continuous optimal system for a given control g;,. This next result states the convergence

of state and costate approximate flow rate of water, velocity, pressure, and concentration.

Theorem 4.3. Forafixedt = t™, 1 < m < N, let q™ be a local optimal control of (2.4)- (2.5) having state and costate
solutions (u™, p™, ™, w*™, p*™, ¢*™), and let (qi, wy’, py', ¢, up™, pi™, c;™) be its discrete counterpart. Then, there exists C > 0
independent of h, At, such that:

qu —qy ”LZ(O,T) = C(h+ At),
Ju" = uilly o + IP" = PR o, + €™ — €'l = Ch+ 20),
||u* - "hm “0.@ + ”p*m _pzm HO,Q + ”C*m - Chm”o e = C(h + At).
Proof. The continuous and discrete variational inequalities readily imply that
(f(c™roc™ — (ro —ri)p™ + aoq™, q" — qy)
<0 < (f(cproc;™ — (ro — r1)pp" + @odp’» 4" — qp)- (4.5)
On the other hand, taking ¢ = g™ — g}, and using the convexity assumption (2.8), leads to
Gollg™ — af! HLZ(O n = U@ =J@). q" — ).
< (F(™ Nroc*™ — (10 — r1)p*™ + aoq™, g™ — )
— (f(c™(gn)Iroc™™(an) — (ro — r1)p™"(qn) + ctody', 4" — q),

and from (4.5), we have

IA

(fleprocy™ — (ro — r)py™ + oqy'» 4™ — qy')

— (f(c™(@n))roc™(qn) — (ro — r)p™™(qn) + 2oy, 4™ — q5')
(ro(f(cy)ey™ = f(c™(qn))c™(an)), 4™ — qy)

— ((ro = r)(py™ — ™™ (qn). 4™ — q))

Co qu —qy H;(o,r)

which in turn yields

I = iy = €16 = g + 1@ =i, o + I =537, ) (45)

From these results, and proceeding very much in the same way as done in the proofs of Theorems 4.1 and 4.2, we can assert
that

[c™(an) = i, + [u™Can) — |, o, + [P"(aw) = P} [, = C(h+ AD), (4.7)
”C* (qn) — Chm”o.o + Hu*m qn) — u" Hoi,g + ”p*m(qh) -y Ho,g = C(h+ Av), (4.8)
le" = cilo.q + [w" —uilo o + [P" = PRl = CltR+ A + [ a" = a5 [ 2 (49)
“C - Chm”o.o + H u — "hm ”o.o Hp* _phm ”0 e = CI(h + At) + ”qm - qg’ ||L2(0,T)]’ (4.10)

and hence the desired result follows directly from (4.6) and (4.7)-(4.10). O

Next we devote ourselves to the derivation of error estimates for the saturation in the broken H I_norm. Let us start by
introducing the trilinear form An(-; -, -) : M(h)®> — R defined as

Ay ¢.2) = Z/ VIV - Vzds—Z/[[z]] V) ds

KeTh ec&y

- Z/[[qs]] ¥)Vz) ds—i—Z/ S o1z ds.

ec&y ec&y
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If we now fix ¥ and set e,(v/, ¢, x) == An(V; &, x) — An(¥; ¢, x) V¥, x € My, then we have the following bound (see
[42, Lemma 3.2])

(¥, ¢, x) = Chllpllpllx lp- (4.11)

We are now ready to prove the convergence of state and costate approximate saturation.

Theorem4.4. Att =t™, 1 < m < N, let c™ and c*™ be the state and costate saturations associated with the continuous problem
(2.4)- (2.5), and having discrete counterparts ¢ and c;™, respectively. Then, there exists C > 0 independent of h and At, such
that:

lle™ = eI, + lle™ = ™|, < C(h + At). (4.12)
Proof. Let ¢ be the Riesz projection of c" at time t = t" such that

Ap(c™; " = Cp, zn) + (b(c™ " - V(c" =€), zn) + A(c" — €, z,) =0,  Vz € My, (4.13)
where A > 0 is chosen to guarantee the coercivity of bilinear form defined by (4.13) with respect to the norm ||-[|,,. We then
proceed similarly as in [13, Lemma 4.2] and split ¢" — cjj = (c" — ¢) + (¢} — ¢f) = p" + 6", which implies that

lle = <all, = el + 16"l = ca+flo" (4.14)
Testing the state saturation equation in (2.5) against 7,z; and integrating over £2, we obtain, at t = ¢"*!

(@3cc™ ", mnzn) + An(c™ T <™, zy) + (B(c™ U™ VT, yzy)

= (F(c" Nrog™", nnzn). (4.15)
Subtracting the discrete state saturation equation from (4.15), we then obtain

(¢at9n+1’ nhzh) +Ah(cn+1; Cn+ ) Ah( n+1 C’?+l, Zh) + (b(cn+1) n+1 Vcn+l nhzh)
bl D n+1 _ prt —p" _ nel = cn
— (bley™ uy, - Ve, mnzn) = —(¢ s MhZn) — P(0:C —————, MhZh)

At At
+ (F( Drog™ ! — fep o™ mnzn).
Using the definition of ¢, together with relation (4.13), and choosing z;, = 9;0"*!, we arrive at
¢|||a 91’H—l|” +A Cn+1 9Tl+] a el’H—l)

,0"+1 _ /On . Cn+1 —cn
LA P 9n+ _ 9 Cn+1 - P 0n+1

At Nhot ) — &0 At Nhot )
+ (F(™ Drog™ ! — f(ep roay ™, mnde ™) 4+ (A", 6™

+ [An(cy T L 0™ — AT L 80" )

(b( n+‘1)ug . VC’;!+1, 8[9n+1 _ nh8t9n+l) + (b(cﬂ+l) n+1 VCTH—] 8 91’!+1 _ nhat9n+])
_ (( ( n+1) n+1 _b(cln+])uh) \V4s n+1 80n+l)

_ (b(cn+l)un+1 X V9n+l, nha[9n+ )+ Ea(C}I]H—l; 911+l7 8£9Tl+1)'

(4.16)

We can then apply (4.11) and the inverse inequality to obtain

caley 5 0", 36" < Chllo™ ], o™l = clle™ oo™ | - (4.17)

Proceeding similarly as in the proof of Theorem 4.2, and using (4.17), we deduce that the terms in (4.16) can be bounded as
follows

¢|||8 9"+1|H +A n+1 9n+1 89ﬂ+1)

<l = gq + I =l o + 167" = 6 |, + AtCHg 20

(4.18)
n+1 1
+ At”ut”LZ(tn tnits LZ(Q + ”,0 ”0 o + (At) ”a[p”,_Z(t” tnits Lz(ﬂ))

+ O A+ 186™ g 1.
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and therefore it can be seen that
- 1 r- -
An(ch; oM g.0mHy > = [Ah(q’}“; o1 Ty — Ay(c om, On):l ) (4.19)

Summing over n = 0, ..., m — 1, using the equivalence between the norms |-||,, and ||-||o ¢, the coercivity of the bilinear
form Ah(c,’;'“, -, -) and noting that #° = 0 in (4.18); we get that

m—1

2
flomlli < cae Y e =i lgq + fu" = wiflg o + 0™ =g+ o
n=0
+ At”8t[c||12,2(tn,tn+1;l.2(9)) + At”u[||fz(t",tn+1;L2(Q)2) + ”pn+] ”379

+ (A N30l g ey + 16 I,

for an appropriate value of the constant C. Applying the discrete Gronwall’s lemma and the estimates in Theorem 4.3, leads
to the bound ||6™|;, < C(h + At), which together with (4.12), implies that

fle™ =il = cth+ ar).

The bound for [|c*™ — ¢;™||, can be derived using the same approach. O

Appendix A. Proof of Theorem 4.2

Proof. Att = t™ let the auxiliary functions (i}, p;™™) satisfy the following equations

(a(c™u™, vi) = (V- v, i) = —=(c™b(c™)VC™, w), Vv, € Uy,

- (A.1)
(V . uzm, wh) = 0, th € Wh.
Then, using the Raviart-Thomas and L2-projections (cf. [43,37]) we can assert that
“u*m - ﬁ;m ”0,9 + ”p*m _ﬁ;m Ho,rz < Ch (“u*m “1,:2 + ”p*m “1,.(2) . (A2)

Now, we split u*" — ;™ = (u*™ — ;™) + (@™ — i;™) and p*™ — P;™ = (p*™ — P;™) + (P™ — p;™). Since the estimates of
w™ — ™ and p*™ — py™ are known from (A.2), it then suffices to estimate ;™ — ™ and p;i™ — pi™. Let €577 = @™ — ;™
and &5' = p;™ — p;™. Subtracting (4.3) from (A.1) we have

(o(EeTH, vavi) — (V - v, &51) = [(a(c™)itp™, yavin — vi) + ((«(C') — a(c™ )™, yuva)]
+ [(c™™b(c™)VC™, ypvp — vi) + (EB(EVES — c™h(c™)V ™, ypvp)], YV, € Uy, (A3)
and (V-&" w) =0, Ywy € W (A4)

Since V - U, C Wy, we take wy, = V - €} in (A.4) to obtain ||V ey ||0 o = 0, which further implies (from the definition of
II-Ildiv, 2 ) that Y

” Sxm

€in = ”éﬂn ”o,(z' (A.5)

H div, 2
Choosing v, = €} in (A.3) and wy, = €5} in (A.4), we arrive at

e Hiim < Ry + Ry = [(a(O)it", yu&i — &) + (&) — a(c™))ity™, yneii)]

+ [(c*™b(c™) V™, yheil — &) + (GMb(EIVET — cMh(c™)Ve™, yhelh)]- (A6)

Using then (3.3), the Lipschitz continuity of «, and (3.2), the first term in (A.6) can be bounded as

Ri=C (”ﬁ;m ”0,9 “éThm = Vn€ly ”0,9 + ”Cm - 612" ”o,:z ”ﬁ: ||L°°(Q)2 ”VhéTh ”0,9)

= C (1] o 18l g0 + e = 2l o 18 ]eqop [€nllo) -

Regarding the second term in (A.6), we use (3.2) and (3.3) to obtain

Ry < CCh €™ | ogy V€™ oy 18 vz + 1™ = &l I VER™ [ 1oy 1850 o2
+ ”C*m - A;;m ”0,9 ”ch ||L°°(S2) Héml ”0,.(2)'

Substituting these bounds back in (A.6), and using (A.5), we arrive at

el = C(Je — oo+ I =571,0)
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Next, to estimate |[&;7" | we can choose v, = &} in (A.3), leading to

-2 &0 = C[[e" =&y o+ 16 =& + 18 o o] 188 o

which, after applying the inf-sup condition, gives

&5 0e = € [le™ = &lo g + I = &1y + 101, 0]
and so we have

*m

™ = 7+ 107 = 57 = e = &+ e 6 (A7)

"
0!2

Now, for a fixed t = t", let ¢;" denote the Riesz projection of c*". We then have that for any z, € Mj, the following
condition holds

An(c™; ™ = ", zn) — ((b(c"u" — D'(c")Vc") - V(™ — &), zn) + M(c™ — 6", z1) = O, (A8)

where A > 0 is chosen such that, if fixing the first argument of the trilinear form in (A.8), the resulting bilinear form is
coercive with respect to the norm ||-||,. We then write ¢*" — ¢ = (¢*" — ™) + (6" — i) = p*" + 6*". Since the estimates
for p*" are known (see [13]), it only remains to derive bounds for 6*". We proceed to multiply (2.7) by nxzp, and integrating
over £2 we have (at t = t"*1)

—(9a3ec™ ™ mpzy) — (b(c" T ™ — D/(cVEM) - Vet pyzy) + Ap(c™H D, z) (A.9)
+(a/(cn+l)u*(n+l) . un+l, hzn) + (T1qn+1b(Cn+])C*(n+1), NhZh) = (an+], hZh). ’
Subtracting Eq. (4.4) from (A.9) yields

0*(n+l) _ 9*n

N A 1
— (@ ma)+ Ap(c™ s D, ) — AR(ErtT 6 2,

_ ((b(cn+l)un+1 _ ,D/(Cn+1)vcn+1) . VC*(H+1) Tlhzh)
+ (r]qn+19*(n+1)’ nhzh) + ((b(CIH—]) ("11+1)VA11+1) VA*(TH'])’ nhzh)

p*(nH) _ %N *(n+1) — c*n

)+ P31 — o nn)
— (g™ p ™Y, nnzy) — (g™ ey IBE™) — b)), nzn)

+ (" = G, nzn) + (G - dip — o ("D u™ yz).,
Utilising relation (A.8) and choosing z, = 6*("*1 in the previous equation, we can write
o* (n+1) __ Q*n
_ (d)i nhe*(lﬂ»l)) +A (CTH—] 9*(n+1) 9* +1)) ((b(cn+l)un+1
At
_ ,D/(Cn-H )Vcn+1) . VQ*(H_H), nh@*(ﬂ-ﬂ)) + ( n+19*(n+1 9*(n+1))

*(n+1) _ p*n cHn+1) _ oxn

= (¢pT, 0 ") + g3 — — R0 ")
= (g™ p D D) — (D ) (e = G, oY)
_ (r qﬂ+1 *(n+1) (b(cﬂ+1) _ b( TH—])) nhe* n+1)) +Ah(Aﬂ+1 ‘”*(n"']), 9* TH»l))

+ (a (Cn+])uh . u _ a/(cn+1)u*(n+l) . un+ , nhe* n+])) _ Ah(CrH»l; E:(n-}—l)7 9*(n+1))

(A.10)

+ ((b(61111+1)uh -D (An+1)vcn+l) VC*(T!+] 9*(n+] nhg*(n+]))
— (b — DIV WD gH ) ge(nt 1)y
+ ((b(C"+l) n+1 b(ATH*])uh +D( H+1)VCH+1 D/(Cn+l)vcn+l) Vc*(n+] 9*(11-0—1))

Then, thanks to Cauchy-Schwarz inequality and (3.7), we can deduce that

(¢p*(n+1) _ p*n
At

and expanding in Taylor series it follows that

cHn1) _ n tn+1 5 1/2
(3, — b 0 ") < c(m / 8™ ||0,st> 16" P lo,q.
th

Lm0 ) < can)TV | 165 D6,

|3[,0* ” [2(tn, thy 1:L2(£2))
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Next, exploiting similar arguments as in the proof of [28, Lemma 5.3], we can bound the terms in (A.10) and apply Young’s
inequality to obtain
0*(n+1) — g*n

_ ((p T , nhe*(n+l)) 4 Ah(ég+l; 9*("+1), 0*(n+1))

< Clfe =& o o + =g o + ut — i

+ At||gc* ||fz(t,,_ (A.11)

2
|0,Q tay1312(82)

2 _ 2 2
+ AtHuf”fz(tn,th;Lz(Q)z) + ||,0*(n+1)||0ﬂ + (At) 1”8t,O>'F HLZ( + ”9*(11-%—1)”0‘9].

tn tpg1:L2(82))

On the other hand, noting that (-, n,-) > 0 allows us to write

9*(n+1) — o™ *(n41) (p *n *n #(n+1) *(n+1)
—(p————, mb > —— (0™, npo™) — (6 , Nho . A.12
(¢ Y: un )= SAL [0, na6™) — ( Mh )] (A12)
Then, from (A.12) together with the coercivity of A, and the definition of ||-|,, in (A.11), we can sumovern =m,...,N —1
to obtain
N-1 5
m||2 n+1 an+1 n ~xn |2 n ~n 2 2
llo 1, = caed et =&t g + Ju = 5[ o + Ju" — ] o + Aclouc |2 r2a,
n=m

2 _ 2 2
+ At”ut”zZ(O,T;LZ(Q)Z) + |Ip*(n+1)||0,(2 + (At) ! ”afp* HLZ(O,T;LZ(.Q)) + ”0*(n+1)”0,9]'
Finally, we combine the discrete Gronwall's lemma, the equivalence of the norms ||-||,,, and [|-lo o, Theorem 4.1, relation
(A.7), and the available estimates for p*, to obtain the bound [|0*™ ||y o < C(h + At), which in turn implies that
[exm — &m ||0YQ < C(h+ At). (A13)
Putting together (A.13) with the result from Theorem 4.1 in (A.7), we can also derive the estimate

[w™ =" [ o + |p™™ = B[, o = Ch+ 20 O

Appendix B. Implementation of the optimal control solver

For sake of completeness of the presentation, we now proceed to describe the implementation of the numerical methods
discussed in Section 3, and we stress that much of these steps can be found in [44-47].

Note that in the present applicative context, the profile evolution of the pressure field is expected to be much smoother
than that of the saturation. We will therefore consider a first partition of J as0 =t < t; < --- < tyy = T with step length
Aty = b1 — b, dedicated for the Darcy equations, whereas for the saturation equationwetake0 =t < t' < ... <ty =T
with timestep At" = t"+! —t", We remark that such a splitting will still produce accurate approximations (see the discussion
in e.g. [48]).

A splitting method for state and costate problems. To lighten the notation we will write
C"=cn(t"), Cn=cnltm), C"=cp(t"), Cy = cy(tm),
Up = up(tn), Pm = pu(tm), U*m = u;(tm)’ P:;l = p;(tm)

In addition, if t,,_1 < t" < t;;, then the velocity approximation at t = t" is defined by

. t" — tm_1 t" — tm_1 .
U=(1+—7— Um_1—TUm_2, form=2,...,.M, U"'=Uy, form=1,
m—2

t" — ty— t" — tp_
U= (14— - — g form=M—1,...,1, U™ =Uy, form=M.
Atm—Z Atm—z

This allows us to recast (3.9)-(3.10) in the form: Find (U, P) : {to, ..., ty} — Up x W}, such that
(@(Cr)Um, yavi) — (V- vy, Pp) =0 Vv, € Uy, E.1)
(V- Up, wp) = ((ro —r1)ay, wp) =0 Ywp € W, '

On the other hand, assuming a backward Euler approximation of the time derivative, the discrete state saturation equation
(3.11) reduces to find C : {t°, ..., tN} — M such that
Cn+l _Ccn

(6 —— > an) + AR(C™ €M ) 4+ (B(CTTUMT - VET pzy) = (F(C™rogl™ s nnzn)- (B.2)
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For a given control qﬁ we take C® = Gy = ¢o.n and compute (Uy, Py) from (B.1). Using Uy we can obtain C! from (B.2), and
repeat the process throughout the time horizon. Then the discrete costate Darcy problem (3.12)-(3.13) consists in finding
(U*, P*) : {tm, ..., to} = Up x Wy such that

(a(Cn)Ups ¥1uVi) — (V- v, Pr) = —(Crib(Cn )V G, ViVi),

(B.3)
(V- U, wp) = 0.
The discrete costate saturation equation (3.14) reads: Find C* : {t", ..., t°} — M, such that
CcHn+1) _ cxn
—(¢T, Mhzn) + An(C™H5 €D 24) — (b(CMHHU™T . VD iz,
(B.4)

+(D (Cn+1)vcn+1 A vc*(n+l) thh) +( /(Cn+1 )U* (n+1) | Un, thh)
+ (rgp ™D pzy) = (WCTY, pazp).

Using C*N = C,y = 0 we find (U}, Py) from (B.3) and using U}, we obtain CN~1 from (B.4). The process is then repeated
downtot = 0.

Discrete problems in matrix form. Let {® }j be basis functions for the trial space Uy and {x;},* E’ denote characteristic
functions for each element in 7, which form basis functions for W;,. We denote by N, the nurnber of midpoints of the
edges in 7, and N, stands for the total number of elements. The vectors containing the unknowns for each variable are then
constructed as

Nm Ne Nm
Un=D o', Pn=D) A'x’ Up=) o"®. P Zﬂ*’”xf"
j=1 =1 j=1
where the coefficients are specified as

oj = (un - m)(M;), B =pnlbr), o =, m)M), B = pyb),

with by denoting the barycentre of the triangle K. After defining the following matrix and vector entries (with indexes
1<1<Ne1=<1i,j<Np)

(Am),‘j = / (){(Cm)fbj . @i(M,')dX, (Brn)lj = / V. <I>j dx,
TAZ T

(Fm)i = /(ro —r)qy dx,  (Fpi= —/ Cnb(Cn)VCin - ®:(M;) dx,
T [

we can write the matrix form of the discrete state Darcy equations (B.1) as

An  Bm\ (o™ 0
(o) ()= (2) ®s

and the discrete costate Darcy problem (B.3) in matrix form as

Am Bm *1M K
%) 6)-(5)

Regarding the transport equation let {lI/,}N’1 denote a basis for Mh, so that the vectors of state and costate saturations are

= Z,N"](S,”lll,: and C*" Z 18" We denote §" = (C”(P,)) ' and §" = (C*”(P,))1 1» and define the following matrix
and vector entries (with 1 < i, j 5 Np)

(D) = f i dx, (En)y = / (B(C)U" - V) dx, (Go)s = / F(C o d,
Ki* K'fk Ki*
(Ro)y = / @l b(CM W d, (ST = f DICYVCT - Vi dx,

Ki l'*

Wy = / wC s, (Zo) = / (CW" - U dx, Hy o= T4 T+ T0 4T,
KI* K*

my=-Y % / (e ds, (1) == 3 [ (oc) v s,
Vk+1DK Vk

KeTy k= ec&y
§
(T)y=—Y f a1 - (DCHVE) ds, (T =) / w11 ds.
ec&y ec&y

where v, denotes a vertex of K.



936 S. Kumar et al. / Computers and Mathematics with Applications 76 (2018) 923-937

Therefore the state saturation equation (B.2) adopts the following matrix form

[¢D" + Aty(E, + Hy)] 8" = ¢D"8" + AL, G", (B.7)

and likewise, the matrix form of the costate saturation equation (B.4) reads

— ¢D"8" = [—¢D" + Aty(—En + Hy + Sy + Ry)| 8D — Aty(—Z, + Wy). (B.8)

Active set strategy. The control constraints can be implemented following the active set strategy adapted from [36,44], where
the main steps of the method are be summarised in Algorithm 1,.
We first notice that a discrete variational inequality can be equivalently written as

qp := max{0, min{q, —oto_1 / f(CMIreC™ — (ro — r1)P*™dx}}, n=0,...,N,
Q

(see e.g.[28]), and we observe that the quantity _“51 f_q f(CMrgC* — (ro — r1)P*™ dx can be considered as a measure for the
activity of control constraints. For each time horizon, we proceed to define the active sets A; " and A>" as well as inactive

. . k41 k+1
set I o at the current iteration, as follows

w1 = {x €R:—ay' / FCHNCG™ — (ro — )P dx < 0] ,n=0,...,N,
2

AL"} = {x € 2: —ao’l FICIroCE™ — (ro — )P dx > (j} ,n=0,...,N,
2
)

It =2\ (AS VALY,

then we have

qz,k+1 = aXAm - O‘()_1 /Qf(C,?)rOC,f" - (rO —n )Pljn(l - XA*~” - X/ﬁ’" ), (Bg)

k+1 k+1

where A and y A are the characteristic functions corresponding to the active sets A,;”] and Ak‘ﬂ, respectively. Using
+1 +1

the value of C, C* and P*, we can compute the discrete control g, for each time horizon and the process is repeated until
reaching the termination criteria.

Algorithm 1 Method of active sets
1: Choose and store arbitrary initial guess g, o and setk = 0
2: fork=0,1,...,do
3: Given the control qp, x, compute (U, Py) : {to, t1, ..., ty} = Uy x W), from (B.5)
4: compute C, : {t°, t', ..., tN} — M, from (B.7)
5: compute( Z, P,:F) Atm, tv—1, ..., to} = Up X Wy from (BG)
6
7
8
9

compute C; : {t", tN"1, ... % — M, from (B.8)
Update qp x < qn.k+1 from relation (B.9)

if A, =A, and A/, = A/ then

: stop

10: else
11: go to step 3
12: end if

13: end for
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