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We present a novel discretization scheme tailored to a class of multiphase models that 
regard the physical system as consisting of multiple interacting continua. In the framework 
of mixture theory, we consider a general mathematical model that entails solving a 
system of mass and momentum equations for both the mixture and one of the phases. 
The model results in a strongly coupled and nonlinear system of partial differential 
equations that are written in terms of phase and mixture (barycentric) velocities, phase 
pressure, and saturation. We construct an accurate, robust and reliable hybrid method that 
combines a mixed finite element discretization of the momentum equations with a primal 
discontinuous finite volume-element discretization of the mass (or transport) equations. 
The scheme is devised for unstructured meshes and relies on mixed Brezzi–Douglas–
Marini approximations of phase and total velocities, on piecewise constant elements for the 
approximation of phase or total pressures, as well as on a primal formulation that employs 
discontinuous finite volume elements defined on a dual diamond mesh to approximate 
scalar fields of interest (such as volume fraction, total density, saturation, etc.). As the 
discretization scheme is derived for a general formulation of multicontinuum physical 
systems, it can be readily applied to a large class of simplified multiphase models; on the 
other, the approach can be seen as a generalization of these models that are commonly 
encountered in the literature and employed when the latter are not sufficiently accurate. 
An extensive set of numerical test cases involving two- and three-dimensional porous 
media are presented to demonstrate the accuracy of the method (displaying an optimal 
convergence rate), the physics-preserving properties of the mixed–primal scheme, as well 
as the robustness of the method (which is successfully used to simulate diverse physical 
phenomena such as density fingering, Terzaghi’s consolidation, deformation of a cantilever 
bracket, and Boycott effects). The applicability of the method is not limited to flow in 
porous media, but can also be employed to describe many other physical systems governed 
by a similar set of equations, including e.g. multi-component materials.

Crown Copyright © 2016 Published by Elsevier Inc. All rights reserved.

1. Introduction

Multiphase systems are encountered in many science and engineering applications, such as remediation of groundwater 
polluted by non-aqueous phase liquids, carbon capture and storage in geological formations, wastewater treatment, geo-
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morphology and sediment transport, bioreactors and fluidized bed filters, formation of hydrates, triggering of landslides, 
exploitation of conventional and unconventional hydrocarbon resources, to name only a few.

The mathematical description of multiphase systems is intrinsically challenging because the governing conservation equa-
tions and the constitutive relations are highly nonlinear and characterized by strong coupling and stiff relaxation. Moreover, 
in many cases multiple spatial and temporal scales are present, and the phase properties display large contrasts. This makes 
it difficult to obtain accurate and efficient numerical methods that are able to describe the flow patterns and the velocity 
fields with the desired accuracy, and at the same time able to enforce physical characteristics of the solution such as local 
mass conservation, which is essential to avoid artificial sinks or sources. On the other hand, the approximations of the 
transport problem are required to satisfy a discrete maximum principle and to capture the sharp fronts associated to strong 
convection phenomena.

In the effort to propose techniques that display such features, in the last couple of decades an increasing number of 
studies have combined Finite Element (FE) and Finite Volume (FV) methods to jointly exploit the intrinsic features of FE and 
FV-based schemes. Related literature includes the interaction of FE and continuous Finite Volume Element (FVE) methods 
applied to the study of Earth mantle convection [21], the hybrid (continuous) FVE – Discontinuous Finite Volume Element 
(DFVE) method proposed to solve the coupling of flow and transport in sedimentation problems [9], the mixed FE–FV 
methods introduced for two-phase flow in porous media [4,28], the axisymmetric FE–FV scheme for variable density flows 
[11], pure FVE-based methods for two-phase flows [7,25], and other similar discretizations [12,24].

Here, we derive a discretization scheme for a very general formulation of multiphase flow in terms of mass and mo-
mentum conservation equations for the mixture and for one of the phases. (The formalism is presented for two phases, 
treated as interacting multicontinua, but can be easily extended to the case of an arbitrary number of phases, N , provided 
that the mass and momentum conservation equations of N − 1 phases are considered in addition to those of the mixture). 
The interest in such formulation is twofold: on one hand, it allows us to readily discretize a large class of multi-continuum 
problems that are amenable to the archetypal model; on the other hand, the archetypal model provides a generalization of 
the particular models that can be used when the assumptions leading to the latter are not satisfied.

We propose to combine a mixed FE approximation of the momentum equations with a DFVE methods for the transport 
(mass conservation) equations. This is the first mixed–primal method stated for this general formulation and dealing with 
mass and momentum equations. Moreover, even if a number of hybrid FE–FV methods are available for multiphase flow 
problems, this is the first scheme that combines mixed FEM and DFVE. The primary reason to use a DFVE discretization is 
to incorporate the desirable properties of both FVE and discontinuous Galerkin (DG) methods, such as local conservation 
over the control volumes and the flexibility to choose tailored numerical fluxes as in finite volume (FV) methods (see 
e.g. [25]), which guarantees continuous fluxes across inter-element boundaries.

The spatial discretization of momentum equations is carried out with the help of a dual diamond grid. The velocities 
are approximated with first order Brezzi–Douglas–Marini FE or with first order Raviart–Thomas elements, which ensure that 
fluxes are correctly approximated [20]; whereas the discretization of the scalar field variables is based upon piecewise linear 
DFVE approximations, which ensure local conservation at the marginal cost of an extra mass matrix assembly plus a right 
hand side update (both operations are attributed to elementary terms related to the dual mesh). Concerning the coupling, 
at the discrete level we introduce a method that follows a monolithic approach, as we aim at constructing solvers that deal 
with fully coupled systems and employ an exact Jacobian evaluation.

To demonstrate the validity of the proposed numerical scheme for a wide range of parameters and for several levels of 
model complexity, we consider a series of test cases, highlighting properties such as conservation of constancy and local 
mass conservation.

Outline The paper is organized as follows. First, we introduce a general Eulerian model based on the conservation of mass 
and momentum for two phases (Section 2). Next, we provide several examples of particular multicontinuum models, which 
are typically found in the literature and are amenable to the general model (Section 3). Then, the construction of the 
proposed mixed FE–primal DFVE scheme applied to the general model is described (Section 4). For each particular scenario, 
Section 5 collects and discuss some numerical results that demonstrate the validity of the proposed approach and the 
performance of the hybrid method. We close with some remarks and discussion on possible extensions in Section 6.

2. A general multicontinuum model in the context of mixture theory

Let T > 0 be a final time and � ⊂ Rd (with d = 2, 3 the dimension) be an open bounded domain with polyhedral 
boundary � and ν is the outward unit normal vector on �.

2.1. Balance laws of constituents

Although an arbitrary number of components can be considered, we restrict the discussion to two components (or 
phases) α and β that occupy the continuum �. We denote by ui , pi , ρi , μi , and si , the velocity, the pressure, the intrinsic 
material density (assumed to be constant), the viscosity and the volumetric fraction of the phase i ∈ {α, β}, respectively.

The evolution of the system is described by the mass and momentum conservation equations of the two phases [see, 
e.g. 2,6], i.e.,
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∂t(siρi) + div(siρi ui) = 0,

∂t(siρi ui) + div(siρi ui ⊗ ui) = divσ i + f i + sρi g,
(2.1)

where i ∈ {α, β} indicates the phase, g is the gravitational acceleration (acting on the negative xd-direction), σ i and f i are 
the stress tensors of the phase and the interface momentum exchange terms, respectively, and we have the total volume 
conservation constraint,

sα + sβ = 1,

which expresses the fact that the two phases fill the space. Energy balance equations along with the second law of thermo-
dynamics are here discarded as we restrict the presentation to isothermal mixtures.

To make the system solvable, additional constitutive relationships have to be assigned. For a viscous-linear fluid, for 
instance, we have

σ i := μiε(ui) − 2

d
μi(div ui)I − si piI,

where d denotes spatial dimension, I is the identity tensor, and ε(ui) = 1
2 (∇ui + ∇uti ) is the infinitesimal rate of strain 

(for a solid material the elastic shear-stress component has to be added). Setting s := sα , the interface momentum exchange 
terms are

f α := −pα∇s + D(s)(uβ − uα), f β := −pβ∇s + D(s)(uα − uβ), (2.2)

where the first terms represent the effects of the pressure forces (or buoyancy) and the last terms the viscous drag exerted 
by the other component, which is proportional to the velocity difference and a function of the phase distribution (which is 
assumed to depend only on the saturation).

Several physical mechanisms are described by an extra energy associated with the interface, which results in a pressure 
difference between the two phases at equilibrium (e.g., the existence of an interfacial tension between the phases or an 
effective stress). Following the notation and terminology employed in presence of an interfacial tension, we refer to the 
pressure difference between the phases as the capillary pressure, pc , and assume that it is a function of the saturation

pc(s) := pβ − pα.

The mass and momentum conservation equations for the mixture are obtained by summing up the corresponding equa-
tions of the two components. We define the mixture density and the barycentric velocity as

ρ = sρα + (1 − s)ρβ and ρu = sραuα + (1 − s)ρβ uβ,

respectively. Then, we rewrite system (2.1) as

∂t s + div(suα) = 0, (2.3)

∂t(suα) + div(suα ⊗ uα) = 1

ρα
divσ α + 1

ρα
f α + sg, (2.4)

∂tρ + div(ρu) = 0, (2.5)

∂t(ρu) + div(ρu ⊗ u) = div (σ + r) − pc∇s + ρg, (2.6)

for (x, t) ∈ � × (0, T ), where r = − sρα
(1−s)ρβ

ρ(uα − u) ⊗ (uα − u) is the Reynolds stress tensor (which will be neglected from 
now on), and σ = σ α +σ β the total Cauchy stress tensor of the mixture. A constitutive relationship can be directly assigned 
for the total stress tensor, e.g.,

σ = με(u) − 2

d
μ(div u)I − pI

where the total viscosity of the mixture is assumed a function of the saturation, μ = μ(s), and

p := spα + (1 − s)pβ

is the total pressure. We emphasize that the second term on the RHS of (2.6) describes the force exerted by the interface in 
case of different pressures; it vanishes if pα = pβ , but is nonnegligible in general. As we can write

pα(p, s) := p − (1 − s)pc(s), ρ(s) := sρα + (1 − s)ρβ, (2.7)

the system (2.3)–(2.6) complemented with appropriate constitutive relationships can be solved for the unknowns u, uα, s, 
and p; then, the other variables (e.g., pα and ρ) can be obtained from (2.7). Other configurations of independent variables 
are certainly possible and may be more effective depending on the specific application.
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2.2. Weak formulation

Let us multiply the mass and momentum equations for the mixture and for phase α by suitable test functions. After 
integrating by parts on �, we obtain the weak formulation of the problem: for each 0 < t < T , find uα(t), u(t), p(t), s(t)
such that (from now on we drop from the notation the explicit time dependence of the unknowns whenever it is clear from 
the context)∫

�

∂t(suα) · vα dx + Cs(uα; uα, vα) +Aμα/ρα (uα, vα) − Bs(pα, vα) +F s
1(pα, vα) −F s

2(uα, uβ, vα) = Gs(vα),

∫
�

∂t(ρu) · v dx + Cρ(u; u, v) +Aμ(u, v) − B1(p, v) +F s
1(pc, v) = Gρ(v), (2.8)

for all vα, v ∈ H1(�), and∫
�

(∂t s)ϕα dx +Muα (s,ϕα) + Bs(ϕ
α, uα) = 0,

∫
�

(∂tρ)ϕ dx +Mu(ρ,ϕ) + Bρ(ϕ, u) = 0,

(2.9)

for all ϕα, ϕ ∈ H1
0(�), where the involved trilinear, bilinear, and linear forms are defined as

Am(u, v) :=
∫
�

m ε(u) : ε(v)dx +
∫
�

2

d
m div u div v dx, Cm(w; u, v) :=

∫
�

div(m w ⊗ u) · v dx,

Bρ(ϕ, v) :=
∫
�

ρϕ div v dx, Gm(v) :=
∫
�

m g · v dx, Mv(ρ,ϕ) := −
∫
�

ρ(v · ∇ϕ)dx,

Fm
1 (p, v) :=

∫
�

p∇m · v dx, Fm
2 (u, v, w) :=

∫
�

D(m)(u − v) · w dx.

Owing to the strongly nonlinear coupling and the possibly degenerate terms in (2.3)–(2.6), even for regularized versions 
of the problem it is nontrivial to derive energy estimates, and the analysis of solvability and regularity of the solutions to 
(2.8)–(2.9) is beyond the scope of the present paper. To the best of our knowledge these issues have not been addressed 
for this kind of formulations, and related studies have dealt mainly with simplified models of single or two-phase flow in 
porous media [3,1,8,18].

3. Particular models of archetypal problems

We now turn to the presentation of some particular models that are structurally similar to each other, and that are 
amenable to the general system (2.3)–(2.6), upon adequate manipulation of the governing equations. Such a connection 
may be straightforward in some cases, but a clear presentation is hardly found in the literature. For completeness, the 
weak formulations will be rewritten to highlight differences in the structure of the coupled system or in the regularity 
requirements.

3.1. Dissolution-driven convection in a porous medium

We start considering fluid flow through an infinitely rigid and homogeneous porous matrix. Then the velocity of the solid 
phase is zero, say uβ , and the volumetric fraction, sβ , is constant. Under these conditions, only the conservation equations 
for the fluid phase, α, have to be considered, with a momentum exchange term f α = −D(s)uα . Assuming an infinitesimal 
relaxation time and neglecting the effects of the viscous stress tensor with respect to f α , the momentum conservation 
equation reduces to Darcy’s law, and the flow is described by the simple system

div uα = 0,

uα = − κ

μα
(∇pα − ρα g).

(3.1)

Let us now consider the case in which the density of the fluid is affected by the presence of a solute, i.e., ρα = ρα(c)
where c is the concentration, and can give rise to density-driven convection. A typical example is the dissolution and 
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transport of carbon dioxide (CO2) into a brine aquifer (see e.g. [27]). Invoking the Boussinesq approximation, (3.1) are still 
valid, but they have to be complemented by an equation for the concentration, which is typically an advection diffusion 
equation of the form

φ∂tc + div(cuα − τD∇c) = 0, (3.2)

where φ is the porosity and τD is the diffusion coefficient.
For the transport problem (3.2), inflow and outflow boundary conditions are needed, as well as an initial condition for c. 

For a typical CO2 dissolution problem, a fixed CO2 concentration, cin, is usually assigned at the top boundary �D (Dirichlet 
condition), whereas zero-flux is imposed elsewhere, (cuα − τD∇c) · n = 0 on �N = � \ �D. For the velocity in (3.1) one 
typically imposes a homogeneous Dirichlet pressure on �D, and slip velocity u · n = 0 on �N.

We emphasize that (3.2) is a mass conservation equation for the solute and the full system of equations ((3.1) and (3.2)) 
has again a structure similar to the general model presented in the previous section, if we consider the solution as a mixture 
of two miscible component and assume that the velocity of the fluid is the barycentric velocity of the solution. The main 
differences are that the momentum equation of the solution contains an exchange term with a third component, which is 
the infinitely rigid porous matrix, and that no momentum equation for the solute is solved, because the difference between 
the velocity of the solution and the velocity of the solute is modeled by the diffusion term.

Mixed–primal weak formulation Multiplication by adequate test functions, using the divergence-free condition on uα , and 
integrating by parts over � yields the following weak formulation of (3.2): for t > 0 find c ∈ H1

�(�) such that∫
�

φ∂tc w dx +Muα (c, w) +NτD (c, w) =
∫
�D

cinuα · nw dC −
∫
�N

cuα · nw dC ∀w ∈ H1(�),

where

NτD (c, w) :=
∫
�

τD∇c · ∇w, ∀c, w ∈ H1(�). (3.3)

Similarly, the weak form of (3.1) reads: for t > 0 find (uα, pα) ∈ H(div, �) × H1
�D

(�) such that∫
�

uα · v dx + Bκ/μ(pα, v) +
∫
�N

κ

μ
pα v · n dC =

∫
�

κ

μ
ρg · v dx ∀v ∈ H(div,�),

Bκ/μ(q, uα) = 0 ∀q ∈ H1(�),

(3.4)

where H1
�(�) := {w ∈ H1(�) : w|� = ψ�}. Notice that, in contrast to the weak forms introduced in Section 2.2, the absence 

of viscosity terms in the momentum equation yields velocity fields that are not necessarily in H1(�), but only in H(div, �)

(see (3.4)).

3.2. Sedimentation and consolidation of suspensions

Let us focus now on gravity-driven settling of particles in presence of an interstitial viscous fluid, as modeled in [10]
(see also [9,7,30]). The main assumptions are as follows: the particles are small with respect to the domain size and have 
the same density, the constituents of the mixture are incompressible, and the suspension is completely flocculated before 
the sedimentation takes place.

To describe this phenomenon it is convenient to introduce the average (rather than barycentric) velocity of the mixture

q = suα + (1 − s)uβ,

which, owing to incompressibility of the components and to the mass balance of each phase in (2.1), satisfies div q = 0. The 
mass balance of the solid phase can be then recast as

∂t s + div(sq + s(1 − s)ur) = 0,

where ur := (uβ − uα) is the filtration velocity (or relative solid-fluid velocity), and s = sα is the volumetric fraction of the 
solid.

The equations for the average and filtration velocities can be obtained combining the momentum equations in (2.1), 
which yields to the equivalent system of equations

div q = 0, (3.5)

∂t s + div(sq) = div(s(1 − s)ur), (3.6)
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∂tq + q · ∇q = div(σ α/ρα) + div(σ β/ρβ) + g + f , (3.7)

∂t ur + q · ∇ur + ur · ∇q = 1

ραs
divσ α − 1

ρβ(1 − s)
divσ β − 1

Q (s)
f , (3.8)

where the interaction coefficient is f = ρα−ρβ

ραρβ
f β , Q (s) = ρ−1(ρα − ρβ)s(1 − s), and we have neglected quadratic terms in 

ur assuming that the filtration velocity is small.
The system can be simplified by assuming a Darcy-like equation for the filtration velocity instead of (3.8). In [10], 

for instance, a dimensional analysis is performed to show that the momentum equation for the filtration velocity can be 
replaced by the expression

ur = b(s)

ρgsQ (s)

[
∇σe(s) − s(ρα − ρβ)g

]
, (3.9)

were b(s) := u∞s(1 − s)2 is a batch flux density function describing the effect of hindered settling aligned with the direction 
of the gravity force [9], u∞ is the constant velocity of a free falling particle in an unbounded medium, σe = −(p − p̂) is the 
effective stress (equal to the difference between the total pressure and the pore-pressure, p̂), which is assumed isotropic 
and a function of solid saturation σe(s) = σ0((sl)m − 1), with m, l positive parameters.

Finally, (3.8) can be used to eliminate f from (3.7), and inserting (3.9) into (3.6) we obtain the following initial boundary 
value problem defined in � × (0, T ):

div q = 0,

∂t s + div(sq − b(s)g/g) = div(κ(s)∇s),

∂tq + q · ∇q − 1

ρ
div

(
μ(s)ε(q) − pI

) = Q (s)(∂t ur + q · ∇ur) + Q (s)ur · ∇q + g,

(3.10)

where the volume fraction-dependent coefficient

κ(s) := b(s)dσα
ds

g(ρα − ρβ)s
,

is a nonlinear diffusivity accounting for compressibility of the sediment, and μ(s) := (1 − s)−3 is a power law viscosity 
depending on the volume fraction [9]. The system is supplemented with the boundary conditions

q = qG , (sq − b(s)g − κ(s)∇s) · ν = 0, on � × (0, T ),

and the initial data q(0) = q0, s(0) = s0 in � × {0}.
The first two terms in the RHS of the momentum equation of (3.10) account for microstructural arrangement of the 

granular material, and we will keep them in our numerical tests, even if they are usually discarded in classical models of 
sedimentation (see e.g. [10] and the references therein).

Mixed–primal weak formulation As in Section 3.1, the resulting transport equation in (3.10) contains a diffusive term. The 
weak formulation associated to (3.10) is: for t > 0 find s ∈ H1

�(�) such that∫
�

φ∂t s w dx +Mq(s, w) +Nκ(s)(s, w) =
∫

�in

sinq · nw dS −
∫

�out

sq · nw dS ∀w ∈ H1(�),

and (q, p) ∈ H(div, �) × L2(�) such that∫
�

∂tq · v dx + C1(q;q, v) +Aμ(s)/ρ(q, v) − B1(p, v) = H(s,q, v),

B1(q,q) = 0,

for all (v, q) ∈ H1(�) × L2(�), where

H(s, w, v) :=
∫
�

(
Q (s)(∂t ur(s) + w · ∇ur(s)) + Q (s)ur(s) · ∇w + g

) · v dx.

Even if the total pressure depends implicitly on the effective solid stress function, we notice that the weak formulation only 
requires L2(�)-regularity for p, whereas we require the averaged velocity to be in H1(�).



672 R. Ruiz-Baier, I. Lunati / Journal of Computational Physics 322 (2016) 666–688
3.3. Equations of linear poroelasticity

Another problem which is amenable to the system (2.3)–(2.6) is fluid flow in deformable porous media. As in the previ-
ous section, the phase α correspond to the solid and β to the fluid.

In standard poroelasticity [see, e.g. 13], inertial terms are neglected in the momentum balance of the solid phase, which 
reads

divσ + ρg = 0, (3.11)

where ρ is the bulk density, g the gravity acceleration, and

σ = σα − pI = λdiv(d)I + 2Gε(d) − pI

is the effective stress tensor for a linear elastic medium [31], with fluid pressure p, Lamé’s first parameter λ, shear modulus 
G , and linearized (infinitesimal) strain tensor ε(d) = 1

2 (∇d + ∇dt), where d is the solid displacement. As for the sedimen-
tation and consolidation model described in the previous section, the second momentum equation is simply replaced by 
Darcy’s law for the filtration velocity,

uβ − uα = −(1 − s)−1 κ

μβ

(∇p − ρβ g),

where κ is the permeability, s the volume fraction of the solid phase, and (1 − s) the porosity.
Assuming that deformations are small, the total derivative can be approximated by the partial time derivative, which 

allows the solid velocity to be written as uα = ∂td, and the fluid conservation equation as

∂t(cβ p + α div d) − div

[
κ

μβ

(∇p − ρβ g
)] = b, (3.12)

where b is a source term, α is the Biot’s coefficient, and cβ the fluid compressibility. As in [35], we have supposed that 
the total amount of fluid content depends on the fluid pressure multiplied by a specific storage coefficient cβ > 0 plus the 
material volume. The same system serves as model for the Biot thermoelasticity problem [5], where p has to be interpreted 
as the temperature field.

Summarizing and introducing the effective solid stress tensor as an additional unknown, the mixed formulation reads: 
find d, σα, z and p such that

−div
(
σ α − pI) = ρg,

σ α = λ(div d)I + 2Gε(d),

∂t(cβ p + div d) + div z = b,

μβκ−1z + ∇p = ρβ g.

(3.13)

Boundary and initial data depend on the specific scenario, and here we restrict the presentation to the case of slip 
velocity and zero-fluid-flux everywhere on �, zero displacements on �D, no-stress on �N, and p(0) = p0 in �.

Mixed–primal and mixed–mixed weak formulations A mixed–primal variational form associated to (3.11) and (3.12) can be 
summarized as follows: for t > 0, find (d, p, z) ∈ H1(�) × L2(�) × H0(div, �) such that

Aλ
2G(d, v) − B1(p, v) =

∫
�

ρg · v dx,

∫
�

∂t pq dx + B1(q, ∂td) + B1(q, z) =
∫
�

gq dx,

∫
�

μβκ−1z · w dx − B1(p, w) = Gρβ (w),

for all (v, q, w) ∈ H1(�) × L2(�) × H0(div, �). In addition, a mixed–mixed variational form corresponding to the coupled 
problem (3.13) reads:∫

�

σα : τ dx −
∫
�

λ tr(σ α) tr(τ ) −
∫
�

2Gε(d) : τ dx = 0,

−
∫

divσ α · v dx =
∫

ρg · v dx,
� �
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Fig. 1. Schematic diagram in two and three-dimensions of two neighbors K , L in the primal mesh Th (solid lines) sharing the interior face σ . Their 
barycenters xK , xL and the vertices of σ completely characterize a diamond Dσ (split into D K

σ and D L
σ ) in the dual mesh T �

h (red dashed lines). (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)∫

�

∂t pq dx + B1(q, ∂td) + B1(q, z) =
∫
�

gq dx,

∫
�

μβκ−1z · w dx − B1(p, w) = Gρβ (w),

for all (τ , v, q, w) ∈H(div, �) × H1(�) × L2(�) × H0(div, �).

4. Mixed finite element – primal discontinuous finite-volume-element approximation

The weak form of the equilibrium and continuity equations derived in Section 2.2 is now adopted to construct a mixed 
finite element method coupled with a primal DFVE scheme. As previously discussed, the particular models in Section 3 are 
amenable to the general model and the derivation of their mixed finite element – primal DFVE approximation can be obtain 
through an analogous procedure.

4.1. Meshes and preliminaries

Let Th be a regular partition of � formed by closed triangular (or tetrahedral in d = 3) elements K with boundary ∂ K
and diameter hK . Each face σ between two neighboring elements K and L has diameter hσ . The set of all faces in Th is 
denoted by Eh and E�

h is its restriction to boundary faces. Associated to the mesh Th with size h = maxK∈Th hK we denote 
by Vh, Qh, Sh the FE spaces for the approximation of velocity, pressure and a scalar quantity, respectively. Let nK ,σ denote 
the outward vector of K ∈ Th normal to σ ⊂ ∂ K . For a scalar function q ∈ L2(�) we let �q�σ := q|∂ K nK ,σ + q|∂LnL,σ denote 
a vector jump across the face σ = K̄ ∩ L̄ and {q}σ denotes its average value on σ . For a vectorial function w ∈ L2(�) these 
operators are defined as a tensor-valued jump � w �σ := w|∂ K ⊗ nK ,σ + w|∂L ⊗ nL,σ and {w}σ := 1

2 (w|∂ K + w|∂L). If σ ∈ E�
h

then we consider the convention �q�σ = {q}σ = q|σ and � w �σ = w · ν .
Next, for a given primal mesh Th , a diamond mesh T �

h is introduced, where each diamond Dσ ∈ T �

h is associated to the 
primal face σ ∈ Eh and constructed by joining the barycenters of the primal elements K and L sharing the interior face 
σ , with the vertices of σ (see Fig. 1 for a sketch of the d = 2 and d = 3 cases). Each diamond is then intersected with 
the primal element to generate two sub-diamonds D K

σ := Dσ ∩ K and D L
σ = Dσ ∩ L, that conform the control volumes of 

the diamond mesh. The transfer between meshes represents a projection of the FE space for the approximation of a scalar 
unknown on the following finite dimensional space

S�

h := {
φ ∈ L2(�) : φ|D K

σ
∈ P0(D K

σ )∀D K
σ ∈ T �

h

}
,

under the action of a projection map P� characterized by

P�sh|D K
σ

= 1

hσ

∫
σ

{sh}σ dS for all D K
σ ∈ T �

h , (4.1)

where sh ∈ Sh (see [9]). This operator connects the trial and test spaces, and it is self-adjoint with respect to the L2-inner 
product. Moreover the following result can be established (see [9,25,26] for a proof).
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Lemma 4.1. For every sh, ϕh ∈ Sh and uh ∈ Vh it holds that

N̂ (sh,ϕh) := −
∑

D K
σ ∈T �

h

∫
∂ D K

σ

κ(sh)∇sh · νP�ϕh dS = Nκ (sh,ϕh) −
∑
σ∈Eh

∫
σ

{κ(sh)∇sh} �P�ϕh � dS,

M̂uh (sh,ϕh) :=
∑

D K
σ ∈T �

h

∫
∂ D K

σ

shuh · νP�ϕh dS

= Muh (sh,ϕh) + Bsh (ϕ, uh) −
∑
σ∈Eh

∫
σ

{shuh · ν}�P�ϕh � dS,

where M·(·, ·), B·(·, ·) are defined as in (2.9), and N (·, ·) as in (3.3).

4.2. Statement of the combined mixed–primal scheme

Let us assume that the discrete space of the approximation of the velocity (phase or total velocity), Vh , is a subspace of 
H1(�), and let us consider the following semidiscrete, nonlinear Galerkin scheme associated to (2.8). For a given t > 0, find 
uα

h , uh ∈ Vh such that

∑
K∈Th

∫
K

∂t shuα
h · vα

h dx + Csh (uα
h ; uα

h , vα
h ) +Aμα/ρα (uα

h , vα
h ) − Bsh (pα

h , vα
h )

+F sh
1 (pα

h , vα
h ) −F sh

2 (uβ

h , vα
h ) = Gsh (vα

h ),∑
K∈Th

∫
K

∂tρhuh · vh dx + Cρh (uh; uh, vh) +Aμ(sh)(uh, vh) − B1(ph, vh) +F sh
1 (pc,h, vh) = Gρ(vh),

(4.2)

for all vα
h , vh ∈ Vh . In (4.2) it is implicitly assumed that Vh is a subspace of H1

0(�); otherwise, some extra terms will arise 
after integration by parts, which are typically penalized (see e.g. [32]).

Multiplying the transport equations (2.3) and (2.5) by P�ϕα
h ∈ S�

h and P�ϕh ∈ S�

h , respectively, and integrating by parts 
over each diamond D K

σ ∈ T �

h , we obtain a continuous-time pure FV formulation for the transport problems, since all quan-
tities can be written on the faces of each diamond:∫

�

∂t sh P�ϕα
h dx +

∑
D K

σ ∈T �

h

∫
∂ D K

σ

shuh · νP�ϕα
h dS = 0,

∫
�

∂tρh P�ϕh dx +
∑

D K
σ ∈T �

h

∫
∂ D K

σ

ρhuh · νP�ϕh dS = 0,

(4.3)

for all P�ϕα
h , P�ϕh ∈ S�

h . The DFVE formulation implies the presence of discontinuous fluxes across edges of the primal 
mesh. We therefore apply Lemma 4.1 along with a generalized upwinding procedure (see e.g. [16]), leading to the scheme∫

�

∂t sh P�ϕα
h dx + M̃uα,h (sh,ϕ

α
h ) = 0,

∫
�

∂tρh P�ϕh dx + M̃uh (ρh,ϕh) = 0,

(4.4)

with

M̃vh (sh,ϕh) := M̂vh (sh,ϕh) +
∑
σ∈Eh

1

2

∫
σ

|vh · ν|�sh � · νP�ϕh dS,

for all sh, ϕh, vh . In summary, (4.4) contains an edge average-jump term resulting from integration by parts, flux upwinding, 
and a mass term involving the dual mesh. The complete semidiscrete hybrid mixed FE–primal DFVE formulation is then 
given by combining (4.4) and (4.2).
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The following remarks are noteworthy:

• The discrete formulations given above are valid for any set of finite dimensional spaces such that Vh ⊂ H1
0(�) (con-

forming approximation or nonconforming finite element space Vh ⊂ H(div, �)), Qh ⊂ L2(�), and Sh ⊂ H1(�). Here, 
however, we will restrict ourselves to the following specific finite dimensional spaces

Vh = {v : v|K ∈ BDM1(K ),∀K ∈ Th}, Qh = {q : q|K ∈ P0(K ),∀K ∈ Th},
Sh = {φ ∈ H1

0(�) : φ|K ∈ P1(K ),∀K ∈ Th}, S�

h = {
φ ∈ L2(�) : φ|D K

σ
∈ P0(D K

σ )∀D K
σ ∈ T �

h

}
,

where the local Brezzi–Douglas–Marini spaces of order k, k ≥ 0 are BDMk(K ) = Pk(K )d ∩ H(div, K ), for x ∈ Rd (see 
e.g. [20]).
This approximation of velocities is non-conforming and requires a stabilization term in the momentum and mass equa-
tions. We adopt the one proposed in [23] for Brinkman flows.

• After rewriting (4.3) as in (4.4), only the mass terms (temporal derivatives) and the nonzero right hand side involve 
quantities lying on the dual mesh T �

h . These matrices are assembled only at the beginning of the computation, which 
implies that the projection map between the primal and dual mesh defined in (4.1) is invoked only once, and therefore 
the overhead computational burden of a dual mesh is negligible.

• Using an extension of the operator defined in (4.1), it is possible to construct a full DFVE scheme for the discretization 
of (2.3)–(2.6). This simply requires replacing (4.2) by a DFVE formulation of velocity and pressure as proposed for 
instance in [14,26] for Stokes-related problems. This can be done using either stabilized discontinuous Galerkin P1 −P1
approximations of velocity and pressure, or local pressure projection stabilizations. Such a method would be appealing 
essentially because of its unified structure. On the other hand, the main advantage of the present mixed–primal global 
scheme, is that no stabilization parameters are needed in the flow approximation (i.e. of velocity and pressure) in order 
to comply with the discrete inf-sup condition.

• Discrete consistency with continuity for conforming FVE methods can be proven by adding artificial diffusion to the 
transport problems, uncoupling them from the momentum equations, and applying monotonicity and Lipschitz conti-
nuity assumptions on the total flux (see [19]). In contrast, for the DFVE method, a rigorous proof of discrete maximum 
principles (4.4) remains an open problem. However, it is still possible to verify this property by means of numerical 
experiments, as it will be done later in Section 5.1.

• Notice that for Darcy-based models, as the one outlined in Section 3.1, one could also consider lowest order Raviart–
Thomas elements (RTk(K ) = Pk(K )d ⊕ Pk(K )x, for x ∈ Rd), requiring only H(div, �)-regularity for the velocity (since the 
viscous term does not appear in the momentum equation), which are still compatible with piecewise-constant pressure 
approximations.

4.3. Time discretization

Let sn+1
h denote the approximation (either via mixed FE or DFVE) of a generic scalar or vector function s at the time 

level tn+1 = (n + 1)�t , n = 0, . . . , T /�t , where �t denotes a constant time step. After the spatial discretization of the model 
problem discussed above, we obtain a large system of nonlinear ODEs (4.2)–(4.4) which is integrated in time using the 
second order backward difference formula (BDF2), i.e., all time derivatives are approximated using the centered operator

∂t sh(t
n+1) ≈ 1

�t

(
3

2
sn+1

h − 2sn
h + 1

2
sn−1

h

)
,

and for the first time step a first order backward Euler method is used from t0 to t1. Convective and reactive nonlinearities 
along with the implicit part of the time integration require a linearization strategy. Here we opt for an iterative Newton–
Raphson method involving the full Jacobian matrix of the system. Adopting a formulation in terms of phase velocity, total 
velocity, saturation and density, the final set of linear equations to be solved at each Newton step k, can be represented in 
matrix form as

⎛
⎜⎜⎝
A1 B1 0 0
D C1 0 0
0 E A2 B2
0 0 D C2

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

δuk+1
α,h

δsk+1
h

δuk+1
h

δρk+1
h

⎞
⎟⎟⎟⎟⎠ = RHS,

where the δ(·)k+1 stand for the sought incremental solutions, and RHS contains all contributions from previous time steps, 
forcing terms, and Newton residuals. For instance, matrix A2 arises from assembly of the (semi-discrete) terms M2 + C2 +
C3 + A1:

(∂tδuk+1ρk, vh)� + (div(ρkδuk+1 ⊗ uk), vh)� + (div(ρkuk ⊗ δuk+1), vh)� + (μ(sk)ε(δuk+1),ε(vh))�,
h h h h h h h h h h
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Table 1
Modeling and discretization adimensional parameters adopted for all numerical tests.

Example 5.1: r = 1, φ = κ = μ = ρ = 1, τD = 0.01, T = 0.2, �t ∈ [1/1280,1/10]
Example 5.2: W A = 2000, W B = 1, RaA = 1, RaB = 10000, p0 = u0 = 0

T A = 80000, T B = 5, �t A = 40, �tB = 0.0025
Example 5.3: W = 0.1, H = 15, K = 1.82 × 10−10, φ = 0.375, G = 10−6, p0 = 0

p∂ = 10000, cs = 3.48 × 10−5, c f = 1.25 × 10−5, T = 1000, �t = 0.1, cβ = 0.01
Example 5.4: W = 1, γ = 0.05, K = 10−7, E = 10000, ν = 0.4, p0 = u0 = 0, cβ = 10−5

λ = 14285.7142, G = 3571.4285, T = 50, �t = 1, p∂ = 20
Example 5.5: W = 3, H = 25.6, p0 = u0 = 0, θ = π/3, T = 20000, h = 2.5, �t = 0.01
Example 5.6: W = 1, a = −2.5, ρβ = 2200, ρα = 1000, m = 2, b = 0.01, μα = μβ = 1
Example 5.7: R = 1, H = 8, θ = π/4, ρα = 2640, j = 0.0005, ρ A

β = 1000, μα = 10−6, μA
β = 0.001

ρB
β = 1.225, μB

β = 1.7894 × 10−5, sA
0 = 0.44, sB

0 = 0.15, smax = 0.59, qβ = π/5

whereas, making abuse of notation, the remaining blocks are A1 = M2 + C2 + C3 + A1, B1 = M1 + C1 + B1 + B2 + F11 + F12 +
F21 + F22 − M3, D = D2 + BT

2 , C1 = N1 + D1 + BT
1 , E = A2 + B1 + B2 + F1, B2 = M1 + C1 − M3, and C2 = N1 + D1 + BT

1 + F2.

5. Numerical results

In this section we illustrate the behavior of the proposed mixed–primal numerical method by means of several numerical 
test cases. Unless otherwise specified, we adopt first order Brezzi–Douglas–Marini approximations for velocities, piecewise 
constant FE for pressures, and DFVE approximations for all remaining scalar fields. Incremental Newton iterations with 
a fixed tolerance of 10−7 for the energy norm of the residuals are applied to linearize the algebraic equations arising 
from the discrete scheme (4.2)–(4.4). Triangular and tetrahedral primal and diamond grids were generated with the open 
source mesh manipulator Gmsh [22]. Large linear systems arising from the Newton linearization algorithm have been solved 
with the generalized minimum residual (GMRES) method employing an incomplete LU preconditioner without fill-in and a 
residual tolerance of 10−8, whereas small systems (typically associated to 2-D and single phase simulations with less than 
1M degrees of freedom) were solved with the multifrontal massively parallel sparse direct solver (MUMPS). Multi-thread 
computations have been carried out on an Intel based cluster with eight dual Xeon nodes of 12 cores, 2.97 GHz CPU and 
96 GB RAM, using Infiniband 40 Gb/s interconnectivity.

5.1. Example 1: spatio-temporal accuracy and mass conservation

We start by assessing the accuracy of the numerical scheme. We consider a 2-D domain partitioned into primal unstruc-
tured triangulations with 3 · 2n+1 (n = 0, 1, . . . , 7) vertices on the domain boundary. The test case corresponds to the flow 
of a single-phase in a porous medium and it is governed by (3.2)–(3.1). The problem is defined on a disk of radius r and on 
the time interval (0, T ), with �D = �. We choose parameters and forcing terms so that the exact solutions of the problem 
are given by the smooth functions

uα(x, t) =
(− cos(x1)exp(x2) sin(t)

− sin(x1)exp(x2) sin(t)

)
, pα(x, t) = sin(x1)exp(x2) sin(t), s(x, t) = exp(−x1x2) cos(t).

In this case, the right hand side of the first equation in (3.2) is

f = −exp(−x1x2) sin(t) + exp(x2(1 − x1)) sin(t) cos(t)[x2 cos(x1) + x1 sin(x2)] − τD cos(t)exp(−x1x2)[x2
1 + x2

2].
We study the accuracy of the discretization using piecewise constant approximations for the pressure, BDM1 approxima-

tions for velocities, and discontinuous FVE approximations for saturation. Convergence histories are obtained by computing 
errors in the natural norms and the convergence rates at a fixed time tN = T , are defined as

ei(m) := ‖mN − mN
h ‖i,�, ri(m) := log(ei(m)/êi(m))

log(h/ĥ)
,

with i ∈ {div, 0, 1}, for any regular function mN = s(·, T ) (velocity component, saturation, or pressure), where e and ê denote 
errors computed on two consecutive meshes Th and Tĥ , respectively. Temporal accuracy is evaluated by computing errors 
and rates in the �∞(0, t; ·)-norm

Ei
�(m) :=

N∑
n=0

‖mn − mn
h‖i,�, Ri

�(m) := log(Ei
�(m)/Êi

�(m))

log(�t/�̂t)
,

on successively refined partitions of (0, T ), where i ∈ {div, 0, 1}.
The convergence behavior is reported in Table 2, where the third, fifth and seventh columns of the table indicate a first 

order convergence in space and second order convergence in time. Given the present spatial and temporal discretization, 
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Fig. 2. Example 1: snapshots of the approximate velocity components, phasial pressure distribution, and saturation profiles computed at t = 0.2 for a 
two-phase flow accuracy test.

Table 2
Example 1: experimental space and time convergence until T = 0.2 for the mixed FE–primal DFVE approximation of the single-phase flow problem (3.2), 
(3.1).

Spatial convergence

h e1(s) r1(s) ediv(u) rdiv(u) e0(p) r0(p)

0.9321 0.6221 – 0.0042 – 0.0041 –
0.8212 0.5237 1.0239 0.0023 0.7943 0.0015 0.9163
0.3817 0.2411 0.7779 0.0012 0.8964 0.0008 1.0212
0.2032 0.1187 1.0547 0.0007 0.9134 0.0004 0.9344
0.1095 0.0596 1.1143 3.49e–4 0.9074 0.0002 0.9494
0.0531 0.0304 0.9722 1.85e–4 0.9671 0.0001 0.9107
0.0309 0.0150 1.0347 7.96e–5 1.0542 6.14e–5 1.1031
0.0147 0.0076 0.9821 4.41e–5 0.9569 2.93e–5 0.9856

Temporal convergence

�t E1
� (s) R1

� (s) Ediv
� (u) Rdiv

� (u) E1
� (p) R1

� (p)

0.1000 321.3301 – 5.0190 – 0.2955 –
0.0500 85.3851 2.0321 1.1344 1.9215 0.0640 1.8897
0.0250 28.3240 1.9842 0.2831 1.9350 0.0165 1.9713
0.0125 7.1521 1.8853 0.6399 1.8818 0.0044 1.8796
0.0062 1.8344 1.8901 0.1640 1.8923 0.0013 1.9307
0.0031 4.2230 1.9840 0.0451 1.9543 0.0003 1.9146
0.0015 1.1391 2.0121 0.0129 1.9522 0.0001 1.9328

Fig. 3. Example 1: evolution of the divergence of total velocity for a homogeneous flow (right), and snapshot of a saturation front captured with different 
discretizations for the mass conservation equation (right).

these rates are optimal in the sense that errors decay with the same order as the corresponding interpolator operators. 
Approximate solutions are depicted in Fig. 2 and are free from spurious pressure patterns.

Next, we test the ability of the scheme to recover the homogeneous flow solution. We set s = ρ = 1 and solve the 
multiphase flow problem using the same parameters as in the example above. Since the phase and total velocities are 
approximated with H(div)-conforming methods, their normal components are continuous across element boundaries and 
accurate velocity profiles are expected. The left plot in Fig. 3 shows the evolution of the divergence of the total velocity, 
which stays around 1e–14 for most of the simulation, indicating that incompressible flow is correctly recovered.
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Fig. 4. Example 2: zoom of the unstructured primal mesh, where we observe an isotropic refinement near the top of the domain, where the inlet boundary 
�in is located.

Finally, we solve a pseudo-1D transport problem including a regularizing diffusion term:

∂t s + ∂x(su) − D∂xxs = f s,

defined in � = (0, 2) for t > 0 and with D = 5e−4. A coarse mesh of 64 elements is used, and an exact velocity and sink are 
considered u = cos(πx/2), f = −π/2 sin(πx/2) (see [15]). The initial condition is s(0) = 0.01 and the inflow saturation (at 
the left boundary) is s = 0.99. A fixed time step of �t = 1e−4 is used and the system is evolved until T = 0.5. We compare 
the results obtained with (4.4) against those generated with the following schemes: a classical interior penalty discontinuous 
Galerkin method (IP-DG) using the same upwind numerical flux as in (4.4), a (continuous) finite volume element method 
(FVE, which is locally conservative in the dual mesh), and a classical stream-upwind Petrov–Galerkin stabilized method 
(SUPG). A snapshot of the solution at an intermediate time is shown in the right panel of Fig. 3 (zoomed into the wave 
front). We observe that regardless of the used method, no undershoot occurs, but a violation of the maximum principle is 
observed with the FVE and SUPG methods. The continuous FVE method introduces numerical diffusion; the SUPG method is 
less diffusive, but produces spurious oscillations near the large gradient regions. The IP-DG method exhibits no oscillations, 
but is more diffusive than the proposed DFVE scheme, which provides the most accurate solution among the numerical 
scheme that we have tested.

5.2. Example 2: gravity-driven instabilities

We now study the gravity-driven instabilities arising in the study of CO2 storage in saline aquifers. We consider a square 
domain � = (0, W ) × (−W , 0) and we notice that the only free parameter is the Rayleigh number Ra = κρ

φτDμ , if the system 
is written in dimensionless form. We assume zero initial pressure and velocity, whereas a random concentration value is 
assigned near the top boundary and zero elsewhere. No artificially selected wavelength is encountered. A free-slip condition 
is imposed for the velocity everywhere except at the top boundary, where we fixed the pressure. A diffusive influx of carbon 
dioxide into the brine aquifer is modeled by imposing a constant maximum concentration at the top, whereas zero-flux is 
assigned at the other boundaries. An unstructured mesh of 237’444 primal triangular elements and 118’723 nodes has been 
employed for the simulations (for a detail of the mesh see Fig. 4). The mesh resolution is adequate to capture the main flow 
features and no qualitative difference in the fingering patterns is observed when the mesh is refined.

Figs. 5 and 6 show the finger growth and the corresponding magnitude of the velocity, which exhibits nonzero flow 
normal to the inlet boundary. Notice that the finger dynamics (shape and frequency distribution) changes substantially 
between the two regimes dictated by a different Rayleigh number. The time step and total simulation times have also been 
rescaled accordingly (see Table 1). In the first case (test A), larger fingers with a strong diffusive spreading are evident, 
whereas in the second case (test B) we observe secondary instabilities and the formation of lobes of carbon dioxide that 
start diffusing into the surrounding brine. These results agree with the simulations reported in [27]. A more quantitative 
assessment is displayed in Fig. 7. The first row panels show the temporal trend of the number of fingers, the total amount 
of carbon dioxide in the domain, and the total pressure distribution. The first indicator shows an average of 7 fingers for 
test A and 16 fingers for test B. As in [34] we also compare the carbon dioxide concentration and flow patterns of both 
cases by observing four snapshots of the concentration and vertical velocity profiles along the midline (see bottom row).

5.3. Example 3: Terzaghi’s consolidation test

In order to validate the mixed formulation in the context of the linear poroelasticity equations presented in Section 3.3, 
we analyze the accuracy of the numerical scheme applied to the Terzaghi’s consolidation test [31], which is a classical 
benchmark in geomechanics. The problem consists in determining the behavior of the excess pore pressure of the fluid 
when a thin porous column of height H (with impermeable and rigid bottom and side walls) is compressed by a force 
applied instantaneously at the top. This process generates an overpressure and an associated settlement displacement pδ

and dδ
2, respectively. Perfect drainage is allowed at the top boundary. Under these specific conditions, separation of variables 

leads to the following Fourier-series solution (see also [17])
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Fig. 5. Example 2, test A: snapshots of the carbon dioxide dissolution into brine (left panels), distribution of horizontal and vertical velocity components 
(center), and pressure profiles (right column); shown at early (top row), intermediate (middle), and advanced (bottom) time instants, for a large domain 
with Ra = 1.

d2(x2, t) = dδ
2 + pδ

8H

π2

[
(H − x2) −

∞∑
j=0

1

(2 j + 1)2
cos

(
(2 j + 1)π

2H
(H − x2)

)
exp

(
− (2 j + 1)2π2cc

4H2
t

)]
,

p(x2, t) = 4

π
pδ

∞∑
j=0

1

2 j + 1
sin

(
(2 j + 1)π

2H
(H − x2)

)
exp

(
− (2 j + 1)2π2cc

4H2
t

)
,

where cc = κ/(μ(cs + φc f )) is the consolidation coefficient, cs and c f are the solid and fluid compressibilities, re-
spectively, φ is the porosity and κ is the intrinsic isotropic permeability of the medium. We simulate a thin do-
main � = (0, W ) × (0, H) employing only two elements to span the width of the column and a total of 2’886 
triangular elements conform the structured primal mesh. Model and discretization parameters are collected in Ta-
ble 1. The process is simulated until t = T and the over-pressurization of the saturated fluid decreases progressively, 
due to the fluid flow towards the drained top boundary. Vertical profiles of the displacement and pressure approx-
imations at the centerline of the column are shown in Fig. 8, along with the consolidation profiles for adimen-
sional quantities. They accurately match the reference analytical solutions obtained by truncating the Fourier series at 
j = 350.

5.4. Example 4: cantilever bracket with curved boundary

We further study the behavior of the proposed scheme applied to the poroelasticity equations in (3.13). We recall that 
displacements are approximated with Brezzi–Douglas–Marini elements (since a higher regularity is required for the discrete 
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Fig. 6. Example 2, test B: snapshots of the carbon dioxide dissolution into brine (left panels), horizontal and vertical velocity components (center panels) 
and pressure profiles (right column), displayed at three time instants, for a small domain with Ra = 10000.

bilinear forms, involving strains in terms of displacements), whereas pressure and velocity are approximated as specified 
at the beginning of this section. Physical parameters are outlined in Table 1, and we set λ = Eν(1 + ν)−1(1 − 2ν)−1, G =
E/(2 + 2ν), where E is the Young’s modulus and ν the Poisson’ ratio.

The domain, �, is delimited by four curved boundaries parametrized as

�1 = {ω ∈ [0, W ] : x1 = ω + γ cos(πω) sin(πω), x2 = −γ cos(πω) sin(πω)},
�2 = {ω ∈ [0, W ] : x1 = W + γ cos(πω) sin(πω), x2 = ω − γ cos(πω) sin(πω)},
�3 = {ω ∈ [W ,0] : x1 = ω + γ cos(πω) sin(πω), x2 = W − γ cos(πω) sin(πω)},
�4 = {ω ∈ [W ,0] : x1 = γ cos(πω) sin(πω), x2 = ω − γ cos(πω) sin(πω)},

and it is discretized into a primal mesh of 38’934 elements and 19’468 points.
Boundary conditions are assigned as follows: zero displacement is imposed on �4, a unitary traction pointing downwards 

is applied on �3, whereas stress free conditions are used on �1 ∪ �2. Free-slip velocities and constant pressure are assigned 
on ∂� (a similar configuration has been recently employed in [33], see also [35]). We initialize the system with zero 
pressure and zero velocities, and we used a fixed timestep �t = 1. Fig. 9 illustrates transient computations at instants 
t = 5, 25, 50 for pressure, horizontal and vertical displacement, and horizontal and vertical velocity, all in accordance with 
the results reported in [33,35].
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Fig. 7. Example 2: evolution of the number of fingers (top left), temporal accumulation of total amount of solute (top center) and pressure (top right) for 
both regimes (the pressure for the test case B has been rescaled for visualization purposes), and snapshots of the CO2 concentration and vertical velocity 
profiles on the midline (bottom left and right, respectively).

Fig. 8. Example 3: analytical and numerical vertical displacements (left panel), pore pressure (center), and the degree of consolidation for Terzaghi’s test. 
The first two plots display snapshots at time instants t = 200, 400, . . . , 1000.

5.5. Example 5: sedimentation–consolidation and the Boycott effect under different flow descriptions

The settling velocity of solid particles in a tilted vessel is significantly enhanced with respect to same process occurring 
in a vertical vessels. This phenomenon is known as Boycott effect: the tilted vessel offers a larger horizontal cross section 
that increases the area through which solid particles can settle. We assume an inclined channel of width W and height 
H , forming an angle θ with the vertical axis (see Table 1 for the numerical values used in the simulations). As long as the 
Reynolds number is low, inertial effects are negligible and relaxation times are short, Darcy’s law provides a satisfactory 
descriptions of the filtration velocity (the relative velocity of the fluid with respect to the solid phase). Here, we examine 
three models of increasing complexity: first we consider a pure Darcian model (the filtration velocity is proportional to the 
pressure gradient); then, we assume Stokesian flow (i.e., we add viscous effects but we do not consider the acceleration 
term); finally, we incorporate nonlinear convection. We remark that the dimensional analysis performed in [10], leading, in 
particular, to (3.9), is valid only for the first and second models considered here.

Irrespective of the specific model at hand, the hindered settling fluxes assumed in Section 3.2 lead to the formation 
of at least two zones of high volume-fraction gradient: at the top and left walls of the vessel a clear fluid region forms 
and expand downwards, whereas at the bottom and right walls a second high gradient region forms due to compaction of 
solid particles and expands upwards. These regions can be observed in Fig. 10 where we plot the volume fraction and the 
velocity distributions obtained with the three different models. A spreading of the volume fraction occurs in all cases. In case 
of the Darcian and Stokesian models (top and center panels), the momentum equation does not contain the Lagrangian time 
derivative of velocity, which simply leads to the jamming of solid particles with very mild recirculation; little differences are 
noticed between these two cases. When a full momentum equation is used (including nonlinear convection, bottom panel 
of Fig. 10), we observe mixing patterns initiated by local time relaxations. Fig. 11 portrays a close-up to the upper part of 
the vessel, where the largest differences between the three cases are noticed, especially for the pressure field.
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Fig. 9. Example 4: snapshots of displacement components (first and second rows), pressure (third row), and velocity components and directions (fourth and 
last row) for the cantilever bracket problem at instants t = 5, 25, 50 (left, center, and right columns, respectively).
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Fig. 10. Example 5: snapshots at times t = 5000, 10000, 20000 of the local volume fraction (left), velocity norm (middle), and pressure profiles (right) when 
the flow is described under Darcy (top panels), Brinkman (center), or Navier–Stokes (bottom row) regimes.

5.6. Example 6: spatial convergence and 3-D implementation of the full multicontinuum model

We now investigate the performance and accuracy of the mixed–primal scheme by analyzing the spatial convergence of 
errors computed against an analytical solution of the following stationary (but still nonlinear and fully coupled) version of 
the problem (2.3)–(2.6), which describes the steady flow of two miscible fluids:
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Fig. 11. Example 5: zoomed profiles of the variables at the central midline of the vessel, computed at five time instants.

Table 3
Example 6: convergence results and Newton iteration count for the mixed FE–primal DFVE approximation of a steady version of the coupled problem 
(2.3)–(2.6), computed on a sequence of uniformly refined tetrahedral partitions of � = (0, W )3.

h ediv(u) rdiv(u) e0(p) r0(p) ediv(uα) rdiv(uα) e1(s) r1(s) iter

1.4142 3.2687 – 5.9258 – 2.3751 – 2.2789 – 8
0.7071 1.5897 1.0399 3.2059 0.8862 1.2222 0.9584 1.2240 0.8966 7
0.3535 0.8194 0.9560 1.6836 0.9291 0.6252 0.9670 0.6410 0.9332 7
0.2357 0.5547 0.9621 1.1537 0.9321 0.4221 0.9689 0.4363 0.9487 6
0.1571 0.3747 0.9678 0.7880 0.9402 0.2849 0.9693 0.2975 0.9437 8
0.0785 0.1912 0.9702 0.4071 0.9527 0.1448 0.9763 0.1539 0.9512 7
0.0589 0.1440 0.9845 0.3085 0.9641 0.1092 0.9795 0.1175 0.9377 8
0.0392 0.0966 0.9858 0.2071 0.9829 0.0734 0.9810 0.0787 0.9860 8
0.0196 0.0486 0.9907 0.1043 0.9893 0.0371 0.9844 0.0394 0.9971 8
0.0106 0.0245 0.9914 0.0052 0.9864 0.0186 0.9835 0.0196 0.9963 8

div(suα) = 0,

div(suα ⊗ uα) − divσα − 1

ρα
pα(p, s)∇s − D(s)

(
ρ(s)u − ραsuα

ρβ(1 − s)
− uα

)
− sg = kα,

div(ρ(s)u) = 0,

ρ(s)div(u ⊗ u) − divσ + pc(s)∇s − ρ(s)g = k.

We proceed to manufacture the following exact solutions to this problem defined on a cube � = (0, W )3:

s(x) = π exp(−(x1 − 1

2
)(x2 − 1

2
)(x3 − 1

2
)) + a, p(x) = sin(π(x1 − 1

2
)) sin(π(x2 − 1

2
)) sin(π(x3 − 1

2
)),

u(x) = 1

ρβ + (ρβ − ρα)s(x)

⎛
⎜⎝

cos(π(x1 − 1
2 )) sin(π(x2 − 1

2 )) sin(π(x3 − 1
2 ))

sin(π(x1 − 1
2 )) cos(π(x2 − 1

2 )) sin(π(x3 − 1
2 ))

−2 sin(π(x − 1 )) sin(π(x − 1 )) cos(π(x − 1 ))

⎞
⎟⎠ ,
1 2 2 2 3 2
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Fig. 12. Example 6: approximate solutions for the two-phase Brinkman flow corresponding to the steady counterpart of (2.3)–(2.6) computed on a tetrahe-
dral mesh of 228690 primal cells and 39304 vertices. We depict velocity streamlines, and contour plots of pressure and saturation profiles.

uα(x) = 1

s(x)

⎛
⎜⎝

cos(x1 − 1
2 ) sin(x2 − 1

2 ) sin(x3 − 1
2 )

sin(x1 − 1
2 ) cos(x2 − 1

2 ) sin(x3 − 1
2 )

−2 sin(x1 − 1
2 ) sin(x2 − 1

2 ) cos(x3 − 1
2 )

⎞
⎟⎠ ,

and we choose the constitutive relationships and the saturation-dependent coefficients in the form

ρ(s) = ρβ + (ρβ − ρα)s, D(s) = sm, pα(p, s) = p − (1 − s)pc(s)

2s − 1
, pc(s) =

(
s − b

1 − b

)−1/m

,

where the parameters are taken as specified in Table 1. The forcing terms k, kα and the boundary data are imposed accord-
ing to the exact solutions above. The convergence history displayed in Table 3 shows a first order convergence for the total 
and phase velocities, pressure and saturation of phase α in their relevant norms. The approximate fields computed after 
seven steps of nonuniform refinement are provided in Fig. 12.

5.7. Example 7: two-phase flow in an inclined cylinder

Let us again consider the Boycott effect as in Example 5 above, but now focusing on the patterns obtained in the case of 
a dense granular material. The governing equations now correspond to the full model in (2.3)–(2.6). The domain of interest 
is a 3-D cylinder of height H and radius R , with longitudinal axis tilted by an angle θ with respect to the vertical. It is 
discretized into an unstructured primal mesh of 48’361 vertices and 267’297 tetrahedra. The interface drag coefficient in 
(2.2) is assumed as in the Carman–Kozeny’s law for granular material (see e.g. [29]), i.e., D(s) = 150νβ s2

j2(1−s)
, where j is the 

particle size.
In a first test (A), we assume no-flux boundary conditions for the volume fraction, and no-slip conditions are set on the 

whole boundary for phase α and for the barycentric velocity, that is, we model the batch sedimentation case. The mixture 
is initially homogeneous, with s = sA on the whole domain, and at rest. Phase β will represent an immiscible fluid (e.g. 
0
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Fig. 13. Example 7, test A. Top plots from left to right: mixed–primal approximations of total and phasic velocity streamlines, pressure iso-surfaces, and 
solids volume fraction field for the two-phase sedimentation process in a tilted cylinder. Snapshots correspond to an advanced (adimensional) time t = 200. 
The bottom panels show five profiles of the fields at the centerline of the cylinder.

water) with properties ρ A
β , μA

β as specified in Table 1. A fixed time step �t A = 0.02 is employed. The approximate solutions 
at the final time are displayed in Fig. 13 and are in qualitative agreement with similar simulations presented in [30].

In a second test (B) we simulate the interaction of the solid granular phase α (having the same properties as in test A) 
with a gaseous phase β (considered also incompressible at low Mach numbers) with properties ρB

β , μB
β , also specified in 

Table 1. The vessel is initially filled by a resting homogeneous mixture with solid fraction sB
0 . A constant inflow of gas 

with velocity magnitude qβ is injected in the vessel at the bottom boundary, whereas a constant pressure of the solid 
phase is assumed at the top of the cylinder, where both gas and solid material are allowed to leave the vessel. We assume 
that the maximum packing of the solid phase is smax. The timestep is now �t = 0.0001. Fig. 14 portrays the numerical 
results corresponding to test B. As expected, the underlying mechanisms of granular–gas interactions yield very different 
mixing patterns from those observed in its fluid-based sedimentation counterpart. In particular, we observe the formation 
of bubble-like structures and flow fragmentation, in contrast to simple compaction and formation of layers perpendicular to 
the gravity direction as those evidenced in test A.

6. Concluding remarks

We have presented a novel discretization scheme that is tailored to simulate general multicontinuum models and com-
bines a mixed FE method for the momentum equations (or derivation of thereof) with a primal DFVE method for the 
transport equations. The method is devised for a system of equations describing mass and momentum conservations of 
the mixture and of one of the phases. This allows us to readily derive discretization schemes to deal with models of in-
creasing complexity and to study virtually any physical multicontinuum systems. Moreover, the general (archetypal) models 
for which the method is derived can be seen as a generalization that extends many particular multiphase models and can 
applied to problems in which the assumptions leading to the latter are not satisfied.

The main features of the discretization scheme are local conservation, satisfaction of discrete maximum principles and 
divergence free properties, arbitrary accuracy of fluxes, controlled numerical diffusion, and a Petrov–Galerkin structure that 
is appropriate to derive error estimates in the energy norm. In addition, the method is developed for unstructured triangular 
and tetrahedral meshes, it is suitable to handle very complex geometries, and guarantees coupling stability by an exact 
Newton linearization.
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Fig. 14. Example 7, test B. Top plots from left to right: mixed–primal approximations of total and phasic velocity streamlines, pressure profiles, and solids 
volume fraction field for the two-phase sedimentation process in a tilted cylinder. Snapshots correspond to an advanced (adimensional) time t = 15. The 
bottom panels show five profiles of the fields at the centerline of the cylinder.

An extensive set of numerical examples has been presented to validate the spatiotemporal accuracy of the method that 
has proven to have an optimal convergence rate in the sense that errors decay with the same order as the corresponding 
interpolators. The numerical results also demonstrate the robustness of the method, which has been successfully applied to 
diverse physical phenomena such as density fingering driven by gravity instability, Terzaghi’s consolidation test, deformation 
of a cantilever bracket, Boycott effects during sedimentation. In particular, for the Boycott problem we have also shown that 
the numerical method can handle well the most complex physical model, which includes a fully coupled system of two mass 
and two momentum equations. Beside the quality of the discretization schemes, the accuracy of the numerical method relies 
on the implicit and monolithic nature of the coupled solver that yields stable approximations of all fields in all test cases 
and configurations.

Several strategies can be implemented to further extend and possibly improve our method. For instance, the stability 
of different coupling strategies (such as splitting algorithms) can be assessed by an automatic thresholding of Jacobian 
blocks; smart solvers can be devised using decoupled schemes as preconditioners for the strongly coupled system; the two 
momentum equations can be written as mixed problems in terms of the vorticity field; augmented formulations can be 
introduced to permit a more flexible choice of FE spaces; and a posteriori error indicators can be applied to devise adaptive 
strategies to solve the transport equations. Other interesting variants of the present method that can be investigated include 
fully mixed and augmented FE discretizations of (2.3)–(2.6), and primal formulations of such a system that employ pure 
DFVE approximations of all fields.

Finally, we remark that, even if we have concentrated mainly on hydrodynamic coupling, the system considered here 
displays many similarities with problems arising when modeling multi-component materials and our method can be readily 
extended to those applications.
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