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We investigate a coupled hyperbolic-parabolic system modeling thermoelastic diffusion
(resp. thermo-poroelasticity) in plates, consisting of a fourth-order hyperbolic partial
differential equation for plate deflection and two second-order parabolic partial differen-
tial equations for the first moments of temperature and chemical potential (resp. pore
pressure). The unique solvability of the system is established by means of a Galerkin
approach, and the additional regularity of the solution is obtained under appropriately
strengthened data. For numerical approximation, we employ the Newmark method for
time discretization of the hyperbolic term and a continuous interior penalty scheme for
the spatial discretization of displacement. For the parabolic equations that represent
the first moments of temperature and chemical potential (resp. pore pressure), we use
the Crank—Nicolson method for time discretization and conforming finite elements for
spatial discretization. The convergence of the fully discrete scheme with quasi-optimal
rates in space and time is established. The numerical experiments demonstrate the effec-
tiveness of the 2D Kirchhoff-Love plate model in capturing thermoelastic diffusion and
thermo-poroelastic behavior in specific materials. We illustrate that, as plate thickness
decreases, the two-dimensional simulations closely approximate the results of the three-
dimensional problem. Finally, the numerical experiments also validate the theoretical
rates of convergence.
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1. Introduction

Scope and presentation of the problem. This study presents a unified analysis
of thin plate structures that describe thermoelastic diffusion (TED) and thermo-
poroelasticity (TPE). The coupled system comprises of a fourth-order hyperbolic
partial differential equation (PDE) governing the plate deflection with two second-
order parabolic PDEs describing the first moments of temperature and chemical
potential (resp. pressure) in the case of TED (resp. TPE). A combination of the
C" interior penalty (C°IP) scheme and conforming finite elements (FEs) is used for
spatial discretization. The temporal discretization utilizes the Newmark and Crank—
Nicolson schemes for approximating the second and first-order terms, respectively.
We establish optimal order theoretical rates of convergence and the numerical ex-
periments validate them.

Thermodiffusion in an elastic solid results from the coupling of strain, tem-
perature, and mass diffusion fields. In the context of TPE, this coupling replaces
chemical potential by pore pressure, accounting for the interactions between me-
chanical deformation, thermal effects, and fluid flow within porous media. The TED
phenomena play a critical role in various engineering applications, for example, in
satellite, aircraft operations, and in the manufacturing of integrated circuits, inte-
grated resistors, semiconductor substrates, and transistors. Additionally, TED is a
key part in the heat and mass transfer processes involved in enhancing oil extraction
conditions from deposits. Understanding diffusion properties in thin thermoelastic
plates is critical in the study of advanced materials predicting stress distribution,
material fatigue, and potential failure such as warping or cracking during operation.
Also, determination of the flexural motion of fluid-saturated poroelastic plates is an
important problem in structural and geotechnical engineering, bioengineering, and
geodynamics.

Let @ C R3 denote a thin, isotropic, flat plate with a uniform thickness d.
Additionally, we define the time interval as [0, T]. We denote the mid-surface of the
plate as Q C R?, which is assumed to lie in alignment with the zy-axis, forming a
bounded domain with a Lipschitz continuous boundary I'. The elastodynamics of
the mid-surface of the plate is characterized by the deflection

1 42
u(x,t) = d/d/2 U3 dz,

which represents the transverse displacement s(z,y,z,t) averaged through the
thickness and is a scalar function of * = (z,y) and ¢ only. The first moments
of temperature 9(x,y, z,t) and chemical potential (resp. pore pressure) p(zx,y, z,t)
(resp. p*(z,vy, 2,t)) are denoted by

a2
O(x,t) = / z0dz, and p(x,t) = / zpdz ( resp. p(x,t) = / zp* dz).
—d/2 —d/2 —d/2

The authors in Ref. 4 formulated a model from the 3D (5.1a)-(5.1c|) for TED in thin
plates, under the assumption that body forces, external loads, and sources of heat

d/2 dj2
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Coeff.  Description Load
A Lamé’s first constant
1 Shear modulus R ————— rdzclbomnns jx
0 Measure of the diffusive effect \\ _______ = \ﬁ ¢ q
o Thermal expansion N[~ ~°° >
Qe Diffusion expansion
w Meas:ure of thermodiffusion effect Heat Source
CE Specific heat at constant strain . .
P Mass density per unit volume Fig 1.1: 3D plate in reference config-
k1 Thermal conductivity uration.

ko Diffusion conductivity

B* Biot—Willis constant

vy Thermal dilation coefficient
) Biot modulus

k3  Permeability

Fig 1.2: Mid-surface at current con-

Table 1.1: Physical constants. 6 .
guration.

and diffusion are absent. This model is based on the 2D Kirchhoff-Love hypotheses
for thin plates, with classical Fourier’s law for heat conduction and Fick’s law for
diffusion. An enhanced novel model considered in this article for TED and TPE that
include external loads, heat source, and mass diffusion and is presented as follows:
the coupled model aims to determine mid-surface deflection wu, first moments of
temperature 6 and chemical potential (resp. pore pressure) p such that

U — agAuyy + doA%u 4+ aAd + BAp = f(zx, 1) in Qx(0,7], ( )
a10; — ypi+b10 — c1 A0 — aAu, = ¢, t) in Qx(0,7], (1.1b)

aspr — Y0y — KAp — BAu; = g(x,t) in Qx(0,7], (1.1c)
u=0,u=0,0=0,p=0 onI'x [0,7], (1.1d)

(1.1e)

uli—o = u®, uglimo = u*°, Olimg = 0°, pli—o = p° in Q,

where n is the outward-pointing unit normal, O,u = Vu - n is the outer normal
derivative of w on 99, uy, 0, pr (resp. uy) denote the first (resp. second)-order
derivatives with respect to time. Here, the chemical potential (resp. pore pres-
sure) across the plate is assumed to be linear. The coefficients in the system
depend on the constants listed in the Table [[.I} with further details deferred to
Subsection B.11

As mentioned in Subsection [5.1} it is possible to use models of thermoelas-
tic plates with voids or vacuous pores®23B138 I this fully coupled system the
Kirchhoff-Love equations for the deflection interact with the dynamics of the to-
tal amount of fluid, and the thermal energy conservation exhibits a dependence on
the plate poromechanics through the thermal stress and thermal dilation contri-
butions. The 3D system of equations 7 for TPE closely resembles the
3D TED system 7, with the primary differences being the physical con-
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stants involved and the sign of the coupling constant between the second and third
equations. Therefore, by following the dimensional reduction approach and using
Darcy’s law for fluid flow (in contrast to Fick’s law for diffusion) as done in eqns.
(9)-(46) of Ref. @] one can derive the 2D TPE model from (5.4a))-(5.4d), which leads
to the system 7.

In this paper, we assume that all coefficients, except for «y, are positive. These
assumptions are realistic because, for the TED model (see an explicit representation
in Subsection and the TPE thin plate model, the coefficients remain positive
provided the basic 3D constants listed in Table are positive. Regarding the
parameter v, we allow v € R. For the TED model the condition ajas — v? > 0
is inherently satisfied due to the material’s constitutive properties, as detailed in
Table 5.1} This condition is typically assumed for the TPE model to ensure well-
posedness and physical realismi®°3, This shows that, |y|/a; < aa/|y| and hence
there exists some 7y > 0 such that |y|/a1 < v9 < az/|v|, and consequently,

ar — |v|/7% >0 and as — |v|vo > 0. (1.2)

Literature overview. The foundational TED theory was initially proposed in Ref.
44l. Rigorous derivations have been undertaken to establish the linear Kirchhoff-
Love thermoelastic plate model, as shown in Ref. [36, where the plate is assumed to
be homogeneous, as well as elastically and thermally isotropic. Poroelastic models
based on the Kirchhoff-Love plate theory and Biot’s theory of poroelasticity are
discussed in Ref. 48] and Ref. 37l In these works, the pressure variation in the
longitudinal section is neglected in the former, while a linear pressure distribution
across the plate is considered in the latter. Refs. [4] 23] discuss hyperbolic problems;
the well-posedness of the problem is analyzed using the semigroup theory approach,
after transforming the system into an evolution equation by introducing velocity as
a new variable with vertical displacement. The model discussed in this paper builds
upon the derivations presented in Ref. [4, which incorporate diffusion effects in
homogeneous and isotropic thermoelastic thin plates. Our analysis uses a Galerkin
method and compactness arguments for showing existence and uniqueness of weak
and strong solutionst®,

Regarding numerical methods for fully coupled multiphysics system, we men-
tion that Ref. 55 employs a mixed finite element method, the H'-Galerkin method,
and the interior penalty discontinuous Galerkin (dG) method (IP-DG) for spatial
discretization of the Kirchhoff-Love thermoelastic system, combined with the back-
ward Euler method for temporal discretization. In Ref.[32, a quasi-static poroelastic
model is considered, where the pressure moment is discretized using a standard FE
approximation, while the biharmonic problem is addressed using a C°IP method and
a two-level scheme with weights for temporal discretization. In the three-dimensional
setting, the Biot equations for poromechanics can be coupled with the thermal en-
ergy equation leading to a hyperbolic-parabolic system in fully dynamic or elliptic-
parabolic system in the quasi-static case. Galerkin methods for this problem are
investigated in Ref. 54, while mixed FE and dG discretizations are explored in, for
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example2* 12214 Moreover, fully discrete approximations using the conforming P; FE
method and the implicit Euler scheme are studied for one-dimensional TED prob-
lems in porous media®2%, In Ref. 40, semi- and fully discrete schemes for solving a
one-dimensional TED problem with a moving boundary and quadratic convergence
in both time and space are established by employing conforming FEs for spatial
discretization and Newmark’s time discretization. More recently, in Ref. 35l the au-
thors address the steady Biot—Kichhoff-Love problem with centered difference and
backward Euler semi-discretization in time, and conforming and non-conforming
virtual element methods for spatial discretization. They establish a priori error es-
timates in the best-approximation form, derive residual-based reliable and efficient
a posteriori error estimates in appropriate norms, and demonstrate that these error
bounds are robust with respect to the key model parameters.

Main contributions. In this paper, we analyze the unique solvability and numer-
ical approximation for an asymptotic model for TED and TPE plate models con-
sisting of a coupled PDE system of one hyperbolic fourth-order PDE for the plate’s
vertical deflection, and two second-order parabolic PDEs for the thickness-averaged
(first moment) temperature distribution, and chemical potential/pore pressure. The
unique solvability of the continuous formulation is based on the classical Galerkin
approach (see, for example Refs. [7, 5, 45] [39). For the spatial discretization, C°TP
method and conforming P; elements for temperature and chemical potential (or
pore pressure) are employed. In terms of temporal discretization, we adopt New-
mark’s scheme for the first hyperbolic equation and apply the Crank—Nicolson
method for the remaining parabolic equations, ensuring quadratic convergence in
time. Following our recent work®3 we utilize a modified Ritz projection for the
analysis, based on the companion operator'®. In conjunction with this, we employ
the standard H'-conforming Ritz projections for temperature and chemical poten-
tial/pore pressure to obtain the error estimates.
The key contributions of this work are outlined below:

e The present analysis is robust with respect to the parameter . Allowing
v to take values in R enables a unified analytical framework that accom-
modates both the thermoelastic diffusion and thermo-poroelastic thin plate
models.

e The well-posedness of the fully coupled hyperbolic-parabolic thermoelastic
diffusion and thermo-poroelastic systems is demonstrated in Subsection [2-]]
under reasonable data regularity conditions. It should be noted that unique-
ness for hyperbolic/parabolic coupled problems under the assumptions of
Theorem is not straightforward. It requires the use of mollified test
functions, as explained later in the proof.

e A consistent and stable fully discrete scheme is developed in Section [3] Due
to the coupling of second-order terms, special care must be taken in the
choice of compatible FE spaces that play a crucial role in the choice of
the test functions in the proofs of stability and error estimates. Moreover,
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similar care is required when approximating coupling terms involving time
derivatives of different orders.

e A novel concept of approximating the solution at the initial time step
(see (3.7)), while incorporating the approximation properties established
in Lemma is introduced to the literature, facilitating the development
of a fully discrete scheme for general hyperbolic-parabolic coupled systems
without any assumptions regarding the solution and its approximation at
this time step (see Ref. [40).

e A priori error estimates are derived in the best approximation form in both
L2, H' and energy norm for displacement in Section [d} Optimal error rates
are also established in L? and H' norm for temperature and chemical po-
tential /pore pressure. Also, the combination of Newmark—Crank—Nicolson
time discretization schemes to approximate the second and first-order time
derivatives, respectively, appearing in yields quadratic convergence
rates.

e The superconvergence of the projected error in the energy norm is estab-
lished (see Remark , in turn leading to lower H?- order estimates with
s =0,1 (resp. s = 0) for u (resp. § and p) as established in Corollary
(resp. Theorem. While such superconvergence is expected in uncoupled
problems, it is not straightforward in the current coupled problem since the
polynomial degrees of the FE spaces V}, and W}, used to approximate first
and last two equations — are different. Consequently, the
Ritz projection defined in lacks orthogonality when the test function
is chosen from a FE space Vj.

e Subsection demonstrates that the Kirchhoff-Love plate model is effec-
tive in capturing TED and TPE behavior in specific materials (such as
copper and flat layers of Berea sandstone, respectively). The findings indi-
cate that as the plate thickness decreases, the two-dimensional simulations
closely approximate the results from three-dimensional modeling, with a
substantial reduction in computational time. This emphasizes the efficiency
and accuracy of 2D modeling for thin-plate structures.

e Numerical results are provided in Subsections [5.245.3] to validate theoretical
estimates and illustrate the effective performance of the proposed scheme
with different values of ~.

Plan of the paper. This paper is organized as follows. The remainder of this
section introduces the common notation used throughout the manuscript. Section [2]
provides definitions for solutions in the weak sense, establishes the well-posedness of
the system, and discusses regularity for weak solutions. Section [3|details the spatial
and temporal discretizations. The fully discrete scheme, its unique solvability, and
stability are presented in Section [3.2] The error analysis is discussed in Section[d] In
Section[5] we present a few representative numerical examples that confirm the rates
of convergence specified by the theoretical analysis. Subsection discusses the
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detailed model description for the thermoelastic diffusion and thermo-poroelastic
systems.

Preliminaries. For an open set O C R?, we denote the Sobolev space W™2(O) by
H™(O) and equip it with the norm ||w|| gm0y = ( Z ||Diw||%2 0) )1/2 and semi-

norm |wﬁ{m(0) (| ‘2: || D* wHL2(o))1/2 For sunph(nty, we denote L? inner product
by (e,e) and norm by | e ||. Throughout this paper, 7 denotes a shape-regular

triangulation of Q, H™(T) denotes the Hilbert space [[] H™(K), and P.(T), the
KeT

space of globally L? functions which are polynomials of degree at most r in each
K. The notation V (resp. V?) denotes the gradient (resp. Hessian). The piecewise
energy norm is denoted by || @ [|pw := | ® |g2(7) and D2, (resp. Apy) stands for the
piecewise Hessian (Laplacian).

Let X be a normed space with norm || e ||x and g : (0,7) — X be a measurable
function. Then for 1 < p < oo, we recall that

T
lollzroirs) = sl = [ Na(®lFdt, 1<p<oo, and
g1l o.7:x) 1= ess supllg(®)]x-
0<t<T

Let LP(0,T; X) == {g: (0,T) = X : ||g|l»(x) < oo }. The space WP (0,T; X) con-
sists of all functions w € LP(0,T;X) such that u; exists in the weak sense and
belongs to LP(0,T; X). For all non-negative integers k, Ck([O T]' X) denotes all C*
functions s : [0, 7] — X with ||s|lck(j0,77:x) = Z

O<t<TH o

For real numbers a > 0, b > 0, and ¢ > 0, we will make repeated use of the
Young’s inequality ab < %az + ibz. Finally, as usual, the notation a < b represents
a < Cb, where the generic constant C' is independent of both mesh-size and time
discretization parameter.

Lemma 1.1 (Gronwall’s Lemma?Y). Let g, h, and r be non-negative integrable
t

functions on [0,T] and let g satisfy g(t) < h(t) +/ r(s)g(s)ds for all t € (0,T).
0

Then

g(t) < h(t) + _/Ot h(S)T(s)e-{: "M A ds  for allt € (0,T).

2. Well-posedness and regularity results

In this section, we establish the well-posedness of the problem through the finite
Galerkin approach, which follows these steps: (i) construct a sequence of approx-
imate solutions to the continuous problem, (ii) derive a priori bounds on these
approximations based on the initial data, (iii) use a compactness argument to show
the existence of a limit for a subsequence in the weak topology, and (iv) prove that
this limit is the weak solution. After this, we also prove the additional regularity of
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the continuous solution given the extra regularity conditions on given data, which
is required in later sections for error analysis.

2.1. Existence and uniqueness of weak solution

Definition 2.1 (Weak solution). The triplet (u,8,p) is a weak solution to the

problem ([1.1]) if (1.1e) holds and

u € C([0,T]; H' () N L*(0,T; H§ (), uy € C((0,T7; L*(2)) N L*(0,T; Hy (),
(2.1a)

0,p € C([0,T]; L*(Q)) N L*(0,T; H} (), (2.1b)
satisfy the relations
/OT [ = (us, v)) — ao(Vug, Vi) + do(Vu, V20') — a(V0, V') — B(Vp, Vo')| dt
. /0 o) e (170,01 (0)) £ ao(Vu, Vo (0)), (2.22)
/ [ (0.0 + 1.8 + ba(6.91) + e (V0. V) + (i, Vo))
= /OT(¢> $h)dt + a1 (6°,9%(0)) — v (p°, ¢*(0)), (2.2b)

T
/O [ —aa(p,gi) +7(0,41) + £(Vp, V') + B(Vuy, Vg')] dt

:/0 (9,4") dt + az(p°, ¢'(0)) = ~(6°,4'(0)), (2-2c)
for any v* € C?([0,T]; HZ(Q)) and both ¢!, ¢* € C*([0, T); H}(Q)).

For any u € HZ(Q), 0 € HL(Q), and p € H}(Q), motivated by (2.2) and an
appropriate choice of the test functions, we define the system energy at any time
0<t<T by

E(u,0,p;t) = 5 (|luel|* + aol| Vuel|* + do | Vul|* + (a1 — [11/70) 101

N |

t
+ (a2 = [vbo)llpl?) +/O (b1l01* + c1IVOII* + 5[ Vpl*) ds. (2.3)

The following result states existence and uniqueness of solution to in the sense
of Definition 2.1 and establishes the boundedness of the energy . The proof is
based on the approach outlined in p. 384 of Ref. 25l (for second-order problems),
and extended for coupled fourth- and second-order problems. Details are provided
1In |Append A

Theorem 2.1 (Existence and uniqueness). Let f,¢,g € L?(0,T; L*(Q)), u° €
H2(Q), u® € H} (), and both 8°,p° € L*(Q). Then, problem (1.1) has a unique
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weak solution (u,@,p) in the sense of Deﬁnition and the solution satisfies

eSS[Sul}D E(u,0,p;t) S lu]* + aol|u*® |31 ) + dollu’ |32 q)
te[0,T

+ (a1 + Y1/ 16°1% + (a2 + Vo) IP° 1 + 1 £ 122 0,722 ()
+ 16122 0.7:22(0)) + 1911720, 22 (02))- (2.4)

Next we present an alternate weak formulation under higher regularity assump-
tions on the initial data. This formulation is utilized later on, to design the fully
discrete scheme.

Theorem 2.2 (Alternate weak formulation). If f,¢,g € H'(0,T; L?>(Q)), u° €
H3(Q) N HZ(Q), u*® € H>(Q) N HE(Q), and both 0°,p° € H*(Q) N HE (), then for
the weak solution (u,,p), we have that

ess sup F(ug, 0, pi;t) is bounded. (2.5)
t€[0,T]

Furthermore, for any 0 <t < T, the tuple (u,0,p) satisfies
(ust, v) + ag(Vuge, Vo) + do(Vu, V20) — a(V0, V) — B(Vp, V) = (f,v)

Vo e HEQ), (2.6a)

a1 (0, ¥) — v(pe, ) + 61(0,9) + e1(VO, V) + a(Vug, Vip) = (¢, ¢)
V€ Hy (), (2.6b)

az(pe, @) — (0, q) + £(Vp,Va) + B(Vur, V) = (9, 9)
Y q e Hy(Q). (2.6¢)

Proof. Given that f;, ¢, 9 € L?(0,T;L?(2)), following Step 1 of the proof of

Theorem presented in note that, (dl (t),d2,(t), - ,d7(t)) (re-
spectively, (15, (£), 12, (£), -+, (6)) and (IL, (£), 2,(¢), - , I2(1))), are C? (vesp. C2)
functions and satisfy — for 0 <t < T. Next, we differentiate with
respect to t, and multiply the resulting equations by d’;l//(t), 7751/(75), and lﬁl/(t),
respectively. Summing over k = 1,2,...,m (for all three equations), readily yields

1d
s
mi|2 mi||2 m (|2 d m o, m
01|07 17 + e[V + K VP — v (03", p17)
= (ft7u;?)+(¢t59zn)+(gtap;n)

Then, integrating from 0 to ¢, and using the Cauchy—Schwarz, Young, and Gron-

wall’s inequalities (similar to the proof of existence in Theorem in|Appendix Al),

we arrive at
E(ttmi, Ot Pt 1) S Nlui (0)]12 + aol[Vuiy (0)[1 + do| [ Vui™ (0) ||
+ (a1 + [91/70) 107 (0)1* + (a2 + [v170) [l (0) ]| (2.7)

+ 1 FelZ2 010200y + 19el 220 7:22(02)) + 190320, 1:22 ()

gt I? + aol [ Vugt I* + dol| V2ui™ [ + a1 07| + azlpi"[1*)
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We now wish to bound the right-hand side of 7)) by known data. Multiply the
equations (A.3al , and (A.3d) by d¥, ( ( ) and 15 (£), respectively. Sum

up the resultlng equatlons of the system for k: = 17 2,---,m and t = 0, and utilize
the definitions in (A.1)) to obtain

(ugz (0), ut; (0)) + ao(Vugg (0), Vuii (0)) = do(VAu™(0), Vi (0))
+a(A0™(0), uii (0) + B(Ap™(0), uty (0)) = (f(0), it (0)),

a1(6;"(0), 6;"(0)) —~(p;"(0), 6;"(0)) + b1(6™(0),6;"(0))
—c1(A07(0), 0} (0)) a(Aug®(0),07(0)) = (4(0),6;(0)),

az(p;" (0), pi" (0)) — (07" (0), pi" (0)) — w(Ap™(0), pi"(0))
—B(Au]"(0), pi" (0)) = (9(0),p;"(0)),

where in the last step we have also used integration by parts and the fact that
Wi (0) € H(Q), 67(0) € HA(Q) and pf*(0) € H(%).

Next, we apply once more Cauchy—Schwarz and Young’s inequalities together
with some elementary manipulation, which gives the following bounds

g (0)1* + a0 Vug (0]

2
LIIVM’”(OW +3a?A0™(0)[|* + 367 Ap™ (0)1* + 3[ £ (0)]%,

(ar — m)llf)’”( 012 + (az — o) o (O)]°

4
—7 (@®[1Au (0)7 + 63107 (O)II + e 1A0™ (0)]* + [|6(0)]])
o

3
az — 7|7

Then, (2.7)-(2.8) lead to

E(tmts Oty gmi t) S dollu|| 20y + (do? /a0) [u° |70y + 30°(16° 13120
a1 +[vl/v | a2+ vl
+ 3825 320y + 31O + ( )
|| HH"’(Q) ” ( )H a; — |’Y|/’YO as — |'7|’YO
4 *
[ @ sy + B10°12 + 10 ey + 90O

Yo

3
az — 770

(B2l Au ()] + &2 Ap™ ()] + [l9(0)]1%). (2.8)

(B2 12 () + &2 1° 120 + 9 (0)I1%)

+ 1 fell 207 020)) + 1961120 7:02(0)) + ”gtH%?(O,T;LQ(Q))}'
(2.9)

And this, in combination with (A.12a]) and (A.12b)), readily implies that

(gl 0, ) S (g, g, 0, pr) in L°(0,T5 HZ(Q) x HE(Q) x (L2()?),
@, p") 2 (G, 1) in L*(0,T; (H3 ())?).
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Finally, the bounds in (2.5) are established by taking the limit m — oo in (2.9).
To confirm that (u,6,p) satisfies (2.6a)-(2.6c|), we proceed as in the uniqueness
proof of Theorem to obtain (A.14a))-(A.14d), but with (f,v), (¢,v), and (g, q)

representing the respective right-hand sides, after which we take the limit as ¢ — @I

2.2. Additional regularity

The next theorem establishes a priori bounds of the solution and its higher-order
time derivatives, provided that the initial and source data are sufficiently smooth.
While the specific approach followed here is relatively standard (see, e.g., Ref. 42
and the references therein), its adaptation to the present model is novel. A summary
of the regularity results is displayed in Table

Regularity estimate. It is well known*!¥ that if ®* € H-"(Q) (resp. F* €
H~%(2)) are such that —Ay = ®* (resp. A?w = F*) then

XN 2 (@) < Creg(M)[|®7 || -7 () (TesP- W[ 11— (0) < Creg(S)IIF* | r-+(02))s
(2.10)

for all 1 — o}, <7 <1 (resp. 2 — 02, < s < 2), where g}, > 0 (resp. o7, > 0),
is the elliptic regularity index of the Laplace (resp. biharmonic) operator, and the
constants Creg(r) (resp. Creg(s)) depend only on € and s (resp. 7). Lowest-order
FE schemes typically achieve at most linear convergence in energy norm, so it is
reasonable to assume throughout the paper that ¢ = min{1,0}.,,0%,}, whence
0 < o < 1. Note that if €2 is a convex polygon, then ¢ = 1, whereas for non-convex
polygons we have 1/2 < o < 1. The elliptic regularity index ¢ plays an important
role in determining the rate of convergence presented in Section [3.2] We are now in

a position to state the regularity of the weak solution. From the estimates (2.5)), we

can write (also using (|1.1b])-(|1.1¢))):

—c1A0 = ¢ — a10; + ypr — b1 + aAuy = D" € LQ(Q), forall0 <t <T,

—KkAp = g — asp; + 10 + A, = G* € L*(Q), forall 0 <t < T,

doA%u = f — uyy + agAuyy — ngfk — gG* =F* ¢ H_l(Q)7 forall0 <t <T,
1

where in the last equation we have used the fact that ||Vul|| is bounded (cf. (2.5)),
and hence agAuy; € H1(Q), whence F* € H~1(Q2). Then we utilize (2.10)) to see
that, for all 1/2 < o < 1, there holds

u € L®(0,T; H**°(Q)) and 0,p € L>=(0,T; H'T7(Q)). (2.11)

The next theorem guarantees higher regularity of weak solution (needed for the
error estimates in Section . The proof is based on the arguments used in Prop.

2.5.2 of Ref. 21, and details are postponed to

Theorem 2.3 (Regularity). (a) Let f,¢,g € H*(0,T; L*(Q)) , u%,u*® € H3(Q)N
HZ(),0° € H?(Q) N H(Y), and p° € H*(Q) N HL(Q). Assume that the compati-
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bility conditions

gt (0) — agAug (0) = £(0) — doA%u® — aAG® — BAP°, (2.12a)
a10:(0) — vp(0) = ¢(0) — b16° + 1 A0° + aAu™, (2.12b)
asp:(0) — 70:(0) = g(0) + kAp® + BAU™, (2.12¢)

hold and (u(0),6,(0), p:(0)) belongs to (H*(Q) N HE(2))3. Then,

s SUF( |32 ) + 10ell 70 () + 1Pl Frve ) + Euse, Oy e ) (2.13)
te[0,T

is bounded.

(b) Let f,6,9g € H30,T;L%Q), u'uuu(0) € H3Q) N HIQ),

6°,6,(0),p°,p:(0) € H2(2) N HY(Q). Assume that the compatibility conditions
Uttt (0) — agAum (0) = ft( ) doAzut( ) - aA@t (0) - ﬁApt (0), (2143,)
a104(0) — ypee (0) = ¢¢(0) — b104(0) + c1A04(0) + Ay (0), (2.14D)
asp(0) — v0:.(0) = ¢¢(0) + kAp(0) + BAu(0), (2.14c)

hold and (u(0), 04:(0), p(0)) belongs to (H2(Q) N HL(Q))3. Then,

eSS[ Su?(”“tt”%{ﬂa(g) + ||6ttHi[1+d(Q) + ||ptt||?gl+a(g) + E(Uttt,etttapttﬁt))
te[0,T

is bounded.

Remark 2.4. In accordance with the above regularity result, if we define
F(t,x) = f(t,x) — ug + apAuy — aAf — SAp, (2.15)
then, there exist positive constants Cp and C, such that

(@) [|Fll oo 0,m522¢0) < Cp and  (44) [|Fyll 2¢0,m522(0)) < Cp- (2.16)

3. Fully discrete scheme and stability

This section develops the numerical framework for the coupled hyperbolic-parabolic
system —. Subsection introduces the FE spaces and projection op-
erators, highlighting the need for a modified Ritz projection for the displacement
variable. Subsection presents the first fully discrete scheme with explicit initial
error estimates, contrasting with previous works that begin at the second time step.
Subsection establishes the unconditional stability of the scheme.

3.1. Space discretization

We now define the FE spaces and projection operators, and highlight their ap-
proximation properties. Additionally, we discuss the necessity for a modified Ritz
projection, specifically for the displacement variable.
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Description Assumptions on data Conclusions
Theorem [2.1] u® € H2(Q), u*° € HA(Q) we L®(0,T; Hg(Q))
(Existence, 6%, p° € L*(Q) uy € L=(0,T; HE(Q))

Uniqueness, & En-

F(#), (1), g(t) € L*(0,T; L* (%))

0,pe ngo T, L2(Q))

ergy bound for so- 0, T Hy(Q

lution) i o)
Theorem [2.2] u® € H3(Q) N H2(Q) w € L™ (0,T; H*'7(Q) N HF ()
Weak formulation | 4*° 09 p® € H?(Q) N HL(Q) ug € L™(0,T; Hy (Q))

1' & r), o), g(t) € HY(0,T; L2(Q)) | we € L0, T; HE ()

Energy bound for
time derivative of
the solution)

0, p € L=(0,T; H1+°‘(Q) N Hy(Q))
0t, pt € LOC(O T; L? (Q))
NL2(0, T; HL(Q))

Theorem ma)
(Additional regu-

larity of solution &
Energy bound for
second-order time
derivative)

w0, w*® € H3(Q) N HZ(Q)

6(0), p(0) € H2() N Hy ()
u4(0), 6:(0), p:(0) € H?*(Q) N
Hj ()

f(1), ¢(t), g(t) € H?(0,T; L ()
@12) holds

ur € L>=(0,T; H*Y7(Q) N H2(Q))
uge € L*(0,T; H3 ()
uges € L(0,T; HF (R2))
0¢, pr € L™(0,T; H'7(Q) N Hy(R))
Oct, pee € L(0,T; L2(Q))

NL?(0,T; Hy (S2))

Theorem b) u®, u*° u,t(O) € H3(Q) n Hz(Q) uge € L°°(0,T; H>To(Q) N HS(Q))
(Energy bound for it (0,6, 6,(0), p°, pe (0), upey € L™(0,T; HE ()
Elhlr.d—?‘der tslmfe O+t (0),ptt(0) S HQ(Q) n H0 (2) weere € L0, T; Hé (Q))

erivative. uf- t t) € H3 0, T L2 Q oo . 140 1
ficient conditions £, #(1), 9(1) ( () Oce, pee € L (0, T3 H ()N H, (2))

©:14) holds

Orit, peee € L™°(0,T; L?(Q))

f lysi
or error analysis AL2(0, T Hé Q)

in Lemma &
Theorem b

Table 2.1: Summary of regularity assumptions and corresponding results.

Let K € T be any triangle in the shape-regular triangulation 7~ of Q. We denote
its diameter by hg, its area by |K|, and use ng to refer to the outward unit
normal vector on K. Define h := maxgc7 hg. The sets of interior and boundary
vertices of 7 are denoted by V() and V(99), respectively, with the combined set
represented as V = V(Q) UV(91). Similarly, we use £(2) and £(9Q) for the sets of
interior and boundary edges, and write £ = £(Q) U £(9N). For any edge e € &, the
corresponding edge patch w(e) is defined as int(KyUK_) ife = 0K, NOK_ € £(1),
and int(K) when e € £(99). Consider two neighboring triangles, K and K_, with
the unit normal vector along e satisfying ng_ |c = n|. = —ng_|c, directed outward
from K towards K_. The jump of a function ¢, written as |[g0]|7 is defined by
ol —¢lx_ ife=0K; NOK_ € £() and ¢|. if e € £(JQ). The average {¢} is
defined by L(p|x, +¢|x ) if e = 0K NIK_ € £(Q) and y|. if e € £(IQ).

Let Vi, := Po(T) N H () C H?(T) and Wy, == P1(T) N HY(Q) € HH(Q) be
finite-dimensional subspaces and define the bilinear form ay(e,e) : V;, x V), = R by

h(wh,vh) ::/D Wh - Dpwvhdx—Z/ th {Dpwvh}nds
Q

ec&

_Z/ [Von] {Dpwwh}nds—kzglp/ 8u)h (%h}]ds7

e€ef
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with respect to a mesh-dependent (broken) norm on Vj, defined by

2 2 2 o Ovp 72
villz = || DA vn|l” + [{ Hds,
bl = 105l + 52 [ [0

where, Dgw is the piecewise Hessian and the penalty parameter op > 0 is chosen
sufficiently large!2
It is well-known that ay,(e,e) is symmetric, continuous, and elliptic, i.e., there
exist Cooer, Coont > 0 such that for all wy, vy, € Vj, (see, for e.g., Ref. [I7)
an(wn,vn) = an(va,wr),  Cooerllwn i < an(wh,wy),
an(wh,vh) < Ccont||wh ||nllvalln- (3.1)

The nonconforming Morley FE space!d is defined as follows:

M(T) := {vm € P2(T) : vmis continuous at interior vertices and its normal derivatives
are continuous at the midpoints of interior edges, vy vanishes at the vertices of 952

and its normal derivatives vanish at the midpoints of boundary edges of 39}.

Definition 3.1 (Morley interpolation’®). For all v,, € H?(T), the extended
Morley interpolation operator Iyy : H2(T) — M(T) is defined by

(e )(2)i= [T S (ol and f 2000 s f {700 s

KeT(z)

In case of an interior vertex z, T (z) represents the collection of attached triangles,
and |7 (z)| indicates the number of such triangles connected to vertex z.

Lemma 3.1 (Companion operator and propertiesi?if). Let HCT(T) de-
note the Hsieh—Clough—Tocher element. There exists a linear mapping J : M(T) —
(HCT(T) + Ps(T)) N HZ(Q) such that any wy € M(T) satisfies

(1) Jwm(z) = wm(z)  forz eV,

(i) V(Jun)(z) = [T Y (Voulr)(z)  forz € V(Q),
KeT(z)

(i) ][&]de —][ M ds for any e € €,

(i) st = Funcllw 5 min s = ol

(v) |lvn — QUh”HS(T) < Clh2ise%i21(lﬂ)”71 —vplln forvn € Vi, C1 >0,0<s <2
veHs

Here Q = J1\; is a smoother operator defined from Vi, to HZ(12).

Ritz projection operators
The error control associated with the fully discrete approximation employs Ritz
projection operators defined from HZ(Q) (resp. H}(Q2)) into V}, (resp. W},) for u



Thermoelastic diffusion and thermo-poroelasticity of thin plates 15

(resp. 6 and p). It should be noted that since V}, is not a subspace of HZ(f2), the
standard definition

ap(Rpw,vp) = (Vzw, V%h) for all vy, € Vp,,

does not hold for v;, € Vj, C H?(T) for the nonstandard C°TP scheme proposed
herein.

Alternative approaches that define Ritz projections for nonstandard methods
(see, e.g., Refs. 221 29 for the fourth-order nonlinear parabolic extended Fisher—
Kolmogorov equation) often require higher regularity v € H3(Q) N HZ(2), which
might not hold for non-convex domains. See the discussion in Section for non-
convex polygons. Our recent work in Ref. [43] addresses this issue by means of the
modified Ritz projection (see Definition below), which utilizes a smoother op-
erator Q : Vi, — HZ(Q) defined as J Iy, where J (resp. Iy) denotes the companion
(resp. extended Morley interpolation) operator from Lemma [3.1] (resp. Lemma [3.1)).
The modified Ritz projection Ry, : H3(2) — Vj, for the displacement variable is
defined as follows:

an(Rpw,vy) = (V2w, V2Quy,) for all vy, € Vi, w € HZ(Q). (3.2)

Lemma 3.2 (Approximation properties for R, Appendix in Ref. 41]). Let
w € HE(Q)NH?T7(Q), where o € (1/2,1], and let Ryw be its Ritz projection defined
in (3.2)). Then, there exists a constant Co > 0 such that

||w — Rth + ||V(w — Rhw)H + han — Rthh < 02h20||w||H2+0(Q). (3.3)

Next, we define the H'-conforming elliptic projection®® IIj,: H}(Q) — W), for the
first moments of temperature and pressure as:

(VIInx, Vxn) = (VX, Vxn) for all x;, € Wj. (3.4)

Lemma 3.3 (Approximation properties for II;, Theorem 32.15 of Ref.
24)). Let x € HY(Q)NHT7(Q) for some o € (1/2,1]. Then, there exists a constant
C3 > 0 such that

Ix = pxll + A7V (x = Tpx)|| < Csh* || x|l mri+e (- (3.5)

3.2. Fully discrete scheme

This subsection discusses a fully discrete scheme for . To the best of our knowl-
edge, this is the first fully discrete scheme for a hyperbolic-parabolic coupled prob-
lem with explicit initial error estimates. In contrast with Ref. [40, where the initial
error is assumed to be bounded with the required convergence and the formulation
begins from the second time step, our approach starts from the initial step and pro-
vides a general framework for defining the fully discrete formulation for any coupled
hyperbolic-parabolic system.
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For a positive integer IV, consider the partition 0 =ty <t <ty < --- <ty =T
of the interval [0,T] with ¢, = nAt, and At = T'/N being the time step. For any
function v(x, t), the following notations are adopted:

GRS ’U(Sc,t”) = U(tn)a o2 = =3 ( ntl g, )

Un,1/4 — i (Un+1 + 20" + o 1 % ( n+1/2 o 1/2)7

Gtz VU gpn VLBV 2T
A (At)? oAt

Let (U™, 0™, P™) = (U(ty), O(tyn), P(ty)) denote the approximation of the contin-
uous solution (u,6,p) at time t,. Considering the following approximation of the
initial solution

(U°,0°% PY) = (Rpu®, 11,6°, I,p°), (3.6)
we compute (U, 01, P1) € V;, x W), x W}, by solving the following elliptic system
for all (vp, Yr,qn) € Vi x Wi x Wy,

2(At) ! [(@Ul/2 — w0 ) 4 ag(VO,UY? — V0, Voy)] (3.7a)
+doan(UY?,v,) — a(VOY2 Vo) — B(VPY2 Vo) = (fY2, 1),

a1 (8,02, by — 4 (8, P2, 4hy) 4 b1(OY2, b)) + 1 (VO 2 V) (3.7b)
+a(VOUY?, Vyn) = (8%, 4n),
az(0:P?, qn) — 1002, qn) + K(VPY?,Vap) + B(VOUY?, V) = (9%, qn).

(3.7¢)

The solution is calculated at t; using — in order to align the two numerical
schemes, since the Newmark scheme requires solutions at ty and t; to compute
the solution at to, while the Crank—Nicolson scheme begins its computation from
t1. The idea of the discrete equation is based on the discretization of the
biharmonic wave equation (see Ref. 43) applied to the coupled system, and —
are based on the Crank—Nicolson method to determine the solution at ;.
The construction of guarantees quadratic convergence in time, implying that
also the fully discrete scheme is quadratically convergent.

For n = 1,2,--- N — 1, the fully discrete scheme consists in finding
(Un+1, @n-‘,—l’ P"+1) € Vi, x Wy, x Wy, such that for all (’Uh,wh, qh) e Vi, x Wi, x Wy,
(D2U™, o) + ag(VIZTU™, Vo) + doan(U™4 vp) (3.82)

—a(VO™Y/4 V) — B(VPY4 T,
al(ét@n-i—l/Q "/)h) _ (5tPn+1/2 wh)+b1(@n+1/2

)= (f™1%, o),
n)
+e1 (VO T2 Vi) + a(VO,U™ 2, Vi) = (672, 4hy,),
)
)=

(3.8b)

az (0 P2, qn) — (0,02 qn) + K(V P2 Vg,
5(Va U7L+1/2 vq

(3.8¢)

( n+1/2’ Qh)~
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This section and the rest of the paper uses the discrete Gronwall Lemma that is
stated below.

Lemma 3.4 (Discrete Gronwall Lemma®?). Let {v,}, {w,}, and {y,} be

three non-negative sequences, with {y,} monotone, that satisfy vy, + wm < ym +
m—1

v Z Up, V>0, vg+wy<yg. Then for m >0, it holds that v,, + W, < yme™.
n=0

Remark 3.5 (Useful identities). Before proceeding further, we state the fol-

lowing identities, which lead to telescopic sums and are used in Theorem and

Theorem [4.4] For any discrete functions Q™ € V3 and S™ € Wy, n =0,1,2,--- | N

there hold

2AH(0;Q",6,Q™) = 10,Q"2|I* — 9. Q" 2%, (3.9a)
2AH(VIFQ", V6,Q") = [VO,Q" /2| — |Va,Q" /2|2, (3.9b)
2Atan (Q™4,5,Q") = an(Q™/2,Q"2) —an(Q"V2,Q"?),  (3.9¢)
QAL(D, S /2 §nHL/2y — || g2 — || s |2 (3.9d)

3.3. Stability

Here we demonstrate the stability of the fully discrete scheme in and establish
a uniform bound of the solution (U™ @M+t pmtl)y at ¢, .1 for 1 <m < N -1
in terms of the solution at ¢y, t1, and the load/source functions. For any x7, QF €
Whin € {1,2,--- ;m} with 1 <m < N — 1, define

m m n+1/2 n+1/2 n+1/2
166, Qi3 = ALY [l 212 + e |Vxg 212 + sV Q27 (3.10)

n=1
Also, we define
(U, U, 1)) == 6]|0,U"? |1 + 4a0 | VO,U|1* + ddoCoon U217
+AT?(| f117 (0. 7:22(2))

1
((6°,0",0)) := 5 (3a1 + [1|/70)O* + c1 AL VO/2
T2 ,
T oo .72 s
a1 — 71/ eIz o.7i22@)

2
HMﬁwmjm%mT

1
P P! g)) := = (3as + PY|? + kAt|VPY? 24—
(( 9)) = 5(3az [Yv) 127l | [ =T

In relation with , we define the discrete energy of at time t,, for m =

1,---,N, as

Ep (U™, 0™ P = || 9,U™ V2 4 ao [VOU™ V2| + doCooer U™
+ (a1 = Y1/ 107 FHZ + (az — [ylyo) 1P
+[em, P
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Then, as in Theorem the next theorem leads to the well-posedness of (3.8).

Theorem 3.6 (Stability). Let f,¢,9 € L>(0,T;L*(Q)), u° € HZ(Q),u*" €
HL(Q), and both 6°,p° € HL(Q). Then, the scheme (3.8)) is unconditionally sta-
ble. Moreover, for 1 < m < N — 1, the following bound holds:

By (U™ @™ L P S ((U%, UL ) +((0%,81,9)) + ((P°, P, g)),

where the constant hidden in 7<” depends on T and on the model coefficients

a0,01704,67:‘€.

Proof. The proof follows in six steps as outlined below.
Step 1 (Key inequality). We multiply by 8At, then choose v, = §,;U™ in
, and utilize — to show that
A[|0 U212 — 90,0212 4 ao [V OU 2|1 — ao| VAU 2|2
+ ddoay, (U2, UM2) — ddgan (U2, Um1/2)
= 8AL(aVO™/4 4 gy P Vs, U™) + 8AL(fMV4, 5,U™)
= 4AH (VO™ 4 gy P v (9,UY? 4 §,Um1/?))
+AAL(fVE QU 4 U, (3.11)
with the identity 26,U" = 8,U" /2 4+9,U"~'/2 in the last equality. Next we choose

Y, = 2At0" Y2 in (3:8D), ¢, = 2AtP™T1/2 in (3:8¢), employ the identity (3.9d)

and add the two resulting equations to obtain
a1 Atd]|©" 2|2 4 2AL[by O™ + o1 [ VO T2 4 k|| V P2 2]
+ 27 [(Pn, @n) _ (Pn-i-l’ @n—&-l)] + azAtgt||Pn+l/2H2
= —2At[(aVO" T2 4 gy P2 vh,unt/2)]
+ 2AL[ (¢ T2 @) 4 (g2 Pt/ (3.12)
We also combine the coupling terms on the right-hand sides of —, and
utilize the term ©™!/4 := 1 (@n+1/24 @n~1/2) twice (analogously for P™1/4).

Elementary manipulations lead to the cancellation of some terms, and we eventually
arrive at

A(avVer/t 4 gV Pt YV (Q,UTE + 9 U1 ?))
—2(avVOntl/2 4 gy prtl/2 ya,untt/?)
= [4(@vem/t + gy P/t vo, U )]
+ [2(avOrT2 4 gy P2 v H,Un 2]
= A" + B™. (3.13)

Then we add (3.11)-(3.12)), utilize (3.13) and then sum the resulting equation for
n=1,2,---,m,foranym=1,--- , N—1, and in turn use (3.1)) and (3.10) to arrive
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at the key inequality
A[IBU™ 2 + a0 | VAU 22 + doCloer |U™ 2] + ar]| @712
+ azl| P 4 20, P
< 4[I1UY212 + a0l VAU 22 + doClont [U ] + a7
+ as||[PY|)? + 2y[(P™, @) — (P e1)]

+ At Z [A” + B+ A(FYA 9,0 Y2 4 9,UmV2)  (¢"TY/2 @t 4 o)

n=1

+ (g2 Py P")]. (3.14)

Step
2 (Bound for Aty " | A"). Using the definition ©@™1/4 := 1 (@"+1/2 + @"~1/2)
(and an analogous expression for P™'/4) yields

DA =) 4(aver/i 4 gy Pl v, U )

n=1

— %2 Z(V@nJrl/Q + v@n71/2, vétUn71/2)
n=1

+28) (VP24 vprTl2 v, Uttt (3.15)
n=1
Next we can apply Cauchy—Schwarz inequality and Young’s inequality (ab < a?/2e+
b%e/2) with € = 4/c; to bound the first term on the right-hand side of (3.15) by

20 (VO"T/2 4 ver—/2 vo,un-t/?)

n=1
m

402 =
n+1/22 n—1/2)2 n—1/2)2
(Ivers 2+ [ver—212) + 37 =2 [va,on-/?

m
n=1 n=1
m

<&
-2

n c n—
\V@ i R 1||V91/2||2+Zf|\V3U V22

with elementary manipulations and addition of %HV@’”‘H/ 2| in the last step.
Similar arguments can be used to bound the second term on the right-hand side of
(3.15). A combination of all this in (3.15]) (after multiplying by At) shows

AtZAn < At(clZHV@”J'_UQHQ+HZ||VPH+1/2” )

n=1 n=1

At
+5 (cl||V@1/2||2 + | VP

+4At(— + )vaa Un12 2, (3.16)
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Step 3 (Bound for Aty " | B™). First, we rewrite Aty " B™ as
m—1

At Y (2aVO"T2 428V P2 Vo, U ?)

n=1

+2AHa VO™ T2 4 gV P2 VU2,

Then, it suffices to apply Cauchy—-Schwarz inequality and Young’s inequality with
€ =2/c1 (resp. € = 2/k) to the first (resp. second) term in the summation on the
right-hand side above, to obtain

m—1 m—1
_ 202 =
Z 2(av®n—1/27vatUn+l/2) < Z (Cl||V@n_1/2||2 + a“vatUn—l-l/?'Q)
n=1 n=1 2 “
— C1 n C1 n

Z 5 IvVe 2|2 4 ||V@1/2||2 Z [VoU 2|2

n=1 n=1

m—1 B m—1 K P
(resp. 2(6VP"‘1/2,V8tU”+1/2) < Z §||Vpn+1/2”2_|_ §||VP1/2||2

n=1 n=1

2ﬂ2 m—1 .
S VAU +WP)

n=1
with an addition of a non-negative term < ||VO™~/2||? (resp. £(|VP™1/2|2) on
the right-hand side. An analogous simplification (with € = ag) in the Young’s in-
equality leads to

2At(aVO™ Y2 4 gy P2 v, umtL/2)
ag (812 (a2 VO V22 4 B2V P22 4 200 [ VAU

m—1
<ag ' (A0? Y (a2 VO 4 g2V PI2) 4 20| VAU,

n=1

where there is an over bound by ag LAt)? > ( 2| vertt/?|2 4 g2V Pt/ )
in the last step. A combination of all this ylelds

i - At
AEY B" < 200 [VOU™ 22 1 T2 (er][VO22 + k| VP?)
n=1

At m—1
+ 52 (allVerH 2 4 n| vtz )

n=1

+2At<%2 + B2> vaa Un+1/2||2
1

+

(At)? = 2 n+1/2(2 2 n+1/2(2
DY (a?IvOr 22 4+ g2 v P2 ). (3a7)
n=1
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Step 4 (Bounds for load and source terms). One more application of Cauchy—
Schwarz inequality and Young’s inequality with e = 1/2T", results in the following
bound

4Atz fn 1/4 Un+1/2+aUn 1/2)

At o = _
<ATAI ZHJ””’”“H2 + o Y IBUTY  unTR,

n=1 n=1
Note that At Y200 [[f V412 < mAtfl1F w0, 750200)) < TI T 0,712 () More-
over, the following bound
HgtUn+1/2 _|_5tUn71/2||2 < 2H5tUn+1/2+”2 + 2||5tUn71/2||2’
shows that

At <5 ~
7E:HatU—n-Q-l/Q_’_atUn—l/2||2
n=1

Atm 1
”a U1/2H2 +2 ”a Um+1/2||2 +4= - Z HatUn-i-l/2||2.

n=1

Putting together all this with % < 1 yields

AAEY D (fr, QU 4 QUV2) AT FI 1,20y + 210U

n=1
+2|9,Um 22 + e inam—lﬂn‘%
T n=1

Moreover, the same arguments, with e = 5= (a1 — |v[/70) (resp. € = 5= (as — [7[70))
used in Young’s inequality, also lead to the following bounds

- n n n T2 ap — |’7‘/70
ALY (¢"12,0" +0") < ————— |6l T 020y + —5— 10

3 a1 = i/ 2
st gminie g (o - ) SE S ORI (380)
n=1
(p AS (g PP € — gl gay + AP
—~ az — v Y 2
+ C”%W)HP’"“HQ + (a1 — Iv\%)% iIIP”IQ)- (318b)

n=1
Step 5 (bound for 2y(P™Tt @Mty — 24(PY ©1)). A triangle inequality plus
Cauchy—Schwarz and Young’s inequalities with e = 1/~ lead to
2y(P™F M) — 29(P, 01
< Yol + 191 /00 TP + ol PHIZ + [yl /v0ll€1 2.
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Step 6 (Consolidation). A combination of (3.16)-(3.18) and (3.14) together with
elementary manipulations (adding the non-negative term QAt(‘j—f + ﬂ—’j) Vo, U /2|2
on the right-hand side), yields the bound:

20,02 )? + 2a0|\v5tUm+1/2||2 + 4doCeoe U™ 2|7 + 21I(07, P™)|3;

1 " . -
+ 5@~ RAIO™ I + S (s — o) [P — (At)ea VO™ 22

2
At m—1
— (AP = 22N (e [Ver R 4 VP2
n=1

< ((U°%UN ) + (€% 6" ) + ((P°, P, 9g)

At 1 - i
w25l (o2 4 S - ) ) 3007 + (o~ o) S1P"1)
n=1 n= n=1
BQ
+ 6At(— + —) Z [VaU+1/2||2
A2
) Z (OZQHV(':“)nJrl/QHQ+52van+1/2‘|2>. (319)
n=1

Utilize the definition (3.10) to obtain

200", P — At(er VO™ 2|2 4 5| VP

3AL
=2 Y (Ve 4 kv PR
n=1
At m41/2)2 m1/2)2
= S alverti R 4 sy

2 (] £ [ VOT R VP2

(c [VOm22 4 s VPR 4 (O, PR,

and the elementary manipulations

2

2
.t n+1/2)2 <3TO‘ 3T ) nt1/2)2
6At<cl )ZIIV@U "= o T o ZanuvaU 12,
and
o m—1
(QZ||v@n+1/2H2+ﬂ2||vpn+1/2||2>
n=1
At /2Ta? 2TI82 At =
< — I v®n+1/2 2 vpn+1/2 2)
- T (a0c1 ao;‘i) 2 Z (ClH [° + &l 17,

n=1



Thermoelastic diffusion and thermo-poroelasticity of thin plates 23

in (3.19) to show that

3 5 1
20,02 + 200 [VEU™HE + 2 (ar — /7o) |07 P

1 At
+ §(a2 — [vho)IP™ 1% + >
1
+ 5”(67”7 PW)H%{ + 4dOCCOer||Um+1/2”121
< ((U° U )+ ((8°60',¢) + ((P°, P',g))

(Cl‘|V@m+l/2H2 + K|‘V.Pm+1/2||2)

At S 1 .
+ 020 S 2100 + 20| 0T 4 S (ar = bl /o) €7+
n=0
1 nt1yz , At nt1/2)2 nt1/2)2
+ 502 = PR 4+ S (a7 4w VP2 )

where C' = max{2, ?;7;?12 + 3aT0i : }. Then we invoke Lemma and (3.10) to arrive
at
1

_ _ 1
2000 + 200l [FOT 2 + oy =y jem e 4 Jaa— o)l

At 1
+ 5 (al VO £ k[T PR+ SO, P+ 4do Coner U2

CAt

< e ((UO,UN ) + ((8%.6%,9) + (P, P, g)))
< (U U 1) + (8% 0,9) + (P, P'.g))).

with mAt < 7T in the last step. Then, we ignore the non-negative term
LAt |[VO™ /2|12 4+ k|| VP™H1/2|12] on the left-hand side to conclude. O

Remark 3.7. For the existence of the unique solution, it suffices to show that
(0,0,0) is the only solution of the fully discrete problem — with homoge-
neous initial conditions and load/source functions. From , it is evident that if
u® = 0% = p° = 0, then U? = O° = P® = 0, which, together with «*° = 0, leads
to Ul = ©! = P! = 0 from . Then, we can utilize U’ = Q% = PV = U! =
©! = P! = 0 in Theorem B.6] to show that U™+1 = @™+l = pm+l — ( for all
1<m<N-1.

4. Error analysis

This section establishes the error estimates for the fully discrete scheme presented
in the previous section. In Subsection we prove the error estimates at the initial
time steps to and ¢; for the scheme (3.6)-(3.7). The subsequent subsection provides
error estimates for the scheme in different norms. Let us consider the following
decomposition of errors at time ¢,, forn=1,..., N

u(ty) — U™ = (u(ty) — Ruu(tn)) + (Rau(ty) — U™) = p" + (", (4.1a)
O(tn) — O™ = (0(tn) — 0(tn)) + (I0(t,) — O") :=n™ + ¥", (4.1b)
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p(tn) - P" = (p(tn) - th(tn)) + (th(tn) - Pn) ="+ §n7 (4-1C)
where R, and II;, are the projections defined in (3.2 and ([3.4)), respectively.

4.1. Initial error bounds

Since our discrete formulation is split into two parts, solutions at tg and t; are
determined using (3.6)-(3.7), whereas the solutions at ts,ts,...,t, are computed
using —it is thus necessary to estimate the initial error at time levels ty and
t1 before we proceed to derive the error estimates. To do so, we take the average of
the equations in system (2.6)) at tg and ¢; as

(uh{,0) + a0V, 70) + do (V301 2, V20) = (960172, T
(

)
—B(Vp'/?, Vo) = (f'/?,v),

a1 (07", 0) = v (0%, %) + b1 (0Y2,0) + 1 (VO /2, V)
+a(Vuy?, Vi) = (6V/2,),

az(py’*,q) — (6,7, q) + K(Vp/?, V)
+B(Vu,?,Vq) = (912, 9),

for all v € HZ(Q) and both 1,q € H}(Q). Let us observe that for the smoother
Q defined in Section [3| there holds Range (Q) C HZ(Q), and, readily from the
definitions, we have that W), C H}(Q). Then, for any vy, € Vi, and 9y, g, € W, we
can choose Quy, € HZ(Q) and ¥p, qn € Wy, C H} () as test functions in the last
system of equations and employ the definitions of the projections R and II; from

and (3.4)), respectively to arrive at
(uit/ 2 Qun) + ao(Vuy!?,VQuy) + doan(Rau'/?, vp) (4.2a)
—a(VO'2,VQuy) + B(Vp2,VQuy) = (f/%, Qu),
a1 (02 1) — v(p* bn) + b1 (02, 4p) + ¢4 (VIT,01/2, Vi/)h) (4.2b)
+a(Vuy?, Vi) = (612, ),
az(py"* an) = (0,7, an) + K(VIp'/2, V) + /3<Vui/2, Van) = (g%, an). (4.20)

Since all the terms uitﬂ, 0172, p*/2 and (Q — Ivy, belong to Hi(Q), an integration
by parts leads to

(aoVu,%t/2 — BVpY2 — Vo2 v(Q — Iuy)
= (—apAu? + BAPY? + anb /2 (Q — I)vy,). (4.3)

Next we recall F:= F(t,x) = f(t, @) — ust + agAuyy — A — SAp from (2.15)). This
and (4.3) in (4.2a) with some basic manipulations yields

2(AH) B2, vp) + 2a0(AL)TH(VIu 2, Vo) + doan(Ruu/?, vp) (4.4)
(V02 Vo) — B(Vp/?, V)
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= (FY2,(Q — Dwn) + 2(A8) "1 (a2, vn) — (uf?, vn) (4.5)
+ 200 (A1) "N (VA2 Vop) — ao(Vug!?, Vop). (4.6)
Let us now define the initial truncation terms R, 7o, 7, and sq as follows:
RO = 2(A1) 7 (G — ) —wy?, v 1= Ot —w? (478
0 1= 0,0/ — 9t1/27 s0 := Oyp'/? — pi/Q. (4.7b)

Utilizing these definitions and subtracting the equation (3.7a) form (4.6), (3.7D)
from , and (| - ) from (4.2¢] , we can obtain the followmg system

2(A) B (u? = UY?),0p) + 2(A8)  Lag(VE, (u'/? — UY?), Vup,)
+ doan(Rpu’? —UY? vp) — a(V(0Y% — ©Y/2), Vuy,) — B(V(p'/? — PY/?), V)
= (FY2,(Q — Ivp) + (Ro,vn) + ao(VRo, Vup),
ar(9¢(0"% — ©'2),4hy) — (D (p"/? — PY/2), b)) + b1 (017 — ©1/2 4py,)
+ 1 (V(IR0Y2 — 0Y2), V) + a(VE (u'/? — UY?), Vi)
= a1 (70, %n) — (50, ¥n) + a(Vre, Vi),
as (0 (p*'? — PY2), q1) — v(0:(8"/% — ©Y/2), q1) + k(V(ILyp"/? — PY/?), Vgy)
+ B(VO(u'? = U'?),Van) = az(s0,qn) — (70, 1) + B(V7r0, Van).

In turn, for (vp, ¥n, qn) € Vi X Wj, x Wy, the error decomposition described in (4.1))
leads to

2(AL)THDCY?, vp) 4 2(A1) Lag(VICY2, Viuy,)
+ doan (V2 vp) — (VU2 Yoy, ) — B(VEV2, Vuy,)
= —2(A1) Y Bep %, un) — 2(A1) Lag(VIp' 2, Viup) + (V2 Vuy,)
+ B(Vo?, Vo) + (FY2(Q — Ivp) + (Ro,vn) + ao(VRo, Vor),  (4.8)
ar(0e0' /%, b)) — (062, bn) + br (W12, 4y
<W1/2 Vn) + a(VO,(2, Vi)
= —a1 (0" %, ¥n) + (010" n) — bi(n"? ) — a(VDep' /%, Vi)
+ a1(70,%n) — (80, ¥n) + a(Vro, Vibn), (4.8b)
az(0:6"%, qn) — V(0% qr) + K(VEV2, V) + B(VIC?, V)
= —a2(010"%, qn) +¥(Om'*, qn) — B(Vp'/?, Van)
+ a2(s0,qr) — (70, qn) + B(Vro, Van). (4.8¢)
Note that ||8tp1/2|| = (1/At) Hf (t)ds| and [|VOp'/2|| = 1/At ||f Vp:(t) ds]].
Then, definition and the approxurnatlon property in (3.3]) yield the bounds
||5tpl/2|\ +[[Vap' 2| < C2h20||ut||L°°(O,t1;H2+U(Q))7 (4.9a)
VAL((|0:p" (| + IV Dep 2(l) < Coh® [lue]lL2(0.61:17 0 (2))- (4.9b)
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Further, the definitions (4.1b))—(4.1c) and the approximation property in (3.5)) lead
to

It =10l + 03[ + A |V /2| < 3C3h2|0]| oo (0,41, m1 0 (), (4.10a)
and  [lo" — 0"l + [[0"?] + RV o'/ ?|| < BC5h*||pl| poe (0,611 47 (2))-  (4.10D)

The following lemma, whose proof involves Taylor series expansion and the Cauchy—
Schwarz inequality, provides truncation error estimates that will be utilized later in
this section.

Lemma 4.1 (Truncation error bounds®’23). For ¢ € H*(0,T;L*(Q)) , the
following inequalities hold

(@) (28671 (@02 = 00(0) — o1l < AMllputllzmoizz@ys  (411a)

(B) 110" 12 = 2| S (A2l 2 (1 i) (4.11Db)
form=0,1,... N —1,

N-1
A2 n n,1/4 3
(c) ZH@QW — Pt / ||2 S (Af)d||80tttt|\2L2(o,T;L2(Q))- (4.11c)
n=1

Next, we present the initial error estimates for (3.7]), which will be used to prove
the next theorem. Before proceeding we define the following quantities, all bounded
thanks to Theorems 2.2] and 2.3]
— 2 2 2
Lw,0.p,t1) = welli200,60; 5240 ) + 1wl Lo 0,652 ) F 10120 (0,60 12 40 ()
2
PN Zoe 0,615+ (2))

Mu,0,p,t1) = ||Uttt||2Loo(o,t1;H1(Q)) + HetttH%Z(O,tl;LQ(Q)) + HptttH%Z(O,tl;L?(Q))'

Lemma 4.2 (Initial error bounds). Under the regularity assumptions on given
data as stated in Theorems[2.1)[2.3, the following estimates are satisfied:

101211 + a0l VO C?)1? + doCloer 2117 + (a1 — |¥/70) 121/
+ (az = [Yo)IE 217 + At [by [ /22 + ey | VE2|? + 5] VE2|?]
,S h4g + L(u,G,p,tl)h4U + M(u,@,p,tl)(At)47

where the absorbed constant in "<” depends on Cr, Ccoer, Ccont, C1,C2, C3, T,
and the model coefficients.

Proof. The proof follows in five steps below.
Step 1 (Key inequality). From the choice of test function v, = ¢*/? € V}, in ([#.8a))
and the identity ¢'/? = % = % = %@Clﬂ that follows from ¢ = 0 (see
(3.6)), we obtain
19:CH211% + a0l VY2 + doan(CH/2,¢1/2) = (V (W2 + 5EY/2), V¢1/2)
= _(5#’1/2,3_:&(1/2) - aO(Vétp1/2, v5t<1/2) + (V(Oml/2 + 501/2), VCW)
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+(FY2,(Q - 1)¢Y?) + %At(RO, 9i¢M?) + AUV R0, VOCH?). (4.12)

We can then proceed to multiply (#.8b) by At/2 and choose vy, = ¥'/2 € W), as
test function, and utilize

)

C1/2 _ %5tcl/27 \111/2 _ %515\111/2

(from (3.6))) to get

b c
an 22 (€2, W) - A2 4 LA 4 a (V2 V)

At -
§1/% = 0,2,

ay Yy bl
_ _5(771 _ 770’ \1,1/2) + 5(gl _ Q07 \111/2) _ EAt(nl/Q’ \111/2)

- %At(Vétpl/z, vl/2) %At(m, gl/2)

- %At(sOAIll/Q) + %At(VwO,V\Ill/Q). (4.13)
Similarly, we multiply ([.8d) by At/2, choose g, = £Y/2 € W), and use ¥!/2 =
8L0,01/2, ¢1/2 = 8L9,£1/2 to arrive at

azll€!/2|? = 7(172,6112) + ZAHVE |2 4+ B(VC 2, VE )
B
2
At(Vrg, VEY?). (4.14)

a _
=~ 20" = " &) + (' =" €%) = SAUVpH, Ve

2
At
+ = (azso — 70,€"?) + ’
2 2
A summation of (£.12)-(#.14) leads to the cancellation of the term (V(a®'/? +
BEY/?),V(1/?). This, the coercivity of ay(e,) from (3.1)), and an appropriate re-
grouping of the terms lead to

19:C12112 + aol| VA + doCooer 27 + an [ 9172 ]1% + as €12
+ %[blH\WH2 + o[ V2P 4 k| VEY?7]
< (P2 Q=1 + (V(an'? + Bo'/?), V¢'72)
+[ = (0%, 0 72) = ao(V(Bep 2, VD)
T %At(Ro, 9 C?) + %At(Ro, Vo))

At _ _
+ [ = a(VIp'?, VU2) — B(VI,p'/?, VE?)

2
+ a(Vro, V\I/1/2) + B(Vro, Vflﬂ)}

1
+ 5 [ — al(nl _ ,'707\111/2) 4 CLlAt(TO,\I’l/Q) + 7(01 _ QO’ \111/2)
— At (s0, TY2) — by At(n'/2, \1,1/2)]
1
=+ 5 [ —as(0' — 90,51/2) +(nt - 770,51/2) + agAt(So,£1/2)
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— A7, £2)] + 2y (W2, 61/2)
= T1 +T2+T3+T4+T5+T6+T7. (415)

Step 2 (Bound for Ty ). An application of Cauchy—Schwarz inequality and the bounds
from Lemma v) yields

Ty = (FY2,(Q = D)) < IFY2[I(Q — DSV < Cub? | FY2([11¢2 .

Then we can utilize Young’s inequality with € = 2(doCcoer) ™! to show that
_ d,
Ty < Cf(doCaoer) " hH|FY2|1? + 7 Cooarl| 17
d,
S 6112(;’]2«"(dOCYCoer)_lh4 + ZOCCOEI‘||<1/2H}2L7

with the bound ||F'/?|| < Cr from the regularity result (2.16)) in the last step.
Step 3 (Bound for Ty). Note that n'/2, 0'/? € H}(Q), and Q¢Y/? € HZ(S2). Some
elementary manipulations and an integration by parts show
Ty 1= a(Vy'/%, VCH2) + B(V0!/2, V(1 2)
= a(Vy' 2, V(1 = Q)C?) + B(Ve /2, V(1 - Q)¢H?)
— a(n'/?, A(QC?) = B2, AQC?). (4.16)

Using Cauchy-Schwarz’s inequality, [|[V(I — Q)¢/?| < OCyh||¢M?||n  from

Lemma [3.I[v) (with s = 1 and v = 0), and Young’s inequality (applied twice
with € = 8(doccoer)_1), we can readily bound the first two terms on the right-hand

side of as
a(Vn'2, V(I - Q)¢M?) + B(V'/?, V(I - Q)¢M/?)
< Cuh (el V212 1 + BIV e 2II11¢M 1)

_ d
< ACTH? (doCeoer) ™ ([ V02| 4 B2V 0" ?|%) + F Ccoerl IS/}
o do
< CRZ2 (10 e 0,003 001 () F P Zow 0,051 402)) + gCCoerHCl/QHi, (4.17)

where we have utilized in the last inequality.

Note that || A(Q¢Y?)|| < [|Q¢Y/?||;, and a triangle inequality with Lemma [3.1|(v)
shows ||A(QCY?)|| < A|¢Y?||, for A > 0. Therefore, combining this w1th the
Cauchy—Schwarz and Young’s inequality (as in the last step) lead to

—a(n'?, AQC?)) — B2, AQCY?) < a2 IS I + BATe 2 IS 2 In

d
< 40*(doCooer) ~H (@®IIn' 2|17 + B2(10*2)1%) + SOCCOerIICWIIi

. do
< CRY (110117 (0,01:m1+ 0y + 1P T o 0,011+ (02))) + COoerHCl/QHi, (4.18)
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with estimates in the last step from (4.10). In addition, a combination of (4.17))-
[ETS) in (@I0) yields

- - do
Ty < COPP27 + W) (1007 0,011+ @) + 1PN T (0,01:140 (@) + 7 Coer IC2 -
(4.19)

Step 4 (Bounds for Ts—T7). The estimates for T3-T7 follow a similar approach. We
apply the Cauchy—Schwarz and Young’s inequalities (with e = 2,2,1, 1 for the four
terms, respectively, in T3) to reveal the bound

15 = —(5#)1/2, gtCl/Q) - ao(Vétp1/2, V5t<1/2)
+ %At(Roﬁtcl/Q) + S AUV R, V)
< O (19021 + V82| + (A0 Rol|? + (A1)?] ¥ Ro )
2187 + Rvac e,

where C, = max{1,ag}. We then employ (4.9a)) to bound the first two terms and
(4.7) and Lemma to bound the third and fourth terms on the right-hand side
above to obtain

I3 < C(h4g||ut||%oo(0’tl;H2+a(Q)) + (At)4||uttt||2L°°(0,t1;H1(Q)))
1 = a =
+ 1B + RVaCP,
(Here C' denotes a generic constant independent of the discretization parameters).

Now, similar arguments (with € = 2/¢1,2/k,2/c1,2/k in the Young’s inequalities
for the terms in Ty) lead to

At = 5
Ty := 9 = a(Vap'?, VU2) — B(Va,p'/?, V)

+ a(Vre, VIY2) + B(Vrg, VEY?)]
5 1/2)2 2 c1 122 , K 1/2)2
< Cr, (At[VOp 7|7 + Atl[Vrol|” ) + AL VIV + S At VEE,

with Cr, = max{3a?c;!, 52571}, An application of (£9D) leads to

)2
T, < C(h40||ut||2L2(o,t1;H2+a(Q)) + (At)4||Uttt||2Loo(o,t1;H1(Q)))
+ %At||V\I/1/2||2 + gAtHVfl/QHQ.
A further application of Cauchy—Schwarz and Young’s inequalities (details on the

choice of € in the rest of the proof are skipped for brevity) leads to

1
Ts := 3 [ - al(nl — 770, \111/2) + a1 At(7, \111/2) + ’y(gl —0°, \111/2)

— YAt (s, U/2) — by At(n*/?, w1/?)]
< C(In" =0 1P + 1" 2117 + lle" = &I + (At)* [[Ioll* + [IsoI*])
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ay — b
+ 1 |2'7|/’70||\I,1/2H2_’_ZlAtH\IJI/QHQ
< C(W* 00017 0.02:m140 ) + R NPN T (0.41: 15140 (02))
+ (A 0se 172 (0,40 22000y + (A Dot T2 (0,0, 22(2)))
a1 — 71/ by
¢ I gy g O

In the last inequality, the bounds for the first three terms on the right-hand side are
obtained from (4.10]), and the last two from Lemma respectively. Then, using
similar arguments as above also show that

Ty = 5[ —as(o" — 0" &%) +9(n' = 1°,6"%) + a2 At(s0, /%) — v A (70,6'/?)]

< C (WA 00% o1y ctr2ce) + B Pl 0.0572(2)

| =

o —
(AN B2 02y + (O el B0z ) + 2202 /22
The Cauchy-Schwarz and Young’s inequalities lead to Ty := 2y(¥1/2 ¢1/2) <
LI @1/22 4y /2.

Step &5 (Conclusion). It suffices to put together the bounds for 73-T7 in (4.15) and
the fact that h? < [Q|1=9h2° < h29, to finish the proof. O

Remark 4.3. The decomposition and the analysis in Step 3 of Lemma
are aimed at proving the superconvergence (h*” rates) of the projected errors ¢'/2
and ¥'/2, ¢/2 in the norms ||¢'/2||? and ||(T', £Y)||2;, respectively. This is achieved
using the approximation properties of the smoother @ from Lemma (V) The
same arguments are also applied in Step 2 of Theorem [£.4] to obtain the supercon-
vergence of the projected errors (™*1/2 and Wm+1/2 em+1/2 for all 1 <m < N —1
in [|¢™+1/2||2 and ||(P™, £™)||%, respectively; and is achieved in ([{:39). This super-
convergence also yields more elegant lower H*— order estimates with s = 0,1 (resp.
s =0) for u (resp. 6 and p) established in Corollary (resp. Theorem [4.4)).

4.2. Error estimates

We present the error estimates for (3.8). To do this, we first derive the error equa-
tions, which will subsequently be used in Theorem with appropriate choices of
test functions, to establish the estimates.

Error equations. A linear combination of the equations in the system ({2.6)), eval-
uvated at t =t,_1, t =t,, and t =t 49, forn=1,2,--- | N — 1, yields

(W Qua) + ao(Vuls ™, VQun) + do(V2umV4, V2 Quy,)
— (VO N Quy) — B(VPYA VQuy) = (fY4, Qup), (4.20a)
ar (072 ) — (0P )+ b (072 )
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+ e (VO Y2 ) + a(Vul T2 V) = (672 ), (4.20Db)
az(pp 2 @) — 4072 an) + 5(VpTTV2 V)
+B(Vu T2 V) = (6" T2, qn), (4.20¢)

for all v, € V}, and ¢y, g, € W), where as earlier we have used Range(Q) C Hg Q)
and Wy, C Hj(9) .

Next we recall the definition of F' = f (¢, @) — us + agAug — A — SAp from
and define the truncation terms as follows:

R™ = §2u™ — YA, pm = G2 — 2, (4.21a)
= 9,0n T2 — 9?+1/2, and s" 1= Gp" T2 — p?+1/2. (4.21b)
Subtracting (13.8al) from (14.20al)

and employing aj,(Rpu™* v,) = (VZu™'/4,V2Quy) from , we readily ob-
tain

(OFu™ — QU™ vp) + ao(V(OZu™ — DFU™), Vop) + doan (Ryu™ 4 — U™/ uy)

— (V@Y — @™/t V) — B(V(p™ Yt — P V)

= (F™Y% (Q — I)vp) + (R™, vp) + ao(VR™, Vup,).

An appeal to the splitting in (4.1]) leads to the first relation of the error equation
of the system as

(OFC™, o) + ao(VOEC™, Vup) + doan (€4, vp) — a(VE™ Y4 Vuy)

— B(VEMYA V) = —(02p", vp) — ao(VO2p™, Vo) + (V™14 Vuy,)

+ B(Vo™ 4 Vo) + (F™Y*(Q — Ivy) + (R™, vp) + ao(VR™, Vuy).  (4.22)
We can then subtract from and utilize the definition of IT;, from

to obtain
ar (B (0" % — @"V2), )
_ ,y(gt(pn+1/2 _ Pn+1/2)7wh) + b1(9n+1/2 —entl/2, on)
+ e (V(I,0" T2 — @2y W) + a(Vay (w2 — U H/2) Way,)
= ai (7", ¢n) — (", ¥n) + a(Vr", Vipy).
The splitting from reveals the second relation in the error equation as
ar (W™ 2 ) — (8" ) + 0L (U2 )
+ e (VU2 V) + a(VI,C T2, V)
= —a1 (0™ 2 ) + (00" T2 n) — bi (T2 )
— a(VOp" T2, V) + ai (7" ) — (8™, Pn) + a(Vr™, Viby). (4.23)

Furthermore, we subtract (3.8c) from (4.20c]), and utilize the same arguments as
above along with (4.1) to obtain the third error relation of the error equation as

a2(5t§n+1/2’ Qh) - ’Y(ét‘l’n+1/27 Qh) + H(V§n+l/2a th) + ﬂ(vgtgnﬂ/?’ VQh)
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= —a2 (000" ™%, q) + (0™ V2 qn) — B(VIp" T2, V)
+az(s",qn) — (7", qn) + BV, Van). (4.24)

Some useful bounds. Next we present some bounds that will be useful in the

proof of Theorem [£.4] The estimates from (3.3) for p(t), (3.5) for n(t) and o(t) are
used to demonstrate the bounds, for any 1 <m < N

™ Y4+ B[ YA < O3B 10 Lo (51 21 (20 (4.25a)
lo™ 41 + RV @™ ] < C3h® Dl 2= (41 g2 2 (4.25b)

(at SSIvam122) 4 (a0 3 i)
n=1 n=1
m _ 1/2 m B 1/2
(A0 2) T (A Y B2
n=1 n=1

S TR [[lwl| Lo 0,152+ () + 110]] oo (0,710 ()

+ 10ell oo 0, 1+ (92)) + [1Pell Loe 0,7 E1 42 ()] (4.25¢)

where in last inequality we have used mAt < T. The Taylor se-
ries estimate [07p"® < F(A)7 t”“llptt()l\zdt (resp. [[VO7p"|> <

Z(At)~Y [ Vpu(t)||? dt) along with (3.3) reveals that

U _ _ 1/2
(A (1820712 + ao|V02"1%)) S W2 iz o mmaseqeyy. (4:26)
n=1

Also, the definition (4.21)), and the truncation estimates from Lemma are given
by

m 1/2

(AtZ” Rn”Z) < (A2 Jueee| 20, 7:02(9))
n=1
- n||2 1/2 2

(AtZ”VR | ) S (A Vugseel L2 0,7:02()),  and (4.27a)
m 1/2 m 1/2 m 1/2

A NTEIR) T (A R) T (A sR)
n=1 n=1 n=1

S (Ap)? [Hutttl|L2(O,T;H1(Q)) + 10etell 20,712 (0)) + ||ptttHL2(0)T;L2(Q)):|. (4.27b)

¢ - ¢ - ¢ ¢ _
Note that 37 [|bF71 + 0712 < 237 0712 + 2 300 [IBF(12 < 457, [10F 11> +

2||b|?, with addition of 2||b°||2 on the right-hand side in the last expression. This
and an application of Cauchy—Schwarz and Young’s inequalities lead to

‘ ‘
1
+ koph—1 bk € k2 pR—1 o k2
E + 2k§=1l\a | +26k§=1H + 0|

¢ ¢
€ 2 _ 1
S L = S [t R A CE.
k=1 k=1

I A

IN
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Main result. Before proceeding to establish the error estimates at ¢ =

to,t3, -+ ,tn, we first note that the following quantities are bounded, thanks to
Table 2]
Liwop1) = [0l 20 0,1 m240 ) + Nl Foo (0,75 m0240 (52)) + Nttt 720 711240 02y

+ ||9||2Loo(o,T;H1+v(Q)) + ”‘gtHiw(O,T;HHU(Q))

+ 1Pl 7o 0,110 (02)) F 1P 170 (0,7, 1140 (2 (4.292)
Mu0,p,1) := HutttH%?(O,T;Hl(Q)) + ||Utttt||%2(o,T;H1(Q))
+ 116eel 2 0,7;22(0)) + et 20,7220 (4.29b)

Theorem 4.4 (Error estimates). Under the regularity assumptions on given
data as stated in Theorem for 1 < m < N — 1, the following estimates are
satisfied:

||gt(um+1/2 _ Um+1/2)||2 + a0||v5t(um+1/2 _ Um+1/2)H2
+ (a1 = P/ 107 = 0" + (a2 — |ylyo) [P = P2
+ d0h20'||um+1/2 _ Um+1/2||%b + hQU”(em _ ®m7pm _ Pm)”%l
S+ (Lot + Liwopn) [ + Mg pm) (A1),

where the absorbed constant in "<” depends on Ccoer, Ccont, C1,C2, Cs, T, and
the model coefficients.

Proof. The proof is divided into six steps-the first step derives a key inequality,
this is followed by bounds for the terms in the key inequality in Steps 2-5, and Step
6 consolidates the proof.
Step 1 (Key inequality). Let us multiply (4.22)) by 2At, choose vy, = §;¢™ and utilize
the identities (3.9a])-(3.9¢)). This yields
10.C" 212 = 10" 2 + a0 [ VATV — aol VO
+ doah(CnJrl/Q;CnJrl/Z) _ do&h(Cnfl/z, Cn71/2)
= 24| (F™/1,(Q — Do)
+ (V™ 4+ BV V(M) + (aV B 4 BVEHY V(T
- (51520"7 6:C") — aO(ngp", V6 ¢™) + (R, 0:¢") + ao(VR™, V(StCn)}
=2(FMY(Q - D(CMHE - ")
+ 2(avnn,1/4 + ﬂvgn,1/4’ v(cn+1/2 _ Cn71/2))
+ At(avq}n,l/4 _~_ﬁv§n,1/4’5t(cn+1/2 +Cn—1/2))
— AU " — R, B¢ 4 ()
— Atag(V(9Fp" = R™), V(0u(¢"T/2 4 ("712)))

with At§,¢" = ¢"H1/2 — ¢"=1/2 for the first two terms on the right-hand side and
0 (™ = %(5,5(”“/2 +0,¢"~1/2) for the remaining terms. Next, we again multiply the
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equation (4.23) by 2At and choose vy, = ¥"T1/2 as the test function. Then utilize
B3.9d)(i) to obtain

ay [ — ay 072
20 by [0 4 [ VO 4 (99,2, T
= QAt[_ a1(5t77”+1/2, \I,n+1/2) + 7(5t§"+1/2, \I,n+1/2) + 7(5tgn+1/27 \I,nH/Q)
— 51(77”“/2, \I,n+1/2) _ a(Vgtp"+1/2,V\Il”+1/2) +ay (™, \Ijn+1/2)

—(s", \II"+1/2) + a(Vr?, V\Il"+1/2) .

Similarly, we multiply (#.24) by 2At, select the test function ¢, = £"*+/2, and
employ (3.9d))(ii) to get

aall§" 12 = aal€” |2 + 28t [K|VE 2|2 1 B(VACIZ, w2 |
_ 2At[ _ a2(5tgn+1/27£n+1/2) + ,y(gt\lln+1/27§n+1/2) + ,7(5tnn+1/2’§n+1/2)
— BV Y2, VEI) tag(s", €F2) — (7, €FY2) 4 BV, VETR)).

After adding the last three displayed equations (after multiplying the first equation
by 4) and summing for n = 1,2,--- ;m, where 1 < m < N — 1, we can then use

(13.1) and (3.10) to produce
418,22 + 4aol [ VO™ H2|1? + ddoCooer ¢ 27
+ar [T ag €M+ 202, €M) F

<8 ) [P @ - D¢ - i)
n=1
+ (V(an™* + B/, v (g2 — g"—l/Q))}
+ At zm: [4(04V\I/"71/4 + vin,l/{ V(@C”H/Q + 5t<n—1/2)
n=1

—2(aVUnH/2 4 gyentl/2) vétgnﬂ/?)}

— 4At i [(5§p” — R™,§,(¢"HV/2 4 (/7))
n=1

+ag(V(92p"™ — R™),V(0:(¢" /2 + C"_l/Q)))}

+ 2At i [ — al(étn”'irl/?7 \Il"+1/2) + ’7(5th+1/2, \I,n+1/2)

n=1

o bl(nn+1/27 \Ijn+1/2) . a(vétpn+l/2’ V\Ijn+1/2) + al(,T_n7 \Ijn+1/2)
— (s, WYY (Ve VO TL/2)
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T QAtZ {7 as(B,0"HV/2, n+1/2)

+ ,Y(gtnn+1/2,€n+1/2) _ 5(Va§pn+1/27 v§n+1/2)
+ap(s", €FY) (77, € 2) 4 BV, VETH)|

r2r Y [ e - )]

+ [418C 721 + a0l VA + 4doCoontIC211 + ar |92 + as €™ 2]
=: T1 +T2+T3+T4+T5+T6+T7. (430)

Step 2 (Bound for Ty). The summation by parts formula > g™/4(hn+1/2 —
hn71/2) = gm A/4pm+1/2 gl 1/4p1/2 Zm 11(gn+1 1/4 g 1/4)hn+1/2 together

with the observatlon gntLl/A gt/ — 1/4ft "2 g dt + 1/4 ft " g, dt reveals
T, = 8(Fm’1/4 (Q _ I)§m+1/2) (Fl ,1/4 (Q I)Cl/Q)
tn+t2

_ 2’”2: (Fi(t),(Q — I)<n+1/2) —9 i: /t1z+1(Ft(t),(Q_I)Cn+1/2)dt
n=1 tr

tn—1

+ S(V(Oﬂ]m’l/4 + 5gm,1/4) vcm+1/2) . 8(V(Oé771’1/4 + 691,1/4), VC1/2)

-2 Z/+ (ame(t) + Bor(t)), V(T2 dt

tn—1

- Z /t:ﬂ(v(ant(t) + Boi(t)), VE2) dt. (4.31)

An application of Cauchy—Schwarz inequality, the bounds form Lemma v), the
Young inequality (with € = 4(doCcoer) ', 4(doCcoer) !, respectively for the first
two terms), and (2.16[)(i) result in

S(E™ 1 (Q = 1)) < 8CLR2|[F A fl¢m 2,
< 16C2C2(doCooor) ~ h* + doCooe||C™ /2|12,
S (1= Q)CH2) < SCHR? [P |¢2)
< 160202 (doCoer) ™ h + doCloer||C/2]2.

Analogous arguments with € = 6T(dgCcoer) 1, 2T (doCcoer) ~1, Tespectively for the
third and fourth terms give

2 [ 0.0 - Qe

tn—1

do n
< 6TCl (dOCCoer) 1h4||Ft||L2 (tn—1,tn+2;L2(02)) + CCoerAt”C Jr1/2||h7

2/t B, (- Q) at

n
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do

< 2TCF(doCoer) " hH I Fill 2, 4022 () CCoerAtHC"“/QHQ

In the last two displayed inequalities, we have used ft":'12||C”+1/2||%dt =
3At||(”+1/2||h and ft"“HC"“/zﬂ,zldt = At||¢"TY/2||2, respectively. Hence, it fol-

lows from (2.16))(ii) that

m—1

22 / R, (- Q) i

< 6TCH(Cr)*(doCeoer) th* + —C’CoerAt Z 1Cn 22,

5 Z / n+1 I Q)Cn+l/2)

< 2TC12(C}7)2(dOCCOer) 1h4 + 7CCoerAt Z ||(:n+1/2H2

Elementary manipulations analogous to show
8(V(ay™ !+ fo™ 1), vcm+1/2>
— S(V(Oﬂ]m’l/4 + Bgm,1/4)’ V(I _ Q)Cm+1/2)
= 8(an™ Y+ o A(QCH)). (4.32)

Then, similar to [ 17)), utilize Cauchy-Schwarz’s inequality, ||V(Q — I)¢"+/2|| <
C1h||¢™F/2||), from Lemma 3.1(v) (with s = 1 and v = 0), and Young’s inequality
for first two terms on the right-hand side of (4.32)) as

S(V(Oﬂ]m’l/4 + Bgm,1/4)’ V<I _ Q)Cm+1/2)

< 8CHh(al| V™ AIC™ 2+ BV ™ AIIC™ 2 n)

m o d m
< CR2 (V™42 + 1V ™ /4)2) + 2 Ceoerl| ™2 (4.33)

For third and fourth terms of right-hand side of (4.32), we note that
[AQC™H/2)|| < |QC™FY/?||), and a triangle inequality with Lemma [3.1(v) shows
[AQC™H/2)|| < A||¢™+1/2||,, for A > 0. Therefore, combining this with the
Cauchy—Schwarz and Young’s inequality (as in (4.18)) lead to

= 8(an™ !t 4 B, AQC™H?))

< Sad[|ln™ VAIC™ 2[5 + 8BAl™ ¢

_ d
< 64A%(doCoer) "t (@2 (In™ 412 + B2 0™ /4|1 + 0Ccoerllcm“/2||i. (4.34)

A combination of (4.33))-(4.34) in (4.32) and bounds from (4.25al)-(4.25b)) yields

8(V(a77m’1/4+Bgm’1/4),VCm+l/2)
S C(h2+2a 4

4 2 2
h 0)(HGHL°°(tm71,tm+1;H1+"(Q)) + ||p||Loo(tanlyt7n+l;Hl+o-(Q)))
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+doCoer[|C™ 12 5.
Analogous arguments lead to
— 8(V(ag VA 4 otV wel/?)
< C(h*F27 + h4a)(||0||%°°(0,t2;H1+0(Q)) AP o 0,1, 1110 02)) + doCoerl|C17,

- mi /t o [(V(aw) + Box(t)), v<"+1/2)] dt

m—1 tnt1

=3 [ [Vame) + sente. ver)| i
n=1"7tn

< C(h**27 1 ) (10211720 7140 () + 1P T2 0 7510140 (0))
d m—1
0 n
+ 52 Coourit Y 2.
n=1
Putting together the previous bounds back into (4.31f) establishes

< C<h4 + (P27 W) (1011 (10, to: 114 ) T 1PN 0 (1, 1011140 ()

+ ||€H%°°(tm_1,tm+1;H1+°(Q)) + ||P||%oo(tm_1,tm+1;H1+°(9))

10622 0.zs114 sy + 19212023104 c))
+ 2dOCCoer”C1/2“% + 2dOCCoerH<m+1/2||}21

2dy = n+1/2)12
+ TCCoerAt Z ||C Hh7 (435)
n=1

where the generic constant C' depends on Cy, Cp, Cl, do_l, and CC_Joler'

Step 3 (Bound for Ty ). Utilize the arguments similar to (3.13)) (with ©”, U™, P™
replaced by U™, ™, £", respectively) to obtain

Tp=AtY [4(aV\IJ"’1/4 + BVEMTA V(9T 4 0, 1?))
n=1
— 2V 4 gt o, )|

= 4At Z(aV\Iﬂ“l/‘* +AVERLA vh,cn1/?)
n=1

+2A8 > (aVOTT2 4 gVEnTI2 v, ),

n=1
Follow the approach used in Steps 2-3 of Theorem [3.6| (more precisely see the bounds

(B-16)-(-17)) to show

Ty < el At VU224 kAL VE2|2 + ALY [cl||V\I/”+1/2||2 + n||vg"+1/2||2]

n=1
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Atm y n+1/22 n+1/2)2
7 {mllv‘lf 12+ K| VEMT2| }
=1
A2 . -
( ) |:O[2||V\Ij 1/2”2 +B2Hv€ 1/2H2}
n=1
9 m
+2&0||V8 Cm+1/2||2 +4At< + ﬂ) Zuvétgnfl/z“z
K n=1
/82) 1/22
+2At( Va n+1/ 4.36
. Zn e, o

Step 4 (Bound for T3 — Ts). A repeated application of (4.28) with ¢ = 8T yields

Ty = 4" (G207 — B0, 1)
+ao(V(Bp" = B"), V(B¢ /2 4 (112

<16TALY (19202 + aol V8" |2 + | R |2 + aol VR ]

At =T~ —
+20 S (18 + | 9O

n=1

+ % [HgtCmH/ZHQ + 6Lo||V5tCmH/2||2}

<C <h4g||utt||i2(O,T;H2+”(Q)) + (At)4||vutttt||2L2(0,T;L2(Q)))
e Z (10,1212 + ao | V122
+ [Ilatcm“/zw +aol[VaCm ]

with (4.26]),(4.27al) and At/T < 1 applied for the last term (in the last line). Another
repeated application of ([{.28) with € = 8T'(a; — |7v|/70) ™" and ¥"+1/2 = L(gn +
U+ Jeads to a bound for four terms in Tj as

DALY [ = ar (B2, B I2) (8,072, w2)
n=1
+ Cll(Tn \Ijn+1/2) _ V(Sn,\l,nJrl/Q)]
< 4AT(ar = /7o) 7 D0 [0 2P + 22180 PR+ ad 1 Pl

n=1
m

At n m
+ = (a1 = [71/7) ZH\I’ ”2+7 (a1 = [yl/70) ™2
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On the other hand, Cauchy—Schwarz and Young’s inequalities (with e =
1/4,¢1/8,¢1/8) bound the remaining terms of T as

2Atz n+1/2 \Ijn+1/2) (vgtpn+1/27v\1/n+1/2)+a(vrn7v\pn+l/2)]
At - n n+1/212
TZ By 0 2 [T R

FAAEY [br |l V22 4 202 VO 2| 4 20 [V 2.

n=1
Then, thanks to the last two inequalities, the following bound holds
T, := 2At Z [7 al(étn”+1/2, \I/n+1/2) + ,Y(agnﬂ/z’ \I/n+1/2)

n=1
_ bl(nn+1/27 \Ijn+1/2) _ a(vgtanrl/Q, V\Ijn+1/2) + al(Tn’ \Ijn+1/2)
= (5", U)oV, V)]

m
< Atz [MH\IJRHQ + %H\IJTL+1/2||2 + %HV\I/nJrl/QHZ]

+ S (a1 = /)PP + oAty [Hémnﬂ/zuz F1|Bigm 22

n=1
Y2 4 [V 4 [+ 9,

with a generic constant that depends on the material parameters. Analogous steps
are now employed to bound Ts := 2A¢t Y. | [(—a25tg"+1/2 + Oy t/2 gntl/2)
ﬁ(vgtpn+1/2’ V§n+1/2) + (azsn _ ,}/Tn’gn+1/2) + ﬂ(vrn, v§n+1/2)] as

|’YWO n2 4 n+1/2 Aﬁ . m+41/|2
T5<Atz[ €12 + FIVE 2] + T2 (a2 = Irho) €™+

+ CAtZ {Hgt9n+1/2u2 + H5tnn+1/2||2 + |‘v(r§tpn+1/2”2

n=1
7+ s + HWP].

Next we put together the bounds for T5 — 7%, use (4.25¢c|) and (4.27D)| for controlling
the terms in the last lines of Ty and T3, recall the deﬁnltlons and - ) to

arrive at
T3+ T4+ T5
< C(Luo,pmh" + Mu,0,5,1) (A1))

1 m m
+||acm“/?”?+a0|\vat§m+1/2||2 212 €M%

1 m m
+ 5@ =yl [ e + (arlvlvo)llﬁ i
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A LN - -
Y (1077212 4 aol| VO™ /22

%Z[ AR + (a2 = l0)liE"?], (4.37)

with At/T < 1 utilized in two terms above that involve |[¥™*1||? and ||¢™+1]|2.

Step 5 (Bounds for Tg and T7). Elementary manipulations show
Tyi=29 ) [(07H1,¢740) - (w7, ¢)]
n=1

.
< %|||\11m+1|2 + Iybolle™ 1 + I (19012 + 1Y 1).

This, ¥° = 0 and €° = 0, and the definition Ty := 4[9,¢/2?||? + 4ao || VI, CM?|)? +
4doCeons[[C/2 (17 + ar[|1|* + az[|€"|1* lead to

Ts + T7
<402 + 4ao [ V|| + ddoCoons 1€/ I
+2(ar + )92 + 2(az + 1) €2 + ']O'nwm“n? + rholle™ L2
< C(h' + Liwopinh™ + Muop) (D))
N qm m
+ I+ Iy hollg™ I, (4.38)
Yo
where elementary manipulations and Lemma were used in the last step.

Step 6 (Consolidation). First note that, by definition (3.10|) and some basic manip-
ulations, we can assert that

7 m
Il = ALY e[ VOm R 4 v

A m—
_ 7 Z |: 1HV\I/n+1/2H2 +I€|‘v£n+l/2”2}

n=1

L [l sl e ]
e Ve 4 g2
1
Hewwm 22 4 ﬁllvém“”II?] + e, €M)l
This, a combination of (@35)-(@38) in (@30) with 2doCooerl|CY?]2 +

A A|[VEY22 4+ RAHIVE2|2 S hY 4+ Lawopanh®™ + Muope)(At)* from
Lemma to bound the terms that involve the initial bounds in 77 and Ts, and
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some elementary manipulations of the constants yield

3[10:C™ 22 4 a0 VA 2P+ 2do Ceoer €™ 217

1 m m
+ 5 (a1 — [yl/70) 22 + emr?

1
2 §(a2 = [71)ll
At At 1
+ 701”V\Pm+1/2‘|2 I$||me+1/2||2 + ZH(“IJmﬂgm)H%I

S 4 [Liwopin) + L(u,e,p,Tﬂ W 4 [Mu,0,p,t2) + Mu,0.pm)] (A1)

At m—1 B ~
+ v Y [BIBCR + ol VAC

n=0

1
+2doCoeIC" |7, + lar = /o) e
1
+ 5
The constant v on the right-hand side of the above expression is manipulated for

an easy application of Gronwall’s Lemma [3:4 Now, we apply Lemma [3.4] to arrive
at

At At
@ = bl P + Sl VO 4 S At ven 2],

HgtCerl/QH? +a0||v(§tcm+1/2”2 +d0”<m+1/2”i + (ay — |7|/70)||\Pm+1”2
+ (az = o) €T + 1™, &™) | H
At
+ Bl allvure 4 pven sy
S h4o [L(U,O,p,tl) + L(u,e D, T)] h + [M(u 0,p,t1) + M(u 0.p, T)] (At)4. (439)

We ignore the non-negative term 4t [c1|| VU™ 1/2||2 4 k|| VE™+1/2|12] from the left-
hand side and apply the deﬁmtlons - -7 triangle inequality and the pro-
jections estimates from (3.3))-(3.5)), eventually leading to the desired estimates. 0O

The L2-estimates for # and p have already been derived in the above theorem, while
for u, we present the following result.

Corollary 4.5 (L? and H!'-estimates for deflection). Suppose that (u,0,p)
and (U™, 0™ P™) solve (2.6a)-(2.6c) and (3.8al)-(3.8d]), respectively. Then, under
the assumptions of Theorem[[4), for 1 < m < N — 1, the following error estimate
holds

[u™ = U™ 4 o | V(™ = U2 S A+ (A
Proof. Ignoring the last four non-negative terms on the left-hand side of (4.39)),
we can obtain
HétCmH/zH? +a0||V5tCm+1/2||2 + ||Cm+1/2||h < B 4 A, for1<m< N-—1.

Note that ¢("™F' = (™2 4 JA,(mTV2 (resp. VETTT = VT2 4
%Atvgtcmﬂ/z)o Then, by the discrete Poincaré inequality we have ||¢™+1/2|| <
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I 2 (resp. [V < ¢ FY2][4), and hence

||Cm+1‘|2+a0||vcm+1”
S 1B 4 11C™ 2 + 0ol VBZCHY2 |+ agl| ¢
< (1+ag)(h* + (At)Y).

Therefore, simply using the triangle inequality we can obtain

||um+1 o Um+1H2 + a0||V(um+1 _ Um+1)||2

S o™ P+ IC P + aol Vo™ I + ao [V 2.

The last three inequalities together with (3.3)) applied to [|p™* |2 4 ao||Vp™ 1|2
lead to the desired result. O

5. Numerical results

In this section, we investigate the application of the Kirchhoff-Love plate model
in Subsection to capture TED in copper and TPE in flat Berea sandstone.
Subsections [5.2l{5.3] provide numerical results that validate theoretical estimates
and illustrate the effective performance of the proposed scheme across different
values of the parameter «. The penalty parameter op is chosen according to Ref.
13. All simulations were conducted with the finite element library FEniCS?, and
executed on a desktop machine equipped with an Intel® Core™ i5-7500 CPU (Kaby
Lake architecture), featuring 4 cores and 4 threads, operating at a base frequency
of 3.4 GHz.

5.1. Example 1: Verification of Kirchhoff’s model: 2D vs 3D TED
and TPFE plate models

In this subsection, we illustrate Kirchhoff’s hypothesis by comparing the solution
of the three-dimensional (3D) model in (resp. (5.4)) for TED (resp. TPE)
with two-dimensional (2D) model in , while systematically varying the plate
thickness d. The plots in Figures demonstrate that as the plate becomes
thinner, the solution curves (plotted against time) from the 3D model approximates
those for the 2D model.

Building upon classical theory as described in Ref.[44] (see also Eq. (9) in Ref.4)),
given a space-time dependent loading (f1(¢), f2(t), f3(t)) = £(t) : © — R3 (Q C R3),
prescribed heat source é(t) Q- R, and total amount of mass source/sink §(t) :
Q — R, the 3D TED model seeks the displacement vector w = (i (t), iz (), @5(t)),
the small temperature increment 0 = Tabs — To (with Taps, Tp as the absolute and
reference temperature, respectively), and the chemical potential p such that

puy —V-o=pf  inQx][0,7T) (5.1a)

w? . W, 2 PN
—)Ot—i—gpt—i—v-q—i—'ylv-ut =¢ in Q x [0, 77, (5.1b)
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1 a ~
Eﬁt+%9t+V~p+’yQV-ut=§ in Q % [0,T]. (5.1¢c)

The o0 = 2uVgymu + AoV - u — 'ylé — v2p|I above is the total Cauchy stress tensor,
q = —k1V0 is the heat flux (Fourier’s law) and p = —ko Vp the diffusive flux (Fick’s
law). The constants involved in the definition of o are given by

3A+2p)%a?

2
IV (3X 4 2p)axc

1= (BX+2u) (o + zac)a V2=,
0 0 0
with the basic parameters from Table The surfaces at z = —d/2,d/2 are subject
to traction-free and zero-flux boundary conditions, while the remaining boundaries
are governed by homogeneous Dirichlet conditions.
A dimensional reduction analysis in eqns. (9)-(46) of Ref. @ derives the 2D model
from the 3D model which seeks transverse displacement, first moments

of temperature and chemical potential

B /2 /2
u= 7/ tugdz, 0 :/ z0dz, and p:/ zpdz. (5.2)
dJ_q2 —d/2 —d/2

The transformation of the model coefficients in this process is given in Table [5.1]
and that of moments of the right-hand side functions (forces and sources) by

d/2 a/2 d/2
PERY LT YR LR (R

dJ_q2 —d/2 —d/2

It is very important to note that the constant \g is assumed to satisfy Ao + p > 040
and this condition makes all the coefficients except ~ in the 2D model positive,
see Table .11

Another example of diffusion in porous media is the phenomenon of TPE. Con-
sider now that the domain 2 C R3 is fully saturated with a viscous fluid. The flow
occurs also in the xzy plane and the poroelastic material is subject to thermal energy
effects. Given the mechanical load (fi(t), f2(t), f3(t)) = F(t) : @ — R3 (Q C R3),
prescribed heat source é(t) : Q- R, and fluid mass source §*(t) : QO — R, the
three-dimensional TPE equationd#53/16
ture increment é, and pore pressure p* such that

seeks displacement u, the small tempera-

puy —V-o=pf inQx[0,7), (5.4a)
”;Jét 3 AV gtV =0 inQx[0,7T], (5.4b)
0
1 . ~
Eﬁf 30 +V -p"+¥V -u =g" in Q x [0,77, (5.4c)
The surfaces at z = —d/2,d/2 are subject to traction-free and zero-flux boundary

conditions, while the remaining boundaries are governed by homogeneous Dirichlet
conditions. Here, o0 = 2uVeymu+ AV -u—~0—3p*]1, ¢ = —k1 VO ( Fourier’s law)
and p = —k;Vp ( Darcy’s law) represent the total stress tensor, heat and fluid flux
respectively. Also 7§ = a;(3X + 2u), v = B*, and the other constants are defined
in Table [Tl
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Coeff. 2D-TED 2D-TPE
d? d?
ao 12 12
d 4pd® (No+p) 4pd® (Ap)
0 12p(Mo+2p) 12p(A+2p)
« _2um _2pyi
pd(Xo+2p) pd(A+2p)
8 _ 2pvy2 _ 2pva
pd(Ao+2u) pd(A+2p)
2 2
12 | pcE w” 12 [ pce "1
ax pd* ( + % + /\0+2M> pdt < To + /\+2u)
Y12 12 * _ Y172
v pd4( + A0+2M) pd4(37 A+2p)
12k 12k
bl pdzl pdsl
12k 12k
C1 pd41 pd4l
12 12
a2 pd4< + A0+2,L> pd4< + Hz#)
12k 12k
K pd? odd

Table 5.1: Coefficients in the 2D model (|1.1a})-(1.1c)) for thermoelastic diffusion and
thermo-poroelastic cases.

The three-dimensional TPE model exhibits structural similarities to the
three-dimensional TED model . By employing a dimensional reduction ap-
proach analogous to that in Ref. 4 we derive a two-dimensional TPE model
which seeks transverse displacement, first moments of temperature and pore pres-

d/2 a2 /2
/ tuzdz, 0 :/ z0dz, and p :/ zp* dz. (5.5)
T d /2 —d/2 —d/2

sure

The moments of the right-hand side functions (forces and sources) of this 2D plate
model are given as

1 a/2 12 /2 12 d/2 A
f= a/ fadz, ¢ = ﬁ/ z¢dz, and g = W/ 2§* dz, (5.6)

—d/2 —d/2 —d/2
and the parametrization of the coefficients given in Table

Thermoelastic diffusion plate model verification: Our objective is to illus-
trate that the 2D TED model , effectively approximates the 3D TED model
described by (5.1]) in the sense that if (U™, 0™, P™) is the approximation of the
solution (u, 6 p) of the 2D model ( at time ¢t = ¢, computed w1th the discrete
formulation and (U", 0", P”) is the discrete solution of (5.1)) at ¢ = ¢,,, then



Thermoelastic diffusion and thermo-poroelasticity of thin plates 45

Table 5.2: 3D-TED model. Table 5.3: 3D-TPE model.
Coeff. Value SI Unit Coeff. Value SI Unit

A 776 x 1010 kgm ts—2 A 10.22 x 10252 kgm—1s72
o 3.36 x 1010 kgm's—2 po 4.09 x 107 kgm~'s2
o 9.0x10° m°kg 's2 ap  3x107500 K-
o 1.78x107° K1 o*  12x 10287 kgm g2
a.  1.98x107% m*kg™? g*  0.7947 -
w  1.2x10* m%2K! p 228052 kgm ™3
p 8954 kgm ~? cg 800 Jkg 'K!
ce  383.1 Jkg 1K1 T, 29311 K
T, 293 K v 5% 1070 K1
ki 386 Wm 1K1 ky 1x107¢0 Wy 1K-!
ky 85x1079 kgsm ® ky 1.9 x 1071301 12

Example 1. 3D model coefficients for copper™ (left) and Berea sandstond®Z1H7
(right) plate.

(U™, 0™, P") approximates the triplet ( fdéiz Ugdz fdl/;? 20" dz fdg2 2P dz)

with U = (U7, Uy, U2), as motivated by (5 (-2).

~ &~

PN

0. Oe+0() 0.0024 4.7e-03 -6. 6e+01 0.00e+00 6.6e+01 -1.4e-05 0.0e+00 1.4e-05

V- A -

0. 0e+00 0.0023 4 6e-03 0. Oe+00 0.013 2 Te-02 -5.7e-09 -3.0e-09 0.0e+00
— —

Fig 5.2: Example 1. 3D (upper) and 2D (lower) displacement , temperature, and
chemical potential at final time T for TED model.

To achieve this, we solve the 3D system (5.1) using continuous FE spaces:
1(T))? for displacement w, and P; (7)) for temperature § and pressure p, with

(P
Q [0,1] x [0,1] x [—d/2,d/2]. The temporal discretization is handled by the
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d = 0.005

Displacement

Temperature

x10714

bbbt

Chemical Potential

Time

Fig 5.4: Example 1. 2D (U},, ©%, P3y) and 3D (U3, Oy, Piy) solution vs time
t,, with plate thickness d = 0.5 (left) and d = 0.005 (right) for the TED model.

Newmark scheme for and by Crank—Nicolson scheme for —. Ho-
mogeneous Dirichlet boundary conditions are set on all the sides except the sur-
faces z = —d/2,d/2 where the plate is assumed traction free and subject to zero
heat/diffusion flux (in line with the theoretical discussion in Ref. @). In the 3D
setting, the load, heat, and mass sources are defined as

£ = (0,0,#*sin(rz) sin(my)) , ¢ = tay(z —1)(y — 1), and § = tsin(rz) sin(ry),
(5.7)

whereas for 2D we use equation . Initial conditions are set to zero in both 2D
and 3D cases. The parameters used in the 3D model assume typical values for
copper plates??. See Table

Let T =10, At = 1/8, and consider the cells Q. = [5/64,6,/64] x [5/64,6/64] x
[—d/2,d/2], and Q. = [5/64,6/64] x [5/64,6/64]. At time ¢ = t,,, we will use the
following output quantities

1 A 1 A
Un = Ai/ U’gdi7 @’I’L = ,\7/ Z@ndi, and
P Ja. P Ja,
1 .
Py = A—/ zP"dx for & = (x,y, 2),
Q| Ja,
1

UQD.—|QC|/QCU dx, O5p = |Qc|/QC® dx, and
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d=05 o X10 d =0.005
- 5 —_
S 3
& 2
a 1
6 8 10 4 6 8 10
x10
= 6 o
E g 5 o, =
g - 4 —~
g— 3
= 2
1
4 6 8 10 4 6 8 10
x10~14 X107
9 Pr, o Pr,
0 7 Py 7 P
Z
s >
~ 5 3
1 1
4 6 8 10 4 6 8 10
Time Time

Fig 5.6: Example 1. 2D (U3, O3y, Pyhy) and 3D (U3p, ©%p, Pih) solution vs time ¢,
with plate thickness d = 0.5 (left) and d = 0.005 (right panels) for the TPE model.

1
Py = —/ zP"dx for x = (z,y).
2] Jo,

The simulations in Figure reveal that as the plate thickness d decreases (from
upper to lower), the results of the 2D model approximate those of the 3D model and
the solutions at the final time are plotted in Figure 5.2} Furthermore, as expected,
the computational efficiency is significantly improved: the 2D model requires ap-
proximately 138 (resp. 131) seconds, whereas the 3D model takes about 567 seconds
(resp. 564) seconds for a plate width d = 0.5 (resp d = 0.005).

Thermo-poroelastic plate model verification: Motivated by Ref. 50l in this
experiment we choose a flat Berea sandstone with material parameters given in
Table and repeat the last experiment. In 3D we consider with the same
load/source functions as in , and the transformation of source functions from
3D to 2D is given in . The transformation of 3D to 2D parameters is given in
Table[5.1] The quantities (Uf},, ©%, Piyy) and (U, ©%p, Pity) are defined similarly
as in the last experiment. Moreover, we also consider T' = 100, At = 10/8, and
the cells Q. = [5/64,6/64] x [5/64,6/64] x [—d/2,d/2], and Q. = [5/64,6/64] x
[5/64,6/64]. The simulations in Figure reveal that as the plate thickness d
decreases (from upper to bottom), the 2D model’s results converge to those of the
3D model. Furthermore, the computational efficiency is significantly improved: the
2D model requires approximately 138 (resp. 85) seconds, whereas the 3D model
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takes about 566 (resp. 537) seconds for plate width d = 0.5 (resp. d = 0.005).

5.2. Example 2: Convergence against smooth solutions

The theoretical results of Section |3.2] are validated in this section by choosing a
smooth manufactured solution of —. We consider the spatial domain
Q = (0,1)? and time interval [0,1]. All model parameters are set to 1, except for
a1 = 35,a2 = 40, and v = 1 (and v = —1) which are selected so that the condition
is satisfied and the results are robust with respect to . The transverse load f,
heat source ¢, and a total amount of mass source g and the initial data 1%, 1*0,6°
and p® are chosen such that the exact solution of is given by

u(®,t) = exp(5t)(z(x — y(y — 1))?,
O(x,t) = exp(—t) sin(nz) sin(my), p(x,t) = cos(t) sin(nz) sin(wy),

and hence our theoretical regularity results with ¢ = 1 (as well as the clamped
boundary conditions) are satisfied.

We construct a sequence of successively refined uniform triangular meshes 7
of Q of size h; and split the time domain using the refined time step At = 273/2h;.
For each mesh refinement, we calculate errors as

lew]| := max [u™ — U™, (5.8a)
0<n<N
£, n__ gy 5|16 n+1/2 _ rrn+1/2
Veul ™= max 96"~ U, leull™o= _mass [u+/2 = 07172,
(5.8b)
. N-1 212
£, _ n _ Qqn 58— n+1/2 _ qn+1/2
el = s 10" = 67 (Vo= (a0 32 V(042 = @ /2))
(5.8¢)
. N-1 21/
lepl ™= mas, 5" — P7l, [ Ve, “= (A Y [V - Py )2
- - n=0
(5.84)

The experimental rates of convergence in space are computed as Rate =
log(e;y1/ei)[log(hir1/hi)]~!, where e; denotes a norm of the error on the
mesh 7°. Then, by Theorem and Corollary the expected conver-
gence rates are of order O(h?) for Héu||f;o,||Vé9||‘}2,HVépHZ2 and O(h%7) for
leall”, Vel lleol|“™, llep]|®” norms defined in (5.8). Table shows the er-
ror history and convergence results for u, # and p and the numerical solution at
the final time given in Figure for v = —1. In all cases, the numerical results are
consistent with the expected theoretical results.

5.3. Example 3: Convergence for a non-convex domain

This example illustrates the convergence of the proposed method even when the
domain ) is non-convex, constituting a case where o < 1. Consider Q = [-1,1]%\
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uN oN pN

0.0e+00 2.9¢-01 5.8e-01 0.0e+00 1.85e-01 3.7e-01 0.0e+00 2.7e-01 5.4e-01
— - —-— — E— -
Fig 5.8: Example 2. Numerical solution shown at final time T for v = —1.

[~1,0]2, T = 1, and choose the load and source functions such that the triplet
(u, 0, p) in polar coordinates is given by

u(r, o, t) = t2(r*sin’(p) — 1)*(r? cos®(9)* = Dr' ™G (r, o + 7/2),
O(r, ¢, t) = p(r,p,t) = 2t(r*sin®(p) — 1)(r? cos?(p) — 1)7“2/3 sin (2/3((,0 + 7T/2)),

where

. 3T
U_lsm((v—l)?)—v_’_l

X (cos ((v—1)p) — cos((v+ 1)@))
_ (U i : sin ((v—1)p) — ’ _1|_ . sin ((v + 1)@))
X (cos ((v—1)3m/2) — cos ((v+ 1)3#/2)).

It is easy to check that w € C°°([0,7]; H**°(Q) N HZ(Q)), 0,p €
C®([0,T); H'*7(Q) N HY(Q)) with 0 = v = 0.54448371327, Then, by Theo-
rem and Corollary 4.5 the expected convergence rates are of order O(h?) for
el 191, Ve, |7 and O(h27) for fleal|*, 1Veall lleall. flep ]| norms
defined in . In this case, the model coefficients as well as the used norms are as
in Example 2. Furthermore, we take At = 1/4 and the experimental convergence
rates are reported in Table exhibiting the anticipated behavior.

sin ((v + 1)3—7T))

alre) = ( .
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B | el | Rate | [Veu]” | Rate | Jeulls” | Rate
~ = —1 (TED)

0.3536 | 8.93e-02 * 4.39e-01 * 5.30e+00 *
0.1768 | 2.99¢-02 | 1.5801 | 1.48e-01 | 1.5628 | 3.36e+00 | 0.6564
0.0884 | 8.14e-03 | 1.8757 | 4.13e-02 | 1.8461 | 1.84e+00 | 0.8684
0.0442 | 2.07e-03 | 1.9753 | 1.06e-02 | 1.9588 | 9.54e-01 | 0.9496
0.0221 | 5.12e-04 | 2.0159 | 2.64e-03 | 2.0060 | 4.84e-01 | 0.9802
0.0110 | 1.07e-04 | 2.2608 | 5.77e-04 | 2.1952 | 2.43e-01 | 0.9913
v =1 (TPE)
0.3536 | 8.92e-02 * 4.38e-01 * 5.30e+00 *
0.1768 | 2.98e-02 | 1.5806 | 1.48e-01 | 1.5633 | 3.36e+00 | 0.6564
0.0884 | 8.13e-03 | 1.8760 | 4.12e-02 | 1.8463 | 1.84e+00 | 0.8684
0.0442 | 2.07e-03 | 1.9754 | 1.06e-02 | 1.9589 | 9.54e-01 | 0.9496
0.0221 | 5.11e-04 | 2.0160 | 2.64e-03 | 2.0061 | 4.84e-01 | 0.9802
0.0110 | 1.07e-04 | 2.2609 | 5.77e-04 | 2.1952 | 2.43e-01 | 0.9913

B | lleall”™ | Rate | [Vegll” | Rate | Jepl®™ | Rate | [Ven|” | Rate
¥ — —1 (TED)
0.3536 | 7.91002| % |557001| «+ |7.91e02| % |7.15e:01| «

0.1768 | 2.11e-02 | 1.9038 | 2.86e-01 | 0.9630 | 2.11e-02 | 1.9038 | 3.69e-01 | 0.9549
0.0884 | 5.38e-03 | 1.9745 | 1.43e-01 | 0.9941 | 5.38e-03 | 1.9745 | 1.86e-01 | 0.9903
0.0442 | 1.35¢-03 | 1.9935 | 7.17-02 | 0.9995 | 1.35¢-03 | 1.9935 | 9.300-02 | 0.9981
0.0221 | 3.38¢-04 | 1.9984 | 3.58¢-02 | 1.0000 | 3.38¢-04 | 1.9984 | 4.65e-02 | 0.9996
0.0110 | 8.45e-05 | 1.9996 | 1.79e-02 | 1.0000 | 8.45e-05 | 1.9996 | 2.32e-02 | 0.9999
5 =1 (TPE)
0.3536 | 7.01-02 | % | 557e01| % |7.91e02| % |557e01| «

0.1768 | 2.11e-02 | 1.9038 | 2.86e-01 | 0.9624 | 2.11e-02 | 1.9038 | 2.85e-01 | 0.9649
0.0884 | 5.38e-03 | 1.9745 | 1.43e-01 | 0.9943 | 5.38¢e-03 | 1.9745 | 1.43e-01 | 0.9940
0.0442 | 1.35-03 | 1.9935 | 7.17e-02 | 0.9996 | 1.35¢-03 | 1.9935 | 7.17e-02 | 0.9993
0.0221 | 3.38¢-04 | 1.9984 | 3.59e-02 | 1.0000 | 3.38¢-04 | 1.9984 | 3.58¢-02 | 0.9999
0.0110 | 8.45e-05 | 1.9996 | 1.79e-02 | 1.0000 | 8.45e-05 | 1.9996 | 1.79e-02 | 1.0000

Displacement

Temp. & Potential/Pressure

Table 5.4: Example 2. Error decay with respect to mesh refinement, and conver-
gence rates in the norms — with smooth exact solution. Errors and rates
for displacement, temperature, and chemical potential (resp. pore pressure) are rep-
resented by black, red, and violet (resp. aquamarine) colors in the background.
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B | el | Rate | [Veu]” | Rate | eu]ls” | Rate
~ =1 (TED)

0.7071 | 3.38e-01 * 1.25e+00 * 9.63e+00 | 0.0729
0.3536 | 1.61e-01 | 1.0685 | 5.92e-01 | 1.0788 | 6.38e+00 | 0.5932
0.1768 | 4.56e-02 | 1.8225 | 1.68e-01 | 1.8217 | 3.27e+00 | 0.9633
0.0884 | 1.35e-02 | 1.7593 | 4.93e-02 | 1.7664 | 1.72e-+00 | 0.9302
0.0442 | 4.40e-03 | 1.6138 | 1.65e-02 | 1.5811 | 9.45e-01 | 0.8629
0.0221 | 1.61e-03 | 1.4491 | 6.35e-03 | 1.3734 | 5.49e-01 | 0.7835
0.0110 | 6.08e-04 | 1.4062 | 2.61e-03 | 1.2853 | 3.36e-01 | 0.7078
~ =1 (TPE)
0.7071 | 3.38e-01 * 1.25e+00 * 9.63e+00 *
0.3536 | 1.61e-01 | 1.0688 | 5.92e-01 | 1.0791 | 6.38e+00 | 0.5932
0.1768 | 4.56e-02 | 1.8228 | 1.67e-01 | 1.8219 | 3.27e+00 | 0.9634
0.0884 | 1.35e-02 | 1.7594 | 4.92e-02 | 1.7665 | 1.72e+00 | 0.9302
0.0442 | 4.40e-03 | 1.6138 | 1.65e-02 | 1.5811 | 9.45e-01 | 0.8629
0.0221 | 1.61e-03 | 1.4491 | 6.35e-03 | 1.3734 | 5.49e-01 | 0.7835
0.0110 | 6.08e-04 | 1.4065 | 2.61e-03 | 1.2854 | 3.36e-01 | 0.7078

I

Displacement

h ‘ Heg”éoo ‘ Rate ‘ HVé@HZ2 ‘ Rate ‘ llep ’ Rate ‘ ||Vép|\62 ’ Rate
~ = —1 (TED)
0.7071 | 1.76e-01 * 1.04e+00 * 1.74e-01 * 1.04e+00 *
0.3536 | 6.05e-02 | 1.5427 | 5.04e-01 | 1.0466 | 5.78e-02 | 1.5927 | 5.02e-01 | 1.0509
0.1768 | 1.74e-02 | 1.7988 | 2.56e-01 | 0.9799 | 1.65e-02 | 1.8069 | 2.55e-01 | 0.9751
0.0884 | 5.27e-03 | 1.7226 | 1.38e-01 | 0.8914 | 5.02¢-03 | 1.7184 | 1.38e-01 | 0.8902
0.0442 | 1.76e-03 | 1.5774 | 7.72e-02 | 0.8357 | 1.69e-03 | 1.5736 | 7.72e-02 | 0.8354
0.0221 | 6.65e-04 | 1.4069 | 4.45e-02 | 0.7933 | 6.34e-04 | 1.4118 | 4.45e-02 | 0.7933
0.0110 | 3.03e-04 | 1.1340 | 2.63e-02 | 0.7581 | 2.83e-04 | 1.1615 | 2.63e-02 | 0.7581
~ =1 (TPE)
0.7071 | 1.77e-01 * 1.04e+00 * 1.75e-01 * 1.04e+00 *
0.3536 | 6.16e-02 | 1.5218 | 5.05e-01 | 1.0447 | 5.89e-02 | 1.5715 | 5.03e-01 | 1.0491
0.1768 | 1.78e-02 | 1.7958 | 2.56e-01 | 0.9820 | 1.69e-02 | 1.8036 | 2.55e-01 | 0.9771
0.0884 | 5.37e-03 | 1.7243 | 1.38e-01 | 0.8920 | 5.12e-03 | 1.7202 | 1.38e-01 | 0.8907
0.0442 | 1.80e-03 | 1.5790 | 7.72e-02 | 0.8358 | 1.72e-03 | 1.5752 | 7.72e-02 | 0.8355
0.0221 | 6.79e-04 | 1.4049 | 4.45e-02 | 0.7933 | 6.47e-04 | 1.4097 | 4.45e-02 | 0.7933
0.0110 | 3.12e-04 | 1.1234 | 2.63e-02 | 0.7581 | 2.92e-04 | 1.1496 | 2.63e-02 | 0.7581

Temp. & Potential/Pressure

Table 5.5: Example 3. Error history in the norms from f for an L-shaped
domain. Errors and rates for displacement, temperature, and chemical potential
(resp. pore pressure) are represented by black, red, and violet (resp. aquamarine)
colors in the background.
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Appendix A. Detailed proofs

Proof. [Proof of Theorem [2.1] The proof of existence is presented in Steps 1-4
and that of uniqueness using energy arguments in Step 5.

Step 1 (Construction of a sequence of approximate solutions). It is well known that
there exists an orthogonal basis {w!,w? ---} (resp. {y', 4%, ---}) of HZ(Q) (resp.
H}(Q)) and this also forms an orthonormal basis of L?(02)%3%. For a fixed integer

m, we proceed to write

u™(t) == Zdﬁl(t)wk, 0" (t) := ann(t)yk and p™(¢) :
k=1 k=1 k=1

I
.
3
—
[
N—
<
B
—
>
—
N—

where the coefficients d¥, (¢), n% (t) and 1% () are selected such that
4, (0) = ("), df(0) + af Ve [Pd5, (0) = (™, wh) + ap (Vu®, Vur®),

(A.2a)
1y (0) = (6°,9%), 15,(0) = (0°, ") (A.2b)
and
(u, W) + ao(Vull, Vur) + do(VZu™, Viu") — a(VI™, V) — B(Vp™, V)
= (f,w"), (A.3a)
ar(07",y") = v, y*) + b1(6™, 4F) + 1 (VO™, Vy*) + a(Vui, Vi)
= (¢,9"), (A.3D)

as (P}, y") — (07", y") + k(VP™, Vy*) + B(Vui", Vy*)
= (g>yk)7 (A3C)
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hold for all 0 < ¢t < T and k = 1,2---,m. (Since (A.3) forms a linear ODE
system with initial conditions (A.2), standard ODE theory?3 guarantees the ex-
istence of the unique C? (resp. C') functions (dl (¢),d2 (¢), - ,d™(t)) (resp.

0<t<T)

Step 2 (Derivation of a priori bounds for approximate solutions). We aim to take
the limit m — oo and hence shall derive estimates that are uniform with respect to
m. Multiply the equations (A.3a)), (A.3b)), and (A.3c) by d’fn/(t),nﬁl(t), and 1% (t),
respectively, and sum up the result for £ = 1,2,...,m. Then, the definitions in
(A.1) lead to
Ty
2 dt
b 67 2 + ea[VO™ P+ ][ VR

g |I? + aol | Ve [[* + do | Vu™ |I* + an[|6™|* + azlp™|*)

SO ) = (Fuf) + (6.07) + (0.7,

An integration from 0 to ¢ and simple manipulations show
1
5 (1% + aol Ve |I* + o[ V2w |[* + ar |07 * + a2 [[p™[°)

t
+ [ Gl + eal 98?7 ) s
0

1
= 5 (1" O + ao [ Ve (0 + do[|V*u™ (0)[[* + a 0™ (O)[I* + a2 ][p™ (0)])

(8™ ™) — (67 (0), ™ (0)) + / (Fuf®) + (6,6™) + (,™)) ds. (A4)

Applying Cauchy—Schwarz and Young’s inequalities to the last three terms in (A.4)
yields

t
0

(8™, p™) — (6™ (0),p™ (0)) + / ((F,a") + (6,6™) + (g.p™)) ds

< 2L (o2 + 16m ) + 220 (2 + 1))
o
1t m m m
+§/0 I+ N8l + N1l + Nl 117 + 16717 + [Ip™ (%) ds, (A-5)

where g is defined in (|1.2). Next, substitute (A.5]) in (A.4)), to obtain
g™ 1* + ao| Ve ||* + do[|[VZu™[|* + (a1 — [41/70) 6™
¢
+ (a2 = [yIvo)llp™ I* + 2/ (b0 12 + ex VO™ + 5[ Vp™ %) ds
0

< lug 0)[1* + ao[[Vuy (0)[|* + do[[V*u™ (0)]1* + (a1 + [71/70)[16™ (0)
+ (a2 + [Y0) [P™ O + 1120712 (0) + 18M1720,752200) + 191172071200

t
+ / (|12 + 16711 + 5™ %) ds. (A.6)
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We next utilize (A.2a))-(A.2b) to show
[u (0)[1 + ao||Vui™ (0)||* + do[|V*u™ (0)|?

+ (a1 + [91/790) 0™ (0)II* + (a2 + [v1o) lp™ (0) [
S Nl + aollu® 1 ) + dollu’llr2 oy

+ (a1 + Y1/ 16°]1% + (a2 + [v1vo) 1P (A7)
A combination of — and an application of Lemma lead to the bound
2B(u™, 0™, p":t) = [ui® | + ao| Vi |* + do | V*u™||* + (a1 — [1/70) 6™
+ (a2 = [ylyo) llp™ > + 2/; (Bo0™ 1% + eIVO™ * + K[| Vp™[|?) ds

S 2 + aollu*® 1) + dollu’ 372 () + (a1 + [71/70)16°11* + (a2 + [v1v0) [2°]1?
+ Hf||%2(O,T;L2(Q)) + ||¢H%2(0,T;L2(Q)) + ||9H%2(0,T;L2(Q))' (A.8)

Now, fix any v € HZ(Q) and ,q € Hg(Q) with lvllaz) < 1 1¥llap@) < 1,
and ||q||Hé(Q) < 1. Write v = v1 + v9, ¥ = 1 + 99 and ¢ = q1 + ¢2, where v; €
span {w*}™ |, and both 11,q1 € span {y*}7, with (va,wk) = (Vug, Vuk) =
(2, 9*) = (g2,4*) = 0 (k = 1,2,--- ,m). Note [[v1] g2y <1, [[¥1]lga() <1, and
g1l 2 () < 1. Then (A.1) and (A.3a) imply that

(ugy, v) + ap(Vuiy, Vo) = (uly,v) + ag(Vuiy, Vo) = (uiy,v1) + ao(Vuiy, Vur)

= (f,v1) — do(V2u™,V?v1) + a(VO™, V1) + B(Vp™, Vuy).  (A.9)

This and a Cauchy—Schwarz inequality reveal

lwit 1) S i, v) + (Vuiy, Vo) | S [(ugf, v) + ao{Vuiy, Vo)l
S A1+ dol V2u™ || + ol VO™ | + B V™|

An integration from 0 to T and the bounds from (A.8)) allow us to assert that

T
| s at
S w12 + aollu*® N1 ) + dollu’ 32 () + (a1 + [71/70)16°117 + (a2 + [v1v0) [2°]1?
+ ||f||2L2(0,T;L2(Q)) + ||¢||iz(o,T;L2(Q)) + ”9”%2(0,T;L2(Q))' (A.10)
On the other hand, the combination of (A.1l) and (A.3b)—(A.3c)) with similar argu-
ments as in (A.9)), yields
al<9§na¢> - ,Y<p;naw> = al(eln?wl) - 7(p;n7¢1)
= (¢, 1) = br(0™, 1) — 1 (VO™, Vibr) — a(Vui®, Vi),
a2<p:naQ> - V<0?7Q> = a2(p:5n7q1) - V(G?aQI)
=(9,q1) — (VD™ Va1) = B(Vy", V).
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Applying Cauchy—Schwarz inequality again (shifting the second terms from left
to right-hand side in both inequalities and using [y(p}",¥)| < [Y|||lpf*|-1(0) and
V(O @) < N0 11 (e)), We readily get

a0 L= oy < B =3 oy + € (101 + b1 67 + e[ VO™ )| + ol Vi),
asllpf -3y < PN -3y + € (gl + I VR™ | + BIVe]).

Next, we multiply the first equation above by ~o/2, the second by 7=/, and add
the two inequalities. Again, applying integration from 0 to 7" and the bounds from

, leads to
T 2 T
v0'?(ar - |7|/Vo)/ 107" | zr-1(0) At + 9 '~ (a2 — |7|70)/ [P | -1 dt
0 0
. . ol
S w12 + aollu N3 ) + dollu® 132y + (a1 + *)||90||2 + (az + [v[) IP°1?
+ 1122 0.1:22(0)) + ||¢H%2(O,T;L2(Q)) + 1912207020 (A1)

Step 8 (Existence of a limit for a subsequences). The estimates in indi-
cate that {u™}2°_; and {u}$°_; are bounded in the spaces L°°(O T; H3(Q)) and
L°([0,T); HE(Q)), respectively, and both {#™}2°_, and {p™}_; are bounded
in L°(0,T;L*(Q)) as well as in L?(0,T; H}()). Moreover, the estimates in
and reveal that {ufp}oe_y, {07"}5°_; and {p{"}5°_,; are bounded
in L2(0,T; H~1(Q2)). Consequently, there exist subsequences {u™}5°_;, {6™}%°_,,
and {p™}>°_, (where relabeling is used), and some u € L°(0,7;HZ(Q)) with
ug € L®(0,T; H:(Q)), and uy € L20,T; H-1(Q)), 0,p € L>(0,T;L*)) N
L2(0,T; HY(Q)), and 6, p, € L2(0,T; H~1(2)) such that

(™ a0, p™) 2 (g, 0,p) in L0, T3 H3(Q) x HY () x (LA())?),

(A.12a)
(O™, p™) 5 (0, p) in L2(0, T; (HE (9))?), (A.12b)
(uyy, 07, i) weak, (e, Ot, 1) in L? (O,T; (H™ 1 2)) ) (A.12¢)

(
Step 4 (Limit is a weak solution). Now we show that (u, 0 ,p) satisfies (2.2a])-(2.2d).
For this, we introduce dé?o (t) € C?[0,T), 7’7\;“0 (t) and 1 (t) € CMo, T] such that
db (1) = dk (1) =7k (T) :/17;0 (T") = 0, and define
' Jo N Jo . Jo
wo = Zd?o (tyw", 670 .= Zﬁfo(t)yk, and p’° := /1\;?0 (t)y". (A.13)
k k

Multiply (A.3a]) by d ), - IA.3b)) by 7’ 77]0 , and (A.3d]) by /17;0 (t), add the resulting
equations for k=1, 2 ..y Jo, and mtegrate by parts in ¢ from 0 to 7', to obtain

T T T
_/ (ut ,ago) dt — GO/ (Vut 7VAJO) dt + do/ (V2u7'L’ V2aj0) dt
0 0
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T T
—a/ (VHm,Vaj")dt—ﬁ/ (Vp™, Vudo) dt
0 0
T . . .
:/ (f, @) dt + (ui"(0),u”°(0)) + ao(Vui"(0), Vu’* (0)),
0
T N T . T - T -
—al/(ﬂm,ﬁio)dt—i—y/ (pm,egO)dt+b1/ (9m,em>dt+c1/(vem,veﬂo)dt
0 0 0 0
T ~.
+a/ (Vuy*, vero)dt
0
T —~. —~ .
= [ .87 dt+ 0 (67(0).5 (0) ~ 2 (7 (0).57(0))
0
T _ T _ T _
—ag/ (pm,ﬁgo)dt+w/ (Hm,ﬁio)dtﬁ—n/ (Vp™,Vp?)dt
0 0 0
T .
+5/ (T, VP7) dt
0

T
- / (6, 77) At + as (p™(0), 5 (0)) — 4(8™(0), 57°(0)),

where we have utilized that afo (t), m% (t) and /17;0 (t) are such that w/o(T) = 0,
6i0(T) = 0 and p?(T) = 0.

Then we invoke (A.12a) and (A.12B) to pass to the limit as m — oo in
the final system of equations. Also, since the functions in are dense in
C?([0,T]; H3()), C1([0,T]; HE(S2)), and C([0,T]; H}(S2)), respectively; we can
observe that u, 0, p satisfy —. Moreover, the regularity stated in is
guaranteed by and Theorem 3, p. 287 in Ref. To ensure that holds
we can follow verbatim p. 384 of Ref. 25, and omit further details. We therefore
establish the existence of weak solution to —, and the bounds are
a consequence of passing to the limit as m tends to infinity in , and utilizing

(D).

Step 5 (Uniqueness). The uniqueness of solution to the coupled system ([2.2al)-(2.2d])
(under the data regularity provided in the first part of the proof above) was still

an open problem as in Refs. 51 B and it is not trivial. However, the uniqueness
of solution to the uncoupled system — under the same data assumptions — can be
proved using Section 7.1.2-Theorem 4 and Section 7.2.1-Theorem 4 in Ref. To
this end, we follow the approach in Ref. 42| to construct mollified test functions that
possess sufficient regularity and are compactly supported in the time interval [0, T.

Let us define p.(s) = e~ 'p(e71s) for € > 0, where p(t) is a function in C§°(R)
satisfying

o0

p >0, suppp C [-2,—1], and / p(s)ds =1.

— 00
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Let us take v € HZ(Q), v € HE(Q), and ¢ € H} () and further denote

f}t(57;13) = pa(t - S)’U(ZC), 1Z)t(57:13) = pa(t - S)’I/J(CB), qt(sa CC) = ps(t - S)Q(m)v
for t € [0,T]. Clearly, & € C°°([0,T]; H3(R)), ¥* € C>([0,T]; HY(Q)), ¢ €
C>([0,T); HY(Q)) for 0 < ¢t < T. Substituting 9%, ¢!, and ¢* in (2.24)-(2.2d),
and noting that p.(t) = (d/dt)p.(t) =0 for 0 <t < T, yields

(tegs (t, ®),0) 4 ag(Vuey (t, 0), Vo) + do(Vuc(t, ), Vv)
—a(VO:(t,®),Vv) — B(Vpe(t, o), Vv) = (A.14a)

a1(Oce(t,®),0) — ¥(pet(t, @), ¥) + b1(0:(2, ), ¥)
+c1(VO:(t,0), V) + a(Vue(t, 0), Vi) = (A.14b)

az(pet(t, @), q) — (0t (t, @), q) + £(Vpe(t, ), Vq)
+8(Vue(t,0),Vq) =0, (A.14c)

forany 0 <t <T,v € H3(Q), v € HY(Q), and g € H} (), where
et ) = /Oopg(t—s)u(s,m) ds, 0.(t,z) = /Oopg(t—s)ﬂ(s,m) ds, and

pe(t,x) = / pe(t — s)p(s, ) ds.
From (A.12a))-(A.12D)), it follows that

uer € C([0,T]; HZ(R)), 0. € C([0,T]; Hy(Q)), and p. € C>([0,T]; H} (Q)).
For all ¢ € [0,7], we choose the test functions in (A.14a)-(A.14c) as v =

uet(t,®), b = 0.(t, o), and p = p.(t,e), and integrate the resulting equations with
respect to t, and follow arguments analogous to Step 2 to show

0 S E(uaasaps;t) S 0

(The system (A.14a)-(A.14c) is similar to (A.3a)-(A.3c) with f = ¢ = g = 0 and

zero initial conditions).
Now take the limit as € — 0 to obtain

E(u’ 07p; t) = O?
which shows, directly from (2.3)), that v =0, # = 0, and p = 0. This completes the
proof. O
Proof of Theorem [2.3]

Let (@,6,p) be the solution to (T.1a)-(T.1d) (its existence is guaranteed by Theo-
rem satisfying (2.6a])-(2.6d), and consider the initial conditions

(0, 2) = u*(x) € H*(Q) N HF(Q), @:(0, ) = uy(0) € H*(Q) N Hy (D),
0(0,) = 6,(0) € H*(Q) N Hy (), p(0,x) = pi(0) € H*(Q) N Hy ().
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We then write

t
—u0+/ (s,x)ds, O(t,x) = 0° + /Hsmds and
o

p0—|— pszc

o\

and can readily employ similar arguments as in Theorem [2.2] and (2.10)-(2.11)) to
obtain the bounds (2.13]). Part (b) follows by analogous arguments.
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