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ARTICLE INFO ABSTRACT

Keywords: In two and three dimensions, we analyze a mixed formulation of the nonlinear Biot equations in
Mixed finite element formulation terms of the poroelastic stress tensor, the displacement, the pressure, and the rotation tensor. To
Nonlinear poroelasticity establish the well-posedness of the problem, we introduce suitable stabilization terms, leading to
A priori and a posteriori analysis an augmented mixed formulation in which the associated parameters are chosen appropriately.
2020 MSC: 35M30 Owing to the nonlinearity of the problem, we employ a fixed-point strategy to prove the existence
65N12 and uniqueness of solutions. We propose a finite element scheme for which we establish existence
65N15 and uniqueness of a discrete solution, together with a priori error estimates. Additionally, we
65N30 design and analyze an a posteriori error estimator of the residual type which results to be reliable
74S99 and efficient. Finally, we present a series of numerical experiments in two and three dimensions

in order to assess the performance of the proposed method.

1. Introduction

1.1. Scope

Nonlinear poroelasticity models describe the coupled interaction between the flow of an interstitial fluid and
the mechanical deformation of a fully saturated porous solid skeleton. This coupling is essential to study several
models related in geomechanics and in biomechanics, such as the filtration of aqueous humor through cartilage-
like structures in the eye (with direct application to the study of glaucoma formation), the mechanical response of
cartilage and trabecular meshwork, or subsurface deformation in reservoir and geotechnical engineering, among others
[23, 16]. An important aspect of these applications is that the permeability of the medium is not necessarily fixed,
implying that the permeability coefficient may change depending on the material involved, typically through the solid
displacement (or the associated dilation) and/or the pore fluid pressure. This dependence of the permeability on the
physical characteristics of the media, introduces naturally a nonlinear coupling between the momentum and mass
balance equations, leading to the use of monotone-operator arguments for the analysis that are otherwise standard
for the linear Biot consolidation problem. The mathematical analysis of this class of nonlinear poroelasticity models
(existence, uniqueness, and regularity of solutions) has been addressed using a variety of tools, including Galerkin
approximations combined with Brouwer fixed-point arguments and compactness, the theory of monotone operators,
semigroup theory, and doubly nonlinear evolution equations; see, e.g., [12, 13, 14, 18, 27, 35, 41, 42, 43]. In our case,
we focus the analysis via an augmentation technique on the formulation.

The augmentation strategy consists in adding to the variational formulation suitable residual-type terms (built
from the constitutive and equilibrium equations and weighted by stabilisation parameters that are fixed a priori in
terms of the physical data) in order to obtain a coercive bilinear form on the whole space associated with the stress,
displacement, and pressure unknowns, without requiring this triple of finite element subspaces to satisfy an inf-
sup condition among themselves. This idea, introduced for linear elasticity and Stokes-type problems in [28] and
applied to other type of problems such as flow transport and poroelasticity (see for instance [2, 33] and the references
therein), has the practical advantage of allowing simple and standard conforming finite element families, such as
Brezzi—Douglas—Marini or Raviart-Thomas elements for the stress combined with continuous Lagrange elements
for the displacement and the pressure, while also permitting a strong (rather than only weak) imposition of essential
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displacement boundary conditions, which is beneficial in benchmark and contact-type problems where an accurately
resolved displacement trace is required. The weak imposition of stress symmetry, through the rotation tensor, is not
absorbed by the augmentation and still yields a saddle-point structure; its well-posedness follows from the classical
inf-sup condition for this pairing, which is already known to hold for the PEERS and Arnold-Falk—Winther families
[6]. Augmented mixed formulations of this type have since been extended to a variety of multiphysics and coupled
problems; see, e.g., [2, 9, 10, 11, 32, 33] for representative applications including stress-assisted diffusion and viscous
flow-transport couplings, and this is the approach we pursue herein.

In the present paper we focus on the classical form of the Biot poroelasticity system written in terms of the solid
displacement u and the pore fluid pressure p, where the intrinsic permeability x (u, p) is allowed to depend nonlinearly
on both the displacement and the pressure. Beyond the primal displacement-pressure formulation, several works have
proposed mixed formulations in which the poroelastic (total) stress o is introduced as an additional unknown, following
a Hellinger—Reissner-type principle; see, e.g., [5, 8, 25, 37, 46] for the linear case, and [4, 21, 39, 33] for extensions
to nonlinear permeability and to poroelasticity/free-fluid couplings. This route was exploited by the authors in two
companion contributions. In [36] we proposed four- and five-field Hu—Washizu-type mixed formulations, in which the
permeability depends on a linear combination of the fluid pressure and the dilation and the infinitesimal strain tensor
is retained as an explicit unknown (with either strong or weak imposition of stress symmetry); there the resulting
continuous and discrete problems have the structure of a twofold saddle-point problem, and their unique solvability
is obtained directly from the twofold saddle-point variant of the Babuska—Brezzi theory, combined with a fixed-point
argument that handles the whole coupled system at once. In [34] we instead rewrote the permeability constitutive law
in terms of the total poroelastic stress and the fluid pressure, which allowed us to recover a Hellinger—Reissner-type
formulation (without solving explicitly for the strain) and to derive an a posteriori error analysis for the resulting
scheme; there the coupled system is structured as a saddle-point formulation perturbed by a linearised saddle-point
block together with two off-diagonal perturbations, and its analysis proceeds by decoupling the linearised problem into
two separate saddle-point sub-problems, one for weakly symmetric elasticity and one for mixed reaction-diffusion,
whose individual well-posedness follows from classical results, and which are then reconnected, together with the
outer nonlinearity, through a fixed-point argument.

In this work we consider instead a permeability law x(u, p) that depends explicitly on the solid displacement u
(rather than on the stress or the strain), as is common in constitutive models for anisotropic and deformation-dependent
hydraulic conductivity [7]. A direct consequence of keeping u, instead of ¢ or £(u), as the argument of the permeability
is that the displacement must be approximated in a space for which the permeability evaluation, and in particular
its Lipschitz continuity with respect to u, is meaningful and easy to control; the natural choice is then the classical
energy space H!(Q), rather than a discontinuous displacement space as is typically used in dual-mixed elasticity
formulations. Enforcing H'-conformity for u together with the Dirichlet boundary condition, while retaining & as
an H (div)-conforming unknown, is the setting in which augmented mixed formulations are useful.

Other advantages of the augmentation strategy adopted here is that it lets us approximate the displacement in its
natural space H'(Q) and evaluate the nonlinear permeability directly at u (rather than at the total stress, as in [34],
or at an explicitly reconstructed strain, as in [36]), which is the modeling choice motivated in Section 2. Secondly,
the augmented formulation avoids the twofold saddle-point structure of [36] and the decoupling into elasticity and
diffusion sub-problems required in [34]. Here, after linearising the argument of the permeability, the problem reduces
to a single saddle-point problem for the stress-displacement-pressure-rotation quadruple, whose well-posedness follows
directly from the classical BabuSka—Brezzi theory. The nonlinearity inherited from x(u, p) is still handled, as in our
earlier analyses, by a fixed-point argument: freezing the arguments of the permeability defines a fixed-point operator
whose well-definedness, self-mapping property, and Lipschitz continuity are established using this (single) saddle-
point theory, and the Banach fixed-point theorem then yields existence and uniqueness of the solution under a smallness
assumption on the data.

1.2. Outline

The organization of the paper is as follows. In Section 2 we introduce and describe the model problem together with
the associated augmented variational formulation for the continuous problem. Section 3 is focused on the analysis of
the continuous problem, establishing its well-posedness by combining a fixed-point argument with the BabuSka—Brezzi
theory. In Section 4 we introduce the numerical scheme where we introduce the finite element subspaces, the discrete
variational problem and its well-posedness. Additionally we derive a Céa estimate, and the corresponding orders of
convergence from a priori error analysis. Section 5 focuses on the design and analysis of a residual-based a posteriori
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error estimator, together with the proofs of its reliability and efficiency. In Section 6 we report a series of numerical
examples that validate and illustrate the theoretical results from previous sections and finally in Section 7 we present
a summary of our results and a discussion of possible extensions.

1.3. Notations and preliminaries
Let us denote the spatial dimension by d. Given any Hilbert space X, let X and & denote, respectively, the space
of vectors and tensors with entries in X. In particular, I is the identity matrix of R9*¢, and 0 denotes a generic null
vector or tensor. Given 7 = (7; j) and 6 := (0; j) € R4 we define, as usual, the transpose tensor 7% := (Tji), the
d d

trace tr(z) := Z 7;; and the tensor inner product 7 : o = 2 7,0

j .
i=1 ij=1
Let Q be a polygonal Lipschitz bounded domain of R? with boundary Q. For s > 0, ||- ||5.o stands indistinctly for
the norm of the Hilbertian Sobolev spaces H*(€2), H* () or H*(Q) for scalar, vectorial and tensorial fields, respectively,
with the convention HO(Q) := L2(Q), H'(Q) = L*(Q) and H*(Q) := L',Z(Q). We also define the Hilbert space

H(div,Q) := {r € L2(Q) : divt € L*(Q)}, whose norm is given by ||T”(21iv,£2 = ||T||S,Q + ||divr||g,g.

2. The model problem

LetQ c R?, withd € {2, 3}, be an open and bounded domain with Lipschitz boundary 0 = " which is partitioned
into disjoint sub-boundaries I' := I'y U I'y, and it is assumed for the sake of simplicity that both sub-boundaries are
non-empty |I'p| - [I'y| > 0. The poroelasticity equations are governed by the following system of partial differential
equations

—dive = f inQ, (2.1a)
6—Cew)+apl =0 inQ, (2.1b)
cop + atr(e(u)) —div(k(u, p)Vp) =g inQ, (2.1¢)

where o is the symmetric poroelastic tensor related to the balance of angular momentum, u is the displacement,
e(u) = %(Vu +(Vu)*) is the infinitesimal strain, C represents the invertible Hooke’s operator, symmetric and positive
definite, which is defined by

Ct .= Atr(o)l + 2ur,

where 7 € R?* is an arbitrary tensor, whereas y and A correspond to the Lamé constants given by

1= Ev X FE
T U+vd-2v) K

T2+

where E is the Young’s modulus and v is the Poisson ratio. It is clear that when the Poisson ratio tends to 1/2, the
Lamé constant A blows up. On the model, x (-, -) represents the intrinsic permeability (divided by the fluid viscosity) of
the laminar flow in the medium, whereas p represents the pressure, I € R9%4 is the identity tensor, « is the so-called
Biot-Willis parameter which is chosen in the range @ € [0, 1], f and g are external forces representing a prescribed
body force per unit of volume and a net volumetric fluid production rate, respectively.

Let us now obtain a variational formulation. First, since C~! is well defined, the following identity holds

1 A tr(o)l = 1 4+ _r tr(z)l, 2.2)

clr=—7-—2
2u 2u(dA +2u) 2u dA+2u

where 7¢ represents the deviatoric tensor associated to 7, which is defined by 7¢ := 7 — d~! tr(r)L. Now, introducing

the rotation tensor y := %(Vu — (Vu)*®), we rewrite system (2.1a)-(2.1c) as follows

—dive = f inQ, (2.3a)
Cl'o+ap) = Vu+y=0 inQ, (2.3b)
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co +
( O dA+2u

) p+— i 3 10) —divis@, VP =5 in©, (2.3¢)

Finally, we consider for the problem above the following boundary conditions, for prescribed z € H'/2(I):
u=0 on Ip, on=0 on Iy, and «(u,p)Vp-n=2zr on TI. 2.4)

Now, taking advantage of the definition of C~! given in (2.2), multiplying (2.3b) against T € Hp (div,Q) := {7 €
H(div,Q) : Tn =0 onT 'y}, and (2.3c) against ¢ € H'(Q), integrating by parts, using the boundary condition (2.4),
and impose the symmetry of o weakly, we have

Clo:t+ ki /ptr(r)+/u-divr+/r:y=0,
/Q dAi+2u Jg Q Q
(c +d—"‘2)/ +/;<(u Wp -V +L/ tr(a)—/ +(zp.q) .5)
0t i) [Pt K@ pVe Vet e | = | 89+ o .
for all T € Hr (div,Q), n € L], (Q), g € H'(Q).

/o- :n=0,
Q
skew

On the other hand, the equilibrium equation (2.3a) is imposed weakly by testing it against a suitable function v,
yielding

/v-divoz—/f-v,
Q Q

Consequently, to ensure the well-posedness of the resulting variational formulation, we augment the formulation
with the following residual terms arising from the constitutive and momentum equations, (2.1b) and (2.1a) respectively.

8, / (C™ Yo + apl) — e)) : (C™(z + agl) — e(v)) = 0,
Q

6y / divr - dive = —52/ S - divr,
Q Q

for all 7 € Hp, (div,Q), g € H!(Q)andv € HIFD(Q) :={v e HY(Q) : v=0o0nTp}, where §, and 6, are positive
parameters to be specified later.

Then, we define H := H, (div, Q) x H}D Q@ xH'(Qand Q := L7,
with Has (7,0, )llg := lI7llaive + IVl o + 9l o

In addition, for a given (&, p) € H%D (Q) x H'(Q), we define the form a5 5 : Hx H — R as follows

(). We also define the norm associated

_ a . da?
aﬁﬁ((o,u,p),(‘r,v,q)) ::/QC s : 1'+d/H_ZM/thr(r)+/gu-dlvr+<c0+m>/gpq

OIS a
+ [ xUu,p)Vp-Vg+ /qtr(a)+/v-diva
/g ai+2 Jo a

+6 / (C Yo + apD) — ew)) : (C(z + agl) — e(v)) + 6, / divz - dive,  (2.6)
Q Q

whereas the bilinear form b : Hx Q — R and the functional F € H' are respectively defined by

b((z,v,q),m) := / T, 2.7
Q
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and

F(r,v,q) := —/ - V—52/ S - divr + / 84 + (zp. @)r- (2.8)
Q Q Q
Then, from (2.5)-(2.8), we obtain the variational problem: Find ((o, u, p),y) € H X Q, such that

a, ,((o,u,p).(7,v,9)) + b((z,v.9).y) = F(z.v.q) V(r,v.9) €H, 2.9
b((o,u,p),m) =0 VneQ. '
3. Existence and uniqueness of weak solution

Now the objective is to establish that our problem has a solution and its uniqueness. To do this task, we employ a
fixed point strategy through an operator that must be well defined, maps a ball into the same ball and is contractive.

3.1. Definition of a fixed-point operator
Before introducing the operator for which we will analyze the aforementioned properties, let us define some
preliminary ingredients. For a given r > 0, we introduce the following set

W= {(ﬁ,ﬁ) €HL @xH'@Q : @D =l o+ 15l o < r}, 3.1

which is a closed ball of H}D (Q) x HI(Q), centered at the origin and radius ». With this set at hand, we define the
following operator

J: W CHL @xH'@Q - HL (QxH\(Q), @pr~IT@5 :=up), (3.2)

where given (U, p) € W, there holds J (@, p) = (u,p) € HI]_D(Q) x H!(Q) which are components of the solution of the
linearized version of problem (2.9): Find ((o, u, p), y) € H X Q such that

ag 5((0,u, p), (7,v,9)) + b((,v,q),y) = F(r,v,q) V(r,v,q) €H,

3.3)
b((o,u,p),m =0 VneQ.

Our task is to prove that operator J defined in (3.2) has a fixed point, is contractive and maps W onto W. It
is clear that ((o,u, p),y) is a solution to (2.9) if and only if (u, p) satisfies J(u, p) = (u, p), and consequently, the
well-posedness of (2.9) is equivalent to the unique solvability of the fixed-point problem: Find (u, p) € W such that

J,p) = (u,p). 34

Hence, we now focus on establishing that problem (3.4) has a unique solution. By the definition of the operator .J
(cf. (3.2)), showing that J is well defined is equivalent to proving the well-posedness of problem (3.3).

3.2. Stability properties and suitable inf-sup conditions

For the analysis, we need to introduce some assumptions on the given data. In our case, for sake of the analysis in
this section, we allow the permeability x(u, p) to be anisotropic but still require that it is a uniformly positive definite
second-order tensor in £*(Q), and Lipschitz continuous in p € H'(Q). That is, there exist positive constants k7, kp
such that

K1 lvl? < vik(, . llxCsq1) = kC @)l e @) < Kaollay — @2l 0 (3.5)
for all v, w € R? \ {0}, and for all ¢;, ¢, € H'(Q), we also assume that (-, 0) = 0.

Remark 3.1. The Lipschitz continuity assumption in (3.5) can be formulated more generally with respect to the
displacement variable u, or simultaneously with respect to both u and p. In particular, one may consider conditions of
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the form
lx(uy, ) = k(uy, )l g () < Ko luy — Uyl g,
or
llk(uy, py) = kg, Pl g0y < Ko (Il = walli o + Iy = P2l 0)-

Thus, the analysis below can also accommodate permeability laws whose dependence on the displacement, or on both
the displacement and the pressure, satisfies an analogous Lipschitz continuity property.

Let us begin by establishing the boundedness of the forms involved. For a given (i, p) € W, the following estimates
hold

lag 5((0,u, p), (z,v,9)| < llallll(e,u, p)llgll(z, v, Dllg.

(3.6)
|b((T’ v, q)’ 71)| < ”(Ts v, fI)”H”ﬂ”O,Q,

where the constant ||a|| is defined by

+ _a\/E + da” (
U

||a||:= c0+2—+r+2+52+51
H

2

1 oL, avd

2u 2u 2u ’

which is independent of 4. Let us remark that the parameters 6; and 8, will be derived in the forthcoming analysis.
On the other hand, invoking Holder and trace inequalities we can readily observe that the right-hand side functional

is bounded

|F(z.v.9) < | Flli(z.v. 9|l (3.7

with [|[F[| := (146, + C,)Iflloo + lIglloq + lzrll-; j,r), where C;, > 0 denotes the constant involved on the trace
inequality (cf. [29, Theorem 1.4]).
On the other hand, from [15] we have that b(-, -) (cf. (2.7)) satisfies the following inf-sup condition

b((z,v,q),n)
sup EANALAL VAL LS Blnlloo YneQ, (3.8)
0x(r.o.geH |1(T, 0, llg

where the constant § > 0 depends on the domain Q.
We begin by recalling the generalized Poincaré and Korn inequalities. More precisely, there exist positive constants
Cp and Cg, depending only on € and I'p, such that

Ivlloq < CpllVullge and [IVllgg < Cklle@llpq.  Yv €Hp (). 3.9)
In addition, from [2, Lemmas 3.1 and 3.2] we have that there exists C; > 0, such that
Colltldig < 17903 + ldiveld ¥ € My, (div, Q).

We remark that according to [28, Lemma 2.2] and [29, Lemma 2.2], the constant C; depends on u, I'y, ||, and the
Poincaré constant.

The following result establishes the coercivity of the form ag 5(-, -) on the space H, which will be key for the
forthcoming analysis.

Lemma 3.1. Given (U, p) € W, the bilinear form aﬁ’ﬁ(', -) is coercive in H, i.e., there exists a constant C > 0 such
that

5.0, (1.0,9) 2 Clw.v. 9}, V(r.v.9) €H. (3.10)
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Proof. Let (1, v, q) € H, the following estimates hold

_ _ 2a da?

c Nt + IZT+(ZI=/C1’IIT+—/ tr1'+—/ 2, 3.11a
/Q (T +aql) : ( ql) ; ait2n )7 (1) Tt 2 Q" ( )
2/v-divrz—l||v||§g—el||divr||gg, with ¢; > 0, (3.11b)

Q €1 ’ ’

c! 1 2 51 2 c! D)3 3.11
” (T+ap )—8(1})”0’9 = E”g(v)”(),g - ” (T+ap )”()’Q~ ( . C)

Then, using the definition of ag 5(-, -) given in (2.6) together with (3.11a) and (3.11b) we have
a3 5((t,v,q), (1, 0,9))

_ 2 da?
= cClvrit+ / tr(t +2/v-divr+< + ) 2
i o [auwe2 [ o+ T lalig

+/K(ii,ﬁ)Vq-Vq+51||C_1(r+apI)—e(v)||(2)’9+52||divr||(2)’g
Q

= / C 't +aql) : (t + aqD) + 2/ v - divr + Co||(1||%g + / k@, q7)Vq-Vq
Q Q ’ Q
+58,1IC7 (x + apD) — eW)I[g ¢, + S, lldiv[|5 .
Now, using (3.11c) and (3.5) in the previous inequality on the right-hand side, we obtain
az 5((7,0,9), (7,0, 9))

_ 1 .
> / e+ agD  (r+agD) = =Wl o erlldivel o + o llal
Q 1
2 61 2 -1 2 : 2
+ Kl ”Vq”(),g + E”g(v)”o’g - 61 ”C (T + an)”O,Q + 52”le1-||0’9‘

At this point, the aim is to analyze the additional terms on the augmented form. First, let us consider the following
estimate

1

— [ Clx+aq) : (t+agD) > ||C7(x + agD)||}
2u Jo ’

Furthermore, using Korn’s inequality (cf. (3.9)), we obtain that
a3 5((7,0,9), (7,0, 9))

5 . 5Ck _ 1
> (1 - ﬁ) / C7l(z +aqD) : (7 +aqh) + < - Z) 12117g + collaliog
Q 1

+ K ||Vq||(2),g + (8, —¢€) ||div'r||%,g

61\ 1 a2 6,Cx 1 2 2
Z (1 - ﬂ) ﬂ”(r +an) ”0,9 + ) - a ”vlll,g + CO“‘I”QQ

+ K ||Vq||(2),g + (8, —¢€) ||div'r||%,g

01 1 an2 6,Ck 1 2 2
= (1 - ﬂ) Z||r oo+ {—= - o ey o + collally

+x11IVallg o + (8, =€) lldivel|g .
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In order to ensure that all constants on the right-hand side of the previous estimate are positive, the following constraints
are required:

2
2u > 6y > —; by > €.
Hu 1 Ce, 2> €
3
Thus, by setting € := L, 0y 1= = and 0y i= i, we have that
Cgu 2 Cku
1ooan | HCk o 2 2 1 2
aﬁ,ﬁ(('t-? V,P), (T’ V,P)) Z _”T ”()Q + _”vlll Q + CO”q”OQ + K] ”Vq”()g + _”leTHOQ
8u " 4 " " " Cxu "
11 ) . 2 | HCk o
2 min { @’ m} CG”T”diV’Q + min {CO’ Kl} ”qlll’g + T”vlll,ﬂ
_A 2 2 2
= C (el 0 + lali} g + 1213 g)
~ C-. C C
where C := min —G, G , €05 K15 et . This concludes the proof. O

Remark 3.2. Note that, in the case ¢y = 0, in order to ensure the ellipticity of the bilinear form ag 5(-, -), it is necessary
to suitably adjust the boundary conditions for p (cf. (2.4)) so that the Poincaré inequality (or its generalized version)
can be employed. In this way, the seminorm |p|, o can be used to control the L2-norm of p.

In order to simplify the presentation we introduce the bilinear form Aﬁﬁ :(Hx Q)X (Hx Q) — R defined by

A’u\,l’)\((o-’ u,p, Y)’ (T7 v,q, TI) = a’u\,i)‘((o-v u, p)’ (T’ v, q)) + b((T7 v, q)’ Y) + b((O', u, p)’ 77) (312)

Lemma 3.2. Given r > 0, let us assume the following smallness assumption on the data

p
;(1 +6,+C) (I llog + llgloq + zrll_ijor) < 1, (3.13)
where
6 2
_ C Bl 1)
Cp

Then, for a given (W, p) € W (cf. (3.1)), there exists a unique (u, p) € W such that J (4, p) = (u, p).

Proof. From the properties of aﬁ’ﬁ(‘, -) and b(-,-), (3.6), (3.10) and (3.8), and a straightforward application of the
Babuska—Brezzi theory, we have that there exists a unique ((o,u, p),y) € H X Q solution of (3.3), or, equivalently,
the existence of a unique (u, p) € H}D (Q) x H'(Q) such that .7 (@, p) = (u, p). Finally, from [26, Proposition 2.36], we
obtain that

Ay 5((o,u,p,y), (T, 0,4, 1)

l((e,u, p). Pllaxg < » sup , (3.15)
HXQ 0£((r,0,9).)EHXQ (7, v, @), Mlaxo
where [|((7, v, 9), Mlaxg = 7llaiva + IVl o + gl o + 17l o- Which together with (3.3) and the boundedness

of F(-) (cf. (3.7)), implies that

F(z,v,q)
(o, u, p), Pl <p sup <plF]. (3.16)
HxQ 04((r.v.g).meixQ 1(T, v, @), Mlaxo

The above, together with the definition of || F|| (cf. (3.7)) and assumption (3.13), implies that (u, p) belongs to W,
thereby completing the proof. O
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Now the aim is to prove that J is contractive, This is proved in the following result.

Theorem 3.3. Let f € L*(Q), g € LX(Q) and zp- € H™Y/2(T') such that
p
- max {1, pryr} (1+ 65+ C Ul flloq + Igllog + lzrll—i o) < 1, (3.17)

where p is defined in (3.14). Then, the operator J (cf. (3.2)) has a unique fixed point (u,p) € W. Equivalently,
the problem (2.9) has a unique solution ((o,u,p),y) € H X Q with (u,p) € W. In addition, we have the following
continuous dependence on data

l((o,u, p), Vllaxg < p (1 + 65+ CIUI fllog + lglloq + llzrll—1 /20 (3.18)

Proof. We begin by recalling from the previous analysis that assumption (3.17) ensures the well-definedness of 7. Let
(U, p,), Uy, p;) € W be such that J (4, p,) = (u;,p,) and J (4,, p,) = (u,, p,). By the definition of J (cf. (3.3)),
there exist (6, ) and (0,,¥5) in HFN(diV, Q) X £2(Q)Skew such that, for all ((z,v, q),n) € H x Q, there hold

afl\l,ﬁl ((O-la ulvpl)’ (T, v, ‘1)) + b((T’ v, Q)’ }'1) = F(Ts v, q),
b((o-hul’p])’ n) = 07
and

a3, 5,((02, Uy, py), (7,0, 9)) + b((7,v,9),7,) = F(z,v,9),
b((oy,uy,pp),m) =0.

Then, subtracting these problems and using the linearity of b(:, -), we obtain
ay, 5, (o1, uy, p1), (T,0,9)) — ag, 5 (62, Uy, p2), (7,0, q))
+b((7,v,9). 1 — ¥2) + b((0 — 02,y —uy,p; — pr).m) = 0.

Now, adding and subtracting the term %G, 5, ((69,uy, py), (t,v, q)) We arrive at

ag,5,((61 —06,u; —uy, py — p). (T,0,9) + b((7,v,9), 7, — ¥2)

+ b((6] — 65,u) — Uy, p; — pp), M) = /[K(ﬁz7ﬁz) - K(ﬁl’i’\l)]VPz -Vgq. (3.19)
Q

Therefore, recalling that (4, p) € W, we can use the latter identity, the global inf-sup condition (3.15), and the
assumptions of k (-, -) (cf. (3.5)), to obtain

Iy, p) = (ua. p)Il < I((6) — 62,4 — Uy, py = P2). Y1 — ¥2)llHxQ
Ag, 5, (o) — 00, uy — Uy, py — P2y ¥ — ¥2): (T, 0,4, 1)

<p sup
04((7.0.9).mEHXQ l((z, v, @), Ml xq
/ [y, 5>) — <@y, P)IVp - Va
Q
= sup
0£((r,0,9).n)EHXQ (7, v, @), Wlaxo

< pllx(y, p2) — k@), Pl el VPallog -

Then, using the Lipschitz continuity of x(-,-) (cf. (3.5)), together with the fact that J (@5, p,) = (u,,p,) € W, and
therefore satisfies the estimate (3.16), it follows that

”-.7(ﬁl’i)\1) - J(ﬁ2,l/)\2)” = ”(ul’pl) - (uz’pZ)”
< plik(ly, py) — k@, Pl =@ IVP2lloo
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~ A~ > A A ~ A
<piallpy = Pillig PIIFI < 07 ik [ FIII Wy, py) — (U, D)

The previous estimate, in combination with the definition of || F|| (cf. (3.7)), assumption (3.17), and the Banach fixed-
point theorem, implies that J has a unique fixed point in W. Equivalently, there exists a unique ((o,u, p),y) € HX Q
solution of (2.9). Finally, estimate (3.18) is obtained analogously to (3.16), which completes the proof. O

4. The mixed element discretization

This section is devoted to the analysis of a finite element method to approximate the solution of problem (2.9).
Let us begin by introducing some preliminary definitions and notations. Let us denote by 7}, a regular partition of Q
which consists in triangles/tetrahedra depending on the dimension of the domain. For an element K € 7, we denote
its diameter by hy, whereas the mesh size is defined by 4 := max{hg : K € 7,}.

Given £ > 0 and K € T, we define the space of polynomials of degree less than or equal to £ on K by P,(K).
The corresponding vectorial and tensorial spaces are denoted by P,(K) and P ,(K), respectively.

In this way, the finite element subspaces are given by:

HO’

h :={ThEHrN(diV,Q) . Th|TEPk+1(K) VKET}l}y

Hu;:{vheC(ﬁ)de;D(sz): vyl € Py (K) VKeTh},

H” :={thC(§): dnlx € Pryy(K) VKeTh},

skew

i={meLi @ mlrePT) VKeT,],

which will be used to approximate the poroelastic tensor, the displacement, the pressure and the rotation tensor,
respectively. Note that 7 and H; are subspaces of the Arnold-Falk—Winther finite element spaces (cf. [6]), thereby
ensuring that the discrete version of the inf-sup condition (3.8) is satisfied.

With these spaces at hand, we introduce the finite element discretization of problem (2.9): Find ((6,, 4y, p), Y1) €
H,, X Qy, such that

Ay 0, (O s Uy D)y (T, U qp)) + DTy, Uy gp), ¥ ) = F(Tp, 0p, qp),

b((o-hv umph), ﬂh) =0,

“.1)

for all (zj,vy,q;,) € Hy 1= Hj X H) X HZ and n, € Q,, := HZ. This discrete scheme remains as nonlinear and
hence, the analysis of stability, and existence and uniqueness of solutions at discrete level must be performed.

Since the method is conforming, we immediately observe that the coercivity result given in Lemma 3.1 since this
result hold in the whole space H and in particular in H;,. Hence, the constant C>0 provided in Lemma 3.1 also holds
for the following estimate of the discrete linearized problem

aﬁh,ﬁh((fh’”h’qh)’ (Th, Uy 4p)) 2 6||(‘rh,vh,qh)||%_[, V(Ty, Upsqp) € Hy, (4.2)

for a given (4, p,) € Hj x HZ. It is worth to remark that C > 0 is independent of 4. On the other hand, the bilinear
form b (cf. (2.7)) satisfies the following discrete inf-sup condition (see [6, Theorem 11.9])

b((Th7 vh’ Qh)’ r’h)

> flinallq V1, € Qe 4.3)
0£rpwnaed, 1(Th Unsap)lla e " "

With the aim of establish existence and uniqueness pf the discrete problem via a fixed point argument, we being
by introducing the following ball

W i={ @ p) € HEXH @ pll <7}, (44)
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where r > 0 is the corresponding radius. Next, we define the discrete version of J by
Tt Wy C H';l X Hl;l - H';l X Hl;l, (Up, Pp) = Ty(Uy, pp) 2= (up, pp) (4.5)

where given (@, p) € W, the operator is such that Jj, (@, py) = (up, p) € H x H} where this pair corresponds to

be the solution of the linearized version of (4.1) which reads: Find ((6,,, uy, p,), ¥5) € H;, X Qy, such that
G, b ((op,up, pp), (T, Uy qp)) + b(Th, Uy, qR), Y) = F(Ty, 04, qp), .6)
b((o-h’ u}'pph)’ nh) = 0’ .

for all (z,v,q) € H, and i, € Q,,.

It is clear that ((6y, uy, py). Y1) 18 a solution to (4.1) if and only if (uy, p,) satisfies J,(uy, p,) = (uy, py,), so that
the well-posedness of (4.1) amounts to establishing the unique solvability of the following fixed-point problem: Find
(uy,, pp,) € W, such that

Tn(uy, pp) = (uy, pp). 4.7

Accordingly, we shall prove that (4.7) admits a unique solution. The following lemma establishes the well-posedness
of the linearized problem (4.6), thereby showing that the operator .7}, is well defined.

Lemma 4.1. Given r > 0, assume that

0
;(1 +8,+C(IIf oo + lglloq + ||Zr||—1/2,r) <1
where p is the discrete version of p (cf. (3.14)), defined by

Aog 2
5. Pt llal)” +ﬁcj;~”“”) . @.8)

Then, given (Uy,, py,) € W, (cf. (4.4)) there exists a unique (uy, p,) € W}, such that J,(U,,, py,) = Uy, pp)-

Proof. Given (i, p,) € W, we proceed analogously to the proof of Lemma 3.2 and use the boundedness of the
bilinear forms a(-, -) and b(:, -) (cf. (3.6)), the discrete inf-sup condition for b(:, -) (cf. (4.3)), the coercivity of a(:, -) (cf.
(4.2)), and [26, Proposition 2.36] to establish the discrete global inf-sup condition

Aﬁ 5, ((O'h, Uy, Pp» }'h), (Th, Uy, qp, ﬂh))

~ D,

(& up ) Y i)l < 7 sup = : 4.9)
O0A((T o0 p) M) EHLXQ), (s vps @n)s i) g

Therefore, since surjectivity and injectivity are equivalent for finite-dimensional linear problems, (4.9) together with the
Banach-Necas—Babuska theorem yields a unique ((o,,uy,, pp), ¥5) € Hy, X Qy, satistying (4.6), with (uy,, p,) € W,
This concludes the proof. O

The following theorem states the main result of this section, concerning the existence and uniqueness of a solution
to the fixed-point problem (4.7), or, equivalently, the well-posedness of (4.1).

Theorem 4.2. Let f € LX(Q), g € L2(Q), and z- € H™V/2(I') satisfy

) ~
- max {1, pryr} (1 +6, + C ) fllog + llgllog + llzrll-1 o) < 1, (4.10)

where p is defined in (4.8). Then, the operator Jy, (cf. (4.5)) has a unique fixed point (uy, p,) € W ). Equivalently,
problem (4.1) has a unique solution (6, uy, py), ¥p) € Hy XQy, with (uy, pp) € W ). Moreover, the following stability
estimate holds

(o ps ups PR Yl < P (1 + 65 + C )l fllog + llgllog + lzell—i 2,0)- (4.11)
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Proof. First, as in the continuous case, assumption (4.10) ensures that the operator J, is well defined. Moreover,
adapting the arguments used in the proof of Theorem 3.3, we obtain

T, @y, 5y) = Ty, D)l = Iy, py) = (s, po)l < 57 (llglloq + llzrll—1 jor + 1 f lo.@) @y, By) = (@, I

for all (&, p)), (ty, p;) € W, It then follows from (4.10) that 7, is a contraction mapping on W . Hence, by the
Banach fixed-point theorem, problem (4.7), or equivalently (4.1), admits a unique solution. Finally, estimate (4.11)
follows analogously to (3.16), which completes the proof. O

4.1. A priori error estimates

From now on, we suppose that the assumptions of Theorem 3.3 and Theorem 4.2 are satisfied, and let ((6, u, p), y) €
H x Q and ((6p,, uy, pp), ¥,) € Hy, X Q,, denote the unique solutions to (2.9) and (4.1), respectively.

Then, in order to simplify the subsequent analysis, we write

eo.:ZO'—O'h, euizu—uh, epizp—ph, ey::}'—yh.
As usual, for a given (6, 4y, pp), ¥5) € Hy, X Qy,, we shall then decompose these errors into

eg =&+ X5 e, =&, + xu e, =&+ xp e, =&, + 1y, 4.12)
where

§6 1=0=0p, Yo i=O0p—0y Gy imU—W, Xy 1T Uy — U,
gp::p_ph’ )(p::ph_ph’ éy::y_,/h’ Xy:ZYh_Yh'

Recalling the definition of the bilinear form Ag 5(-,-) in (3.12), from (2.9) and (4.1) we have that the following
identities hold

Au,p((o-v u,p, 7)’ (T’ v, q, 'l) = F(Tv v, LI)7 Auh,ph((o-h7 uh7 ph9 yh)’ (Th’ vh9 qh7 nh) = F(Th7 vh’ qh)v

for all ((z,v,q),n) € Hx Q and ((ty,vy,4,).1m,) € Hy X Q,,, respectively. From these relations, and similarly to
(3.19), we can obtain that for all ((z,, vy, q5), 11;,) € H;, X Q,,, there holds

Ay, p, (e85 €p,€)), (T, U, gpsMp)) = /(K(uh, pp) — k,p)Vp - Vqp,
Q
which together with the definition of the errors in (4.12), implies that

Auh’ph((Xo-a Xu3 Xps Xy): (Th, vh’ qh’ nh)) =

4.13
_A"h’l’h((go" éu? ép’ éy)’ (Thvvh’ Qh’ nh)) + /Q(K(uh’ph) - K(u’p))vp : VQh’ ( )

for all for all (7, vy, qy), 1) € Hy, X Qy,. Then, since (uy, p,) € W, we apply the discrete inf-sup condition (4.9)
at the left-hand side of (4.13) followed by the continuity properties of aﬁ’ﬁ(-, -) and b(-, -) (cf. (3.6)) on the right-hand
side of (4.13), to obtain
”((}(o" Xu> )(p)’ Xy)”HXQ
< 5((”0“ + D150 Eu-EDlla) + 1€, llo.o + K2 llps — P||1,Q||VP||0,Q> (4.14)
<7 (all + DI €0 Elxg) + 2,0 + 12,11 VPl )-

Now we turn to providing a best approximation estimate corresponding with the Galerkin scheme (4.1).

F. Lepe, G. Rivera, R. Ruiz-Baier and S. Villa-Fuentes: Preprint submitted to Elsevier Page 12 of 31



Augmented mixed FEM for nonlinear poroelasticity

Theorem 4.3. Let us assume that the hypotheses of Theorem 3.3 and Theorem 4.2 are satisfied. Additionally, assume
the following smallness assumption

~ 1
Kpp(L+6,+Clfllog + gl + llzrll-i o) < ok 4.15)

where p and p are defined in (3.14) and (4.8), respectively and k5 is the Lipschitz constant given in (3.5) . Then, there
exists a constant Cz, > 0 such that the following estimate holds

l((egs eysep). e)llaxg < Cesa I((o,u, ), ¥) — ((Tps U, 4p), M) -

inf
(Tp-pap) M) EHLXQy,

Proof. From (4.14), we have

”(Xo" Xu> ){p)”H(l_KZ ;”Vp“(),g)-i_”Xy”O,Q < E((”a”-i-l)(”((éo'? éu’ép)’ §y)”H><Q)+K2”§p“I,Q”Vp”(),Q)‘ (416)

Since p satisfies (3.16), assumption (4.15) yields

~ ~ ~ 1
L=wplIVpllog 2 1=k pplIFll =1=x20p (146, + C)(IIfllog + llglloq + zrll-1/2r) 2 7

Combining this inequality with the estimate (4.16), and using again the fact that p satisfies (3.16), we obtain

165 Xus 2p)s X llxq < CNI(Es5 Eus Ep)s E) - (4.17)

with C > 0 independent of 4. Consequently, from (4.12), (4.17), and the triangle inequality, we obtain

”((eo" eu’ ep)’ ey)”HXQ S ”((Xo'? Xu! /’{p)9 Xy)”HXQ + ||((§0’ gu’ ép)a éy)”HxQ S (C + 1)“((667 gua ép)’ gy)”Hva

which, since ((6y,, 4y, py). 71,) € Hy, X Q,, are arbitrary, completes the proof. O

With this best approximation result at hand, we are in position to obtain the desire a priori error estimates for the
method. To do this task, we first introduce some approximation results for the discrete spaces involved on the scheme
which hold for the regularity that we assume for each case. The properties are presented in the sequel:

inf |17 = 7pllgivg < CA" (17l ng + Idivell,.q) l<m<k+1,
€M}

inf |[v—vll 0 < CA" [Vl 41,00 O0<m<k+l,

v,€H} ’ ’
) ” (4.18)
inf 'llg = gpllio < Ch"llqllni10, 0Sm<k+1,

q,€H,
inf |ln —nplloo <Ch"lIMllpo  0<m<k+1

n,€Qy

For the approximation properties for ¢ and y, we refer to [6], whereas the approximation properties for u and p can
be found in [26, Corollary 1.128]. We mention that for each of these approximation properties, the generic constant
C > 0is independent of A. Finally, the main result of this section is given in the following theorem.

Theorem 4.4. Let the hypotheses of Theorem 4.3 hold. Let ((6,u, p),y) € HX Q and (o, uy, py),v,) € H, XQ,, be
the solutions of problems (2.9) and (4.1), respectively. If 6 € H™(Q), dive € H"(Q), p € H"(Q) and y € H™(Q) for
1 <m < k+ 1, there exists a constant C > 0 independent of h such that

((eq €us €y)s ellxq < Ch" (o]l + ldivell, o + llullyrro + 1Plmrro + 17 no)-

Proof. 1t follows immediately from the Céa estimate of Theorem 4.3 and the approximation properties (4.18). O
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5. A posteriori error analysis

For completeness of the analysis of the proposed numerical method, now we focus our effort on the design and
analysis of an a posteriori error estimator of the residual type. The analysis is based on the work of [34] focusing, for
simplicity, on the two dimensional case. Nevertheless, the three dimensional analysis is possible to be performed under
the spirit of [20]. Let us mention that a key result for the reliability analysis is [2, Lemma 3.9], which states the stable
Helmholtz decomposition that we need for the H (div, Q) elements.

We begin this section with some useful notations and definitions, if y represents a sufficiently smooth scalar field,
v 1= (vy,0,)" is aregular vector fieldand 7 = (7;;) € R? is a sufficiently regular tensor field, we define the following
differential operators

. (ow oy ¢ . O0uy 0y . (curl(v))® . [rot(zy)
curl(y) := <a_x2_6_xl> rot(v).—a—m—a—xz, curlv := curl(v,)t ) curlr := rot(r,) )

In addition, we denote the set of edges on 7}, by &,. In order to distinguish those edges on the interior from those
that lie on the boundary I'j, or I'y, or an element K € 7, we employ the notation

Eyx):={f €&, . £ Cx, where x € {Q,I'y,['p,K}}.

Given an arbitrary edge ¢ of the mesh, we denote the outward normal component on this edge by n, := (n;,n,)",
whereas the tangential component is defined by s, := (—n,, n;)*. The internal jumps across interelements are defined
in the usual way for vectors, tensors and scalar valued functions.

The following inverse inequality will be useful for the analysis (see [22, Theorem 3.2.6]).

Lemma 5.1. Let m,m € NU {0} such that m < m. Then, for each K € T, there holds
lglmkx < ChE "alsmkx Vg € Pr(K),
where the constant depends on k, m, m and the shape regularity of the triangulations.

We now introduce the following residual-based a posteriori error estimator for the mixed-primal Galerkin scheme:

172 1/2 1/2

0 := Z®%,K + Z@%K + Z®§,K , (5.1)

KeT), KeT, KeT),

where G)% K’ ®§ K and @%  are defined, respectively, as follows

07 g := (L +8)°Uf = Ppfl§ g + IPS +divoylI§ ) + hiy

Vu, —C o)) - —2—p, 1

h h 2(/“_”);; J’hOK
2
1

+
2

0,K

_ (04
+h%< Clll'l <C I(Gh)+mphl+yh> ”Gh_o-‘;;H(z)’K

+67hy, { (1 +a2?Ic™ (C7 oy, + ap,D) — e(uy)) ||(2)’K +lleurl (¢! (¢ o), + appD) — e(uy))) ||§,K

+ lldiv (€™ (o, + ap,D) — ep)) llo x }

2
a2

g + div(k(uy, pp)Vpp) - (C’o + G+ > Pn — 2(;:_ 0 tr(cy,)

2
+ hy

s

0,K

F. Lepe, G. Rivera, R. Ruiz-Baier and S. Villa-Fuentes: Preprint submitted to Elsevier Page 14 of 31



Augmented mixed FEM for nonlinear poroelasticity

2
(H)%,K = Z 6%hf |[<C_1(O'h)+ ml)h +}'h> ]]
CE€IKNE,(Q) 0,7
+ Y &h, ”[[ (C™V (o + apy) — e(uy,)) sf]]H
£€0KNEL(Q)
2
+ Z S%hf H[[(C_l(o'h +ap,D) — e(up)) nf]]“Of + Z Rl (x @y, ) Vip) - "f]]”(z)f,
£€0KNEL(Q) T re0KNnER(Q)
2
2 . 2 -1 o
03 = > th, <C (O'h)+mphl+yh> s
€IKNEL(Tp) 0.2

Y Ehd(CT(C op + apyD - ewy)) s,

£€dKNEL(Tp)

+ D &Rl (CT oy + apD — ewy) n 12,

£€dKNEL(TN)

+ Y Rl (<@ p)Vpy) me =z, D Rl
£€dKNE,(T) £€0KNEL(TN)

5.1. Reliability

We begin by introducing the Raviart-Thomas interpolator I, and the Clément operator I, whose properties can be
found in [2, Section 3]. In what follows, their respective tensor and vector generalizations are denoted by II,, (defined
row by row through I1,) and 7, (defined componentwise through 1).

Following the notation introduced in Subsection 4.1, the approximation errors associated with our solution are given
by:e;, :=06 -0, € HFN(diV,Q), e, =u—u,€ H}D(Q), e,:=p—py € H'(Q) and e, I=y—r, € > (Q).

We begin the analysis with the following inf-sup condition for A, ,(:, ).

skew

Lemma 5.2. The following estimate holds true

“(eo" €ys ep)’ ey)”HXQ

<p  sp  wColwep &) T T O a T AT Gl
= 2 — Phllo,Q >
0+((7,0,q).)EHXQ l((z, v, 9), Mlaxo

where the constant p > 0 is defined in (3.14).

Proof. Invoking the inf-sup condition given in (3.15) and applying it to the errors defined above, we obtain

1
; ”((eo., eu’ ep)9 ey)”H)(Q

Au,p((eo" e e ey) (T Th? v— vh’ q— qh’ 11 - "h))

< sup
0#((7,0,9))EHXQ l((z, v, @), Mlaxo
T
+ Au,p((eo-’ e e ey) (T vh’ q}p nh))
sup
0+((7,0,q).n)EHXQ I((z, v, @), Mlxg
/ (k(up, pp) — K, p)) Vpy, - Vay,
Q
=T + sup
0£(7.0,9)MEHXQ (7, v, @), Wllaxo
<T 4+ sup Pl Fllllp = palli @l Varlloq
=1 u
0+((7,0,9).)EHXQ Il((z, v, 9), Mlaxo
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where for the last estimate we have used the Lipschitz continuous (3.5) and (4.11). Now taking g, := I,q, and using
the stability of the Clément interpolator in the H!-seminorm, we obtain the following estimate

(s eu-€p)s epllaxg < ATy + Pl Fllllp = palli )

This concludes the proof. O
Now the task is to estimate the supremum term 7; defined on the proof of the previous lemma. With this aim in
mind, we group the terms suitably and, using the property of the supremum, we obtain

Au,p((egi eu, ep, ey)s (T - Ths U — vl'p q-— qh» 7] - nh))

sup (5.2)
0£((z.0.9).)EHXQ l((z, v, @), Wllaxo
< |R(t — 7))l |Ry(v —vp)l |R3(q — qp) |R4(n —np)
T ogrerr @ive)  7llaive 04veH] (@ vl o ozqenl@ ldllia ozneQ  lllog

where the terms R;(-), with i = {1,2,3,,4}, are defined as follows:

— = — - di — — -1 L . —_
Ri(t —1p) : /Quh div(t — ) /Q<C o, + 2(/1+;4)ph1+“> (t—1y)
-6 / (C7 Moy +apyD) —e(uy)) = €N —1,) - 5, /(f +dive,) - div(r — 7).
Q Q
The second term, R, (), is given by
Rz(v - Uh) = /(f + diVO'h) . diV(v - vh) + 61 / (C_I(O'h + aphI) - E(uh)) . E(v - vh).
Q Q

The third term, R5(-), is defined as follows

o a? a
raa=an = [ (= (o g ) i o) 0w

- & /Q (€N oy +apyD) — e(up)) = € alg - q,)D) - /Q Kk(u, p)Vpy, - V(g — qp).

Finally we define R4(-)

o) — 0y
R4('l—'1h)5=—/°'h3(71—'lh)=/ 5 D ().
o Q

The next task is to estimate the terms on the right-hand side of (5.2) with respect to the estimator (5.1). To do this,
we first need the following Helmholtz decomposition proved in [3, Lemma 3.9].

Lemma 5.3. Assume that there exist a convex domain B such that Q C Band 'y C 0B. Let T € HFN(diV, Q). Then,
there exist & € H}D (Q)and y € H}N (Q) such that

t=&+curly and |I&|l; o+ llxlli o < Crenlltllaiv.o:
where the constant Cy,,,, > 0 is independent of .

Now the task is to obtain an upper bound for each R;(, -), withi € {1,2, 3,4}, depending on the estimator ®. The
following results provide the desire bounds.
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Lemma 5.4. Under the same hypotheses of Lemma 5.3, there exists a constant C > 0 such that

Ri(t—1
Sup M S C®.
ottt @ive  [17lldive

Proof. Since T, € M is arbitrary, we choose 7, = I,& + curl(T, ), defining & 1= & — Méandy =y —TI,x.
Consequently, the term R (7 — ;) can be rewritten as follows:

Rl(r—rh)=—/guh dlv.’; / <C‘ o+ 2(/1+ )phI+yh> :E
—/Q<C_10'h+mphl+yh> : cmrl;?—al/gc—1 (C™\(op + ap,D) — euy)) : &
-8 / cH(CT oy + apyD) — e(uy)) - curlf(—csz/(f+diva,,)~div3.

Q Q

Applying local integration by parts and taking into account that u, € H#D(Q), (& -1, € H}D(Q) and
x=Tyxn € HL (Q)

Rl(r—‘rh)z—&l/C_l (C' (o) + ap,D) — e(uy)) : &
Q
-5 di - divé Vu, —C~! D E
2/9(“ vow w“,@h/ < Gt on 2(/1+ P ”) g

= _ a A~
- 2 uy, - &n— 2 /curl<C 10h+—phl+yh>-x
feaKngh(rN)/f K 24+

KeT,
- Y T en+ 55—+ r) sf]] 2= Y (c—1<ah) + 2 pl+ y) se- %
€&, (Q) |[( 2(A+ ) reEnTp) 204+ p)
~& Y [ el (¢ (CTV oy +ap D) —e@y)) -2 =6 Y, [(CTN(CTN oy +apaD) — ewy)) ] - 7
KeT, /K CEEL Q)
-6 Y (cT(CcTN oy +apD) - e@wy)) s, - R
e&,(Tp)

Finally, by applying the Cauchy—Schwarz inequality un conjunction with the approximation properties of the Raviart—
Thomas and Clément interpolators, together with the trace property and Lemma 5.3, we obtain

IRy (T —Tp)l

< CO.
ozretr @ive)  [17llaive

This concludes the proof. O

Lemma 5.5. There exists a constant C > 0 such that
Rr(v—-v
Sup M S C@
0veH] (@) Il o

Proof. Proceeding analogously to the previous proof, we first set v, = I,v € HILD(Q) and then define ¥ :=v — I v.
Hence, an integration by parts reveals that

Ro(v—vy) i=— /(f + dive ) - dive — 6, / div C (ah +ap,D) — e(uh))
Q

KeT,

F. Lepe, G. Rivera, R. Ruiz-Baier and S. Villa-Fuentes: Preprint submitted to Elsevier Page 17 of 31



Augmented mixed FEM for nonlinear poroelasticity

+6, Y [[(CNop+ap D) —e@p))n D+, D (C oy +ap,D) - ewy)) n, - D.
e @/t €&, (TN)

Thus, combining Cauchy—Schwarz inequality, the approximation properties of the Clément interpolant together with
the trace property and Lemma 5.3, we conclude the proof. O

Lemma 5.6. There exists a constant C > 0 such that

[R3(q — ap)l

< CO+ w0l Fllllp = pallog-
0#£qeH! (Q) ”‘I”LQ

Proof. Letussetq, =1,q € H}(Q). Then, defining g := g — g, and integrating by parts, we obtain:

. _ G Y S -
R3(q—f1h)-—/g<g <CO+/1+/4>ph 2(A+M)tr(ah)>q

-5 /Qc—l (C7 Moy + ap,D) — e(uy)) : (ag I)+/Q(K(uh’[7h)_ x(u, p))Vpy, - Vg - /QK(uh,ph)Vph Vg

2

=y /K <g + div(c(uy, pp)Vpp) — (co + ﬁ—”> Ph— m tr(ah)> 7

KeT),

- Z [(x(up, pp)Vpy) - 1,17 - Z (k(up PVPY) - np = 207

7en&,(Q) zen&, ()

-0 /QC_1 (€7 (o, +apyD) — e(up)) @ (@ D+ /Q(K(uh’l’h) — k(u, p))Vp, - Vq.

Combining the Cauchy—Schwarz inequality with the approximation property and stability of the Clément interpolant,
together with Lipschitz condition (3.5), the continuous dependence on the data established in (4.11) and the trace
inequality (cf. [29, Theorem 1.4]), we obtain:

IR3(q — gq5)]

< CO+ x| Fllllp = pally -
0#£qeH! (Q) llqll 1,Q

This concludes the proof. ]
Now, to estimate the term associated with R4(-), we define n;, as the c? projection of n, which is stable in LA(Q).
Then, we have:

|R4(n—mp)l

< Co. (5.3)
o#neQ  lInllog

We now state the main reliability bound for the proposed estimator.

Corollary 5.7. Assume that the hypotheses stated in Lemma 5.4 hold. Let (6, u, p), y) € HxQ and (o, uy, pp). ¥) €
H,, x Q,, solutions of (2.9) and (4.6), respectively. Assume further that

(5.4)

FNP

k200 (I1fllog + llglloq + lzrll—1 j2r) <

Then, the following estimate hods
||(eo" euv ep)’ ey)”HXQ S Crel®'

Proof. The proof is obtained by combining Lemma 5.2, estimate (5.2), Lemmas 5.4-5.6, together with estimate (5.3)
and assumption (5.4). O
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5.2. Efficiency

We begin by introducing the bubble functions for two dimensional elements. Given K € 7, and e € £(K), we
let wx and y, be the usual triangle-bubble and edge-bubble functions, respectively (see [45] for further details about
these functions), which satisfy the following properties

1. wx € P3(K), supp(yg) C K, pg =0onodK and 0 <y < 1in K;
2. yylg € Py(K), supp(wy) Cw, :=U{K' €K, : e€ EKN},wy,=00ndK \Zand0 <y, < 1inw,.
The following properties, proved in [44, Lemma 1.3] for an arbitrary polynomial order of approximation, hold.

Lemma 5.8 (Bubble function properties). Given m € N U {0}, and for each K € T, and e € E(K), there hold

1/2
lwiall2 ¢ < 912 ¢ < Cillwal2 . Va € P(K).

1/2
v LOIZ, < 112, < Cllw,?pl2,  Vp € Py,

and

1/2
hIpIZ , < Csllw,*L@IZ ¢ < Cohellplls,  Vp € PR(0).
where L is the extension operator defined by L . C(£) — C(K) with C(¢) and C(K) being the spaces of continuous
Sunctions defined on ¢ and K, respectively, and satisfying L(p) € P, (K) and L(p)|, = p for all p € P;(£), where each
constant depends on k and the shape regularity of the triangulation.

As usual, to prove efficiency it is necessary to control all the terms of the estimator in terms of the error. To this
end, most of the terms are bounded using standard arguments based on the localization of bubble functions, so we omit
these results and refer the reader to [30, 31, 34], where such bounds are detailed. In this work, we will focus solely on
bounding the terms containing the nonlinear term (-, -).

To prove the following result, we assume that k(u,,, p,) is piecewise polynomial.

Lemma 5.9. Let k(uy, p,,) be piecewise polynomial. Let Py, be the L2(K)- orthogonal projector onto P,. Then for all
K e T, and ¢ € &,(Q) there holds

higllRgllox < Cllo — opllaiv.x + Il —upllik + 0= Pulli k + Ak llg — Prgllox), (5-5a)
1/2
h 1[G, p)VR) - el < Clllo — Spllaivo, + 114 —uplli o, + 1P = Palliw, +hxllg = Prgllow,)-

(5.5b)
where s
. a a
R, = d , \Y% - [ -t ,
¢ ‘=& +div(x(uy, pp)Vpp) <Co+ (/1+ﬂ)>l’h 20+ 1) 1(6y)
andw, = {K' €T, : ¢ € E(K)}.
Proof. First, we define
. o? a
Rgh 1= Pug +div(x(uy, pp)Vpp) — | co + Gt Pn — G+ 0 tr(op).
Consequently we have that
hilRellox < hi(lg = Prglllox + IRg, llox)- (5.6)

We now proceed to bound || Ry, [|o g To this end, we define gx := R, yg where y is an interior bubble satisfying
the properties given in Lemma 5.8. Then we have

1
C_”Rgh”%’K < / R, ax = /(phg—g)fh( +/ Reax < IPrg — glloklIRg, llo.x +/ R, qk- (5.7)
1 K K K K
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Using (2.3c), together with integration by parts and adding and subtracting x(uy, p,)Vp, we obtain that

2
R,q =/(c + = )(p—p)q +/Ltr(o—a)q
/K SET N a T Jk2G+w K

+/ KUy, pr)(Vp—Vpy) - Vg +/(K(u,p)— Ky, pp))Vp - Vg (5.8)
K K

< Clp = paullix + llo = oxllox)lak llo,x + Cilicy + k2p FIDIP = pallik lak llo.x
< C(lp = pullix + lo = opllox + hg' G + K20l FIDIlp — PulliOlIRg, llo.x»

where for the last estimate we have used Lemmas 5.8 and 5.1. Then, estimate (5.5a) is concluded using (5.6), (5.7),
and (5.8).

We now proceed to prove the second estimate of the lemma. To this end, we define Y}, := [x(uy, p,)Vpy, - n].
Then, by Lemma 5.8, we have that

1
FIIthlﬁf < /thYh =/ v LOY)([(x(up, pp)Vpy, — x(u, p)Vp) - 0],
3 3 dw,

where L is the extension operator introduced in Lemma 5.8. Note that for the last estimate above, we have used that
div(x(u, p)Vp) € L%(Q), and therefore its normal jumps vanish. Integrating by parts the last term on the right-hand
side of the previous estimate and adding and subtracting x(u, p)Vp;,, we obtain

1 2
Ly, < /
C3 0. wyp

< 1 divy. )V = K@ VDo, 10, L0 0, + GoBIEN + K1 = Pall1 o, 1V LYo 0,

div(x(uy, pp)Vpy — kW, p)Vpy, L(Yy) + / (x(up, pp)Vpy — kU, p)Vp) - V(y, L(Y}))
Wy
C, -
< F” div(k(up, pp)Vpp — kW@, P)VP)low, 1Y allo, + Coliapll Fll + &)1p = Prll 10, 1Y allo
3

1/2 . -1/2
< C(he/ | div(k(up, pp)Vpy — k@, VD)oo, + he / lp = Pl MY alloes

where for that last estimate we used Lemmas 5.8 and 5.1. Then used that 2, < h,,,, we have

1/2 .
2 Y ullo.e < Clhg, Il div(x(up, p)Vpy = K D)D) 0, + 1P = Pall1 0,)- (5.9)

The next step is to bound the first term on the right-hand side of the above estimate. For this purpose, using the definition
of Rg and (2.3c), we obtain that

2
. a 2a
hg,, | div(xc(uy, pp)Vpp — kW, PVD)ow, < he, (IR0, + <Co + m) lp=pulli o, + G0 llo —onllow,)-

Thus, (5.5b) follows from (5.9), the preceding estimate, and (5.5a), which completes the proof. O
Lemma 5.10. Assume that k(uy, p,) and zr are piecewise polynomial. Then for all ¢ € &, ('), there holds
1/2
h' "Il (k(up, pp)Vpy) -0y — zpllo, < C <||0' = Opllaiv,x, + llu—uplly g,
+lp = pallyx, + hellg = Pagllog, )

where K, is a element of T, that contains ¢ on its boundary.
Proof. The proof follows by observing that z = k(u, p)Vp on I' and proceeding analogously to the proof of (5.5b), by
defining Y}, := x(uy, pp)Vpy - n — zr. 1

Consequently, the efficiency follows from the two preceding lemmas and standard arguments that allow us to bound
the remaining terms in the estimator. The result is summarized in the following theorem.

F. Lepe, G. Rivera, R. Ruiz-Baier and S. Villa-Fuentes: Preprint submitted to Elsevier Page 20 of 31



Augmented mixed FEM for nonlinear poroelasticity
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Figure 6.1: Example 1. Approximate solutions (stress magnitude, displacement magnitude, pressure distribution, and
principal rotation component, all rendered on the deformed configuration) for the convergence test in 2D, obtained with
the second-order scheme.

k DoFs h e(o) EOC e(u) EOC e(p) EOC e(y) EOC it eff(®)

99 0.7071 | 8.8e+01 0.00 6.5e-01 * 2.4e-01 * 1.1e+00 * 4 1.28

331 0.3536 | 4.9e4+01 085 3.0e-01 1.10 7.3e-02 1.70 7.4e-01 0.62 4 1.28

0 1203 0.1768 | 2.5e+01 0.97 9.6e-02 166 2.7e-02 1.41 4.1e-01 085 4 1.28

4579 0.0884 | 1.3e4+01 0.99 3.5e-02 144 1.3e02 1.06 2.1e-01 095 4 1.28

17859 0.0442 | 6.3e+00 1.00 1.5e-02 1.19 6.5e-03 1.01 1.1e-01 098 3 1.28

70531 0.0221 | 3.1e+00 1.00 7.4e-03 1.06 3.3e-03 1.00 55e02 099 3 128

243 0.7071 | 3.1e+01 * 2.2e-01 * 5.9e-02 * 3.8e-01 * 3 1.38

867 0.3536 | 9.0e+00 1.79 4.0e-02 244 1.2e-02 2.26 1.2e-01 1.70 4 1.34

1 3267 0.1768 | 2.3e+00 195 7.8e-03 2.34 3.0e-03 2.03 3.2e-02 1.87 4 1.32

12675 0.0884 5.9e-01 199 1.7e-03 219 7.6e-04 1.98 9.5e-03 1.76 3 1.31

49923  0.0442 1.5e-01 2.00 4.1e-04 2.07 1.9e-04 1.99 3.2e-03 1.87 3 1.31

198147 0.0221 3.7e-02 2.00 1.0e-04 2.02 4.8e-05 2.00 7.8e-04 192 3 1.31
Table 1

Example 1. Error history (degrees of freedom, mesh size, individual errors and experimental rates of convergence) in 2D
for the formulation using the two lowest-order FE families with BDM,, elements.

Theorem 5.11. Assume that k(uy, pj) and zp are piecewise polynomial. Then there exists Cpz > 0, such that

© < Cyyl l(es. euwre) eplluxe + D, Pillg = Prellox |-
KeT),

Remark 5.1. Let us notice that of k (-, -) is not a polynomial term, the analysis is similar to what we have presented,
but taking into account that additional terms appear naturally, more precisely, terms associated to the projection of
x (-, -) onto polynomials of degree k > 0, similarly to what occurs with the sources f and g.

6. Numerical tests

On this section we present a series of numerical tests with the aim of confirming our theoretical results. All the
reported results have been obtained with the open source finite element library FEniCS [1]. The nonlinear systems
were solved with Newton-Raphson’s method with a residual tolerance of 10~7, and the linear systems were solved
using the sparse LU factorisation of MUMPS.

6.1. Example 1: Error history and effectivity of the estimator for 2D smooth solutions

To assess the accuracy and optimal convergence properties of the proposed formulation in two dimensions, we
conduct a benchmark test using a manufactured smooth solution on the square domain Q := (0, 1)?. The domain
boundary 0€2 is partitioned into a Dirichlet segment I', (comprising the bottom and left edges) and a Neumann segment
I'y (formed by the top and right edges).
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We prescribe the exact displacement vector u and fluid pressure p as

1 3r
20 €08 [T(X + y)]

L T3 , p(x,y) = sin(zx) sin(xy).
35 Sin [7(x — y)]

u(x,y) =

The exact expressions for the auxiliary mixed variables—stress, rotation—are directly derived from these primary
fields. The body load f, fluid source g, along with boundary terms uy,, zy, and oy, are generated to match these exact
solutions. Although the theoretical analysis assumes homogeneous boundary conditions, standard lifting arguments
allow straightforward extension to the inhomogeneous data on = oy used here.

The permeability tensor adopts the Kozeny—Carman constitutive relation

k k + adive)?
K, p) = 1+ L (cop +a 1v. ) 7
Hp o Hp (1= cop—adivu)?

and we fix the dimensionless physical parameters to the following values:
kOZC():a:O.l, kl=09, /1=100, ,u=10, ﬂle

Under this parameter regime, the non-linear variation of the permeability remains mild, allowing the Newton—Raphson
solver to achieve convergence within very few iterations.

To perform the empirical convergence analysis, the spatial domain is discretized across six levels of uniform mesh
refinement. Approximations and corresponding error norms for each unknown variable are computed in their natural
functional spaces. Here and in other tests using uniform mesh refinement, the experimental order of convergence (EOC)
between two successive meshes of typical sizes 4 and h, yielding errors e and ¢, is determined by

Co log(e/é)
log(h/h)’

The resulting error history for the finite element family described in Section 4 (setting k = 0 and k = 1) is compiled
in Table 1. All primary and mixed variables exhibit the optimal O(h**!) decay predicted by the theoretical error bounds
derived in Section 4.1. The table also shows the effectivity index associated with the a posteriori error estimator ©.
The value remains almost constant for all mesh refinements. Finally, visual representations of the computed discrete
fields are shown in Figure 6.1 to demonstrate the behavior of the numerical solution.

6.2. Example 2. Robustness with respect to material parameters in 3D
We continue assessing the experimental convergence rate of the proposed schemes using manufactured smooth
solutions, now in 3D. Exact displacement and pressure are given by
3

3n
Too €08 [7(x +y+ z)]

u(x,y,z) = % sin [%”(x e z)] ,  p(x,y,2z) = sin(xx) cos(xy) sin(xz) + cos(zx) sin(xy) cos(rz),

1 3z
25 €0s [7(x —y— z)]

and we consider four sets of model parameters to check the robustness of the method in mild parametric regimes as
well as in the challenging cases of near incompressibility, vanishing storativity, and small permeability. These sets
for Lamé, Biot—Willis, storativity, and permeability principal modulation coefficients are taken from [17] (we consider
their second fluid compartment), while we use an exponential form for the permeability function with the fixed relation
k)= 1ko. As we use a primal formulation for the mass balance equation, we do not expect robustness with respect to
low-permeable media (Set IV) since the pressure solution operator loses coercivity in this case.
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Figure 6.2: Example 2. Approximate solutions (stress magnitude, displacement magnitude, pressure distribution, and
rotation magnitude, all rendered on the deformed configuration) for the convergence test in 3D, obtained with the lowest-

Augmented mixed FEM for nonlinear poroelasticity

order scheme and with parameter Set |.

[l
58002
[005
—o004

tooa
25002

DoFs h [ e(o) EOC e(u) EOC e(p) EOC e(y) EOC eff(®)
Set |
1332 0.8660 | 1.5e+01 * 4.2e-01 * 1.8e-01 * 4.1e+00 * 1.38
9428 0.4330 | 8.5e+00 0.79 2.7e-01 0.61 1.1e-01 0.69 2.4e4+00 0.78 1.38
70884 0.2165 | 4.4e+00 0.94 1.4e-01 0.93 6.3e-02 0.86 1.1e+00 1.10 1.41
549572 0.1083 | 2.2e+00 0.99 7.1e-02 1.02 3.2e-02 0.99 4.4e-01 1.35 1.48
4327812 0.0542 | 1.1e+00 0.99 3.5e-02 1.02 1.6e-02 1.00 2.2e-01 1.00 1.48
Set Il
1332  0.8660 | 2.9e+05 * 3.8e+03 * 2.3e+03 * 2.9e+00 * 1.69
9428 0.4330 | 1.7e405 0.81 2.0e+03 095 7.2e+02 1.66 1.8e4+00 0.72 1.70
70884 0.2165 | 8.7e+04 0.95 5.9e+02 1.72 1.9e+02 1.89 7.0e-01 1.36 1.70
549572 0.1083 | 4.4e+04 099 1.6e+02 192 5.1e+01 1.94 3.4e-01 1.03 1.71
4327812 0.0542 | 2.2e+04 0.99 6.1e+01 1.77 1.8e+01 1.84 1.7e-01 1.00 1.71
Set |1l
1332 0.8660 | 1.5e+01 * 4.2e-01 * 1.8e-01 * 1.3e+01 * 0.93
9428 0.4330 | 8.5e+00 0.79 2.7e-01 0.61 1.1e01 069 7.2e+00 0.90 0.97
70884 0.2165 | 4.4e+00 0.95 1.4e-01 0.93 6.2e-02 0.86 3.0e+00 1.25 1.06
549572 0.1083 | 2.2e4+00 0.99 7.1e-02 1.02 3.2e-02 0.98 9.4e-01 1.68 1.25
4327812 0.0542 | 1.1e+00 0.99 3.5e-02 1.02 1.6e-02 1.00 4.7e-01 1.00 1.25
Set IV
1332 0.8660 | 1.5e+01 * 4.2e-01 * 1.8e-01 * 4.9e+00 * 1.32
9428 0.4330 | 8.5e+00 0.79 2.7e-01 0.61 1.1e-01 0.69 3.2e4+00 0.60 1.29
70884 0.2165 | 4.4e+00 0.94 1.4e-01 093 6.3e-02 0.86 1.9e+00 079 1.25
549572 0.1083 | 2.2e+00 0.99 7.1e-02 1.02 3.2e-02 0.99 1.1e+00 0.79 1.20
4327812 0.0542 | 1.1e+00 0.99 3.5e-02 1.02 1.6e-02 1.00 5.7e-01 0.83 1.20

Table 2

Example 2. Error history (degrees of freedom, mesh size, individual errors and experimental rates of convergence) in 3D
for the formulation using the lowest-order FE family and different parameter configurations.

Parameter [Unit] Set I Set 1T Set IIT Set IV
U MPa 4.2 4.2 4.2 4.2
A MPa 2.4 2.4:10° 2.4 2.4
a - 0.12 0.12 0.12 0.12
¢ MPa~! 0.014 0.014 0 0.014
kg m’MPa~!s”!  2.75.1075 2751075  2.75-107° 107!

The error history for the four parameter sets is presented in Table 2, which confirms that all fields converge optimally
in all parameter regimes, except for the pressure in Set IV, which exhibits a slightly suboptimal behaviour. A sample
of numerical solutions are portrayed on the deformed domain in Figure 6.2.
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Y,

Figure 6.3: Example 3. Sketch of the domain and boundary configuration used for the adaptive mesh refinement tests.

6.3. Example 3. Adaptive mesh refinement

Next we investigate the properties (robustness, reliability, and efficiency) of the a posteriori error estimator when
guiding adaptive mesh refinement. We follow the usual approach of solving, then computing the estimator, marking,
and refining. Marking is done as follows [24]: a given K € T, is added to the marking set M, C T, whenever the
local error indicator @ satisfies

Y ei>¢ ) =,

KeM, KeTy,

where ¢ is a user-defined bulk density. All elements in M, are marked for refinement and also some neighbours are
marked for the sake of closure.

We employ the reentrant-corner-singular manufactured solutions for plane elasticity in mixed form developed in
[19]. Let us consider the non-convex rotated L-shaped domain sketched in Figure 6.3, and

_r¥ (—=(x+ Decos(y +110) + (M — y — )M, cos([x — 1]16) _ . z
0=, < (x + Dsin(Ly + 116) + (M + 7 = DM sin(( — 116) ) o=t Sm(" G +"))’

with polar coordinates r = \/x% + xg, 0 = arctan(x,, x;), and parameters y = 0.54448373, M, = —cos([y +

llw)/ cos([y — 1lw), and M, = 2(A+2u)/(u+ A). The boundary conditions (taking as I', the rightmost segments and
I'y the remainder of the boundary) and forcing data are constructed from these solutions and the model parameters are
Young modulus E = 103, Poisson ratio v = 0.49, kg = My = 1,¢y = 0.1, ky = 0.5, a = 0.9, where for this test we
consider again an exponential permeability constitutive equation. Owing to the regularity of these exact solutions, as in
[19] (see also [34]), one expects that the experimental rate of convergence for the planar elasticity unknowns approaches
x (here also the pressure should do so since we use a primal formulation). The agglomeration parameter is chosen as
¢ = 1073, and we perform steps of uniform mesh refinement as well as adaptive mesh refinement. A comparison
of the performance (error history for each individual variable, Newton iteration count) and effectivity index of the a
posteriori error estimator are collected in Figure 6.4. We can observe the expected suboptimal convergence attained
under uniform mesh refinement for all the unknowns (and the stress error dominating). Using adaptive mesh refinement
we see that the initial two refinements are similar to the uniform case but immediately after that, one restores an optimal
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Figure 6.4: Example 3. Performance of the finite element discretization using uniform versus adaptive mesh refinement for
the rotated L-shaped domain with non-smooth solutions.

convergence (in this case, around quadratic). Also, from the left figure we see that the errors produced by the adaptive
mesh refinement are several orders of magnitude smaller than the uniform refinement errors, and using a fraction of
the degrees of freedom. The plot on the right panel indicates that the effectivity index is always bounded near 2.08
for both adaptive and uniform mesh refinement, and we also see that the parametric regime used here requires at most
three Newton iterations for convergence. Samples of adaptively refined meshes and approximate solutions are shown
in Figure 6.5.

6.4. Example 4. Comparison against non-augmented strategy

We close this section with a simple test using Cook’s membrane benchmark to illustrate a possible scenario where
augmentation of the displacement space (providing H'(Q) conformity) can be beneficial. The objective is only to
evaluate the influence of load boundary condition imposition, so we focus on the case of constant permeability, take
the Biot—Willis coefficient a = 0, and compare the proposed augmented scheme with a non-augmented version (where
the displacement is sought in a discontinuous polynomial space and the clamped boundary condition is enforced only
weakly).

The domain is the tapered panel of unit thickness with vertices (0, 0), (48, 44), (48, 60) and (0, 44), sketched in
Figure 6.6. We take as I'p the clamped left edge {x; = 0} and as I'y the remaining three sides, on which we prescribe

t
on=o0y = (O, %) on {x; =48]}, on =0 on the two slanted edges,

so that the panel is subject to a total transverse load of 100 distributed over an edge of length 16. As in Example 1, the
non-homogeneous traction datum is incorporated by a standard lifting argument. The remaining data vanish, f = 0,
g=0and zr = 0.

All the meshes in the family are images of uniform triangulations of the unit square Q= (0, 1) under the bilinear
map

(5C\1,5C\2) —> (48521, 44(5(\1 +5C\2)—285C\15C\2>,

6.1)
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Figure 6.5: Example 3. Adaptively refined meshes and sample of approximate stress magnitude, displacement magnitude,
and pressure distribution plotted on the reference domain.

where  is first partitioned into 2n X n congruent rectangles, each of which is split into two triangles by its left-leaning
diagonal. We take n € {10, 50, 100, 150,200, 250}, which yields 4n? elements and mesh size h = 44 /n; the map (6.1)
is affine along each edge of ﬁ, so the tapered geometry is reproduced exactly.

The elastic parameters are chosen in the nearly incompressible regime, namely E = 250 and v = 0.4999, that is

u = 83.3389, A=4.16611-10°, Ay ~ 4999,

while the remaining model coefficients are the constant permeability k = 1072 and the storativity ¢, = 1. The
stabilisation parameters are taken exactly as prescribed by the proof of Lemma 3.1, thatis §; = % puand 6, = 3/(Cg p),

with Cg the Korn constant in (3.9) and Cx = \/5 Let us stress that, since « = 0 and g = 0, zrr = 0, the mass balance
equation (2.3c) decouples from the momentum and constitutive equations and yields p = 0. The resulting problem is
therefore linear (Newton’s method converges in a single iteration) and the test isolates the behaviour of the poroelastic
stress—displacement—rotation block of the formulation in the nearly incompressible limit, which is precisely the regime
in which the augmentation is expected to pay off.

We compare three discretizations of the panel problem:

(i) the augmented scheme (4.1) with k = 0, that is 6, € H} of Brezzi-Douglas-Marini type BDM,, u,, € Hj
of continuous P, type with u, = 0 imposed strongly on I'p, p;, € H’;l of continuous P, type, and y;, € H;
piecewise constant and skew-symmetric;
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Figure 6.6: Example 4. Sketch of the domain, boundary configuration and applied load for Cook’'s membrane benchmark.
The deflection is monitored at the midpoint (48, 52) of the loaded edge.

(ii) the non-augmented counterpart, obtained by setting 5; = 6, = 0 and replacing H} by the discontinuous space

{v, € L2(Q) : vulx € Py(K) VK € T}, in which case the clamping condition is only imposed weakly
through the term (z,n, O)FD;

(iii) the three-field displacement—total pressure—fluid pressure discretization P, — P; — P of [40, 38].

The last one serves as an independent reference: it is locking-free uniformly in 4 and its displacement is approximated
with quadratic elements, so it provides an accurate value of the quantity of interest per degree of freedom.

Following common practice for this benchmark, we monitor the vertical deflection u, ,(48, 52) at the midpoint of
the loaded edge. The three-field scheme converges to this value monotonically and with experimental rate &~ 1.06 in
h, and its Richardson extrapolation gives the reference value

1 (48,52) = 7.4048 + 21074, (6.2)

which we use to measure the errors e(u,) = |u, ,(48,52) — ur;fl reported below. Note that the deflection converges
with a rate close to one rather than at the rates predicted in Section 4.1; this is consistent with the stress singularities
generated at the two clamped corners (0, 0) and (0, 44), similarly as the non-smooth solutions of Example 3.

Samples of approximate solutions are displayed in Figure 6.7, and a more quantitative study is displayed in
Figure 6.8. None of the three schemes exhibits volumetric locking: all of them approach (6.2) as the mesh is refined
(which would not be the case for a primal discretization with piecewise linear displacements at v = 0.4999). More
relevant for the purpose of this test is the comparison between the augmented and the non-augmented schemes. The
augmented formulation is between four and eleven times more accurate on every mesh of the family, and it achieves
this with fewer degrees of freedom, since the continuous P displacement space is smaller than the discontinuous Py,
one on this mesh family. The augmented deflection approaches (6.2) monotonically from below, and on the finest mesh
it matches the three-field Taylor-Hood deflection to within 2 - 1074, but at the price of roughly 1.7 times as many
unknowns. For the non-augmented scheme, the error stagnates around 1072 and does not decrease between the last
two refinements. These results support the claim that H! (Q)-conformity of the discrete displacement can be beneficial.

7. Conclusions

We have proposed and analyzed an augmented mixed finite element method for a nonlinear Biot poroelasticity
system in which the intrinsic permeability x(u, p) depends explicitly on the solid displacement and the pore fluid
pressure. The augmentation strategy allows to seek u directly in the classical energy space H' (Q), which is the natural
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Figure 6.7: Example 4. Approximate stress magnitude, displacement magnitude, and relevant rotation component computed
with the proposed augmented scheme, with lowest-order polynomial degree, and on a coarse mesh.
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Figure 6.8: Example 4. Computed deflection u, ,(48,52) as a function of the number of degrees of freedom, with a zoom
on the asymptotic range (left, the dotted line indicates the extrapolated reference u‘;f = 7.4048), and the corresponding
error (right).

setting in which to evaluate the nonlinear permeability, while also permitting a strong imposition of the essential
displacement boundary condition. In contrast with the recent works [36, 34], where the coupled problem led to a twofold
saddle-point structure or required decoupling into separate elasticity and diffusion sub-problems, the present strategy
yields a single saddle-point formulation after linearising the permeability, so that well-posedness follows directly from
the classical Babuska—Brezzi theory. Existence and uniqueness of both the continuous and discrete solutions were
established through a Banach fixed-point argument under a smallness assumption on the data. We also derived a
Céa estimate yielding optimal convergence rates, and designed a residual-based a posteriori error estimator, shown
to be reliable and efficient. The numerical tests reported confirm these theoretical properties. Particularly, we have
confirmed some advantages of using augmentation and H'(Q)-conformity of the displacement in Cook’s membrane

F. Lepe, G. Rivera, R. Ruiz-Baier and S. Villa-Fuentes: Preprint submitted to Elsevier Page 28 of 31



Augmented mixed FEM for nonlinear poroelasticity

benchmark in the nearly incompressible regime. Even if both augmented and non-augmented schemes are locking-
free, the augmented formulation is substantially more efficient as it reduces the deflection error by a factor of 4 to 11
compared to the non-augmented version, and using fewer degrees of freedom.

Possible extensions of this study include the time-dependent Biot system, the treatment of anisotropic permeability
laws and the analysis of the augmented formulation for poromechanical models coupled with additional physics such
as reactive or thermally driven flow-transport processes.
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