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Abstract. In this work, we propose and analyze a residual-minimization strategy for the nu-4
merical solution of nonlinear PDEs posed in Banach spaces. Given a finite-dimensional trial space5
and a suitably enriched discrete test space (of higher dimension than the trial space), we approxi-6
mate the solution by minimizing the variational residual in a discrete dual norm. This minimization7
is equivalent to a nonlinear saddle-point formulation for the discrete solution in the trial space to-8
gether with a residual representative in the test space. The latter provides a natural a posteriori9
error estimator, enabling automatic mesh adaptivity. To solve the resulting nonlinear saddle-point10
problem, we propose a Newton iteration whose linearized saddle-point system is symmetric, thereby11
guaranteeing solvability at each step. We take the p-Laplacian as a model problem and support the12
theoretical developments with representative numerical experiments, using standard H1-conforming13
piecewise linear functions for the trial space, and lowest-order Crouzeix–Raviart functions for the14
test space.15
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1. Introduction.18

1.1. Scope. Partial Differential Equations (PDEs) are commonly expressed in19
the abstract form:20 {

Find u ∈ U :

A(u) = F in V∗,
(1.1)21

where the mapping A : U→ V∗ represents the underlying PDE, U and V are infinite-22
dimensional Banach spaces and F ∈ V∗ is a given functional. Although standard23
variational formulations form the basis of finite element discretizations, residual min-24
imization (MinRes) methods have emerged as a robust alternative framework. The25
core idea of MinRes is to reformulate the PDE as an optimization problem by mini-26
mizing the norm of the residual F −A(u) in a suitable dual space.27

Different MinRes strategies based on finite elements have been proposed to nu-28
merically approximate the solution(s) of (1.1) in specific contexts. For instance, when29
the right-hand side functional F is in a Lebesgue space L2, the least-squares method30
[2] can be applied, which reformulates PDE problems as the minimization of a func-31
tional that measures the residual error of the equation in the L2 norm. In the context32
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2 I. MUGA, J. PERERA, S. ROJAS, AND R. RUIZ-BAIER

of Hilbert spaces, the Discontinuous Petrov–Galerkin (DPG) method (see [14], and33
references therein for a recent overview) has established itself as a powerful methodol-34
ogy by minimizing the residual in dual norms, leading to optimal stability properties.35
More recently, these MinRes principles have been extended to the training of neu-36
ral networks, such as in the Robust Variational Physics-Informed Neural Networks37
(RVPINNs) framework (see [26, 16]), which minimizes the discrete dual norm of the38
residual to guarantee stable and robust error estimation.39

Other methods that minimize the residual in dual norms, or tackle negative and40
fractional Sobolev norms in the context of Hilbert spaces, can be found in [8, 9, 23].41
Furthermore, the DPG framework has been extended to analyze nonlinear problems in42
Hilbert spaces, such as quasilinear elliptic PDEs [5], strongly monotone operators [4],43
and more recently, nonlinear evolution equations through multistage time-marching44
schemes [25].45

Nevertheless, many physical phenomena and mathematical models are naturally46
governed by non-quadratic energies and, consequently, are best described in Banach47
spaces rather than Hilbert spaces. A classic example that arises in the modeling of48
non-Newtonian fluids, plasticity, glaciology, and nonlinear diffusion processes is the49
p-Laplacian problem: Given p ∈ (1,∞) and a source term f ∈ (W 1,p

0 (Ω))∗, find50
u ∈W 1,p

0 (Ω) such that:51 {
−∆pu = f in Ω,

u = 0 on ∂Ω,
(1.2)52

where ∆pu := div(|∇u|p−2∇u) and Ω ⊂ Rd is a bounded open set with a Lipschitz53
boundary ∂Ω. For such problems, where the natural function spaces are Sobolev54
spaces W 1,p(Ω) with p 6= 2, restricting the numerical analysis to Hilbert structures is55
theoretically insufficient.56

An approach generalizing residual minimization methods to Banach spaces was57
introduced in [24]. It is worth emphasizing that this framework, as well as the ap-58
proaches in [8, 9], provides a posteriori error estimators that naturally drive adaptive59
mesh refinement. However, while the work in [24] successfully established the theory60
for continuous, bounded-below linear operators, extending it to nonlinear operators61
remains challenging.62

Recent advancements have begun to address the highly nonlinear optimization63
hurdles that arise when minimizing residuals in Banach spaces, proposing strate-64
gies such as variable exponents [18] or regularized Kačanov iterations [28] for linear65
PDEs. Furthermore, as highlighted in [1], the inherent structural differences of the66
p-Laplacian necessitate analyzing the degenerate (p ≥ 2) and singular (1 < p < 2)67
regimes separately to derive accurate stability and convergence bounds.68

In this work, we aim to further bridge this gap by developing residual mini-69
mization methods for nonlinear PDEs that provide an a posteriori error estimator to70
automatically drive adaptivity, particularly when V and its dual space V∗ are strictly71
convex, reflexive Banach spaces.72

1.2. Outline. The remainder of this work is organized as follows. In Section 2,73
we present the necessary preliminaries, including definitions of functional spaces, prop-74
erties of duality maps in strictly convex Banach spaces, and key results on best ap-75
proximation. Section 3 is devoted to the continuous residual minimization method,76
establishing its well-posedness, equivalent characterizations, and a continuous a pos-77
teriori error estimator. In Section 4, we analyze the residual minimization method78
in discrete dual norms. We discuss its stability, provide a convergence analysis, and79
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MINRES FOR NONLINEAR PDES IN BANACH SPACES 3

derive a discrete a posteriori error estimator. Finally, in Section 5, we detail the80
numerical implementation for the p-Laplacian problem, including the finite element81
spaces, the iterative algorithm, and numerical experiments validating our theoretical82
findings.83

2. Preliminaries on functional setting. In this section, we present definitions84
of the function spaces we will consider in our model problem. Furthermore, we briefly85
explore essential results from the theory of residual minimization in Banach spaces.86

Let (X, ‖ ‖X) be a normed space. We will denote by X∗ the dual space of X, and87
will refer to the action of F ∈ X∗ over elements x ∈ X, as a duality pairing between88
X∗ and X. This is,89

〈F, x〉X∗,X := F (x). (2.1)90

Additionally, we denote the dual space X∗ norm as91

‖ • ‖X∗ := sup
x∈X

〈 • , x〉X∗,X
‖x‖X

. (2.2)92

Let Ω ⊂ Rd be a bounded Lipschitz domain, where d ∈ N denotes its spatial dimension.93
For a given p ≥ 1, consider the Sobolev spaces94

W 1,p(Ω) :=

{
v ∈ Lp(Ω) :

∂v

∂xi
∈ Lp(Ω),∀i ∈ {1, · · · , d}

}
,95

equipped with the norm96

‖ • ‖W 1,p(Ω) :=

(
‖ • ‖pLp(Ω) +

d∑
i=1

∥∥∥∥∂( • )

∂xi

∥∥∥∥p
Lp(Ω)

)1/p

,97

where Lp(Ω) stands for the standard Lebesgue space. In addition, consider the sub-98
space W 1,p

0 (Ω) ⊂W 1,p(Ω) being the closure of C∞0 (Ω) (the space of smooth functions99
with compact support on Ω) in the normed space W 1,p(Ω). This is,100

W 1,p
0 (Ω) := C∞0 (Ω)

‖ ‖W1,p(Ω) .101

We recall that, as a consequence of the Poincaré inequality, ‖ ‖W 1,p(Ω) and102

| • |W 1,p(Ω) :=

(ˆ
Ω

|∇( • )|p
)1/p

(2.3)103

are equivalent norms in the space W 1,p
0 (Ω).104

Since these Sobolev spaces, and their dual spaces, are strictly convex and reflexive105
for 1 < p <∞, they possess favorable geometric properties. A key tool that exploits106
these properties is the duality map. Although, in general, the duality map on a Banach107
space X is defined as a multivalued mapping from X to 2X

∗
, when X∗ is strictly convex108

it becomes a single-valued map (see [13, Prop. 12.3]). This property allows us to use109
the following definition of the duality map, which we will consider in this paper.110

Definition 2.1. Let X be a Banach space such that X∗ is strictly convex. For111
p > 1, the duality map Jp,X : X→ X∗ is the unique operator that satisfies:112
i. 〈Jp,X(x), x〉X∗,X = ‖Jp,X(x)‖X∗ ‖x‖X.113

ii. ‖Jp,X(x)‖X∗ = ‖x‖p−1
X .114
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4 I. MUGA, J. PERERA, S. ROJAS, AND R. RUIZ-BAIER

The existence of Jp,X is guaranteed by the Hahn–Banach extension theorem, and115
the uniqueness is due to the strict convexity of X∗. The following result considers a116
distinctive feature of the duality map.117

Proposition 2.1. Let X be a strictly convex Banach space and consider p > 1.118
Let φ : X → R be defined as φ( • ) := 1

p ‖ • ‖
p
X. Then, φ is a Gâteaux differentiable119

functional for all x ∈ X, and its derivative at x ∈ X satisfies the following identity:120

∇φ(x) = Jp,X(x). (2.4)121

Proposition 2.1 is very useful for determining the duality map Jp,X of a Banach space122
X from its norm. For a detailed proof, we refer the reader to [10, Th. 4.4], which es-123
tablishes this relation for generalized duality maps by considering the weight function124
ϕ(t) = tp−1.125

The next result provides a particular case for which the bijectivity of the duality126
map is ensured. For a proof, see, for example, [10, Prop. 4.7].127

Proposition 2.2. Let X and X∗ be strictly convex and reflexive Banach spaces,128
and let Jp,X : X → X∗ be the duality map on X for p > 1. Then the following129
statements hold:130
(a) The duality map Jp,X is bijective.131
(b) If IX : X→ X∗∗ denotes the canonical injection and p∗ = p/(p− 1), then132

Jp∗,X∗ = IX ◦ J−1
p,X. (2.5)133

A last ingredient we require for the subsequent analysis is the duality map of a134
linear subspace.135

Proposition 2.3. Let X be a Banach space such that X∗ is strictly convex, and136
let Jp,X : X→ X∗ be the duality map on X. Let M ⊂ X be a linear subspace of X and137
p > 1. Then, the duality map Jp,M : M→M∗ verify the following identity:138

I∗M ◦ Jp,X ◦ IM = Jp,M, (2.6)139140

where IM : M→ X is the natural injection.141

Proof. The proof for p = 2 can be found in [24, Lem. 2.3]. For p > 1, it follows142
similarly.143

We now present a proposition establishing conditions for the existence and unique-144
ness of the best approximation from a Banach space to a nonempty, closed, and convex145
subset, along with its corresponding a priori bounds.146

Proposition 2.4 (Best approximation and a priori bounds). Let X be a reflexive147
Banach space and let M ⊂ X be a nonempty closed convex subset. Then, for every148
x ∈ X, there exists x̂ ∈M such that149

‖x− x̂‖X = inf
y∈M
‖x− y‖X .150

Furthermore, if X is strictly convex, then x̂ is unique. Additionally, if 0X ∈ M, the151
best approximation x̂ satisfies the a priori bound:152

‖x̂‖X ≤ 2 ‖x‖X .153

Moreover, if M is a closed linear subspace, this bound can be sharpened to:154

‖x̂‖X ≤ CBM(X) ‖x‖X ,155

where CBM(X) ∈ [1, 2] is the Banach–Mazur constant of X.156
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Remark 2.1. For the precise statement regarding the conditions for the existence157
and uniqueness of the best approximation, we refer to [6, Problem 5.14-4]. The deriva-158
tion of the standard a priori bounds can be found in [24, Prop. 3.5]. It is worth noting159
that standard bounds in general Banach spaces can be pessimistic. To obtain the sharp-160
ened estimate involving the Banach–Mazur constant CBM(X), it is necessary to exploit161
specific geometric properties of X, particularly its proximity to a Euclidean space. For162
a formal definition of this constant and further geometric insights, see [27, Def. 2].163

3. Residual minimization in dual norms. Let us consider a finite-164
dimensional subspace Uh ⊂ U. The residual minimization problem applied to problem165
(1.1) is as follows: given a F ∈ V∗ and p > 1, find uh ∈ Uh such that166

uh = arg min
wh∈Uh

1

p∗
‖F −A(wh)‖p

∗

V∗ , (3.1)167
168

where p∗ is such that p∗p = p∗ + p. When analyzing problem (3.1), we assume the169
existence and uniqueness of a solution to the abstract problem (1.1).170

For the problem (3.1) to be well-posed, the following assumptions are established.171

Assumption 3.1. In problem (3.1), we assume the following statements:172
1. Existence: V∗ is reflexive and A(Uh) is a nonempty closed convex subset of V∗.173
2. Uniqueness: V∗ is strictly convex and A : U→ V∗ is injective.174
3. Stability: There exists α > 0 such that ‖w‖U . ‖A(w)‖αV∗ for all w ∈ U.175

Indeed, assuming the above statements, from Proposition 2.4 it follows that there176
exists a unique F̂h ∈ A(Uh) such that177 ∥∥∥F − F̂h∥∥∥

V∗
= min
Gh∈A(Uh)

‖F −Gh‖V∗ . (3.2)178
179

In addition, since A : U → V∗ is injective, then there exists a unique uh ∈ Uh such180
that A(uh) = F̂h. Thus, the existence and uniqueness of a solution to problem (3.1)181
is guaranteed. Hypothesis (3) is assumed to ensure the stability of the method, since182
Proposition 2.4 shows that183

‖uh‖U ≤ ‖A(uh)‖αV∗ ≤ 2α ‖F‖αV∗ .184185

3.1. Useful characterizations. Herein, we provide a characterization of the186
solution obtained by the MinRes method, which is a central result of this work.187

Theorem 3.1 (Problem equivalence). Let A : U→ V∗ be a Fréchet differentiable188
operator where V and V∗ are strictly convex and reflexive Banach spaces. Let Uh be189
a finite-dimensional subspace of U. Given F ∈ V∗, the statements listed below are190
equivalent:191

1. uh is a solution to the minimization problem (3.1).192
2. For all p > 1, uh ∈ Uh is a solution of the problem:193 〈

∇A(uh)wh, J
−1
p,V(F −A(uh))

〉
V∗,V

= 0, ∀wh ∈ Uh. (3.3)194
195
196

3. For all p > 1, there exists a residual representative r ∈ V, such that (r, uh) ∈197
V× Uh solves the semi-infinite mixed formulation:198 {

〈Jp,V(r), v〉V + 〈A(uh), v〉V∗,V = 〈F, v〉V∗,V , ∀v ∈ V,

〈∇A(uh)wh, r〉V∗,V = 0, ∀wh ∈ Uh.
(3.4)199

200
201
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Proof. Let us consider the functional F : Uh → R such that202

F(wh) :=
1

p∗
‖F −A(wh)‖p

∗

V∗ .203

Thus, we can rewrite the problem (3.1) as: find uh ∈ Uh such that204

uh = arg min
wh∈Uh

F(wh).205

From (2.4), we arrive at the following expression:206

∇F(uh)wh =
d

dt
F(uh + twh)

∣∣∣
t=0

=
d

dt

1

p∗
‖F −A(uh + twh)‖p

∗

V∗

∣∣∣
t=0

207

= −Jp∗,V∗(F −A(uh + twh))∇A(uh + twh)wh

∣∣∣
t=0

208

= −Jp∗,V∗(F −A(uh))∇A(uh)wh.209210

Writing the above with a duality product and taking into account the identity211
(2.5), we obtain that212

〈∇F(uh), wh〉U∗,U = −〈Jp∗,V∗(F −A(uh)),∇A(uh)wh〉V∗∗,V∗213

= −
〈(
IV ◦ J−1

p,V

)
(F −A(uh)),∇A(uh)wh

〉
V∗∗,V∗

214

= −
〈
∇A(uh)wh, J

−1
p,V(F −A(uh))

〉
V∗,V

.215
216

So, after setting r := J−1
p,V(F −A(uh)) ∈ V, it follows that (1) ⇔ (2) ⇔ (3).217

Note that, from the definition of the duality map Jp,V and taking into account218
that Jp,V(r) := F −A(uh), it follows that:219

‖F −A(uh)‖V∗ = ‖r‖p−1
V .220

The following subsection presents an a posteriori error estimate based on this residual221
representative.222

3.2. A continuous a posteriori error estimator. In this section, we derive223
reliability and efficiency estimates for the residual minimization method applied to the224
p-Laplacian problem for p ∈ (1,∞). We begin by stating some fundamental properties225
of the p-Laplacian operator, which are proven in [17, Sect. 5].226

Lemma 3.1 (Properties of the p-Laplacian). Let U = V = W 1,p
0 (Ω) and let227

A : V→ V∗ be the p-Laplacian operator defined as228

〈A(u), v〉V∗,V :=

ˆ
Ω

|∇u|p−2∇u · ∇v dx, ∀u, v ∈ V. (3.5)229
230

Then, for p > 1, there exist positive constants CL, cL, CM, cM that depend on p, such231
that for all u,w ∈ V, the operator A satisfies:232
(i) Continuity:233

‖A(u)−A(w)‖V∗ ≤

{
CL (‖u‖V + ‖w‖V)

p−2 ‖u− w‖V if p ≥ 2,

cL ‖u− w‖p−1
V if 1 < p < 2.

(3.6)234
235
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(ii) Monotonicity:236

〈A(u)−A(w), u− w〉V∗,V ≥

{
CM ‖u− w‖pV if p ≥ 2,

cM (‖u‖V + ‖w‖V)
p−2 ‖u− w‖2V if 1 < p < 2.

(3.7)

237

238

Additionally, the following lemma will be used to obtain several results presented239
in this paper applied to the p-Laplacian problem.240

Lemma 3.2 (Auxiliary bounds). Let U = V = W 1,p
0 (Ω) with p ∈ (1,∞) and let241

u be the solution to the abstract problem (1.1), where A : U → V∗ is the p-Laplacian242
operator defined in (3.5). Let uh ∈ Uh be the solution to the MinRes problem (3.1),243
and let ûh ∈ Uh be the best approximation to u. Then, the following bounds hold:244

(i) ‖u‖V ≤ ‖F‖
1
p−1

V∗ .245

(ii) ‖uh‖V ≤ 2
1
p−1 ‖F‖

1
p−1

V∗ .246

(iii) ‖ûh‖V ≤ CBM(V) ‖F‖
1
p−1

V∗ , where CBM(V) is the Banach–Mazur constant of V247
introduced in Remark 2.1.248

Proof. Directly from the definition of the operator in (3.5), we have the identity249

〈A(v), v〉V∗,V = ‖v‖pV ∀v ∈ V. (3.8)250251

Item (i) follows from applying (3.8) to the exact solution: ‖u‖pV = 〈A(u), u〉V∗,V ≤252
‖F‖V∗ ‖u‖V.253

For (ii), since 0 ∈ Uh and A(0) = 0, the minimization property guarantees254
‖F −A(uh)‖V∗ ≤ ‖F −A(0)‖V∗ = ‖F‖V∗ . By the triangle inequality, ‖A(uh)‖V∗ ≤255
2 ‖F‖V∗ . Using (3.8) for uh, we have ‖uh‖pV = 〈A(uh), uh〉V∗,V ≤ ‖A(uh)‖V∗ ‖uh‖V.256

Dividing by ‖uh‖V gives ‖uh‖p−1
V ≤ ‖A(uh)‖V∗ ≤ 2 ‖F‖V∗ , which directly implies (ii).257

Finally, from Proposition 2.4, we know that ‖ûh‖V ≤ CBM(V) ‖u‖V. Combining258
this with (i) implies (iii).259

Based on these properties, we establish the following error estimator.260

Theorem 3.2 (Continuous a posteriori error estimator). Let u and uh be the261
solutions of the abstract problem (1.1) and the MinRes problem (3.1), respectively.262
Let r ∈ V be the residual representative defined in Theorem 3.1. Then, the following263
global error estimates hold:264 {

C1 ‖r‖p−1
V ≤ ‖u− uh‖V ≤ C2 ‖r‖V if p ≥ 2,

c1 ‖r‖V ≤ ‖u− uh‖V ≤ c2 ‖r‖
p−1
V if 1 < p < 2,

(3.9)265
266

where267

C1 = C−1
L (1 + CBM(V))2−p ‖F‖−

p−2
p−1

V∗ ; C2 = C
− 1
p−1

M ;268

c1 = c
− 1
p−1

L ; c2 = c−1
M

(
1 + 2

1
p−1

)2−p
‖F‖

2−p
p−1

V∗ .269
270

Proof. For p ≥ 2, we first prove the lower bound. Let ûh be the best aproximation271
of u in Uh. Using the optimality of uh in (3.1) and the Lipschitz continuity property272
(3.6), we obtain:273

‖r‖p−1
V = ‖F −A(uh)‖V∗ ≤ ‖F −A(ûh)‖V∗ ≤ CL (‖u‖V + ‖ûh‖V)

p−2 ‖u− ûh‖V .274
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275

Invoking Lemma 3.2 and noting ‖u− ûh‖V ≤ ‖u− uh‖V, we get the lower bound.276
For the upper bound, using the strong monotonicity (3.7) and the fact that Jp,V(r) =277
F −A(uh), we get:278

CM ‖u− uh‖pV ≤ 〈A(u)−A(uh), u− uh〉V∗,V ≤ ‖Jp,V(r)‖V∗ ‖u− uh‖V279

= ‖r‖p−1
V ‖u− uh‖V .280281

Simplifying gives the upper bound. For 1 < p < 2, the lower bound follows directly282
from the definition of the residual and the Hölder continuity (3.6):283

‖r‖p−1
V = ‖A(u)−A(uh)‖V∗ ≤ cL ‖u− uh‖

p−1
V =⇒ c

− 1
p−1

L ‖r‖V ≤ ‖u− uh‖V .284285

For the upper bound, using the degenerate strong monotonicity (3.7), we get:286

cM (‖u‖V + ‖uh‖V)
p−2 ‖u− uh‖2V ≤ 〈A(u)−A(uh), u− uh〉V∗,V ≤ ‖r‖

p−1
V ‖u− uh‖V .287288

Dividing by ‖u− uh‖V and bounding the weight term using Lemma 3.2 (i) and (ii)289
yields the result.290

4. Residual minimization in discrete dual norms. A complication of the291
formulation (3.1) is that the dual norm in practice may not be computable, which292
happens when the space V is intractable (e.g., when V = W 1,p

0 (Ω)). One way to solve293
this complication is to restrict the supremum to a discrete normed space (Vh, ‖ ‖Vh)294
which may be non-conforming (i.e. Vh 6⊂ V). For this modification to make sense295
with a non-conforming space Vh, we will assume the following:296

Assumption 4.1. Let Vh be a finite-dimensional normed space and let297
V(h) := V + Vh be endowed with a norm denoted by ‖ ‖h. We assume the follow-298
ing:299

1. ‖v‖h ∼= ‖v‖V and ‖vh‖h ∼= ‖vh‖Vh for all v ∈ V and vh ∈ Vh.300
2. There exists Ah : U→ V(h)∗ such that Ah(w)|V = A(w) for all w ∈ U.301

In this way, we can define the following discrete MinRes problem: given an Fh ∈302
V(h)∗ and p > 1, find uh ∈ Uh such that303

uh = arg min
wh∈Uh

1

p∗
‖I∗h(Fh −Ah(wh))‖p

∗

(Vh)∗ , (4.1)304
305

where Ih : Vh → V(h) is the natural injection and306

‖ • ‖(Vh)∗ := sup
vh∈Vh

〈 • , vh〉V(h)∗,V(h)

‖vh‖h
.307

308

Here, the notation (Vh)∗ is used to avoid confusion with a discrete subspace V∗h ⊂ V∗.309
For the well-posedness of problem (4.1), we establish the same assumptions as310

in the exact method (Assumption 3.1), but replacing the space V by V(h) and the311
operator A by Ah. However, in this case, we need an additional hypothesis to ensure312
the solution is unique. Thus, we have the following assumptions.313

Assumption 4.2. In problem (4.1), we assume the following statements:314
1. U and Uh are subspaces of V(h) and Vh, respectively.315
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2. Ah is a strictly monotone operator, i.e.,316

〈Ah(u)−Ah(w), u− w〉V(h)∗,V(h) > 0, ∀u,w ∈ U, u 6= w.317

Assumption 4.2 is necessary since there might exist some ũh 6= uh in Uh such that318

〈Ah(uh)−Ah(ũh), vh〉(Vh)∗,Vh = 0, ∀vh ∈ Vh, (4.2)319320

but Ah(uh) 6= Ah(ũh) in V(h)∗. But, if Ah is strictly monotone, setting vh := uh− ũh321
in (4.2), it follows that uh = ũh. Furthermore, note that U ⊂ V(h) and Uh ⊂ Vh are322
necessary to make sense of the duality products in (4.2).323

4.1. Discrete characterizations. Similarly to the exact method, a result that324
characterizes the solution to problem (4.1) is presented in the following theorem.325

Theorem 4.1 (Discrete problem equivalence). Let Ah : U→ V(h)∗ be a Fréchet326
differentiable operator. Assume that V and V∗ are strictly convex and reflexive Banach327
spaces, and that Assumption 4.1 holds true. Let Uh be a discrete subspace of U and328
let Vh be a finite-dimensional normed space. Given Fh ∈ V(h)∗, the statements listed329
below are equivalent:330
i. uh is a solution to the minimization problem (4.1).331
ii. For all p > 1, uh ∈ Uh is a solution of the problem:332 〈

∇Ah(uh)wh , IhJ
−1
p,Vh ◦ I

∗
h(Fh −Ah(uh))

〉
V(h)∗,V(h)

= 0, ∀wh ∈ Uh. (4.3)333
334
335

iii. For all p > 1, there exists a residual representative rh ∈ Vh, such that (rh, uh) ∈336
Vh × Uh solves the finite-dimensional mixed formulation:337 〈

Jp,V(h)(rh), vh
〉
V(h)∗,V(h)

+ 〈Ah(uh), vh〉V(h)∗,V(h) = 〈Fh, vh〉V(h)∗,V(h) , (4.4a)338

〈∇Ah(uh)wh, rh〉V(h)∗,V(h) = 0, (4.4b)339340

for all (vh, wh) ∈ Vh × Uh.341

Proof. Analogously to the proof of Theorem 3.1, we consider the functional Fh :342
Uh → R defined by343

Fh(wh) :=
1

p∗
∥∥I∗h(Fh −Ah(wh)

)∥∥p∗
(Vh)∗

.344

Using (2.4), we derive its gradient as follows:345

〈∇Fh(uh), wh〉U∗h,Uh = −
〈
∇Ah(uh)wh , IhJ

−1
p,Vh◦ I

∗
h

(
Fh −Ah(uh)

)〉
V(h)∗,V(h)

. (4.5)346
347

Since uh minimizes Fh if and only if the gradient vanishes for all wh ∈ Uh, this348
establishes the equivalence (i) ⇔ (ii).349

Finally, we define the discrete residual representative rh := J−1
p,Vh ◦ I

∗
h

(
Fh −350

Ah(uh)
)
∈ Vh. By applying the duality map Jp,Vh to both sides and invoking Propo-351

sition 2.3 (which states that Jp,Vh = I∗hJp,V(h)Ih), we obtain the following identity352

I∗h ◦ Jp,V(h)(Ihrh) = I∗h
(
Fh −Ah(uh)

)
,353354

in (Vh)∗. This equality is equivalent to the variational statement:355 〈
Jp,V(h)(rh), vh

〉
V(h)∗,V(h)

= 〈Fh −Ah(uh), vh〉V(h)∗,V(h) , ∀vh ∈ Vh,356
357

which corresponds exactly to (4.4a). Combining this with the definition of rh substi-358
tuted into (4.5), it follows that (ii) ⇔ (iii).359
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4.2. Convergence analysis. In this section, we present a convergence analysis360
of the discrete MinRes method applied to the p-Laplacian problem with p ∈ (1,∞),361
with the configuration described below. Let Ω ⊂ Rd (with d ∈ {2, 3}) be a polygonal362
or polyhedral domain, and let T h be a conforming simplicial mesh of Ω. Let Vh363
be the lowest-order Crouzeix–Raviart finite element space [11] that vanishes at the364
barycenters of the boundary faces, and let Uh ⊂ Vh be the H1-conforming subspace.365
Let U = V = W 1,p

0 (Ω) and let V(h) := V + Vh endowed with the broken norm366

‖ • ‖ph :=
∑
T∈T h

| • |W 1,p(T ). (4.6)367

As an extension of the p-Laplacian operator, let us consider Ah : U→ V(h)∗ defined368
as369

〈Ah(u), v〉V(h)∗,V(h) :=
∑
T∈T h

ˆ
T

|∇u|p−2∇u · ∇v dx, ∀(u, v) ∈ U× V(h). (4.7)370

371

As shown below, with this configuration, the extended operator Ah satisfies a372
property similar to one of those established in Lemma 3.1 for the p-Laplacian operator.373
The convergence of the proposed method follows from the properties presented below.374

Lemma 4.1 (Local Lipschitz continuity). Let U = V = W 1,p
0 (Ω) and let Vh be the375

Crouzeix–Raviart finite element space that vanishes at the midpoint of the boundary.376
Let V(h) := V + Vh endowed with the broken norm (4.6) and let Ah : U → V(h)∗ be377
the extended p-Laplacian operator defined in (4.7). Then, the operator Ah satisfies378
the continuity properties with the same constants CL and cL defined in Lemma 3.1:379

‖Ah(u)−Ah(w)‖V(h)∗ ≤

CL

(
‖u‖V + ‖w‖V

)p−2

‖u− w‖V if p ≥ 2,

cL ‖u− w‖p−1
V if 1 < p < 2.

(4.8)380

381

Proof. For p = 2, the result is trivial. We proceed with the proof for p > 2. We382
rely on the following vector inequality (see [20, Lem. 2.1]): For any ξ, ζ ∈ Rd, there383
exists a constant C > 0 such that384 ∣∣|ξ|p−2ξ − |ζ|p−2ζ

∣∣ ≤ C(|ξ|+ |ζ|)p−2|ξ − ζ|. (4.9)385386

Let u,w ∈ V. Using the definition of Ah and the triangle inequality, we have387

∣∣〈Ah(u)−Ah(w), z〉
∣∣ =

∣∣∣∣∣∣
∑
T∈T h

ˆ
T

(
|∇u|p−2∇u− |∇w|p−2∇w

)
· ∇z dx

∣∣∣∣∣∣388

≤
∑
T∈T h

ˆ
T

∣∣|∇u|p−2∇u− |∇w|p−2∇w
∣∣ |∇z|dx ∀z ∈ V(h).389

390

Applying the inequality (4.9) pointwise inside the integrals, we obtain391 ∣∣〈Ah(u)−Ah(w), z〉
∣∣ ≤ C ∑

T∈T h

ˆ
T

(
|∇u|+ |∇w|

)p−2|∇(u− w)||∇z|dx.392

393

Now, we apply the generalized Hölder inequality with exponents r = p
p−2 , s = p, and394

t = p (satisfying 1/r+1/s+1/t = 1). Since the sum of integrals over disjoint elements395
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is equivalent to the integral over the whole domain, we can apply Hölder directly to396
the summation397

∣∣〈Ah(u)−Ah(w), z〉
∣∣ ≤ C

 ∑
T∈T h

∥∥∥(|∇u|+ |∇w|)
p
r

∥∥∥r
Lr(T )

 1
r

398

×

 ∑
T∈T h

‖∇(u− w)‖pLp(T )

 1
p
 ∑
T∈T h

‖∇z‖pLp(T )

 1
p

399

= C

 ∑
T∈T h

ˆ
T

(|∇u|+ |∇w|)p dx


p−2
p

‖u− w‖V ‖z‖h .400

401

Recognizing the first term as the global Lp-norm raised to the power p−2, we conclude402 ∣∣〈Ah(u)−Ah(w), z〉
∣∣ ≤ C ‖|∇u|+ |∇w|‖p−2

Lp(Ω) ‖u− w‖V ‖z‖h403

≤ C
(
‖u‖V + ‖w‖V

)p−2 ‖u− w‖V ‖z‖h .404405

The result follows by dividing by ‖z‖h and taking the supremum over z ∈ V(h) \ {0}.406
For 1 < p < 2, the proof follows an analogous structure. Instead of (4.9), we407

employ the vector inequality
∣∣|ξ|p−2ξ − |ζ|p−2ζ

∣∣ ≤ 22−p|ξ−ζ|p−1 valid for p < 2 (see,408
e.g., [19, Chapter 12]). Applying this inequality pointwise within the integrals over409
each element T ∈ T h, the result is directly obtained by using the standard Hölder’s410
inequality with conjugate exponents p/(p− 1) and p over the broken domain.411

The constants CL and cL arise exclusively from the algebraic vector inequalities412
applied pointwise within each element T ∈ T h. Consequently, they are independent413
of the global continuity of the functions across the mesh interfaces, and they coincide414
exactly with the constants of the continuous operator A established in Lemma 3.1.415

For the convergence analysis, we define the consistency error functional416
Eh(u) ∈ V(h)∗ as417

Eh(u) := Fh −Ah(u), (4.10)418

for a given Fh ∈ V(h)∗. We then have the following Céa-type estimate.419

Theorem 4.2 (Céa estimate). Let u and uh be the solutions of the abstract420
problem (1.1) and the discrete MinRes problem (4.1), respectively, with the spaces,421
norm, and operator described in Lemma 4.1. Let Eh(u) ∈ V(h)∗ be the consistency422
error functional defined in (4.10). Assume that the best approximation error is small423
enough such that infwh∈Uh ‖u− wh‖V < 1. Then, the following error estimate holds:424

‖u− uh‖V ≤ Capp inf
wh∈Uh

‖u− wh‖αV + Ccons ‖Eh(u)‖β(Vh)∗ ,425

where the exponents are given by:426

α :=

{
1
p−1 if p ≥ 2,

p− 1 if 1 < p < 2.
and β :=

{
1
p−1 if p ≥ 2,

1 if 1 < p < 2.
427

The stability constants are defined as:428

Capp :=

1 +
(

2CL(1+CBM(V))p−2

CM

) 1
p−1 ‖F‖

p−2

(p−1)2

V∗ if p ≥ 2,

1 + cLCcons if 1 < p < 2.
429
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430

Ccons :=


(

2
CM

) 1
p−1

if p ≥ 2,

2
cM

(
2

1
p−1 + CBM(V)

)2−p
‖F‖

2−p
p−1

V∗ if 1 < p < 2.

431

Proof. Let us start considering p ≥ 2. Let wh ∈ Uh be arbitrary. By the triangle432
inequality, we have433

‖u− uh‖V ≤ ‖u− wh‖V + ‖uh − wh‖V . (4.11)434

We focus on bounding the second term, ‖uh − wh‖V. Since Uh ⊂ Vh, we can identify435
norms in V and V(h) restricted to Uh.436

Using the strong monotonicity (3.7) and the fact that uh minimizes the residual,437
we derive438

CM ‖uh − wh‖p−1
V ≤

〈A(uh)−A(wh), uh − wh〉V∗,V
‖uh − wh‖V

439

=
〈Ah(uh)−Ah(wh), uh − wh〉V(h)∗,V(h)

‖uh − wh‖h
440

≤ ‖Ah(uh)−Ah(wh)‖(Vh)∗441

≤ ‖Fh −Ah(uh)‖(Vh)∗ + ‖Fh −Ah(wh)‖(Vh)∗442

≤ 2 ‖Fh −Ah(wh)‖(Vh)∗ .443444

Since Ah(u) = Fh+Eh(u) in (Vh)∗, we apply the triangle inequality to bound the445
discrete residual:446

‖Fh −Ah(wh)‖(Vh)∗ ≤ ‖Fh −Ah(u)‖(Vh)∗ + ‖Ah(u)−Ah(wh)‖(Vh)∗447

= ‖Eh(u)‖(Vh)∗ + ‖Ah(u)−Ah(wh)‖(Vh)∗ .448449

Bounding the discrete dual norm by the full dual norm and applying Lemma 4.1,450
we obtain451

CM ‖uh − wh‖p−1
V ≤ 2 ‖Eh(u)‖(Vh)∗ + 2CL (‖u‖V + ‖wh‖V)

p−2 ‖u− wh‖V .452

Thus, since (a+ b)q ≤ aq + bq for 0 < q < 1,453

‖uh − wh‖V ≤
(

2

CM

) 1
p−1

‖Eh(u)‖
1
p−1

(Vh)∗+

(
2CL

CM

) 1
p−1

(‖u‖V + ‖wh‖V)
p−2
p−1 ‖u− wh‖

1
p−1

V .454

Substituting this back into (4.11), taking wh as the best approximation ûh of u in Uh455
and applying Lemma 3.2, we get456

‖u− uh‖V ≤ ‖u− ûh‖V +

(
2CL(1 + CBM(V))p−2

CM

) 1
p−1

‖F‖
p−2

(p−1)2

V∗ ‖u− ûh‖
1
p−1

V

+

(
2

CM

) 1
p−1

‖Eh(u)‖
1
p−1

(Vh)∗ .

457

Consequently, assuming ‖u− ûh‖V < 1 (so that ‖u− ûh‖V ≤ ‖u− ûh‖
1/(p−1)
V for458

p ≥ 2), the proof is completed for p ≥ 2.459
The proof for 1 < p < 2 proceeds analogously. It relies on applying Lemmas 3.1460

and 4.1, and controlling the resulting weight term (‖uh‖V + ‖wh‖V)
2−p by means of461

the a priori bounds provided in Lemma 3.2.462
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Remark 4.1. It is important to note that Theorem 4.2 only provides a theoretical463
lower bound for the convergence rate. In practice, our numerical experiments exhibit464
convergence rates that exceed those predicted by this theorem. The suboptimal theoret-465
ical rate stems from the fact that the proof strictly relies on global vector inequalities466
to control the monotonicity and continuity of the operator, as in Lemma 4.1. Con-467
sequently, the analysis yields pessimistic a priori bounds because it does not exploit468
the local regularity of the exact solution. Such local regularity is typically essential to469
derive sharp and optimal error estimates for nonlinear PDEs.470

4.3. Discrete a posteriori error estimator. In this section, we derive an a471
posteriori error estimator for the discrete MinRes method. We define the discrete472
residual representative rh ∈ Vh as in Theorem 4.1.473

First, we establish the estimator’s efficiency (lower bound). This result relies474
solely on the properties of the operator Ah and the approximation properties of the475
space Uh, without requiring additional stability assumptions.476

Proposition 4.1 (Efficiency). Let u and uh be the solutions of problems (1.1)477
and (4.1), respectively. Let Eh(u) ∈ V(h)∗ be the consistency error functional defined478
in (4.10). Then, the following lower bounds hold:479 ‖rh‖

p−1
h ≤ C ‖u− uh‖V + ‖Eh(u)‖(Vh)∗ if p ≥ 2,

‖rh‖p−1
h ≤ cL ‖u− uh‖p−1

V + ‖Eh(u)‖(Vh)∗ if 1 < p < 2,
(4.12)480

where C := CL(1 + CBM(V))p−2 ‖F‖
p−2
p−1

V∗ .481

Proof. Recall that ‖rh‖p−1
h = ‖Fh −Ah(uh)‖(Vh)∗ . Since uh is the minimizer in482

Uh, for any wh ∈ Uh, we have483

‖rh‖p−1
h ≤ ‖Fh −Ah(wh)‖(Vh)∗484

≤ ‖Ah(u)−Ah(wh)‖(Vh)∗ + ‖Fh −Ah(u)‖(Vh)∗485

= ‖Ah(u)−Ah(wh)‖(Vh)∗ + ‖Eh(u)‖(Vh)∗ .486487

For p ≥ 2: Applying Lemma 4.1 for the specific approximation wh := ûh defined in488
Lemma 3.2, and invoking the a priori bounds provided therein, gives489

‖rh‖p−1
h ≤ CL(1 + CBM(V))p−2 ‖F‖

p−2
p−1

V∗ ‖u− ûh‖V + ‖Eh(u)‖(Vh)∗ .490

The result follows directly since ‖u− ûh‖V ≤ ‖u− uh‖V.491

For 1 < p < 2: We evaluate the error bound directly by choosing wh := uh. Applying492
the Hölder continuity from Lemma 4.1, it immediately yields:493

‖rh‖p−1
h ≤ ‖Ah(u)−Ah(uh)‖(Vh)∗ + ‖Eh(u)‖(Vh)∗494

≤ cL ‖u− uh‖p−1
V + ‖Eh(u)‖(Vh)∗ ,495496

which completes the proof.497

On the other hand, establishing the estimator’s reliability (upper bound) requires498
the following additional assumption.499

Assumption 4.3 (Fortin operator). There exists a linear operator Πh : V(h)→500
Vh and a constant CΠ > 0 such that:501 {

‖Πhv‖h ≤ CΠ ‖v‖h , ∀v ∈ V(h),

〈Ah(wh), v −Πhv〉V(h)∗,V(h) = 0, ∀wh ∈ Uh, ∀v ∈ V(h).
502
503
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Under this assumption, we define the data oscillation term as:504

osc(Fh) := sup
v∈V(h)

〈Fh, v −Πhv〉V(h)∗,V(h)

‖v‖h
.505

506

We are now in a position to state the reliability estimate.507

Theorem 4.3 (Reliability). Let u and uh be the solutions of problems (1.1) and508
(4.1), respectively. Let Eh(u) ∈ V(h)∗ be the consistency error functional, defined such509
that Fh−Ah(u) = Eh(u) in V(h)∗. Under Assumption 4.3, the following upper bound510
holds:511

‖u− uh‖V .

‖Eh(u)‖
1
p−1

V(h)∗ + osc(Fh)
1
p−1 + ‖rh‖h if p ≥ 2,

‖Eh(u)‖V(h)∗ + osc(Fh) + ‖rh‖p−1
h if 1 < p < 2.

(4.13)512

513

Here, the hidden constants depend on the monotonicity constants, CΠ, p, and, for514
1 < p < 2, on the a priori bounds of u and uh.515

Proof. For any v ∈ V(h), we decompose the action of the error using the identity516
Ah(u) + Eh(u) = Fh in V(h)∗ and the splitting v = (v −Πhv) + Πhv:517

〈Ah(u)−Ah(uh), v〉V(h)∗,V(h) = 〈Ah(u)− Fh, v〉V(h)∗,V(h) + 〈Fh −Ah(uh), v〉V(h)∗,V(h)518

= −〈Eh(u), v〉V(h)∗,V(h) + 〈Fh, v −Πhv〉V(h)∗,V(h)519

− 〈Ah(uh), v −Πhv〉V(h)∗,V(h)520

+ 〈Fh −Ah(uh),Πhv〉V(h)∗,V(h) .521522

Using the orthogonality property of the Fortin operator Πh (since uh ∈ Uh),523
considering that Jp,V(h)(rh) = Fh −Ah(uh) in (Vh)∗, we derive:524

〈Ah(u)−Ah(uh), v〉V(h)∗,V(h) ≤ ‖Eh(u)‖V(h)∗ ‖v‖h + osc(Fh) ‖v‖h525

+
〈
Jp,V(h)(rh),Πhv

〉
V(h)∗,V(h)

526

≤
(
‖Eh(u)‖V(h)∗ + osc(Fh) + CΠ ‖rh‖p−1

h

)
‖v‖h .527

528

Dividing by ‖v‖h and taking the supremum over v ∈ V(h), we obtain the bound529
for the dual norm:530

‖Ah(u)−Ah(uh)‖V(h)∗ ≤ ‖Eh(u)‖V(h)∗ + osc(Fh) + CΠ ‖rh‖p−1
h . (4.14)531532

For p ≥ 2: Using the strong monotonicity (3.7), we have CM ‖u− uh‖p−1
V ≤533

‖Ah(u)−Ah(uh)‖V(h)∗ . Combining this with (4.14), raising both sides to the power534
1
p−1 , and applying the inequality (a+ b+ c)q ≤ aq + bq + cq (valid for 0 < q ≤ 1), we535
obtain the desired result.536

For 1 < p < 2: Using the degenerate strong monotonicity (3.7), we derive537

cM (‖u‖h + ‖uh‖h)
p−2 ‖u− uh‖V ≤ ‖Ah(u)−Ah(uh)‖V(h)∗ .538539

Utilizing (4.14) and bounding the weight term (‖u‖h + ‖uh‖h)
2−p with the a priori540

bounds from Lemma 3.2, the upper estimate follows.541
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The reliability estimate in Theorem 4.3 involves the data oscillation term osc(Fh),542
which depends on the smoothness of the data relative to the discrete space. The follow-543
ing proposition establishes that osc(Fh) is indeed bounded by the best approximation544
error of the exact solution.545

Proposition 4.2 (Bound on data oscillation). Let u be the solution of (1.1).546
Let Eh(u) ∈ V(h)∗ be the consistency error functional defined in (4.10). Under As-547
sumption 4.3, for all p > 1, the data oscillation term satisfies:548

osc(Fh) ≤ C inf
wh∈Uh

‖u− wh‖αV + (1 + CΠ) ‖Eh(u)‖(Vh)∗ , (4.15)549

where α = min{1, p− 1} and550

C =

CL(1 + CΠ)(1 + CBM(V))p−2 ‖F‖
p−2
p−1

V∗ if p ≥ 2,

cL(1 + CΠ) if 1 < p < 2.
551

Proof. Let v ∈ V(h) and let wh ∈ Uh be arbitrary. Using the algebraic identity552
Fh = Ah(u) + Eh(u) in V(h)∗, and the orthogonality property of the Fortin operator553
〈Ah(wh), v −Πhv〉 = 0 (Assumption 4.3), we derive554

〈Fh, v −Πhv〉V(h)∗,V(h) = 〈Ah(u) + Eh(u)−Ah(wh), v −Πhv〉V(h)∗,V(h)555

≤
(
‖Ah(u)−Ah(wh)‖V(h)∗ + ‖Eh(u)‖V(h)∗

)
‖v −Πhv‖h556

≤ (1 + CΠ)
(
‖Ah(u)−Ah(wh)‖V(h)∗ + ‖Eh(u)‖V(h)∗

)
‖v‖h .557

558

Dividing by ‖v‖h and taking the supremum over v ∈ V(h) \ {0}, it follows that559

osc(Fh) ≤ (1 + CΠ) ‖Ah(u)−Ah(wh)‖V(h)∗ + (1 + CΠ) ‖Eh(u)‖V(h)∗ . (4.16)560561

For p ≥ 2: We apply the Lipschitz continuity of Ah from Lemma 4.1 to bound the562
first term. By choosing wh as the best approximation ûh and using the a priori bounds563
from Lemma 3.2 to control the weight (‖u‖V + ‖ûh‖V)

p−2, we obtain the constant C564
and the linear dependence on ‖u− ûh‖V.565

For 1 < p < 2: We apply the Hölder continuity of Ah from Lemma 4.1 directly, which566
immediately yields the bound in (4.16) with exponent p− 1, completing the proof.567

5. Numerical implementation. In this section, we present results obtained568
by applying the mixed formulation in Theorem 4.1 to a nonlinear PDE using a finite569
element discretization. The numerical realization of the algorithms has been carried570
out using the open-source library Netgen/NGSolve https://www.ngsolve.org.571

5.1. Discretization of the model problem. Let Ωh ⊂ Ω be a polygonal (or572
polyhedral) approximation to Ω. Let T h be a partition of Ωh into a finite number of573
disjoint open regular simplices T (triangles for d = 2 or tetrahedra for d = 3) such574

that
⋃
T∈T h T = Ωh, where h := maxT∈T h hT with hT being the maximum diameter575

of T . Suppose that each vertex associated with the simplicial mesh T h that is in ∂Ωh576
is also in ∂Ω. Assume further that each element has at most one (d− 1)-dimensional577
face on ∂Ωh and that two elements T and T ′ such that T ∩ T ′ 6= ∅ share either a578
common vertex, a common edge, or a common whole (d − 1)-dimensional face. The579
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following two finite element spaces are defined on the partition described above (for580
the foundational formulation and its 3D extensions, we refer to [11, 7]):581

Uh :=
{
uh ∈W 1,p

0 (Ωh) : uh|T ∈ P1(T ),∀T ∈ T h
}
,582

Vh :=
{
vh ∈ Lp(Ωh) : vh|T ∈ P1(T ), ∀T ∈ T h, vh is continuous at the interior583

face barycenters of T h, and vanishes at the face barycenters of ∂Ωh
}
,584

585

where P1(T ) is the space of polynomials of degree up to 1 defined on the element T .586
The finite element spaces Uh and Vh are endowed with the norms587

| • |pUh :=

d∑
i=1

∥∥∥∥∂( • )

∂xi

∥∥∥∥p
Lp(Ωh)

, | • |pVh :=
∑
T∈T h

d∑
i=1

∥∥∥∥∂( • )

∂xi

∥∥∥∥p
Lp(T )

, (5.1)588

respectively. Note that Uh is a subspace of W 1,p
0 (Ωh), but Vh 6⊂ W 1,p

0 (Ωh). Further-589
more, it follows directly that Uh ⊂ Vh.590

The pair of spaces (Uh,Vh) defined above satisfies the stability condition necessary591
for the well-posedness of the discrete method.592

Proposition 5.1 (Verification of Fortin condition). Let V(h) = V+Vh endowed593
with the broken norm ‖ • ‖h. There exists a Fortin operator Πh : V(h)→ Vh satisfying594
Assumption 4.3, i.e.,595 {

‖Πhv‖h ≤ CΠ ‖v‖h , ∀v ∈ V(h),

〈Ah(wh), v −Πhv〉V(h)∗,V(h) = 0, ∀wh ∈ Uh, ∀v ∈ V(h).
596
597

Proof. Let us define Πh : V(h) → Vh as the Crouzeix–Raviart interpolation598
operator. For any v ∈ V(h), its projection Πhv is defined element-wise such that,599
for all T ∈ T h, Πhv|T ∈ P1(T ) is the unique linear polynomial satisfying:600

ˆ
F

Πhv ds =

ˆ
F

v ds, for all (d− 1)-dimensional faces F ⊂ ∂T. (5.2)601
602

Note that this operator is well-defined on V(h) since functions in V have traces on603
the faces, and functions in Vh are continuous at the barycenters of the faces, ensuring604
the integrals are single-valued. Moreover, classical interpolation theory ensures that605
Πh is bounded in the broken norm [3, Th. 4.4.20].606

To prove the orthogonality condition, we first analyze the gradient of the projected607
function. Using the divergence theorem on an element T , for any smooth function φ,608
we have

´
T
∇φdx =

´
∂T
φnT ds. Since Πhv is linear, ∇(Πhv) is constant on T , and609

nT is piecewise constant on the faces F ⊂ ∂T . Thus:610
ˆ
T

∇(Πhv) dx =
∑
F⊂∂T

nF

ˆ
F

Πhv ds611

=
∑
F⊂∂T

nF

ˆ
F

v ds (by definition (5.2))612

=

ˆ
∂T

vnT ds =

ˆ
T

∇v dx.613
614

This implies that
´
T
∇(v −Πhv) dx = 0 for all T ∈ T h.615
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Finally, considering the discrete operator Ah (the extended p-Laplacian), and616
noting that for any wh ∈ Uh, the gradient ∇wh|T is a constant vector (since wh ∈617
P1(T )), the term |∇wh|p−2∇wh is also constant on each element. Therefore,618

〈Ah(wh), v −Πhv〉V(h)∗,V(h) =
∑
T∈T h

ˆ
T

|∇wh|p−2∇wh · ∇(v −Πhv) dx619

=
∑
T∈T h

|∇wh|p−2∇wh ·
ˆ
T

∇(v −Πhv) dx = 0.620

621

This confirms that Πh satisfies the Fortin condition.622

The model problem we consider is the p-Laplacian equation with homogeneous623
Dirichlet boundary conditions described in (1.2). To simplify the problem, assume624
that Ωh = Ω and f ∈ Lp∗(Ω). The numerical approximation in Uh is sought through625
the mixed framework established in Theorem 4.1, featuring the discrete operator Ah626
from (4.7) and the source functional Fh ∈ V(h)∗ defined as follows:627

〈Fh, vh〉V(h)∗,V(h) :=

ˆ
Ω

fvh dx.628

5.2. The proposed algorithm. To implement the theoretical results from the629
preceding sections, we have developed a finite element algorithm derived from the630
mixed formulation in Theorem 4.1. Since this formulation involves the duality map631
(which is a nonlinear operator) and Ah is also generally nonlinear, our algorithm632
employs a damped Newton’s method to solve the nonlinear system arising from633
the mixed formulation in Theorem 4.1 as follows: Given the discrete solution pair634
(rjh, u

j
h) ∈ Vh × Uh in an iterative step j, we seek for the increment (δrh, δuh) in the635

next iteration step, solving the following linearized problem at the iteration j + 1:636 {
∇Js,Vh(r

j
h; δrh, vh) +∇Ah(u

j
h; δuh, vh) = Fh(vh)− Js,Vh(r

j
h; vh)−Ah(u

j
h; vh),

∇Ah(u
j
h;wh, δrh) = −∇Ah(u

j
h;wh, r

j
h),

(5.3)637
638

for all (vh, wh) ∈ Vh×Uh. Then, update rj+1
h := rjh+δrh and uj+1

h := ujh+δuh. Note639
that, for a more compact presentation of the iterative scheme (5.3), we have avoided640
the use of notation (2.1).641

It is well known that the convergence of Newton’s method is sensitive to the initial642
guess, particularly for values of p far from 2 where the nonlinearity becomes severe.643
For this reason, we employ a parameter continuation strategy on the exponent p. The644
process begins by solving the problem for p = 2 (the linear case), which guarantees a645
unique solution and requires no initial guess. This solution serves as the initial guess646
for a slightly perturbed problem. We proceed iteratively, updating the exponent p by647
a small step δp (denoted as step in Algorithm 5.1). Specifically, the update direction648
depends on the target exponent: we increment p if the target is greater than 2, and649
decrement it if the target is less than 2. This logic is represented by the notation650
2 ± step in the algorithm’s loop. We continue this process, using the solution from651
the previous step as the initial guess for the current Newton solver, until the target652
value of p is reached. This procedure is outlined in Algorithm 5.1.653

5.3. Numerical results. In this section, we present numerical experiments to654
validate the performance of the proposed discrete MinRes method and the associated655
a posteriori error estimator. We consider the model problem (1.2) on the domain656
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Algorithm 5.1 MinRes continuation algorithm for the p-Laplacian.
1: input p, step:=0.10, MaxNewton, MaxRef, tol.
2: for i ∈ {1, · · · ,MaxRef} do
3: Define test and trial spaces.
4: Compute the number of DOFs.
5: Compute (r0h, u

0
h) for P = 2 (linear case).

6: for P = 2± step to p do
7: while ‖(δrh, δuh)‖ < tol do
8: Solve (5.3) to compute (δrh, δuh).
9: Update (rj+1

h , uj+1
h )← (rjh + δrh, u

j
h + δuh).

10: end while
11: if MaxNewton is reached then
12: Refine the step and go to 7.
13: end if
14: end for
15: Compute the error estimate and the actual error.
16: Refine the mesh uniformly.
17: end for

Ω = (0, 1)d with d ∈ {2, 3}. Following the benchmark problems proposed in [21], the657
exact solution is prescribed as the radially symmetric function:658

u(x) =
p− 1

p− σ

(
1

d− σ

) 1
p−1 (

1− r
p−σ
p−1

)
, (5.4)659

660

where r = |x−x0| and σ < d. The source term is computed analytically as f(r) = r−σ.661
In all experiments, we set σ = 0.97. The domain is discretized using a sequence of662
uniform simplicial meshes.663

We report the error measured in the norm (5.1) and the computed estimator664
η := ‖rh‖p−1

Vh , which corresponds to the discrete dual norm of the residual (see The-665
orem 4.1). According to our theoretical findings, this quantity is expected to scale666
with the error. In all our experiments, unless otherwise stated, the initial mesh is667
generated by a standard diagonal split of the unit square followed by a single uniform668
refinement step. We consider four test cases to analyze the behavior of the proposed669
method across different regimes of p and solution regularity.670

Case 1: Smooth solutions in 2D and 3D. To evaluate the performance of671
the method under high regularity conditions, we set x0 = (−1,−1)T for the two-672
dimensional domain and x0 = (−1,−1,−1)T for the three-dimensional domain, plac-673
ing the singularity of the radial function outside the computational domain. With674
this configuration, the exact solution is highly regular, u ∈ C∞(Ω). We test both the675
singular (p = 1.5) and degenerate (p = 3.0) regimes under uniform mesh refinement.676

Figure 5.1 illustrates the convergence history under uniform mesh refinement for677
all four configurations. In both dimensions and for both exponents, we observe that678
the actual error ‖u − uh‖Uh and the computed estimator η converge at the optimal679

rate of O(h) (which corresponds to O(NDOFs−1/2) in 2D and O(NDOFs−1/3) in 3D)680
for linear elements. The estimator closely tracks the true error from the earliest681
refinement steps without artificial stabilization, thereby validating its robustness for682
both p < 2 and p > 2 under strong boundary conditions.683

In addition, to evaluate the computational cost and scalability of our numerical684
approach, we track the total number of Newton iterations accumulated over the entire685
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Fig. 5.1. Convergence rates for smooth solutions. Top row: 2D results for p = 1.5 (left) and
p = 3 (right). Bottom row: 3D results for p = 1.5 (left) and p = 3 (right).

2D Smooth Cases 3D Smooth Cases

NDOFs p = 1.5 p = 3.0 NDOFs p = 1.5 p = 3.0

30 26 55 281 44 57
102 35 56 2067 56 58
366 39 49 15791 70 60
1374 44 48 123399 117 60
5310 63 47 - - -
20862 79 44 - - -
82686 159 40 - - -

Table 5.1
Total accumulated Newton iterations required to reach the target exponent p during the contin-

uation process for smooth solutions under uniform refinement.

parameter continuation path. Table 5.1 summarizes these counts. The nonlinear686
solver demonstrates remarkable robustness; notably, in the degenerate regime (p = 3),687
the number of iterations remains practically constant despite significant increases in688
the degrees of freedom across both dimensions.689

Case 2: Singular right-hand side with p = 1.5. We now consider a problem with690
lower regularity by setting the source term singularity at the corner of the domain691
(x0 = (0, 0)T ). We set the exponent to p = 1.5. To fully understand the behavior of692
our method under these conditions, and specifically how the resolution of the right-693
hand side affects the error estimator, we analyze three mesh-refinement strategies.694

First, we apply the standard uniform refinement starting from the previously695
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Fig. 5.2. Convergence rates for a singular right-hand side with p = 1.5 in 2D. Left: Uniform
refinement from a standard coarse mesh. Center: Uniform refinement from a pre-adapted initial
mesh. Right: Adaptive mesh refinement starting from a standard coarse mesh.

described coarse initial mesh. The results are shown in Figure 5.2 (left). In this696
scenario, the estimator’s convergence rate is slower than the true error rate. We697
attribute this discrepancy to the right-hand side singularity, which is not adequately698
represented by the standard initial mesh and remains poorly resolved under purely699
uniform refinement.700

To verify our hypothesis regarding the impact of the right-hand-side representa-701
tion, we introduce an initial mesh refinement inspired by the pre-adaptation strategies702
in [22]. While that reference proposes starting with a regularized right-hand side, we703
leverage only the mesh-adaptation aspect of their procedure to isolate its geometric704
benefits. This provides us with a pre-adapted initial mesh that more accurately cap-705
tures the singularity. Starting our main MinRes procedure from this adapted mesh706
and proceeding with uniform refinement, the estimator’s convergence rate successfully707
realigns with the true error rate, as depicted in Figure 5.2 (center).708

To establish a standalone procedure independent of the auxiliary initial MinRes709
step, we employ the main MinRes method directly with an adaptive mesh refinement710
strategy driven by our a posteriori error estimator η, starting from the original coarse711
mesh. For the adaptive process, we employ Dörfler marking [15] with a parameter θ =712
0.5. As illustrated in Figure 5.2 (right), the adaptive refinement dynamically resolves713
the singularity of the right-hand side as the iterative process advances. Consequently,714
the estimator accurately tracks the actual error rate without requiring a manually715
pre-adapted mesh.716

To visually demonstrate the effectiveness of our a posteriori error estimator in cap-717
turing local features, Figure 5.3 shows the evolution of the mesh during the adaptive718
refinement process. The Dörfler marking strategy strongly localizes the refinement719
around this singular point, maintaining a coarser resolution in the rest of the domain720
where the solution is smoother. This targeted adaptivity is precisely what allows the721
method to recover the previously observed optimal convergence rates.722

Finally, Table 5.2 presents the performance of the nonlinear solver for this sin-723
gular problem using both the pre-adapted and the fully adaptive mesh strategies.724
Consistent with the observations in the smooth scenarios, the solver retains its re-725
markable robustness. The accumulated iteration counts grow very slowly and remain726
stable, even as the adaptive procedure significantly increases the local resolution and727
the total number of degrees of freedom.728

6. Concluding remarks. In this work, we develop and analyze a residual min-729
imization method for solving nonlinear PDEs in Banach spaces, with a particular730
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Fig. 5.3. Snapshots of the adaptively refined mesh in 2D for the singular problem (p = 1.5).
From left to right: the initial coarse mesh, an early adapted mesh, and the mesh at the sixth refine-
ment step.

Pre-adapted initial mesh Adaptive mesh refinement

NDOFs Total Newton iterations NDOFs Total Newton iterations

1006 52 30 33
3919 80 86 40
15460 101 238 50
61402 176 671 85
244726 160 1891 88

- - 5330 83
- - 14861 92
- - 41457 134
- - 112921 176

Table 5.2
Case 2. Total accumulated Newton iterations required to reach the target exponent p = 1.5 for

the singular problem in 2D.

focus on the p-Laplacian problem. By formulating the problem as a minimization of731
the residual in a dual norm, we derived a mixed formulation that involves the duality732
map of the test space. This approach naturally extends the framework proposed in733
[24] to nonlinear operators.734

From a theoretical standpoint, we established the well-posedness of both the con-735
tinuous and discrete minimization problems, relying on the strict convexity and re-736
flexivity of the underlying Banach spaces. A key contribution of this study is the737
derivation of an a posteriori error estimator. We proved that the norm of the residual738
representative provides both upper and lower bounds for the approximation error,739
thereby guaranteeing reliability and efficiency. In the discrete setting, using a non-740
conforming Discontinuous Petrov–Galerkin (DPG) framework with broken Sobolev741
norms, we showed that the method remains stable and convergent.742

The numerical experiments validated our theoretical findings. For smooth so-743
lutions, the method exhibits optimal convergence rates for both p < 2 and p ≥ 2.744
In the presence of singularities, the proposed a posteriori error estimator drives an745
adaptive mesh refinement strategy. This adaptivity enables the method to recover746
optimal algebraic convergence rates, significantly outperforming uniform refinement,747
particularly for degenerate diffusion coefficients (p = 3).748

Apart from the evident benefits of straightforwardly designing continuous a pos-749
teriori error estimators, we believe that the mechanisms developed in this work can750
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be used to construct operator preconditioners for linear and nonlinear problems in751
Lp spaces (see, e.g., [12]). Moreover, these ideas may be useful for MinRes-based752
neural-network approximations of nonlinear PDEs, in the spirit of [16].753
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